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Algebraic Equations for a Class of P. L. Spaces 

Selman Akbulut 
Department of Mathematics, University of Wisconsin, Madison, Wisc. 53706, USA 

Our main purpose is to discuss the question: "Can closed P. L. manifolds be 
represented as real algebraic varieties ?" It is known by Nash that all closed smooth 
manifolds are diffeomorphic to components o f real algebraic variables [7]. He also 
conjectured that they are diffeomorphic to real algebraic varieties. Since all closed 
P. L. manifolds of dimension less than 8 have smooth structures, they are P. L. 
homeomorphic to components of  real algebraic varieties. For  closed P. L. manifolds 
of dimension 8, Kuiper proves that they are represented by components of real 
algebraic varieties [3]. Then recently Tognoli proved the Nash conjecture [10]. 
Here we define a class of polyhedra and prove that the elements of this class are 
represented as real algebraic varieties (i.e., we prove a P. L. version of the Nash 
conjecture for these polyhedra). Elements of this class roughly are: Singular spaces 
which are smooth in the complements of disjoint union of smooth manifolds with 
certain nice properties. In particular, it contains all P. L. 8-manifolds. All our 
methods produce algebraic varieties, which are locally complete intersections. We 
produce a nonsmoothable P. L. 9-mainfold, which is not such a variety. 

I would like to thank R. Kirby for his infinite help and encouragement. I also want to thank H. King 
for reading earlier versions of this work, making valuable comments, and suggesting that I prove a P. L. 
version of the Nash conjecture. 

1. Introduction 

Throughout  the paper we will consider partially smoothed polyhedra; and a 
homeomorphism between two such polyhedron M,~M' is defined to be a P. L. 
homeomorphism M ~ M '  which is a diffeomorphism when restricted to the smooth 
part of  M. B, ~, S, ~- 1 denotes {x ~ ~n :lxl < r} and {x ~ IR" :[xl = r} respectively, and for 
VC R" we denote BT(V)= {x ~ lRn: distance (x, V)< e}. c2~, OZ denote the closed and 
the open cones on ~ respectively. A polynomial f :(R",  0)~(P~ k, 0) is called an 
isolated singularity if f has rank k on f -  1 (0) - {0} ; and Z is called the link of f if 
f - I ( 0 ) n B ~ , ~ Z  for some e >0. Let U C WCR" be open sets, and f :  W~IR k be a 
smooth map, we denote Us(~, s) = {9 : W~IRk :O is smooth [D~ ( f -  g)l~l < ~, Iml--- s}. If 



20 S. A k b u l u t  

ge Us(e, s) for e small and s large, we say g is close to f on U, and denote it by g--~f, 
when there is no confusion. 

Definition. Let Ak={Zk:E k is the link of a polynomial isolated singularity 
f : ( ]Rk +"+ ~, 0)--, (JR', 0)}. 

Remark 1. For a=(a o, a 1 . . . . .  a~), let Z(a) denote the link of the singularity 
z[ ° + 4 '  +.-. + ~ '  in C"  + 1 then Z(a)e A2,~_ r In particular bP, + 1 C Ak, where bP k + 
is the group of exotic k-spheres which bound parallelizable manifolds. 

Definition. Let f f ,={M:M is compact and M = M o w  f i  cEi xN~, where M 0 is a 
i = 1  

smooth manifold with ?Mo= LIZ~ × N~ and where the N~'s are closed smooth 
manifolds and Y, ie AR,} where [I denotes disjoint union. 

,., . . , - - J  ~z2× N2 

c ~ l × N l  ~ ~ J Fig.  1. 

Theorem. I f  M e ~  then M can be represented as a real algebraic variety. 

Example I. The Kervaire and Milnor manifolds, K 4"+ 2 and M 4n, are elements of(~. 

Example 2. Let M a be the 3-connected nonsmoothable Milnor manifold. Then the 
manifold obtained from QSx S 5 by killing n4 via surgery is an element of E. 
Furthermore it has no smooth structure. 

The proof of the theorem proceeds by the following steps: Let 
M = M o w c Z  x N ~ .  

1. We first construct a cobordism W such that 

(i) ~W=MI_Iv, where V is a variety, 
(ii) N(Sing V) ~ bZ × N, 

(iii) N ( S i n g W ) ~ E  x N x I, 

where N(Sing V), N(Sing W) denote the neighborhood of the nonsmooth points of 
V and W respectively. 

2. Let Q be the double of W. Since the neighborhood of the nonsmooth points of 
Q is already a variety (~  ~2~ x N x S 1) we can do a relative Nash approximation to 
the smooth part of Q. Since the neighborhood ofthe singular points of  Q is a zero set 
of  sufficiently stable polynomials, during the Nash approximation the topological 
picture of  the singular part of  Q is not altered. (Here we appeal to the method of [3].) 

3. Nash's approximation will make Q a component of the zero set of  an 
algebraic function (not a polynomial). Then we do the Nash normalization to make 
Q a component of an algebraic variety [7]. 
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4. Finally, we apply Tognoli's trick to get the equations for M from the equa- 
tions of  Q [10,1]. 

2. Preliminary Lemmas and the Grassman Variety 

Let G..._,. = ( n -  m)-ptanes in IR ~. 
G.,._., is a nonsingular algebraic variety ([8], p. 39) and is given by the 

equations : 

G.,._ ,. = { T~ 9~.: T 2 = T, trace(T) = n - m} 

where 9~. = symmetric (n x n)-matrices =IR b, b = n(n + 1) 2 . Mow let Ybe  an arbi- 

trarily small open neighborhood of G.,._,. in ]R b. Since Y is the set of  symmetric 
matrices close to G.,._,.; ze Y implies that all the characteristic values of z are close 
to {0, 1} (since the characteristic values o f matrices in G.,._,. are {0, 1 }). Therefore 

C z (2) = d e t ( 2 I -  z) = A~ (2) B~(2) 

where Az(2), B~(2) are monic polynomials, and 

A z(~) = (,~-'~l(z)).-.('~-'~m(Z)) 
=2m+al(z)2m-l +..,+a,.(z) (*) 

,~r.(~ means close to) 

B~(,~) = ( 4 -  ~m +, (z)). . .( ,~- 4,(z)) 

and the 2i's are real numbers such that 2 i --. 0 for 1 < i_< m, and 2i ~ 1 for m + 1 < i < n. 
Let zc Y and consider the matrix A~(z); any eigenvector of z is an eigenvector of 
A~(z). For any eigenvalue 2 of  z, the corresponding eigenvalue of  A~(z) is A.(2). 

Therefore, the m-eigenvalues of A~(z) corresponding to the m-small eigenvalues 
" " -  (where z 1 is a of z [ = r o o t s  of  Az(2)] are zero. Also, since A,(z).~z ~ z  1 - z  1 ~ z  

point in G.,._~ close to z), then A~(z)~ Y; the remaining n - m  eigenvalues of  A~(z) 
are close to the large eigenvalues of  z t, which are equal to 1. Hence 
rank(A,(z) )=n-m.  Therefore, image (A~(z)) defines a plane. Now define a 
retraction Q: Y~ G.,._ m by Q (z) = image (A z (z)). In particular Q (z)--, z, and A~ (z) (x) is 
the almost (or close to) orthogonal projection of x onto the plane Q(z). 

We need the following two lemmas, which play an important role in Tognoli's 
proof of the Nash conjecture. I would like to thank H. King for communicating 
them to me. 

Lemmal .  Let W'CR" be a compact nonsinoular real algebraic variety. Let 
: V ~  G.,. _ ,~ be the map which assigns each point of  V to the normal plane of Vat that 

P(x) P(x) 
point (= Gauss map). Then there is a rational function - ~  such that o~(x) = -Q~  for 

x~V, where P, Q are polynomials and Q(x)4:O for all x. 

Proof. Let V ~ be given nonsingulafly by the polynomials 9(x)---(g~(x), ...,9,(x)). 
Then for any x~ V ~ there is a small neighborhood U~ of x in IR ~, and (n-re)-  
polynomials {gl ..... 9,-m} among {gl .. . . .  ak} such that (91 .... ,9.-m)-~(O)c~U~ 
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= Vc~ U~ and rank(gi .. . . .  g._.l) = n -  m on U~. Applying the Gram-Schmidt process 
to {dol(u) ..... dg,_m(u)} we get the orthonormal vectors {vl(u ) ..... v._,,(u)} which 
are rational functions of  ue U~. Then 

n - r t l  

~(u) (y)= ~ (y, v~(u)) v~(u) 
i = l  

1 
for ue  US~ V. Therefore, ct(u) = ~ Rx(U ) where Rx(u ) is a (n × n)-symmetric matrix 

whose coordinates are polynomials in u, and h~(u) is a polynomial in u. 

Since Vis compact, we can find x 1 .... ,x,  so that VC ~) Ux. Then 
i = I  

~, R:,,(u)h~,,(u) 
~(u)- ,_=1 [] 

Y~ h~,(u)+ 1o(u)l 2 
i = !  

Lemma2.  Let F : ( 0 ,  V ) - ~ 0 )  be a smooth function, UCIR" be a bounded 
open set, and ImCU be a real algebraic variety 9iven by the equations 

i l l(x)=0, ...,fir(x)=0. Let F be in the form ~, ~:ifli in a neighborhood Sing(V) 
i = 1  

= {x~ V: rank(ill ..... fl,) < n -  m} where ~ 1 .... , exr are smooth functions. Then for any 
~, s >0,  there is a polynomial ~ :(~", V)~(~,, 0) such that cb~ UF(e , s). 

Proof We first claim that F(x)=F,~i(x)fli(x) for x ~ U  where ~1 .... ,~, are some 
smooth functions. It suffices to express F locally as above; then by partitions of 
unity we put the local expressions together to get the required global expression. If 
x¢ V, there exists i such that fl~(x)4=0; then we simply write Fix)= (F(x)/fli(x))fli(x) 
locally. If  x~Sing(V) then by hypothesis F(x) is already in that form. If x ~ V  
-Sing(V) we can pick fll . . . . .  ft,_,, among fix,...,fl¢ such that rank(fl 1 .... ,ft,-m) 
= n - m  near x~F,". We can complete fl~ .. . . .  fl._~ to a local coordinate system 
fl = (fl 1 .. . . .  ft.-.,, ft.-,.  + 1, -.-, fl;). Then 

Pi - rtl 

F (x)= ~ ~i(x)fli(x) 
i = 1  

where 

a,(x)= i ,gP (o ..... o, tfl,, fl'.)dt 
o (~ui "'" 

and 

P=Fof1-1. 
To conclude the proof, we simply C ~ approximate each ~i by a polynomial $~ on 0 
and let q~=2~$~.fl~, [ ]  

Lemma3. Suppose F : ( 0 ,  V)-~(F,,0) satisfies the hypothesis of Lemma 2. 
Furthermore assume 

(i) O~U C l R " = ~ " x l R  k, 
(ii) F(x, y) restricted to ( 0  x Rk)n  U is equal to a polynomial f (x)  which vanishes 

on V, where ~ is a neighborhood of  0 in R",  (x,y)elR" x IRk. 
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Then the polynomial ~b in the conclusion o f  Lemma 2 can have the additional 
property: ~(x,  y) =f(x)  + x  s + 1 or(x, y), where x s + 1 means a linear combination 

x m , i 1 + ... + i , , ~ s +  1. 

Proof. First replace U by U ~ ( ~  x U 0 where U 1 is a bounded open set in N k 
containing re(U) where rc is the projection 1R m x Rk~IR k. F extends over the new U by 
f (x) .  Now, as in the proof of Lemma2, we can write F - f = S ~ i f l i ,  and our 
hypothesis implies that we can assume g~ = 0  on ~ x U r Approximate each ~i by a 
polynomial tpi on [~ such that: 

(a) ~v~e U~i(~,2s) 
(b) j~)(~vi)=0 (see [3], p. 147 for example). 

Let 

tpi(x,y)= ~ Ox(y)x1+x~+lcr(x,y) (fixing i), 
lll-<_s 

where I = (i 1 ..... i,,), III= il +--- + i,,, x I = x~', ..., x~". tD,(~i- ~p,) (0, Y)I < 6 for I~l < 2s 
and (0,y)eU; since ~, vanishes on ~ x  U 1 then ID,(~@(0,y)I<~ for Icct<2s. 
Therefore ID~(O1(y))t < 6 for I~t< s, (0, y)e U ; the hypothesis on the domain U implies 
that we can replace the condition (0,y)e U by (x, y)e U. Then it is easily seen that 
there is a constant C >  1 depending on s and U such that ID~(ZO,(y)x*)l <6C for 
I~1 <=s, (x,y)~ U. Choose 6 so that 6 C < e / 2 ;  and let = - x a~ - ~p~- 22 O~x . Clearly 

< e / 2 + e / 2 = e  for N < s ,  (x,y)~U, 

We do this for each i and let ~ = f +  S$flv [] 

Definition. For convenience, throughout the paper we will use the notation 

J~)(I;et,sx'YJ) = ~ a~.sxZY J 
IXl =< s 

and 

j~)(f(x,y)) =j~) [Taylor series expansion o f f (x ,  y)] 

for a smooth function f(x, y). This should be viewed as a "partial s-jet" of a function ; 
and it is a symbolic definition because the sum might be infinite. 

Lemma 4. I f S, k s A k, then ~k iS a link o f  a polynomial map F : (IR k+~+ ~, 0)~(IR ~, 0) such 
that: 

(i) F-l(0)  is compact, 
(ii) F has rand r on F -  ~(0)- {0}. 

Proof  Let f :  (IR k +" + t 0)--*(IR', 0) be the polynomial map having 2~ ~ as its link, and let 
Yo be a small regular value for the function f(x)/lx121;IRk + r + 1 __  { 0 } - - ~ ] R  r where I is 
an arbitrarily large integer. Let F ( x ) = f ( x ) - Y o l x l  2~. From Lemma 5, 
F - I  ~ o k + r + l  (0),~n, ~f-~(0)~B~+'+~=~2; for a small e>0. By construction (ii) is 
satisfied. For x e F -  ~(0) 

txl 2 ~ If(x)l/tYol txl 2(~- ~ -o0  as x ~  oe 

hence F-1(0) is compact. [] 
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Lemma 5. (T.Kuo [4].) Let f :  (lR", 0)-~(IR k, 0) be a polynomial isolated singularity. 
Then there is an integer s, such that any smooth map O, with j(~) ff(x)= f(x), has the 
property that (t-l(O)c~B~f-l(O)c~B~ for some small e > 0  ( ~  is a canonical 
homeomorphism which can be made to be arbitrarily close to the identity map in lR ~ by 
takin9 s to be arbitrarily laroe ). 

Remark 2. Let f :  (lR ~, 0)--~ (]R k, 0) be a polynomial isolated singularity, and ? : IRZ-,IR 
be the stable polynomial y~+y2-yvLe t2  2 F :  F,," x IRE-*IRk x 1R be a smooth map 
F(x, y) = (F 1 (x, y), F2 (x, y)) such that F ~ f x ~ and j~)F 1 (x, y) = f (x) for an arbi- 
trarily large s. Then Lemma5,  without much difficulty, implies that 
F -  l(0)c~(B~ x F, 2) ~ ( f -  l(0)nB~) x S 1 for some e > 0. This is what we will use in the 
proof  of  the theorem. []  

3. Proof of  the Theorem 

Let M ' ~  E; without loss of generality we can assume M m = MoL:(cZ k × N n) where 
S k ~ A k. From Lemma 4 there is a compact algebraic variety f :  (N p, 0)-,  (1R r, 0) with 
the isolated singularity at 0~IR p, p = r + k + 1, such that f -  I(0)~B~ ~ ~S k for a small 
6 >0. Note that p can be taken to be arbitrarily large by simply replacing f by 
f x id :~P x IRt--,]R p x ]R t. N, being a dosed smooth manifold, is a nonsingular 
algebraic vari&y by Tognoli's theorem (if N is stably paratlelizable or even 
cobordant to zero we don't  need to evoke Tognoli's theorem). Let h :lgq~lR u be the 
polynomials giving N as a nonsingular variety. 

T h e n f  x h : IR v x ~ q ~ F ,  r x IR" gives a compact real algebraic variety V", with its 
singular set 0 x N. We have: 

(a) V = ( f x  h ) - l ( 0 ) = f - l ( 0 )  x N 
(b) Vc~(B v x ~ q ) ~ Z  k x N.  

Define QT = ( M " - t Z  x N)~(S  x N x I ) u ( V ' ~ - t Z  x N). Then since Q1 is a closed 
smooth manifold, it is cobordant to a nonsingular algebraic variety (because the 
unoriented cobordism ring is generated by nonsingular algebraic varieties [11]); 
call it H% and denote the cobodism by Q~'+~, i.e., OQ'~+~=QltvH. Let Q~,+I 
=Q2ucZ  x N x I, where the union is taken along S x N x I C Q r  Then let Q"+ ~ be 
the double of Q~'+ t. 

I R P + q + ~  Q 

/ ,, H ', ,' V '" i / 

Fig. 2. 
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We can assume H "  C IR q and  Hc~N = 0, by taking q large to begin with. Imbed  Qm + t 
into IR p+q+2 as follows: identify H u V C I R P + q x ( 0 , 0 ) C N P + ~ x N  z and imbed 
c Z x N x S t c H t P x P x q x I R  2 via f - l ( 0 ) x h - l ( 0 ) x v - t ( 0 )  where 3, : IR2 --* F,, ,/(x,y) 
= x 2 + y2 _ x. Extend this to an imbedding of  M C IR p + q x (1, 0) ; then extend it to an 
imbedding of  Qm+ 1 in IR p+q+ 2 such that  : 

(i) Qn(IR p+~+I xO)=Ht_)VtuM, 
(ii) Qca(B~ x IR q+2) =~'Z x S t x N.  

since p can be taken to be large. Let  W be a small open ne ighborhood  o f  Q, and 
let W ~ = W - B o x N  q+2, Q ~ = Q - B ~ x l R  q+2. Let U~=B~xB~(7-1(O)); then W 
= W~u U~ x ~3 where ~ is an open tubular  ne ighborhood  o f  N in ~J.  

We now want  to define the Gauss  m a p  over  the singular space Q as in I-3] : let 
(fl, fl) be the normal  bundle m a p  

WIQ-z,  ]f , E={(g ,x )~GxlRP+q+2:x~#}  

1 1 
Q - z ~  ~ , G 

where G=Gp+q+ 2.,+q_n+ l , 

Z ,  = V x I , u (Q  - Q,) ~ v x I,u(cZ, x N x S t) 

and V x 1~ is a 3-ne ighborhood of  V in Q. Notice ~ 3 Z ~ ( f - l ( O ) ~ f - 2 ( 0 ) ) x  N. 

z~ ~- region 

x I~ 0 ~ F i g .  
3. 

Z ~ c f -  1(0) x S 1 x N C n l  p × IR 2 × Rq, and  flloz~ is given by 

(x, y, t)--*df(x)@dT(y)@ (the no rma l  plane to N at  t in IR q) 

=fll(x,y)@flz(t)  (definition) 

fll~z, is in the image o f  

[ f - l ( 0 ) ~ f - l ( 0 ) ;  Vp+2.,+t] x [ N ;  Gq.q_,] 

[ f - l ( 0 ) V f - l ( 0 ) ;  G,+2, ,+a]  x [ N ;  Gq,q_,] 

[ctZ~ ; Gp+q+ 2.,+q_,+ 1] 
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where Vp+z . ,+ l= ( r+ l ) - f r ames  in F, p+2. Since Vp+2,,.+l is (p - r ) -connec ted ,  
[ f - l ( 0 ) # f  - l(0); Vv+2.,+l] =0- fll is null homotopic ,  therefore we can extend fl 
over Zo such that :  

('o I 
where L is the fixed (r + 1)-plane ~ '  + t x 0 C IR v ÷ 2. Since the trivializations of x ? and 
d(f  x ~) of  the normal  bundle of  f - t ( 0 ) # f - 1 ( 0 )  in N v+ 2 are equivalent, we can 
assume that  

(fl- fl)ln,n ×~q+2 = ( f  x ],, L)O(/ff2, f12)= ( ( f  x ~)(~f12, gfffl2) 

where fl, f12_ are the maps covering fl and flz. 
Call i off = ~ = ( F 1 ,  v;2,  tP3, F , ,  ~os) : W ~  Y x IR r × IR 1 x IR p -  r+ 1 x IR q where i is the 

inclusion E ~ G  × IR v+q+ 2 ,~y  × iRP+q + 2 (see § 2 for the definition o f  Y). 
By construction" 
(1) ~pls,:~ ×~,, z = ( ~ ,  f, 7, O, Ws) 
(2) ~lB~:~×~÷~=Lff32 
(3) t0 i = 0  on Q, for 2 < i < 5 .  

Using Lemmas 2 and 3, when 2 < i < 5, we can approximate  ~pi's by polynomials ~ 
which vanish on H"uV" ,  andj~)(dPe)=f(x) for xe lR p. Restriction of  the map  tpl to 
H m u l  ~ comes from : 

H"uN"-- , ,H"u(f  - ~(0) x N ) ~ G  

if x e H ' ,  x ~ ( t h e  normal  plane to H m at x in IRq)fflR v+~ if xeN", x ~ ( t h e  normal  
plane to N* at x inlRq)ffF- "+ ~. Since H u N  is a nonsingular  variety, Lemma 1 implies 
that ~px In~r is equal to a rational function, call it 0. Clearly 0 is in the form Lff(*).  By 
applying Lemmas 2 and 3, we can approximate  F~ - 0 by a polynomial  ~'1 which 
vanishes on H u  V, a n d j ~ ) ( ~ )  = Off)(*), for x~IR p, where 0 denotes the (r + t) x (r + 1) 
matrix with zero entries; let #~ =~'~ +0.  Let # = ( # ~ ,  ~2, ~a, 4~4, #5). We have:  

(1) # is a rat ional  function which is C ~ close to ¥. 

(2) ~ l ~ v = ~ l n ~ v .  

~, 0 I*/"  

(4) O~[n~v=0 for 2<i<5.  
(5) j~)@=)= f(x) where x e ~  ~. 

Define F: W~IR v+q+2 by F=p:  oio~o~ 

W ~ECGx~t'+¢+2CYx~t.~+~+2c]Rbx~v+q+2 
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where P2 is the obvious projection, and O(z,x)=(Q(z), Ajz)(x)) ,  i.e., F(x) 
=A~o,)(q~a(x))pz(4~(x)) [see §2 (*)]. 

We claim: 
(a) F -  l(0)n W~.Q "+ 1 
(b) F-  t (0) n W n  (IR p + q + 1 x O) = H n Vw M', where M' ~ M. 

Proof of  the claim. Call F(u,t)=(~l(u,t), ~2(u,t))elRr+txIR p-'+q+i, for 
(u , t )eU~/2x9 and let u=(x,y)~IRPx~.  2. Since A. , (~l)~A~,(~l)=lp~+~=~pl  
(recall ~ ~ G), a point on the plane A.,(~b~) is zero if and only if its projection onto 
the plane tpi is zero, Hence F = 0  if and only if ~pl(F)=0; also 

• I ~ + l  0 

0 

where r2 is the normal bundle map to N in IR q. Therefore F-~(O)c~(U~/2 × 9)  is 
described by the equations ~l (u, t) = 0, and r2 (t) (~2 (u, t)) = 0. 

Consider 

u x ~3 ~ ,Eq.,l_, C Gq.~_, x FJ 

,°(u, t)=(flz (t), flz(t)(¢ 0)). 

z. is close to the map which classifies the normal bundle of  u x N C u × ~3, for each 
ue U~/2 • ~- 1 (0)c~(u × ~)  ='c~- 1 (G,,,_.) where ~z (u, t) = r2 (t) (~2 (u, t)). By transver- 
sality z~- a (G~,~_ ,) is an n-manifold which is diffeomorphic to N via the diffeomor- 
phism %, which assigns each point of  u × N to the closest point on ~- l(G~,~_.) in 
u xlR *. a. extends to a diffeomorphism by U ~ / z x N ~ f x ( O ) ~ ( U , / 2 x g )  by 
~(u, t)=(u, ajt)). Then 

F-  1 (O)~(U~/z x 9)  ~ ~- 1 (F-  1 (O)~(U~/2 x 9)) 

= ~ -  1 (~1 1 (O)t~(U6/2 x ~))t'3~- 1 (~ -  1 (0)(3(U6[ 2 x ~))) 

= {(u, t):~t (u, ~z.(t)) = 0}n(Ua/2 x N). 

Since 

j~)F=j~)(Ai~o~ (j~)#l) p2(#)), xelR p 

i( l'r+l ! =J~' A I ; + l l  #lt0) I 0 ' # x i  

where #~ 1 is a symmetric matrix. 

p2( ) 

o II 
,ll Pd*)" 
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(From the definition of A see §2.) 

Since A~I , (~)~,~m+ t A~,~ (1) is a some nonzero number c. 

=J~(c4'2, c4'3, e , ,  e s ) =  (cf(x), ...), 

we have ~l(x, y, t )=(c f (x )+ x~+ l~r(x, y, t), 2(x, y, 0), u=(x,  y), where 2~;:(y). 
Remark 2 implies that there is a homeomorphism e~ when 6 small 

¢, : {(u, t):~l (u, ~u(t))= 0}c~(u~/2 x t)--,(~I: x S b  x t 

which depends continuously on t, hence a~ extends to a homeomorphism 

{(u, t): ¢ 1 (u, %(t)) = 0 } c~(Ua/2 x N) ~(~22 x S t) x N 

by (u, t)~(e~(u), t). Hence there is a homeomorphism 

~ :~:X x S 1 x N ~ F -  1 (0)~(Uo/2 x ~) 

which in particular can be made to be arbitrarily C ~ close to the identity map. 
Since/~l~,o is transversal to G C E and ff,~ ~ ~/~ on W,, ~o elw~ is transversal to G for 

any 6 > 0 . / ~ - t ( G ) = Q  and (~o4~)-l(G)=F-l(0);  hence the map which assigns a 
point p of Q~ W~/4 to the unique point of F-1 (0)c~ W~/4 given by intersecting the 
normal plane of Q at p with F -  1 (0) is a diffeomorphism which is C ~ close to the 
identity map in ~+~+2.  Then this diffeomorphism can be extended to a 
homeomorphism Q ~  F-l(0)c~W which equals to ~ near 0 x S~x N. Similarly 
[and using the properties of ~) (b) can be easily verified. 

Unfortunately, F is not polynomial, it is only an algebraic function (recall the 
definitions) ; to find a polynomial with the same properties as F we appeal to Nash's 
original technique [7]. 

Nash" s Normalization 

For given Y=(Yl .... ,Y,,+I) elR'~+t, define Y0.) to be the polynomial 
)m+ i _Fyl2m+ ...-t- y,~ + 1" NOW define ~: Yx IR '+q+2 x IR '~+ l__)~b x IR v+q+ 2 x IR ~+ ~, 
by d(z, x, y)=(y(z), y(z)x, y) (recall that z is a matrix); also define 
.A/~:IRP+~+2 x ~.'~+~--)N., i=1,  2 ..... m + l  by: 

Aq (x, y) .tm + <4:" 2 (x, y) )m-:  +. . .  + .Arm + 1 (x, y) = Remainder (C#~(~)(2)/y(~)) 

(see §2 to recall the definitions). Let ./t:=(~ff~ .... , Jim+ ~). Define 

= ' n : o ~ o ( ~  x id):lR ~+~+ z x ~,,~+ 1 ~IR,',, + 

where 
Wx ~,m+ l~x idy× ]R#+q+ 2 X ]R m+ l ~ I R b  x ~P+q+ 2 X ~R m+ I-~]RP+q+ 2 

Let F* = (F, ~ff). We claim that the rational function F* has the following properties: 

Ca) F * -  ~ ( 0 ) o ( W x  W')~.Q 
(b) F*-  ~ (0)c~(Wx W')m(R p+~+ ~ x 0 x ]R "+ 1)= H ~  V ~ M "  

where IV' is a neighborhood of 0elR m+~, and M " . ~ M .  
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Proof  o f  the claim. F*(x ,y)=O,  (x, y)~lR p+q+2 X]~  m+l means 
Y(~I (x)) (p2(~(x))) = 0 and JV(x, y) = 0; In particular, y(2) divides C~1(~)(3. ). If  we 
restrict (x, y)e Wx W' where W' is a sufficiently small ne ighborhood of  0 e N  m+ a, all 
roots of  y(2) are close to zero. Hence y(2)=A~(~)(2) [see §2 (*)]. i.e., 
Y = (al (~l  (x)) ..... am + 1 (<bl (x)). Therefore  y (~  1 (x)) (P2 (~(x))) = V(x), hence the map 

F -  1 (O)c~ W-+ F * -  I ( 0 ) n ( W x  W') 

x - , ( x ,  al('~lCx)) . . . . .  a.,+ t ( ~ l ( x ) )  

is a homeomorphism,  i.e., (a) is proved. 
Since 

ai(~t(x))=a+(~l(x))  for x e H u V  

= 0  (from definitions of  a~'s in §2, and ~&eG) 

Hence 

F*-l (O)c~(Wx W ' ) n ( H u V x  ~"+ I ) = H w V  

F* - 1 (O)c~(Wx W')c~(IR v +q+ 1 × 0 x IR ~+ 1) = H u  V u M "  

where M"  ~ M. 
Call Q' = F * -  1 ( 0 )n (Wx  I41'). In general, F* - t (0) might have components  other  

than Q' denote  them D, i.e., D = F * - ~ ( O ) - Q  '. We can get rid of  these extra 
components  by appealing to Tognoli. 

Tognoli' s Trick 

We first claim that there is a rat ional function g: R p + q + 2 x R "  + 1 ~ such that  g is 
C s close to zero on Q', is equal to zero on H ~  V, and is > 1 on D. 

Proof  o f  the claim. (Following [1].) For  brevity call v = p + q + 2 + m + 1. Consider 
the imbedding 

m+" s, , ~ ( R )  i, ,~.(.+ 1>~ 

2 
Jz (xl . . . . .  xv) = Ex 1 . . . . .  x v, 1], Jz [x t  . . . . .  x~+ 1] = ( .... uu . . . .  ), u u= xixs/x ~ +... + x~+ 1 
(Veronese imbedding) 

HUV 

,'- . . . . . . . .  T - i  

i ' 
, ~ I \ D  I 

.~v ~ I 
_'_~ . . . . . . . . .  &__J 

Jl ° J2 

HUV 

i C J  
i iR(V+l)2 
[ -  . . . . . . . . . . . . . . . . .  Fig.  4. 

Let Q =Jl  °J2 (Q'), 3 =Jl  °J2 (D), H w  V = j t  oj2(Hw V). Then c lear ly / )  is compact  and 
H u  V is a nonsingular algebraic variety (since H u  V is). Let  ~ be a C ® function 
which is zero near Q, and is equal to 2 on/5.  Then using Lemma 2, C s approximate  ,~ 
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with a po lynomia l  ff near  Qu /3  which vanishes on H ~  I~. Let  g = J°Jl °Jz. We are now 
ready to conclude the p roof :  

" 1 z . - - 1  • • C ~ Let #(x I ..... x~ )=e (x  I ..... xo)+xp+a+2/ +xp+q+ 2, # (0) is just a per- 
tu rba t ion  of  the plane RP + ~ + 1 × 0 x JR*' ÷ 1 near  Q'. Also ~ = 0 on H u  V, and ~ -  1 (0) 
misses D. 

I t  is easily seen that  O-I (O)~F*- I (O)=HuVuM'" ,  where M ' " ~ M .  Define the 
ra t ional  function 

H(x, t )=  iF* (x)l 2 + I tk(x)-  It 2 + 10(x)l 2 

where k is a polynomial  such that  k-1(0)  = H u V ,  and  t~llL 

H -  1(0) = {(x, t) :xe H u  VuM'" ,  k(x) 4= O, t = 1/k(x)} 

= {(x, 1/k(~)):xe M'"} ~ M ' "  ,~ m .  

Therefore  M is a zero set o f  rat ional  functions whose denomina tors  are never 
zero (from the construct ions);  hence it is a zero set o f  polynomials.  

A Discussion of  a 9-Manifold 

Consider  the ha l f  exact sequence 0~f2~  pin ~ f 2  s where f2 s, ospl. --8 are 8-dimensional  
oriented and spin cobord i sm groups  respectively ([5], p. 55). Let ZS~Fs=292  
( =  g roup  o f  h o m o t o p y  8-spheres) 2; 8 4=0, then since h o m o t o p y  spheres orientably 
bound,  we have I S ]  = 0 ([2;] = or iented cobord i sm class of  27). Therefore,  f rom the 
ha l f  exact sequence we get [2;]spi n = 0 ([2;]~pin = spin cobord ism class o f  Z), i.e., 278 
bounds  a spin 9-manifold  N'.  Hence  N '  is parallelizable over  3-skeleton. Then by 

surgery kill Tci(N') for i < 3 .  Call the new manifo ld  by N. D e f i n e M =  N ~'b-g-~__ ~ c27. 

Claim. M has  no smooth  structure. 

Proof of  the Claim. (The following p r o o f  was explained to me by D. Sullivan and  R. 
Kirby.)  Call the s m o o t h  s t ructure  o f  N by a S. I f M  had a smoo th  structure,  N would 
have a smoo th  structure ~2 such that  (0N)~ 2 = S 8 ( = s t a n d a r d  8-sphere). N,  being 3- 
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connected,  has a unique  P. L. structure. We  have the f ibrat ion : 

...~ PL/O 

//f-,Bo 
N ~ ~BI, L a = r ( a l ) = r ( e 2 ) .  

Since r (~, • a~ t) = 0, there  is Y : N--* PL/O such tha t  i (J~) = e l  G e  ~ i. It  is easily 
seen tha t  Jtr t~N :S s ~PL/O is represented  by the nonzero  e lement  o f  nsPL/O = 7l 2. 
But this is a contradic t ion .  Since N is 3-connected it has h o m o t o p y  type o f  a 5- 
complex  and  PL/O is 6-connected,  we canno t  have a m a p  from N to PL/O which 
restricts to an essential  m a p  on the bounda ry .  

We will show tha t  M canno t  be a real a lgebra ic  variety,  which is a local ly 
complete  intersection.  In  fact, a sl ightly s t ronger  s ta tement  is true. 

Claim. M cannot  be represented local ly by a po lynomia l  f:(IR", 0)~(IR m, 0) such that  
f has r ank  n -  9 on B T -  {0} where B~ is the open bal l  o f  radius  s at  0. 

Proof. Suppose  M is represented near  the cone poin t  by such a po lynomia l  f (i.e., 
link o f f  is xs).  By Tarsk i -Se idenberg  theorem f(B~) is a semialgebraic  set of  d imen-  
sion n - 9  [12, 9]. Therefore ,  we can find a m - n + 9  p lane  L, passing th rough  0 in 
IR", such that  Lnf(B~) = {0} for s small .  N o w  let q~ :IRm~N m be a ro ta t ion  such that  
~0(L) =IR " - " +  9 x 0 C JR". Then let F :IR"--+IR "-9,  F=no~oofwhere n is the project ion 
IR" = IR"-"  + 9 × ~ , -  9_, IR"- 9. Then  clearly F -  ' (0)n  B, = f  - 1 (0)n B, and  F has rank 
n - 9  on  B , -  {0}. Then pick a regular  value yo~lR n-9 of  F,  near  0. Therefore,  one 
easily checks that  F - l ( Y o ) n B  ~ is a para l le l izab le  manifo ld  whose b o u n d a r y  is 
d i f feomorphic  to X s. Con t rad ic t ion .  
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Note added in proof: The recent solution of the double suspension problem by R. Edwards and 
J. Cannon, along with the Kirby Siebenman theory implies that ~; contains topological manifolds 
which are not P. L., e.g. MS=(M~wcZ(2, 3,5)) x S~. 


