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The topologyof real algebraicsets
withisolatedsingularities
By SELMAN AKBULUT and HENRY C. KING*

In this paper we give a topological classification of real algebraic sets
with isolated singularities, showing that they are exactly smooth closed
manifolds with smooth subpolyhedra crushed to points.
The question of which topological spaces are homeomorphic to real
algebraic sets (solutions of polynomial equations in Euclidean space) has
been long studied. In 1936 Seifert showed that any smooth compact stably
parallelizable manifold is diffeomorphicto a component of an algebraic set
[121 and in 1952 Nash extended this result to all smooth compact manifolds
[11]. In 1973 Tognoli showed that any smooth compact manifold is diffeomorphic to a nonsingular algebraic set [13], so at least compact nonsingular
algebraic sets are classified. Little has been done with singular algebraic
sets however, since the transversality arguments used by Seifert, Nash
and Tognoli no longer apply except in some special cases. One could use
stability of singularities such as Kuiper [71 and Akbulut [1] used to show
certain nonsmoothable PL manifolds are algebraic sets or one could use the
projective version of Seifert-Nash-Tognoli as King did [6], but one could still
not hope these techniques would allow even a characterization of isolated
singularities. To get around this problem we take a cue from Hironaka's
resolution of singularities [4]. The idea is to take a 'topological resolution'
of a space if it exists. We can apply transversality techniques (SeifertNash-Tognoli) to the resolved space and then blow down algebraically and
end up with the original space as an algebraic set. It seems likely that this
technique allows one to classify all algebraic sets but in any case, we show
that it classifies all algebraic sets with isolated singularities. In future
papers we will use this technique to show, for instance, that all compact
PL manifolds are homeomorphic to real algebraic sets [17] and that
2-dimensional real algebraic sets are topologically characterized as polyhedra
satisfying Sullivan's even local Euler characteristic condition [16].
0003-486X/81/0113-3/0425/022
$ 01.10/1

(C 1981 by Princeton University (Mathematics Department)
For copying information, see inside back cover.
* Supported in part by NSF Grants (MCS 77-01763, MCS77-04025).

S. AKBULUT

426

AND H. C. KING

This paper gives details of the proof which was sketched in our
announcement[2]. A versionof the proofis discussedin [19].
We wish to thank the Institute for Advanced Study, Institut des
Hautes Etudes Scientifique,U. C. Berkeley, U. of Wisconsin and U. of
Marylandwhere muchof this work was done.
1. Remarks on algebraic sets
Definition. If k is a field, a k algebraic set is a set V of the form
V(I) = {x e 1cIp(x) = 0 forall p e I} whereI is a set of polynomialfunctions

from1c to k.
In this paper 'algebraic set' will always mean 'real algebraic set.' We
will onlyoccasionallyreferto complexalgebraic sets in the middleof some
proofand we nevermentionalgebraicsets forotherfields. A good reference
forthe basic propertiesof real algebraic sets is [14].
If V is a k algebraic set, 5(V) denotes the ideal of polynomialsp so
that p(V) = 0.
Note that if V is a real algebraicset then V- p-'(O) forsomepolynomial
p. (We may take p to be the sum of squares of generatorsof the ideal
g(V). 5(V) is always finitelygenerated.)
We denote RPn = R+ - 0/' where x - y if x = Xyfor some X e R - 0.
x if it is the equivalence class
A point in RP' is denoted (x0:xl: ... xq)
containing (x0,x1, *.**, x). A projective algebraic set V c RP" is a set of
the form
V(h)

=

{(x0 x1*. *: x,) Ih.(xo,
xi, * * x )

=

O}

where h is a homogeneouspolynomial(i.e., h(xx) = Xdh(x)for all x and x).
Given an algebraic set V c R", there is an associatedcomplexalgebraic
set V, c C" where V, is the smallest complex algebraic set containingV.
Also V, = V(54(V)) where 54(V) is the ideal of complex polynomials
generated by 5(V) where the real polynomialsin .(V) are thoughtof as
complexpolynomials[141.
Definition. A pointx in an algebraic set V c Rkis called nonsingular
-d
d in V if there are polynomialsp-ie5(V), i = 1, *,
dimension
of

and a neighborhoodU of x in Rk so that
i) vn u-= un nf- Pi(?),
ii) the gradients (Vpi),, i = 1, *, k

-

d, are linearly independent.

Definition. For an algebraic set V,
dimV = max {d Ithere is an x e V whichis nonsingularof dimensiond}.
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Definition. For an algebraic set V,
Nonsing V = {x e Vx $ is nonsingular of dimension dim V}
and

Sing V

=

V

-

Nonsing V.

Some factsare that Sing V is an algebraic set and dimSing V < dim V.
Also NonsingV is a smoothmanifoldof dimensiondim V. Notice that if x
is nonsingularof somedimensionin V thenx is not necessarilyin NonsingV.
We use a number of elementaryproperties:union, intersectionand
Cartesianproductof algebraic sets are algebraic sets

where r(x, y)

=

P-1(o)nq-'(O)

=

(p2 + q2)-1(0) ,

p_'(0) U q-'(0)

=

p-'(O) x q-'(O)

=

(pq)-'(0) ,
r-(O)

p2(x) + q2(y).

Disjoint union of U and V is U x 0 U V x 1

whichis an algebraic set.
We will often identifyan algebraic set V c Rn with V x 0 c R" x R'
or O x Vc Rk x Rn.
Given a polynomialp: R" -> R of degree d we may associate a homogeneous polynomialp*: R x R" -* R whichwe call the homogenizationof p.
= Ed
This p* is defined by p*(t, x) = tdp(Xlt)
where pi is the sum
td-ipi(x)
of the monomialsof p of degree i. Hence if 8: R" -> RPr is the imbedding
) and V(p*) c RP" is the projective algebraic set
O($*, * -,)x = (1: x1: x.
*
given by the zeros p* we have V(p*) n O(R) = O(p-1(0)). We call p overtif
V(p*) = 0(p-1(0))(thus p is not 'hiding' any zeros at infinity).Notice that
=
RP" - 6(R)){(O:
x1: x*
) e RP"} so p is overt if and only if p-'(O) is
eitheremptyor 0.
For example p(x, y) = x2 + y2 - x + 2y is overt but q(x, y)
x + 2y is not overt since q4(x, y)
y4.

=

x2 +

y4

-

Definition. An algebraic set V is called projectivelyclosedif V = p-'(O)
foran overt polynomialp.
From the above discussionwe see that V is projectivelyclosed if and
onlyif 8( V) is a projectivealgebraic subset of RPi.
Unions, intersectionsand Cartesian products of projectivelyclosed
algebraic sets are projectivelyclosed. Also, an algebraic subset of a projectivelyclosed algebraic set is projectivelyclosed.
Definition. Let V and W be algebraic sets and let U be an algebraic
subset of V. Suppose W c Rn. Then a functionf: V - U -p W is called a
rational function if there are polynomials p: V -e R" and q: V -a R so that
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q-'(0) c U and f(x) = p(x)/q(x) for all x e V
say f is an entire rational function.

-

U. If U is empty then we

LEMMA1.3. Let U, V, W and X be algebraic sets with X c V and U c W.
Suppose that f: V - X -> W is a rational function. Then X U f1( U) is an
algebraic set. In particular, if f is entire then f-'( U) is an algebraic set.
Proof. Let f = p/q, V = r'-l(O) and U = s-'(O) where p, q, r and s are
polynomials and q-'(O) c X. Let s* be the homogenization of s. Consider
Then t-'(O) = f-'(U) U q-'(O)
the polynomial t(x) = r2(x) + (s*(q(x), p(X)))2.
0 or s(p(x)/q(x)) = O. So X U t-'(0) =
since s*(q(x), p(x)) = 0 implies q(x)
X U f1( U) is an algebraic set.
LEMMA1.4. Under thesame hypothesesas Lemma 1.3 suppose z e f'-( U)
is nonsingular of dimension r in V and f(z) is nonsingular of dimension
s in U and nonsingular of dimension t in W, and f is transverse to U at
z. Then z is nonsingular of dimension r + s - t in f1( U).
Proof. Let W c Rn, V ci R. Then there are polynomials pi: (R", U)
n - s so that pi-l(0)m W. i > t - s and the gradients
(R. O), i = 1, *
Vpi(f(z)) are linearly independent. There are also polynomials qi: (Rag V)
(R, O), i = 1, *., m -r so that the Vqi(z) are linearly independent. Let
f = p/q with p and q polynomials and pick d > deg pi for all i. Define
for m - r < i < m - r + t - s. Then the qi, i= 1, ..*
qi(x) = qd(X)pi+r-m(f())
s are all polynomials and since f is transverse to U, the
gradientsVqi(z) are linearlyindependent. Also if x e nflmj+tsq=l(o) and x is
near z, then f(x) is near f(z), so since f(x) e W and pif(x) = O i = 1, * ,
t - s then f(x) e U. Since qi(f-'(U)) = 0 this shows z is nonsingular of
dimension m - (m - r + t - s) in f-'(U).
m

-

r + t

-

LEMMA 1.5. Let X be an algebraic set and suppose Xi c X, i = 1, ..., k
are pairwise disjoint algebraic sets and ui: Xi --> R" are entire rational
functions. Then there is an entire rational function u:X -> R" so that
u,[ = ui for each i = 1, .., k.
Proof. It is sufficient to prove the case k = 2. Pick polynomials
so that p-'(O) = Xi. Let ui(x)=qi(x)/ri(x) for polynomials qi: X--Rn
X-R
pi:
R so that rim(O)
and ri: X
n Xi is empty. Then we may define u by
u(x)

r2(x)q2(x)p2(x)/[(p2(x)

=

?

r1(x)q1(x)p2(x)/[(p2(x)

p2(x))(r2(x)

+
+

p2(x))(r2(x)

+

p2(X))]
+

p2(x))]

LEMMA1.6. Suppose V c R" is an algebraic set and W c Nonsing V is
an algebraic subset with dim W = dim V. Then V - W c R" is an algebraic
set. Also Sing (V - W) = Sing V unless W = Nonsing V.
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Proof. We will temporarilytalk about complex algebraic sets. Let
of V and W. Let U be an
Vc c C" and Wcc C" be the complexifications
irreduciblealgebraic set in V so that U - W is nonempty. Let Uc be the
complexification
of U. Then Uc is irreducibleby [14]. Nonsingularityin
V and W impliesthat V, is a 2 dim V dimensionalmanifoldnear W and Wc
is a 2 dim V dimensionalmanifoldnear W so there is a neighborhoodof W
in Vc which is contained in Wc. But the nonsingularpointsof a complex
varietyare dense, so if U n W is nonemptywe must have dim( Ucn WC)
dim( Ucn Vc) = dim( Uc) (since Uc c Vc). This contradictsLemma 2 of [14],
so U nW is empty. Hence V - W is the union of all the irreducible
componentsof V which are not contained in W. This is an algebraic set.
It is immediatefromthe definition
that Nonsing(V- W) D (NonsingV) - W.
On the other hand, if x e Nonsing(V - W) and pi: (R", V - W) -> (R, 0),
i =1, *, nn- dim V, are polynomials whose gradients at x are linearly
independent and q: RE-+ R is any -polynomial with q-'(0) = W, then the
gradients of qpi: (Rn, V) -> (R. 0) are linearly independent at x so x e
NonsingV if W # Nonsing V.
The reader should be aware that the requirementW c NonsingV is
quite necessary. It is not even enoughto assume that W is a componentof
V and a nonsingularvariety. For instancethe algebraic set V c RKgiven
by
0 (=2(X

-

1)

-

y2)(x(x

+ 1) + y2)

VY

FIG. 1.

is a smoothmanifold(see Figure 1) but ifwe take away the algebraicsubset
W given by x(x + 1) + y2 = 0, we no longer have an algebraic set; we must
add back the point (0, 0). The problemis that although W by itself is a
nonsingularalgebraic set, the point(0, 0) e W is a singularpointof V. In
general, all we know is that (V - W) U Sing V is an algebraic set.
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LEMMA1.7. If p: RX-+ R is a polynomial with p-'(O) compactand if

N is any neighborhoodof p-'(O), thenthereare a numberd and a positive
N.
numberc so that | p(x) |C
I X Id for all x e R'
-

Proof. Assume p is not constant; otherwise the lemma is trivial. We
may also assume int(N) is nonempty. Let p*: R x Rn- >R be the homo-_ z be inversion
genization of p. Pick z e int (N). Let 0: RI - z through the unit sphere around z, 0(x) = z + (x - z)/lx - z 12. Note 0 = 0S'.
the polynomialq(x) = p*(x - z12,zlx - z12 + x - z). Then
Let q:R"-Rbe
- z). Since p-'(0) is compact, z is an isolated zero of
q-'(O) = {z} U 0('(0)
q. Also O(Rn - N) is bounded so by the Lojasiewicz inequality [9] there are
positive numbers b and a so that q(x)I > aIx - z b for all x e9(R7 - N).
If p has degree e, then q(x) = lX -z l2epo(x)so for x e R" - N,
Ip(X)

I
|(X)

Z |-2e

_

a IO(x)

-

I q9(x)

z Ib-2e

=

?>I |(X)

aIX

-

_ Z I 2e aI0(x)

- zl

Z 12e-b

c I x 12e-b for all x e R" - N; hence we
but we can findc > 0 so aIx
12e-b >
are done.
As a consequence of Lemma 1.7 we see that any compact algebraic set
V is the set of zeros of a proper polynomial (proper means inverse images
of compacta are compact). To see this take any polynomial p with V = p-'(O)
and findc and d as in Lemma 1.7. Then (1 + 1x12)ldl+lp(x) is a proper polynomial whose zeros are V.
_-

2. Constructing smooth algebraic sets
We now wish to approximate smooth manifolds by algebraic sets. This
section includes the Seifert-Nash-Tognoli results but we must make them
much fancier to be useful later. If one strips away all the extra trimmings,
one obtains easier proofs of the Nash-Tognoli results, mostly because of
Lemma 2.4.
Lemma 2.2 is a generalization of Seifert's codimension 1 result, and
Proposition 2.8 generalizes Nash's and Tognoli's results. As many of the
lemmas are rather technical, we sometimes precede them with a paraphrase
so that the reader can understand the gist of the lemma. Lemma 2.1 allows
one to approximate a smooth function by an entire rational function which
equals some specified rational function on a set L.
LEMMA2.1. Suppose K c R" is compactand L c K is an algebraic set

and f: RE-+ R is a smoothfunction so that for each p in L thereis an
algebraic set M containing L withf(x) = 0 for all x in M near p and also
p is a nonsingular point of dimensiond in Mfor somed. Then thereare
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polynomials h: (Rn, L) -- (R, 0) which approximate f arbitrarily closely near
K.
In addition, if f has compact support then we may approximate f
arbitrarily closely on all of Rnbyentire rational functions u: (Rn, L)->(R, 0).
More precisely, given s > 0 and an integer k we may find an entire rational
function u: (Rn, L) -> (R, 0) so that D(f - u)x I < s for all x e Rn and all
partial derivatives D of order ?k and >0.

1

in a neighborhood of L in Rnwhere
Proof. We know that f
aipi
are
on
and
polynomials
vanishing
L
pi
ai are smooth functions. (To see
this, take any p in L and let M be as above. Then as in [6], Lemma 2 or
[13], we get such an expression for f in a neighborhood of p, where the
polynomials vanish on M. Now piece together with a partition of unity.)
Approximate the a%near K by polynomials bi. Pick any polynomial v: Rn R
so that v-'(O) = L and let w: Rn-> R be the smooth function which equals
(f - Laipi)/v on R- - L and is 0 on L. Approximate w near K by a
polynomial q. Then qv + Lbipi is a polynomial approximation of f near K
which is 0 on L.
We now prove the second part. Let Sa c R x Ra be the unit n sphere
and let 6: S7 - (1, 0) -> R7 be stereographic projection 0(t, x) = x/(1- t).
Then since f has compact support, the function g: S7-- R is smooth where
g(1, 0) = 0 and g(x) = fO(x) for x e Sn - ( 0). By Lemmas 1.3 and 1.4,
(1, 0) U d-'(L) is an algebraic set and if p, d and M are as in the lemma
statement then 0-1(p) is a nonsingular point of dimension d in 0-'(M). Also
g = 0 on a neighborhood of (1, 0) in Sn. Hence by the firstpart of this lemma
we may closely approximate g by a polynomial r: (Sn, (1, 0) U 0-'(L)) ->(RI 0).
A little calculus excercise shows that if this approximation is Ck close, then
D(f - r oa-')$ I < s for all x e R" and partial derivatives D of order > 0 and
<k. So letting u = r o O', we are done since 0-'(x) = (I x 2 - 1, 2x)/(1x 12 + 1)
is an entire rational function.
=

k

Definition. Let W be a topological space and Mc W. We say that M
compactly separates W if there are closed sets WOand W1 so that W=
Wo U W1and M
Won W1and W1is compact.
A codimension 1 manifold M which comLEMMA2.2 (Paraphrased).
pactly separates an algebraic set W may be isotoped in W to an algebraic
set. This isotopy can fix nice subsets L of M.
LEMMA2.2. Suppose L, V and W are algebraic sets and M is a compact, codimension 1, boundaryless smooth submanifold of Nonsing W which
compactly separates W. Suppose also that L c Nonsing V c M. Then there
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are arbitrarily small isotopies of M in Nonsing W which fix L and carry
M to a nonsingular algebraic set. If L is projectively closed, these small
isotopies can carry M to a nonsingular projectively closed algebraic set.
Proof. By the remark after Lemma 1.7, we may pick a proper
polynomialq: R" -> R so that q-'(O) = L. Pick W0and W1so M= w n w1,
WTV
U W1 = W and W1is compact. We may pick a smooth function f: W-e R
so that f I 0 is nonnegative, f Iw is nonpositive, f '(0) = M, 0 is a regular
value of f and f (x) = q2(x) for all x outside some compact subset of W. By
Lemma 2.1 we may approximate f - q2 by a rational function u: (R4, L) >
(R, 0).
Let v = u + q2. Then v approximates f so v-'(0) is near M since f is
proper. Hence by transversality, there is a small isotopy of M to v-1(O)
which fixes L. But v-'(O) is a nonsingular algebraic set by Lemmas 1.3 and
1.4, so we have proved the firsthalf of the lemma. In case L is projectively
closed, the polynomial q can be overt. A glance at the proof of Lemma 2.1
shows that
v(x) = q2(x) + r(1

-

2/(1x2 + 1), 2x/(1x12+

1))

for some polynomial r. If r has degree d then
v(x)

=

(q2(x)(1

+

I X 12)d +

p(X))/(l

+

I X I)d

where p(x) is some polynomial with degree p(x) ? 2d. Hence the highest
degree terms of q2(x)(1 + Ix 2)d + p(x) are Ix 2d times the highest degree
terms of

q2.

So

q2(x)(1

+

x12)d +

p(X)

is overt

and v-'(O) is projectively

Q.E.D.

closed.
Consider the algebraic set

G(n, k) = {L e Rn2IL2_ L, L symmetric,Trace L = k}.
Here L is thought of as an n x n matrix. The algebraic set G(n, k) is nonsingular as the reader may verify. Notice that the identification of a
k-plane in n-space with the matrix of orthogonal projection onto the plane
gives a diffeomorphismof G(n, k) to the Grassmanian of k-planes in n-space.
We also have the universal k-plane bundle

E(n, k) = {(L, y) e R 2+n IL e G(n, k), Ly = y} .
The algebraic set G(n, 1) is diffeomorphicto real projective n - 1 space.
.
The diffeomorphism6: RPn-' -> G(n, 1) is in fact defined by 0(yl: *:
yn)= L
where Lij

=

yiyj1(E=,

y').

This is a very nice (classical)

map since a subset

V c RP"-' is a projective algebraic set if and only if O( V) is an algebraic
subset of G(n, 1). To see this, let p: Rn2 , R be a polynomialand let p* be
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its homogenization. Then

6-(p'(o) n G(n, 1)) = {(y1: y*

) e RP -

Ip* (ln =,

y,
y1ky2,
*M*

*,

)

O
?}

which is a projective algebraic set. Conversely, if r:Rn -> R is a homogeneous polynomial of degree d then r2 has even degree so there is a
homogeneouspolynomialp: R2 -> R so that
, yn)/(y

r(*y

y)d

=

po(y1,

y

y.)

*

Hence Or-'(O) = O(r2)-'(O) = p-1(O) = an algebraic
r: RR is r(y1, y2) =yy2 + y2 then r2(y1 y2)/(y2
L12,
L21,L22) = L11L2 + 2L11L22+ L2'2 say.
p(L11,

set.

For instance if

2y3

PO(y1, y2) where

+

LEMMA2.3. Suppose V c Rn is an algebraic set. Then there is a
rational function u: Nonsing V -> G(n, k) so that for each x e Nonsing V,
u(x) is the normal k plane to V at x (k = n - dim V and we think of G(n, k)
as the Grassmanian).
Proof. Pick a set of generators qi for 5(V), i = 1,
cardinality k subset I = (i, ** *, ik) of {1, 2, *.**, m} let
U, = {x e VI the gradientsVqi,

* *

*,

**,

m. For each

Vqi at x are linearlyindependent}.

Then for x e Ul, the matrix KX of orthogonal projection to the k plane
normal to V at x is the matrix so that
KX(Y) = E'~_a,(x,

for all

y)Vqij(x)

y e RI

where

/y Vqi,(x)

a[(x, y)
|\a

=xF-)(x)

\ak(X,

.

Y) /

*Vqik(X)

and F1(x) is the k x k matrix with s, tth component Vqi,(x) Vqit(x). By
Cramer's rule the coordinates of KXare rational functions so KX= P1(x)/Q,(x)

for x e UI where PI: Rn-? Rn2and QI(x) = det F,(x). So we may define
and

P(x) = El Q1(x)P1(x)

Q(X) =

I

QI(X)

Then u(x) = P(x)/Q(x) has the required properties. (Recall that a/b = cid
implies (a + c)/(b + d) = a/b. Also if Q(x) = 0 for x e V then det F1(x) = 0
for all I so x e Sing V).
LEMMA2.4 (Paraphrased). A smoothfunction from a compactum K to
a nonsingular algebraic set W can be approximated by an entire rational
function at the expense of wiggling K a bit. A relative version is also true
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if we desire the approximating function to equal a specified rational function u on some algebraic subset L.
LEMMA2.4. Let L, V, X, and W be algebraic sets with L ci Nonsing V,
VcXcR"
and WczRm and suppose KciX is compact and NczK is a
neighborhood of L in V and f: K -> Nonsing W is smooth and there is an
entire rational function u: (RX, L) -> (Rm,W) so that f IN= uIN
Then there is an algebraic set U c X x RmcRn x Rm and a subset
Jc un K x Rmand an entire rational function g: U-> W and a smooth
function I: (K, L) -? (Rm,0) so that
i. J-{(x, 9(x)) Ix e K}.
ii. J is a relatively open subset of U n K x Rm.
iii. The function x -+ g(x, 9(x)) can be as close to f as we wish (for some
choice of U, J, gI 9).
iv. g(x, 0) = f (x) for x e L.
v. If x e K is nonsingular of dimension s in X, then (x, 9(x)) is
nonsingular of dimension s in U.
Proof. By Lemma 2.3 we may pick polynomials P: Rm-, R.2 and
Q: Rm- R so Q-'(0) = Sing Wand P(x)/Q(x) e G(m, m - dim W) is orthogonal
projection to the normal plane to W at x e Nonsing W. Using Lemma 2.1,
pick a polynomial map s: (RX, L) -> (R-, 0) which approximates f - u near
K and let v
s + u. Define
U = {(x, y) e Rn x RmIx e X, v(x) + y e W,
P(v(x) + y)(y) = Q(v(x) + y)* y},
g(x, y) = v(x) + y,
9(x) = the vector from v(x) to the closest point to v(x) on W.
and
J

{(x, y) e U x GK, y = 9(X)}.

We are assuming that the approximation v to f is close enough so that for
each x e K, v(x) has a unique closest point on W and this point is in
Nonsing W. Then U is just the set of (x, y - v(x)) where x e V, y C W and
either y e Sing W or else y e Nonsing W and v(x) - y is perpendicular to W
at y. With this interpretation it is easy to prove i, ii, iii and iv. To prove
v, note (x, 9(x)) is nonsingular of dimension s + m in X x Rm and the
function from X x Rm to Rm x Rm taking (x, y) to (v(x) + y, y) is an entire
rational function transverse to
Z = {(z, y) e W x Rm P
P(z)(y) = Q(z) . y}
near (x, 9(x)).

But if z e Nonsing W and (z, y) e Z, then (z, y) is nonsingular
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of dimensionm in Z so by Lemma 1.4, (x, 9(x)) is nonsingularof dimension
s + m + m - 2m in U.
Notice that if we wished,we couldassume dim U dimV by replacing
U with some Sing(Sing(Sing(... (Sing U) ... ))) since dimSing( Y) < dim Y
forany algebraic set Y.
Definition. An algebraic set X has totally algebraic homologyif for
every a GHk(X, Z/2Z) there are a positive integer n and a nonsingular
projectively closed k dimensional algebraic subset V c X x Rn so that
V])= a wherewr:V -> X is inducedby projectionand [ V] C H,( V, Z/2Z)
wr*([
is the fundamentalclass of V.
Actually, the requirementsnonsingularand projectivelyclosed could
be replaced by the requirementthat V be compact and we would get an
equivalent definitionof totally algebraic homology. A sketchof why this
is true follows. Let V' be the smallestprojectivealgebraic set containing
V. Notice that V' - V is a projective algebraic set so dim(V' - V) <
dimV = k. Hence V' - V c Sing V'. By resolutionof singularities[4] we
have a nonsingulark dimensionalprojective algebraic set W c RPm and a
rational functionr: W -> V' so that r-1(NonsingV') is dense in W and
onto NonsingV'. Hence r(W) c V and
rIr-1(Nonsing VI) is a diffeomorphism
->
=
0:
Let
RPm
W])
G(m
+ 1, 1) be the canonical isomorphism;
[V'].
r*([
then {(r(x), 0(x)) e V x G(m + 1, 1) x e W} is a nonsingular projectively
closedalgebraicsubset of X x Rn x RIm+1'2,whichgives the same homology
class as [V].
LEMMA2.5. An algebraic set X has totally algebraic homologyif and
only if everyelementof 91*(X) (unorientedbordismof X) is represented
by somew: V--> X where V is a nonsingular projectivelyclosed algebraic
subsetof X x R"'for somen and ic is induced by projection.
Proof. One way is trivialsince ev: 9L*(X) -> H*(X, Z/2Z) is onto where
ev(f: M-> X)= f*([M]). So suppose X has totally algebraic homology.
By [3], generators of the group A*(X) are compositionsof projections
U, x V -> V, and maps aj: Vj -> X where{ Ui} generate *(point)and {ev(aj)}
generateH*(X, Z/2Z). We may assume for each j that Vj is a nonsingular
projectivelyclosedalgebraic subset of X x Rniforsomenj, and aj is induced
by projection. Also by [10] we know that Ui can be productsof real projective spaces G(n, 1) and nonsingularalgebraic sets
Hst=

{(K, L)

e G(s, 1) x G(t, 1)1K' *L

0}

where s > t and K' is the t x t submatrix of K with Ki' = KJ. In particular,
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each Ui can be a nonsingular projectively closed algebraic subset of some
Rmi. Hence the Vj x Ui c X x Rni x Rmzand Wji: Vj x Ui -> X induced by
projection generate A*,(X) as a group. But after a translation in the
Euclidean factor we may assume all the Vj x Ui are disjoint. Since the
group operation in M,*(X) is disjoint union, we are done.
LEMMA 2.6. Suppose Xi, i 0, 1 are algebraic sets with totally algebraic
homology. Then X0 x X1 has totally algebraic homology.

Proof. By the Kunneth formula, H*(Xo x X1, Z/2Z) is generated by
classes a,0x a1 with ai G H*(Xi, Z/2Z). Let Vi be nonsingular projectively
closed algebraic subsets of Xi x Rni so that if wi: Xi x Rt -> Xi is projection
then wi*([Vi]) = ai. Let 7w:X0 x RNox X1 x RI' -> X0 x X1 be projection.
Then w*([V0 x V1]) = a0 x a1, so we are done.
LEMMA2.7. The Grassmanian G(n, k) has totally algebraic homology.
Proof. The Z/2Z homology of G(n, k) is generated by the Schubert
cycles C
where n1 < n2 < . . . < nk and Cn1,'>k is the set of k dimensional subspaces whose intersection with Rnihas dimension >i for each
i = 1, * , k. In terms of the matrix L of orthogonal projection onto the
subspaces, this just means that if Lni is the firstni columns of the matrix
I- L then all (ni + 1) x (ni - i + 1) minors of L.i have 0 determinant.
Hence the Schubert cycles are algebraic subsets of G(n, k). By the remark
after the definition of totally algebraic homology, this means that G(n, k)
has totally algebraic homology. (The Schubert cycles are sometimes singular
but after resolving their singularities they become nonsingular.) This is a
bit unsatisfactory since it requires a powerful theorem (resolution of
singularities). One could get around this by noting that to prove the
theorems in this paper we only need to represent relatively low dimensional
homology, say only Hi(G(n, k), Z/2Z) for i ? n. All this homology is
generated by nonsingular algebraic subsets

ll=1 G(nj, kj) with n

n, k :=- lkj .
So by a slight modificationof the wording in the proofs one could avoid the
singular Schubert cycles if one wished.
n.

PROPOSITION 2.8 (Paraphrased). Any closed manifold M may be isotoped
a
to nonsingular algebraic set. A smoothfunction from M to a nice algebraic set may simultaneously be approximated by a rational function. A
relative version is also true.
PROPOSITION 2.8. Let X and W be nonsingular algebraic sets with
totally algebraic homology and let M be a compact, boundaryless submani-
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fold of X and let f: M-> W be a smooth map. Suppose also that L c M is
an algebraic set and the germ of M at L is the germ of a nonsingular
algebraic set V and the germ of f at L is the germ of an entire rational
function v: V -> W.
Then there is an m, an isotopy ht of X x Rm,a nonsingular algebraic
set S c X x Rmand an entire rational function r: S -> W so that
1)

h,(M

x 0) = S.

2) ht(x, 0)
(x, 0) for all x E L, t E [O, 1],
3) r(x, 0) f(x) for all x eL,
4) ht can be as small as we want and rh11MXO
can be as close an approximation to f as we want (for some choice of S and r).
5) If L is projectively closed then S is projectively closed.

Proof. We will firstprovea weaker versionwhereS mightbe singular,
1) is changed to 1'): h,(M x 0) is a union of nonsingularcomponentsof S,
2), 3) and 4) remain the same but 5) is omitted. In addition, W need not
have totallyalgebraic homology.
There are a neighborhoodN of L in M, a tubular neighborhoodT of M
in X, integersn and k, a smoothmap g: T -> E(n, k) and an entirerational
functionu: V ->G(n, ck)so that
a) g is transverseto G(n, k);
b) g'-(G(n, )) = M;
c) gIN = UIN;

d) f IN = VIN.
To constructg, pick n so that X c RXand let k be the codimensionof M in
X. Pick any x E T. Let y be the closest pointto x in M. Let A e G(n, k) be
orthogonal projection to the tangent plane of X in R" composed with
orthogonalprojectionto the normalplane of M in Rn. Then we let g(x) =
(A, A(y - x)) C E(n, k). Notice that g is a rational functionby Lemma
2.3. We mayextendf to all of T by composingf with projectionfromT to
M. Let m be such that W x E(n, k) is an algebraic subset of Rm. Then by
Lemma 2.4 there are an algebraic set U c X x Rmand a smooth9: (T. L) >
(Rm,0) and an entirerationalfunctionw: U- > W x E(n, k) so that
A) J = {(x, p(x)) Ix C Int T} is an open subset of NonsingUP
B) The functionx ~-- w(x, 9(x)) is close to f x g,
AT

C) w(x, 0) = (v(x), %(x)) = (f (x), g(x)) for all x C L.

Notice that by transversalityand a, b, B and C above, M x 0 is isotopic
fixing L x 0 to {x C T I w(x, 9(x)) C W x G(n, k)} which is isotopic fixing
ww-(W x G(n, k)) and Z" =
L x O to Jin w- (W x G(n, O)). Let Z'Jf
n
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u n w1 (W x G(n, k)). Notice that by Lemma 1.4 all the points of Z' are
nonsingular of dimension dim M in Z". We then let Z= Sing (Sing(...
(Sing Z") ... )) where we take Sing a number of times so that dim Z= dim M.
We have now proved the weakened theorem since we have a small isotopy
h, of M x 0 to Z' which fixes L x 0. For the rational function r we pick
r = ww where w: W x G(n, k) -> W is projection.
We will now prove the proposition using this weaker version. By
Lemmas 2.5 and 2.6 there are a b and a compact smooth submanifold
N cX X Wx Rb so that AN is the disjoint union of a projectively closed
nonsingular algebraic set Q and the graph
{(x,y, z)eXx

Wx

RbIxGM,

y =f(x)

and

z=

0}.

After translating, we may also assume Q n X x W x Ois empty. Let c be
such that W c Rc and let N' = D(N x [-1, 1]). We may find an imbedding
a: N' -> X x Rc x Rb x R so that a(x, t) (x, t) for all x G Q c X x Rc x Rb
and t[- 1, 1] and so that a(x, f(x), O t) = (x, 0, O, t) for all xeM and
t E [-1, 1]. (For instance send (x, y, z, t) to (x, 13(x,y, z) y
Y, z, t) where
,8: N-> [O 1] is some function which equals 1 on Q and is zero on AN - Q.
Assuming b and c were chosen large enough, we could then perturb this
function to an imbedding a.) Let M' = a(N'). We have a smooth function
f': M'-- W, namely f'a(x, y, z, t) =y.
Let L' = L x O x O x O U Q x 0. Notice that the germ of M' at L' is
the germ of a nonsingular algebraic set since the germ of M' at Q x 0 is
Q x R and the germ of M'at L x 0 x 0 x 0 is the germ of V x 0 x 0 x R
at L x 0 x 0 x 0. Also the germ of f' at L' is the germ of an entire rational
function by Lemma 1.5. Hence by the weak form of this proposition, there
are an integer d and an isotopy h' of X x Rc x Rb x R x Rd and an entire
rationalfunctionr: Xx RCx Rbx R x Rd > W so that h'(M') is a nonsingular
component Z' of an algebraic set Z, h (x, 0) = (x, 0) for all x C L' and t C [0, 1],
r'hl M'XO is close to f ' and r'(x, 0)f f'(x, 0) for all x G L'. If we make sure
this isotopy is small enough so that h'(M' x 0) keeps transverse to X x Rc x
Rb X 0 X Rd, then there is a small isotopy of Z' taking h'(M x 0 x 0 x 0 x 0)
to a union of nonsingular components of the algebraic set Z n xx Rc x Rb X
0 x Rd. (This is because M x 0 x 0 x 0 x 0 is a union of components of the
set M' x o n X x Rc x Rb X 0 x Rd.) By extending this isotopy to all of
X x Rc x Rb x R x Rd, we may assume that h'(M x 0 x 0 x 0 x 0) is a union
of nonsingular components of Z n X x RC x R6 x 0 x Rd. Thus by Lemma
2.2 there is a nonsingular algebraic set K c Z' so that L' x 0 c K and there
is a small isotopy of h'(M x 0 x 0 x 0 x 0 U Q x 0 x 0) to K which fixes
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L' x 0. Again by extending this isotopy to all of X x RC X RI X R X Rd,
O U Q x O x O) = K. But
we may assume in fact that h'(M x 0 xO xO x
h'(Q x 0 x 0) = Q x 0 x 0 is a nonsingular algebraic set, so by Lemma 1.6,
h'(M x 0 x 0 x 0 x 0) is a nonsingular algebraic set. Also rh IMXOXOXOXO
is
= f JMXOXOXOXOp
close to f'fMXOxOXOxO
hence the proposition is proved.
In case L is projectively closed, L' is projectively closed also, so we
could have made K and hence h'(M x 0 x 0 x 0 x 0) projectively closed.
Definition. A finitecollection of closed submanifolds Ma c W, a e A is
in general position if for any a e A and A' c A - a, Ma intersects nfa'e A' Ma'
transversely.
LEMMA 2.9. Suppose Ma c W, a e A is a finite collection of submani-

W t e . [0, 1], a e A are small isotopies
folds in general position and ht: Ma
of imbeddings with hot iinclusion. Then there is an isotopy ht: W-> W so
that ht(Ma) - ha(Ma) for each t e [O, 1] and a e A and ho is the identity.
Furthermnore,ht can be arbitrarily small if the ha are arbitrarily small.
Proof. First, notice that by requiring the ha to be C' small we insure
that for each t e [0, 1], the submanifolds h"(Ma), a e A are in general position.
This is because any intersections of the ht(Ma) must occur near intersectionsof the Maand then the tangent planes to the ht(Ma) at an intersection
point will be very near the tangent planes to the Ma which were transverse.
Also by the isotopy extension theorem, we may extend each ha to an isotopy
h": W-> W with ha - identity.
We wish to construct a vector field (v, &a/t) on W x [0, 1] which is
always tangent to each {(ht(x),t) x Ma, t E [0, 1]}; then we will obtain ht
by integrating the vector field. Since we may piece together with a partition of unity, we need only construct v locally. So take any (p, s) e W x
[O 1]. There are a coordinate neighborhood U of p in W and a smooth
(11,2, ..., 4k for conf: U -> Rm and a subset A' c A (which we call A'
so
m
that
has
rank
on
venience)
f
U. and unhiMh(Mi) (wif)-'(0), =i, ..., Ik
and U n h(Ma) is empty for a 1 A'. Here mi = codimension of Mi and we
identify Rmwith Rm' x Rrn2x ... x RInkand let 7li:Rm-> Rmibe projection.
We define F: U'--> Rm for a neighborhood U' of (p, s) in W x [0, 1] by
wiF(x, t) ricfh'(hj)-'(x). Then for U' small, F will have rank m. Let
F(x, t) and pick local coordinates x,, ** Xa in U. Then there is a
Ft(x)
unique function a: U' -> Rmso that F*(E a1la'VFt/, D/t) 0_ where F* is
the map on tangent spaces and a5 and F/' are the jti coordinates of a and
where B(x, t) is the m x m matrix with
Ft. In particular, a -B-1(-F/t)
i, j coordinate VFti *VF/. Then (JaiVF/, d/dt) is the required local vector
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fieldsince
(wfF)-'(o) = u' f {(hi(x), t) Ix e M,,

t e [0, 1]}

and F is constanton the flowgenerated by the vectorfield;
THEOREM2.10. Let V be a nonsingular algebraic set with totally
algebraic homology. Let M be a boundaryless compact smooth submanifold
of V and let M,, i = 1, * * *, k be boundaryless compact smoothsubmanifolds
of M in general position. Then for some n, there are arbitrarily small
isotopies of V x R"' which simultaneously take M x 0 and each MI x 0 to a
nonsingular projectively closed algebraic set.
In particular, there are an algebraic set X and algebraic subsets
c
Xi X, i = 1, ***, k and a diffeomorphism h: M -> X so that h(Mi) = X,
-1
..Ik.
Proof. This is proved in [18] . For this paper we only need to prove
Theorem 2.10 for the special case where each M, has codimension one in M.
Therefore we give a simple proof for this special case.
Pick n very large. For each i = 1, 2, *.., k there is a smooth map
fi: M->G(n, 1) = RP-' so that]f, is transverse to G(n - 1, 1) = RP-2c RP'and so that f-'(G(n - 1, 1)) = Mi. (This ft exists because the canonical line
bundle over RP-2 classifies line bundles and RP-' is the Thom space of this
canonical bundle.) Let G = G(n, 1) x ... x G(n, 1) (k times) and let f: M-> G
be the map with ith coordinate fi. G has totally algebraic homology by
Lemmas 2.6 and 2.7. Hence by Proposition 2.8 (with L empty) we know
there are a nonsingular projectively closed algebraic set X c V x Rm, an
entire rational function r: X-> G and a diffeomorphismh': M-> X so that
rh' is a C' close approximation to f. Thus there is a C' small isotopy of each
h'(Mi) = h'f-'(G%) to r-'(Gi) where Gi = G(n, 1) x *.. x G(n - 1, 1) x ... x
G(n, 1) with the G(n - 1, 1) in the ith place. By Lemma 2.9 there is a
diffeomorphismh": X-> X so that h"h'(Mi) = r-'(Gi). Letting h - h"h' and
Xi = r-'(G), we are done. (The Xi are nonsingular by Lemma 1.4.)
3. Topological blowing up and algebraic blowing down
In this section we show a useful form of algebraic blowing down,
namely one that can crush algebraic subsets of an algebraic set to points
and get an algebraic set. This construction is generalized in later papers
where we blow down over algebraic sets rather than just over a finite
number of points.
We also state a result from another paper which gives a nice topological
resolution of the cone on a smooth bounding manifold.
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PROPOSITION 3.1. Let X be a projectively closed algebraic set and let

Xi c X, i = 1, * * *, k, be disjoint algebraic subsets. Let Y be the quotient
space obtained from X by collapsing each Xi to a distinct point i = 1, * * *, k.
Then Y is homeomorphicto an algebraic set. In fact there are an algebraic
set Z and a homeomorphism h: Y -> Z so that h restricted to (Nonsing X) Uk=,Xi is a diffeomorphismonto an open subset of Nonsing Z.

Proof. By Lemma 1.5 we maypickan entirerationalfunctionr: X -> R
so that r(x) = i forall x e Xi, i = 1, * * *, k.
Let p: R" -> R be an overt polynomialof degree d so that X = p-'(O).
Let q: Rn -> R be a polynomialof degree e so that q-'(0) = Uk=,Xi. Define
(t - k)2. We define
u: R2 ->R by u(s, t) =
+ (t - 1)2(t- 2)2...
S2

Z = {(x, s, t)eRn x R x R there is a yeXso that s = q(y),
t = r(y) and x

=

u(s, t) y} .

To see that Z is an algebraic set, note that if p* is the homogenizationof
p then Z is the set of commonzeros of the polynomialp*(u(s, t), x) and the
rational functions s - q(x/u(s, t)) and t - r(x/u(s,t)). This is clear if
u(s, t) # 0. But if u(s, t) = 0 then p*(u(s, t), x) = p*(O,x) whichequals zero
only when x = 0 (since p is overt). Notice that u(s, t) = 0 onlywhen s = 0
and t = 1, 2, ... or k. Hence g: X-> Z defined by g(y) = (u(q(y), r(y)) *
q(y), r(y)) is a quotient map collapsingeach Xi to the point (0, 0, i). Hence
h: Y -> Z. Since g IX UX is a rational function
g inducesa homeomorphism
onto Z - U1 (0Y,0, i) with a rational inverse, it takes nonsingularpoints
to nonsingularpoints. Hence the conclusionholds.
Fact 3.2. Suppose M is a smooth compact manifoldwhich bounds.
Then there are a compact smoothmanifold W and compactboundaryless
submanifoldsL, c int W, i = 1, ***, k, so that
1) M=aW.
2) The L, are in general position.
3) There is a diffeomorphism7: M x [O, 1) -> W

-

U7=1Li.

This fact is proved in [15]. Since this has not yet appeared in print,
we give a sketch of the proof. Let X be a compact smoothmanifoldso
that aX = M. Suppose X has dimensionn. The firststep is to findn - 1
spheres Si, i = 1, *Y, b, imbeddedin intX so that the Si are in general
to the disjoint unionof an open
position and X - U=1=Si is diffeomorphic
For instance,we could take a
of
n-discs.
collaron aX and a collection open
smoothtriangulationof X; thenforeach vertexv not in aX we could shrink
the linkof v a littlebit to get one of these spheres. Alternatively,it would
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probably work to put a Riemannian metric on X and let the Si be boundaries
of small geodesically convex balls. In any case once we get these Si, then
for each component of X - Ub=1Si which does not intersect AX, we pick an
n-disc Bj imbedded in that component, j = 1, ***, c. Let X' = X-U.1 int Bp.
Then notice that there is a diffeomorphism of X' - Ub=1S. with
AX' x [O, 1). Since AX' is M union c copies of the n - 1 sphere we almost
have our result; we just have a lot of extra n - 1 spheres aBj. We get rid
of them by adding 1-handles. Pick a j so that there is a smooth imbedded
arc aj: [ -1, 1] -> X' so that aj(- 1) e AX', aj(1) e aBj, aj intersects only one
Si and that intersection is transverse.
We now attach a 1-handle to X' along the boundary at a(1) and a(-1).
That is, we make X" = [-1, 1] x DY1 U X' where we identify -1 x D-1
with a neighborhood of a(-1) in AX' and we identify 1 x DI` with a
neighborhood of a(1) in AX'. We then let Rj be the circle [-1, 1] x 0 U
a([-1, 1]). Notice that (X" - Ub=1Si) - Rj is diffeomorphicwith AX" x
o~~UB2

AB1

FIG. 2 (a).

R

F

R2

FIG. 2 (b) .

aB3
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with M union c - 1 copies of the n - 1
[0, 1) and AX" is diffeomorphic
sphere,so we have improvedmatters. We keep on adding 1-handles(we
add c of themin all) and finallyget a manifoldW containingn - 1 spheres
1, *.. ,b, and circles R,, j = 1, **, c, so that the Si and Rj are in
St, i
general position and there is a diffeomnorphism
from M x [O,1) to (W Ub=Si) - U5=,Rj. We illustratethis in Figure 2 for the case where X is a
2-disc, b = 2 and c = 3.
LEMMA 3.3.

We may stipulate that the L, in the conclusion of Fact 3.2
all have codimension one in W.

Proof. We just blow up W along each Li. A moreconcreteexplanation
follows. The Li's constructedforFact 3.2 are of two types: codimension1
spheresSi and circlesRj. These circlesRj have trivial normalbundle. We
now forma smoothmanifoldW' by replacingeach Rj in W by Rj x RP"-2
whichhas codimension1. If E is the total space of the canonicalline bundle
over RPn-2, then the diffeomorphism
fromE - RP"-2 to Rn- - 0 gives a
smoothstructureon W'. This process changes the Si into S' which are
connectedsums of RPn-`s. Since
W'-

US'

- URj x RP1-2-

W-

USi-

URjaW

x [O, 1),

we are done after replacing W by W'.
4. Topological characterization of algebraic sets with
isolated singularities

Theorem 4.1 below characterizes only compact algebraic sets with
isolatedsingularitiesbut in combinationwithProposition4.2 it characterizes
all real algebraic sets with isolated singularities. Also we get the fact that
up to diffeomorphism,
nonsingular algebraic sets are just interiors of
smoothcompactmanifoldswith (possiblyempty)boundary.
For a topologicalspace X let cX denote the cone on X, i.e., cX -X x
[0, 11/Xx 0. We use the conventionthat collapsingthe emptyset to a point
is the same as adding a disjoint point. Hence the cone on the emptyspace
is a point.

FIG.

3.
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We illustrate the implication iii -a i of Theorem 4.1 by an example. Let
W be the cylinder S' x [0, 1] and let M1 S1 x 0 U S' x 1 and M1 = empty
space. Then X is as in Figure 3.
First we observe that it sufficesto make each connected component of
X homeomorphic to an algebraic set. Since a point is clearly an algebraic
set, we just need to make the left hand component X' algebraic. We first
find a topological resolution of X'. For instance, X' is obtained from the
two dimensional sphere by identifying two points with each other. Since
the sphere is an algebraic set and those two points are an algebraic subset,
Proposition 3.1 tells us that X' is homeomorphic to an algebraic set. Hence
X is also. Of course, differentresolutions are possible. For instance X' is
the torus with a meridian circle collapsed to a point.
For another example, let W be a plumbing of disc bundles over spheres
and let M1 = a W. Then X = W U ca W has a resolution obtained by taking
the double of W and collapsing the spheres in one copy of W to a point.
Since these spheres are in general position, we may use Theorem 2.10 to
make the double of W a nonsingular algebraic set and make the spheres
algebraic subsets. Then by Proposition 3.1 we may collapse the spheres to
a point and hence make X into an algebraic set.
Notice that Theorem 4.1 and Proposition 4.2 also classify homotopy
types of algebraic sets; in particular they are exactly the homotopy types
of finite complexes. In fact, any finitecomplex is homotopy equivalent to
a nonsingular algebraic set.
THEOREM 4.1. Let Xbe a compact topological space. Then thefollowing
are equivalent:
i. X is homeomorphicto a real algebraic set with isolated singularities.
ii. X is homeomorphicto the quotient space obtained by taking a smooth
closed manifold W and collapsing each Ki to a point where Ki, i = 1,
k,
is a collection of disjoint smooth subpolyhedra of W.
iii. X = W U U =1cM. where W and Mi are smooth compact manifolds,
a W is the disjoint union of the Mi's, each Mi bounds a smooth compact
manifold and M, x 1 c cMi is identified with Mi c W.

In ii and iii some of the Ki's and Mi's could be empty; in fact there will
be one such Ki or Mi for each isolated point of X (as long as dim X > 0).
Proof. The implication ii -iii follows from [5] by taking a smooth
regular neighborhood of each subpolyhedron.
The implication i ii follows from Hironaka's resolution of singularities
which
implies the existence of a continuous map 7w:W-> X with W a
[4]
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compact nonsingular algebraic set (hence a smooth closed manifold) with
some nonsingular algebraic subsets in general position (hence smooth subpolyhedra) Ki c W, i = 1, ** , m, so that wIW-UK.
is a diffeomorphismonto
X minus a finite number of points (the singularities of the algebraic set).
So X is obtained from W by collapsing each Ki to a point and then perhaps
collapsing the empty set to a point a few times to get any isolated points
of X.
So the meat of the theorem is the implication iii -i. We may assume
that no Mi is empty since every empty Mi corresponds to adding a disjoint
point to X. Certainly if X is homeomorphic to an algebraic set then
X U point is also.
1, * *, Ik a smooth compact maniBy Lemma 3.3 there are for each i
fold Wi, smooth compact boundaryless codimension one submanifolds Lij c
int Wi, j = 1,** , ai, and a diffeomorphismai: Mi x [0, 1) 3=
so that the Lij are in general position. Notice that aoiIMixOis a diffeomorphism
from Mi x 0 to a Wi. Hence we may consider the smooth compact boundaryless manifold U= W U U1=, Wi with each Mi c a W identifield with a Wi.
By Theorem 2.10 we know that there are an integer n, a nonsingular projectively closed algebraic set V c R", nonsingular algebraic subsets NMjc V,
j I, * , ck,j = 1, * ai and a diffeomorphismof U to V which takes each
Lij to NMj. By Proposition 3.1 there are an algebraic set Z and a homeomorphism h: Y -> Z where Y is obtained from V by crushing each Uai ,Nij to
a point. Also Z must have isolated singularities since V is nonsingular.
Notice Y is homeomorphic to U with each UaiLij crushed to a point. Also
WJ!Uj5iLij is homeomorphic to cMi since Wi - Ua=i1Lij P Mi x [0, 1). Hence
Y is homeomorphic to X so Z is homeomorphic to X and we are done.
PROPOSITION 4.2. If V is an algebraic set then there is an algebraic set

W homeomorphic to the one point compactification of V. This homeomorphism takes Nonsing V into Nonsing W. Also, if W is an algebraic set and
z e W there is an algebraic set V homeomorphic to W - z. This homeomorphism carries Nonsing W - z into Nonsing V.
In particular, a topological space X is homeomorphic to an algebraic
set if and only if X is locally compact and the one point compactification
of X is homeomorphic to a real algebraic set.
Proof. Consider an algebraic set V c Rn; we may assume V # Rn. Take
z eR- _V. Define an involution (: Rn-z-->Rn-z by 9(x) = z+(x-z)/ x-z 2
(inversion through the unit sphere about z). Then q-'(V) U z is homeomorphic
to the one point compactification of V. It is an algebraic set by Lemma 1.3
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and 9-'(Nonsing V) c Nonsing(9-1(V) U z) by Lemma 1.4.
Now take WcRnandze
W. Define V= {(x, t)e WxRI

Then V is homeomorphic
to W

-

tIx - z12 = }.
z and NonsingV = (NonsingWx R) n V.

COROLLARY 4.3. Up to diffeomorphism, the set of nonsingular real
algebraic sets is exactly the set of interiors of compact smooth manifolds
with (possibly empty) boundary.

Proof. If X is a nonsingular algebraic set then X*, the one point
compactification of X, is an algebraic set with at most one singularity,
namely the compactifying point z. So by Theorem 4.1, X* = W U c&W for
some smooth W, but then X is diffeomorphicto the interior of W.
Conversely, if W is a compact smooth manifold then WU c&W is an
algebraic set Y with at most one singularity z so Y - z is a nonsingular
algebraic set diffeomorphicto int W.
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