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Prelace

In the spring of 1985, A. Casson announced an interesllng invariani of

homology  3-spheres wvia bosutiful construclions on rapreventation spaces.

This inveriuni generalizes the Rohlin invariant and givas surprising corollarivs

in low dimensional topoloxy. Armed with the Cosson lecturc notes and mony

informml discussions wilh him, in tha fall of 1985 we held a seminar on this

invariant, Thess notes grew oub of this sominar. We tried to romein close (o

Casson's original oulline end proceaded by giving neoded details including an

expoaition of Newsisad’s rosults. We have ofion chosen classical concrete

approaches over general wothods; Lhis perhaps made this uxposition ai pluces

longer and more elementary than necesusary. For exompls, we did nol attempt

lo give gauge theory explanations for the resulta of Newstead. Inslead, we

followed his original techniques. We would llke to thank the seminar

yurticipsnis at M.S.U. and lsomy Halfield snd Colby Friess for a spesdy

lyping of these noles.
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Introduction

Let M? bo an orionted howology 3-sphere and K be a knot fn M* .
Let N(K) be a cloged regular neighborhood of K, Bo that N{K) & 52 = D3,
Let M¥E)} be the complement of Lho intsrior of NM{K) in M3 M K) s a
d-manifold with boundery. The boundary is a torus T Since M' ls s
homology 3-aphers, wa can choose the identification of N(K} with &' x D=
60 Lhat  S' w {1} ie homologically trivial in M3(K}, Under this essumption,
ol g bo the moridian {1} = aD* and A be the proferred longiluds
8' » (1), Since M’ s oriented, T? inherits a notursl orientation from the
induced orientstion on M2{K). We mway orient the curves # and A go ihst

(#A} is u positively oriented basis for the firat howology of T? M, (T2},

Now for each integor n, the homology elass X o+ pA can bs
represenied by a simple closed curve Y in T We may oblain a now
orisnted homology 3-sphors by attaching S!' = D* to MI(K) along their
rospeclive boundaries in such & manner that {1) » 2D? s attached o r
The resultlng oriented homology d-sphere X is well defined up to
avientation preserving homvomorphisw. We say thal K, is the manifold

obtained from M by 1/n=surgery on K. In particular, K, is M.

As  for knols in Lhe d-aphare 53, one can associate an
Aloxander-polynominl to H. This is a polynomial in the varisbles t snd =1
wilh integoer coefficients and is well~defined up to muliiplication by 8 for
any inieger n. Since this polynomdnl satisfiss the standard identities for
Alexander polynomials of knols in 8%, one obtains a wall defined polynomial,

known =8 Lhe symmetrized Alexander polynomial AR by imposing (hao

conditions:



(i)

at) = ap(t™) a1y =1.

IL is easy to see that these conditions imply that the sscond derivallve of Lho

Alexander polynomial evaluated alt 1 a#(1) is an even integar.

With the ebove nolation, we may stale Casson’s main thsorem concesrning

his new invariant for orionted homology spheores.

Theorew (Casson) There is m unique invarianl, A{M}, of oricoled homology

3-spheros salisfying the following properties:

{1} A(K.. ) - I\(l‘[n) = % A]"t(l) for any koot K iu awy oricoted homalogy

1R

3-sphere M2,

2y »(s’) = o.

The iden of Ceason’s invarianit comes from the observation that if M* s
g8 d~manifold with o Hoogurd aplitling M* = W, v W,, (where W, and W,
are solid handlebodics of genus g meeting along their common boundary TJ,

then ihe commuiative diagram of inclusions:

n (F) LACH

/\

”I{Hl)
‘.\n
'J_,J_.-ui?

1r‘(H3)

gives rige to imbeddings of the space of conjugecy classes of represantations

of these groups into SU(2):

R(W )

R(F) R{M)

[\
\/

RW_)

(xdii)
It turns out that all thess Bpaces are real algebralc sets and R(W,) and
R{W;) are complementary dimensional subspaces of R(F}). The gingular set
Ii of R(Wj) is included in the singular set © of R{F). Cosson’s invariant
ia roughly the ‘“algebraic intersection numher" of the smoath manlrald.s
R{WiNLj i= 1,2 in R(F)NE. The technical difficulties are to make sense out
of the algebraic intersection number of these proper open submanifolde and (o

show that it is indepsndent of the Heoegard aplitting of M.

RGF)

The properties (1) and (2) actually eilow us to computs A{M} for any
homolagy sphere. This may be done as follows. Using m wsll known result
((L1), we may represent M by surgery on & framed link in 8% ({wilh
integer framinge). Moreover, we can assume Lhat Lthe linking matrix is
unimodular, add and indefinite. With this assumption, it i@ posaible, by handle

sliding, to disgonalize the matrix. Hencs, we find that M is given by
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gsurgery on a framed link in S? with & diagonal linking matrix whose

dingonal enlries are sll *£1.

This implies that we can obtain M* by o soguence of %1  Dehn

purgeries on knols in homology spheros boginning with a knot in 82, Hencse,
we can calculate A(M}) induclively by applying property (1) beglnning with

property {2). In particular, A*M) is an inleger.

This observation establishes the uniqueness of A, Hence, il remsins io

oslablish existence. This task will occupy our alienlion throughout this

axposition. In the courses of proving existence, Il ls found thet Casson's

invariant satisfies the following addilional propertics.
Theorem (Casson): The invariant A\ gatisfies the following propariies:

(3) A{-M) = -a(M).

(ay If A(M} # 0, then “1“” bas a nontriviel representstion in SU(2,C).

(6} A{M) ® p(M) (mod 2), where u(M) is the Rohlin invariauml.

(6) J'-(llf‘L v M‘) = 1(14]} + x(ua}.

From qur description of culculnling A, il is easy to see thal properlice

{1) and (2) imply properties (3) and (B). Property (5) also follows from

properties (1) uand (2) and known relalions belween ths Rohlin invariant of

J-monifolds obtained by surgery to = knok K, the Arf invarinnt of K =and

ihe Alexander polynomial of K {see meclion V.B(c)).

Proparty (4), as we shall see, follows immedintely from the definition of A,

Representations of O,(M) in 8U(2,) form the context for A in Cosson’s

formulation of thiy theory. As Cusson suggosied in his lsciures in the summer

[xv]
of 1886, and Taubes latter verifiod, thero is an alternsiive approach to this

mvariant  vian the gaugo theory of flai connoctions on  principul

SU(2,€)-bundles. This linka Casaon’s work with the developments of Donuldson

in  4-munifolds in & way thai is yel to be {fully understood.

Wo now list sows immodiate corollaries of the proparties of 3, (M (K) win

denoto MEp4i) = AMELD.

Cerollary (Casson): Any homotopy 3-sphere has gero Rohlin invariant,

Corollary (Cusson): Any amphicheiral homalogy 3-sphere has zoro Rohlin
invariani,

Corollary {Cagson): If A'(K) is monzero and K i in 5% then X has
properly P.
Froof: From properiy (1), we deduce ihal:
]k(lin] - lfliol = nA' () .
Since Ky, = 8% | by Property (2), we have:
).{}{n) = n-A{K) .
Hence, by property (2) asnd our aspumption on  A'(K), we concludo that

Ep = 8* if and only if n s zero. o

Casson obeerved in his loclures thal A is not an invariant of homology

cobordism, There exist hemology 3-aspherss which bound smooth contractible

4-wanifolds bul have nonzero A
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4-manifolda. For exampls,

There sxist non-trianguloble

Corollary {Casson}:

Froedman's E, manifold cannol be iriangulsied as a simplicial complex.

This is because, if M* werp (riangulated it would ba P.L. in Lhe

complomenl of the open star of & wvertex =x, ¢ M*. This would give the

Link{x;} & P,L. struciure £°. B8ince M* is a lopologicul manifold, L[* hes

to be simply connected. So it musl have zero Casson invuriani, hence, zero

Rohlin invarlant p(E). On tho other hand, I[* [s the boundary of the Spin

d-manifold W* = M*—open stari{x,) and, therafure, pl(l) = 1/8 signature(W)

tmod 2} = 1, giving us m contradiclion, We must odd thal in dimension 3

and ¢ P.L. panifolds have smoolh structures.

We closa this inlroduction by glving an ouiline of the subseguent
eXposition.

Chapiers arv labeled by Roman numerals. Sections of u chapler ares

labsted by standard numersals. Subsectiona of a seclion aro lubeled by
lowercase letters. Slgnlficanl statemenls uare lpbeled consscutively within cach

gaction. Hence, socltion V.2{c) refers lo the third subsection of Lhe second

gection of the {ifth chapter. Likewisu, Proposition IV.2.1 refors lo lho first
proposition of the second section of the fourth chapler. Within each chapter,
the reference Lo the chapler is ocmmilled, Hence, a rofercoce lo Proposition

5.1 in the text of chuptor V refers lo the firsl proposition in the fifth section

of that chapter.

Chapters 1 and I1 arc background materinl, concerning, respaciively, the
theory of representation spmces and the theory of Howgard decompositions, two

cgpenlial tools to Cmsson’s approach. Tho resulls here, espscislly thoss in

{xvii}
chapler I[ wure well known propositions which the reador may wish to consuli

at various points in the subsequeni chapters.

Chapter IIl is aluo background information concerning tho particular

represeniation spaces wssociaied {o an Heegurd decomposition of un homology

sphere,

Chapter IV concerna the definilion of Capson’s invarisnd and the proof of
{le invariance {independence of Heegard decomposition). Propoerties {2} and {4)

Bre obvious from Lhis definitlon.

Chapter V is a study of the gssocinled invariani for knols in hotoology
apheres  X'(K). In Lhis chapter, we establish tha crucial axiom, property (1).

This involves a caroful study of a “"characloristic" c¥cle associaled to 1ha

difference  A(Hp4,) - A(Hn), tho difference cycle &. This cycle plays a

veniral role in the exposition. {(IL. may be of soma intercet to dotarmine

whether

thérm are other

“characteristic” cycles present in  these

ropresentalivn spaces.)

In chapter VI, we mtudy ths topology of an assuciniled represenlulion

space which arises in studying 4. The maln purposs of this ssclion is Lo

prove that ¢ is invariant under the Torelli group, a technical facl noeded in

chapter V. The main content of Lhis section is extrecled from Lhe articles of

Newslead.

One final disclaimer. The purpose of this text is purely oxposritory. We

have nol made m systematic attempl (o cross-reference the various sources

consulted. The wajor portion of Lhe oxposition s ns elementary as possible.

We hopu that the roader will find the vxposition helpful and Lhut the brief list
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of refersmces glven at the ond of the text will provide a bridge to more

sophisticatad Lreaments of this imporiant subject.

CHAPTER I: REFRESENTATION SPACES

1. Tha sapecial unitary group — SU(2.€).

{n) Identification with S2

Let

mze) = ([ 2 5] ]| abedec]
SU(2,€) = [A « M(2,€) | AA® = I, det(A)

5" = {{a,b) e € | au +bb = 1} .
There is & paturnl identification of &7 with su(z,c):

g? h
—_ su2,o)

g b
{ayb) F—— [ - _} "
5 &

Conventions:

21} ..

(I} We shall identify S* and 8U(2,£) by Lhis fixed diffeomorphism.

(2) We shull conmider S® 1to have & fixed orientation threughout our

discussion.

(b} The langent bundle of 5* TS>

By differentiating the defining equations for 83,
bundle of §3:

wea obtaln the langent



ol R

In particular, the Lie alycbra of S? is given as:

]
"

= . 3
Su(2,c) = I'I(S N

(5l feemree]-

The action of 53" on itself by left translations provides a trivializalion of

L]
1]

TI82:

8 ¢«8 —— TS

(A, X} F——3 (R AN) .

Convention: We idenlify TS® with S? «x 8 by (he notursl trivializalion

providad above,

A notural Riemannian metric arlees vin tronslation from the inner product

on 8
<,>:8nx8 > R
{X,Y) » % trnce(h_'t} :

Associnted to thir metrie, we have a patural exponential wap:

> 5°

exp i S

The natural identificulion of S? with SU(Z2,0) ie an isomeiry of Lha

standard metric on 5 and the sbove metric on SU(2,C).

(c) The conjugation actions on 83 and T8>

S? acis on 5* by conjugation:

(A,B) +——> ABA " .

The derivative of this action is simply:

*:5‘:'[‘8

> TS

(A, (B,X)) F——> (ABA ', AXA"") .

From the definition of the inner product on B:

CAXA™',AvAT?y =

K, .

Hience, these actions arc actions by isometrics and:

exp(AXA ') = a exp(X)A © .

Let;

177
"

{#I}

w
0]

8 € R | = diogopels .

Bvery element of 8% is conjugate to s diagonnl element:

gition 1.1: (1) §Y c §Y c g

(2) 52 = v {CBIC! | C ¢ 82}

Procf: {1} This is, of couree, obvious.

analogous stslement.

It i@ siated in anticipation of an



(2) Suppose A e S®. Since € g slgebrmically closed, A has on

eigenepece of eigenvalus M. Choose B unil eigenvoctor in this cigenapace:

3 4
(xo.yo) e ©¢

V= {(y) € € | (xy) = {x,,7,); ¢ € €)

AV =¥ .
#p ";o
let C = - s+ 380 that:
Yo Xa

o ac é )= ) I | § 3]-

Bince € e sp{2,c) ,

That is to say, A ¢ CS:C™!, o

From the previous facte and the fact thal:

wo deduce that the exponentiel map is a diffeomorphism an the ball of redius

7 about O:
& s
exp ! B“(O) > S\ -I) .
{Clearly, the injectivity redius of 5 is =x.)

Hotation: We shall use the following sbuses of notation:

0 © . el
ie = ela = *
0 -ie D n—ia
“ig I i8 5
-8 8
-1 3
S
Figure 1

In particular, the patural contrsction of Bn(0):

€ : B (0) x [0,1] > B_(0)

(X, t) —> tx .

exponentiotes to a netural contraction of 83\ (-1):

@ : (8°\(-1)) x {0,1] > 87\(-I)

(a,t) — ab |

Kate: By the previous observations, these contractions are equivariant with

respect to the conjugation actions.

We note that this contraction extemds to continuous meps:



> 8 . =5
ByA = BAD

»

Cys’ = (cAC”

7: B,r{o} xR

(1,t) b——> tX
1 aesY)

a 3 I
: (8N(-D)) « W > 8 i S;={II£S“]B:&=M.

(A ) Ty 2

o3

Proposition 1.2:

Note: G does not extend continucusly over §° x [0,1]. t
} (1) If A es8°, tLhen S; = 8" .

Nots: The [ect that oxp(is) = el® follows from the previous observalion (2) If A e (Cs5')\S®, Lhen 5: —

concerning the melrics on &£ and SU(Z¢). We shall frequently tahke
advantasge of thess two porapeclives (aus well s others (o be Iinlroduced
below). {2) Suppose A € (Cy8')\S°. Since §' is an sbelian group, it is clear that

Ug8? «c S;- We nved to estublish the reverse inclusion.

‘ Proof: (1) This is obvious.
From Proposition 1.1 and the pravicus obsorvaolions,; we conclude Lhat Lthe I
i

extoneion of Lhe conlraction defined above is given by tho following rule: By pert (1), C7'%A ¢ S$'\59. That is:

G: (S\{-I1) = R > 8 - 0 i
- ) ¢ 'ac = : 18 # e—:LB X
e, 1) —> ce'tic™ ‘. o &1°
1
{
whers 0 46 8 < o . 1 Buppoge thut B e S; , 8o that:
’ | = ~
Nole: The restriction on 8 is possible due ta the fact that eif is con— | DAB™ = A or (C 'BI’J) (CﬂAC) = (C-aﬁc}{cmiuc] .
: [
Jugate to e 18; i
: i a b _ _
| If ¢ BC = -~ | Wwith @a + bb = 1, Lhen:
—-18 i@ -h a
e 0 01 et 0 0 -1
0 ib -1 0 0 e—:& 1L 0 [ aulﬂ be—xe aeis bei“
] =
¥ - : |
The nsxt proposition dsscribes the stabilizers of various elemsnts in the |
"gtratification'" of 5? above. For this reason, wo usc Lhe dlandurd nolotion: Hence, b =0, end D ¢ C5'C"! gs before. o




(d} The trnce and srgument maps

We have the vsual trace function:

tr : §°

>R

PSS

Of coursec, Lhis function is S04 invariant:

Lr(CAC ™) = tr{A) .

Hence, by the ruvsulls of the previous section, we have a surjection:
3 .
tr 2 5 m—) [-2,2] .

llence, we may define the argument function vie the inverse cosine:

arg s* >> [0,w]

A cas_‘{tr(.ﬁ],fZ] i

Then:
Bla 1]
arg(4d) =8 iff A m
0 e—iﬂ
urg(A) =0 4iff A =1
arg{A) = n iff A=-I.

The argument respecls the naturnl contraction of the previous section:

arg(Al) = tearg(d) AZ-I O&ts1.

1
““||I|i >
-

Figure 2

b, ={A | 0 & arg(a) & =/2)

{A ] 0 % trace(A) & 2}

{A | arg(d) = n/2)

{A | trace(A) = D}

(A | /2 é arg(4) = m)

{4 | ~2 & trace(A) £ Q) .

L
y Q
51
—_— ,‘r/i
oy
m
=L

Figure 3




There is a natural invelution of this decomposilion:

i: (s%,n},02,8%) > (s7,02,0},5%)

A— -4 .
Wo observe that this invalution is §0, eguiverionb:
i(cac™') = ci(a)e ' .
In addition, it fixes S? pointwisc:
i(A) = A iff Aes™ .

Morepver, it is respected by the argument:

arg(-A"") = m - arg(A) .

{e) The unit gunternions Sp(l) and S0,

e wey identify €7 with the quoeternions H:

C

> H

{a,b) —m——> a + bj
This identifies 57 with the unit qualernions:
8 = Sp(l) = unit guaternions .

Under this identification, the diffecmorphism of part (a) identifying S? with

SU(2,) is an isomorphisnm of group structures end sn isomsiry of metrics.

The action of S on H by conjugation is a linear aclion by isometries

of 8% [Hence, we oblain a represantation:

10

s’ =

> 50
-

r(x) (¥} = xyx |

Note: The representalion is in 80, beceuse S7 is conneclad.

Now R < H and R is fixed by the action. Hence, wo can reduce r io

a represenlation in S0,

From Proposition 1.2, we conclude that the kernel of r' 1is &°, llence, rf

is onto:

1 > 8 >S5 > SEIs > 1 exuct

By Froposition 1.2, it follows that the conjugation sction descends to a well-

defined faithful aclion of 80, on §3:

3 3

> 5

#1580 x5
([A],B) —> aBA™ " .
Conventian:

{1} We consider all of the shove isomorphisms as identifications.

We observe that the notural involution of S° defined in the previous

section, under the shove identification with the unit qualernions, is giveo by

the rule:

11



Nole: We ghall primarily work wilh SU(2,C). It is, however, convenient lo
have thess allernsiive models,  Fregquenily an ergument is wore Lranaparent in

one model than another,

{f} The pure umnil gquaternions 83

Under the identificaiion of 57 with 5p{l} given above, we see Lhal

5%, {ae defined in pari (d)}, is Lthe sel of purs unit gquatarnions:

e | P

Cleerly, 8° oclzm on 57 by conjugatiaon:

teR beect, t=-|'b3=1]-

g’ x g° 5 8*

(A,B) ——> ABA™' .

This mction yislds an idenlification of §7 with the right cosot space of 5%

by 8

Proposilion 1.3: S5%/5! g 54

Proof: Lei:

Then, from Proposition 1.1, we conclude that 82 = §3-1, On the other hand,

- 3,.9 O |
fram Propaosition 1.2, S; o Hence, S =5"4i & § ,‘Si = B /8. =]

12

2. Tho space of ropregeutations of G, R(G).

() the funclor R

Let G be a group. The space of ropresentatlons of G in 5! |g
definud as follows:

R(G) = Hom({G,5")
={p:G—>5 | p ia a representation} .

We glve R(G} the compact open topology, where G  hes the discrete

topology end S? the ususl topology.

To each homomorphism A : G, + G,, there is an sssociuted conlinuoug

mop:

R(A) ¢ R(G) —> R(G) p > po2 .
Cleerly, wa have the following identitles:
R{Aep} = R{p}sR(X), R(Td) = 1d .

In other words, R is a coniravariant functor from the category of groups

and homomorphisme Lo ihe calogory of lopological spuces and continuous mapu.

(b} Tho sction of SO, on R(G}

By our provious romsrks, Lthe conjugotion action of s* on 53

doscends 1o a faithful action of SO, on S

x i 80 x 8 > 87 (feithful) .

Given & group G, we may define an action of 80y on R(Q) (or en action

of SU,(C)):



+ 1 S0, x R(G) > R(G)

([A]"p)(g) = Asn(g) = Ao(g)a ' .

This i a npatural action in the following sones. For mny homomorphism

A :G = H, the following disgrom commutes:

50, x R(H) > R(II)
id « R(x) 1 l R(A)
S0, x R(G) ~—> R(@)
Let:
S@ =(p|p:6— 5%
5,8 ={p|p:6~—>8"} = dlag. reps
s€) = {p | p: G—> 5" is reducible] .

Proposition 2.1: (1) 5,(G)} € 5,{@) ¢ 5{G)} © R{G)
(2) 5(@) =vu {C-8,(6) | C e SUs(c)}

Proof: (1) This is immediste from the definitions.

{2) Since the conjugate of a reducible representation is clearly reducible,

part (1} implies that:
5(6) @ v {c-5 (G) | € e SU (0)) .

IL remains lo show thal a reducible reprasentslion is conjugate to a diagonal

representalion. Suppose, Lherefore, thai we have a reducible represoniation:

P » 8U(2,e) reducible.

14

By dafinition,

#{G)

leaves a proper subspace V of @32

invariant. The

preof of Proposition 1.1 (2) yialds an element C in 8U,(C) such thai:

Equivalenily,

¢ 'olg)c e &'

P e CS,.

for sll gea.

The nexil coroilary follows immediatoly from Lhe definitions, Proposition 2.1

and the naturality of the S0,

Corollary 2.2:

T

A

commutative diegram:

-
e

actlion.

G — H

i8 & homomorphism,

S (B) = S (H) < s(A) = R(R)

l R(A) l R(X) l R(A) 1 R(A)

5,(6) © B (6) = s(a)

° R(G}

thun we have a

Nole: In facl, the decomposition of Proposition 1.1{2) e also nalural,

The next proposition describes the stsbilizers of reprosenialions in this

“atratification” of R(G),

Clearly:

AeB
o

Aes?
]

For thal purpose, we uss lhe standurd notation:

S;=“£S’I&-p=p}.

L

iff

Aes’

p(g) «

Spia)

3
%

15

for all g e @

for all gea.,



Proposition 2.3: S,(A) « Sy < Sm) < mem)
(1) If p e So(6), then §) =8 . l'ﬁ(k] lﬁ(” J'EW 150}

(2) If p e C:5,(0\S0(G), then 8 = os'C', 8,40 € 5.(6) © E@ e Wo .

(3) 1T p e R{G)\S(Q), then s; = g°

Let: fc) The sbraic sat associaled to a sot of gonerators, S, of @

(@) = so \n(G) Supposs Lhot i ini
g ot G i3 a finitely gensrated group. Consider a finits sel of

space of conjugacy clesses of reps. gonerators for G:

n

of G in 8§ .
8 = {xll'O-lan *

By Lhe provious observations, we condudn that If » : G — H is =a We have a natural mop:
howowmorphisn, there is a continuous mwap:
t= i1 R(Q) > (8"
R(2) : R{H) > R(@)
B — (F{s’,},---.p(gn}) i
such that the follewing disgram commules: Let:
R —2L peey vi8) = £5(R(@)) .
I .
= Now, if R is a set of relations for G, so that:
- R{M) -
R{I) > R{G) i
€= preay -en =
Let: Z, €, ! I‘{El. -En) Y &
5 (G} = ﬂtso(ﬂ}] 18 & presentetion of G, then:
§ (@) = n(S (6)) : ~ n
2 R 1 ¥(S) = {(A,...,4) ¢ (") | rA...,A) =1 rem) .,
8{G) = n(S{G}) = soa\sfu} .

Hence, we have a patural homeomorphism from R(G) to a resl algebruic set:

The divgrum below commutes:

17
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Ig : RIG) > V¥(s)

p > (plg,),--c.p(E))) -

Nolo: V{(S) is sctuslly the locus of finilely many polynominl cquations:
rj(“x’”"hu) =1 vye R 14 )] &m.
FAence, RI(G) = R(H), whers H Is a finitely presonted group wilh gquotient
?
group G.
{d) Induced polynominls wnpe

If, in addilion, we ere given mnother group H, o finllo generating set

for H T and & hemomorphism A : G —> H, then there is u unigue poly-
1

nomial map hg completing the foilouing commutetive diogrum:

H{A}

RO > R(d)
zl 15
T
b Y
Hr) —— %S

Let:
I YR

It we express the images of generstors of G s words in the generators of

H:
a

§ apj ;
AMg.) =hd...m™ 1sjén
(SJJ .3 op

then AL e given by the rule:

8

18

T " Py ﬂp. ﬂgn ﬂpn
AT o h s vee A §avg !
Sr i III} (Aﬂ'll 7p1 ﬂv:n “vpnj

Note: We way assuma, =8 nhove, that p is independent of j by introducing

trivial exponenis if necessary.

Theso induced poiynomial maps behave vary much lbike molrices in ihe
theory of linear transformations. In particular, if H Is & third group with

finite gencrating eot U pnd 7y is a homoworphism from H to K, Lhen:
L R
(7-1}5 = Ag* Ty -
Likewisge:

{id}: = id .

(e} The real slgebruic structure of R{G)

From thess observations, we observe that £ A : G — H is an
isomorphism, then the Induced polynomial mep is an algebraic isomorphism of
reéal nlgebraic sota:

T ®
15 P WT)

> (s) .

It follows that R(G} has a well defined structure of a real algebraic sct

induced from the natural homeonmwrphisms aseociated (o finite generaling sels

Df G.

Conventione: Given a group G with & finite genorating gel S, we make the

idenlification:

(G}

v(s) .

19



Moreover, given s homomorphism A : G =—> Il &nd Tinite geperoling set T

for H:

-
R(A} = Ag .

When we do not need tp cophasize the generating sets we shall write:

(eg) G=«<x|>s1 H=<3rly’=l>=zz
A: O ———> [ 8§ = [x) T = {y}
DY S }'n
v(s) = 5" _
WT) = (Aa5 | A" =1} = {21} = &°
Ao —— w(s) inclusion

t] b—> £

3. Reprosecontations of a free group.
{u) Standurd model wilth respect to a basis

Let:
G = <3n""’gn> = free group of rank o .
Then:

s,

R(a)

p > (g )y errlg,}) -

If A:G—> G is an endomorphism, then:!

20

AT

e ——————

T —

R(A) = (8%)" > (8%

(olg)e..nvple )) —— (P(A(g ) nnip(Alg)))) .

Rute: As in the previous example, if H is a guoticnt of @ then

quotient map:
A G = [

induces an inclusion of representation spaces:
B(A) : R(R) =—=> R{@) .

This iz a general property of Hom functors.

(b) The homelogy of R{G).

Since R{G) is Z2-connected, we have the nalural isomorphism:

a : K (R(G),Z) > Hou(H_ (R{(G),Z),Z) .

In wddition, we have the commutative diagram:

| (Jl } 3
W(RE),D ———  #R6),2)

Hom{A ™)
fom{#_(R(6),2},2) ——F—> Hom(H, (R(6),Z),2)

For cach element g of @, we have a natural evalvation map:

21
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cv_ . R{G) > 8

p—> plg) .
We bave the following idemtity:
Ievs_hlp) = evgtﬂ)-evh(p) .
Likewise, since 85? 1is 2-connected, we have the natural isomeorphism:
T o 3
£ : B (s7,2) —> Hom(H_(57),2) .

Let g be the "duel” to the top claoss 2z of B8%. (Recall that we flxed an

orientation on 83.)

s (S%,2) - > 7

z — 1

z = fund, cless of 8° .

Using the above observations, we obtain s nulural howomorphlsm:

¥ : R (6,2) > H(R({Q),Z)

g — av;{p) .

If 2 is an ondowmorphism of @, then we huve the Tollowing identity:

evg-R(l) = Evl(g) -

The pext proposition follows lmmediately.

Suppose X is an endomorphlsm of G, Then (ke following

Proposition 3.1:

diagram commtes!

22
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T Y

A
H,(8,Z) ——

|

H(R(B).T)

H (G, Z)

e
R(x)}*

— i’ (r(a),2) .

We consider the nalurally orientcd 3-cycles ln R{G):

3

xj ¢ B > R(G)
S
4 3 mij"“""n,j)
where "i.j =T if i# g
= A bl d i=j .

Since G is o free group, we obtain an homomorphism:

€: 4 > = ({R(6}))

£, > x,
J J

Note: Oiven the identification of R{G) with ($7)", R(G)} is m topological

group.  Hence, the homomorphism e is given by Loking products with respect

to the group structure of R(@). This ugrees with the usual structure on ,.

Since m,(R(G}) is en ebelisn group, = factors through G/la,q]:

£ : H {(6,7) > m (R(G))

g, b——> . "
J 2

»

Finally, we can compose with the Hurewicz hooomorphism:

23



= H (0,2) > H {R(6),Z)

€, — x, :
J J

This last map ie an isomorphiem, since {g,,....d#n} is a besis for I, (d,Z)

and  {%;,...,%,} is, clearly, the standard basis Tor Hy((s*] ).

H (6,2) = <€ ,...,8) & y

H(R(G),2) = €\, x> € 7

Now, the Hurewicz homomorphism yields en iscmarphism:

3 .3
7 fr=(S } > Il=(b WEZ) .
Under this idenilification, the top class =z of §° is given by the identity
map:
z = [id) id: 87 > 87

Ab——> 2 .

Wo compute that {s*(g,),... .B*(En}] is a dual busis for HI(R(G),Z):
%] = - -
v (gj.J [H.j) o ﬁi.j =1 A J
=0 idd .
Hence, =* is & patural iscmorphism:
= a
ok 8 (8,2) > B (R(G),7)
g. —> ¥ &
J J

The next proposition follows immediately.

Suppose A is an endomorphism of G. Them the followlng

Proposition 3.2:

dipgrom commites:

I, (a,2) 2> (0.2
T ‘l = = 1 T
¢ 3
(r3)
H (R{G),Z) > H,{R(GJ.ZJ
where 4, = induced homomorphism of flI {G,Z)

(R(A)), = ind. hom. of H_(R(G),Z)

>
LA T
In

and trenspose w.r.t, the ordered hasis (x .
1 n

(c) The tengent bindle of R(@)

We fix o atandord model faor R(d)

&8s in section (a):

@
]

(g‘....,gn>

reG) = (87" P = (A, h) .

We see thet:

) 2
T{G) = (LT PPERIY. N PP SN Aj €8, X e Tni(S:J} ;
Let:

1=(1,...,T} = trivial represenlution .

Then Lhe "Lie Algebra" of R(G) is given as:

T(R(G)) =" =8 @+ @8
1 n

where & 1is Lhe Lie algebra of S§% deseribed in scction 1(b). s for

we have 3 "natural” Lrivialization:

25
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o

R(G) » 27 > TR(G)

(A qonayB o X gownsE Y 2 (A juosushA A ¥ ;0as
1 ' n 1 - ol

Likewise, wo have a "nalural" Rismennian msiric arising via Lranslstion from

the inmor preduclt on 8™

gh , gh

IR - YR

e
(O, o cosRgha (¥, 0 00aT)) —— L erX T

With respect to these models, the conjugation actious of 805 (ar 8*} are

iiven by:

* 3 S0 « R(G) ; R(G}

([A)5€A 5 nush )) —— (AAIa",....anna")

¢ 80, « TR{G) > TR{G)

(PA)a(a)) (X)) ) —— (™) (axa7) ) .
i 1 . 1

Agein, these actions are acltions by isomelrics.

Note: We are ineclined to consider R(G) as o Lie group via Lhe identification

with [S"}“. Although this is possible, i{ is nol noturol; the induced group

structure depends streongly en the chelee ol basis, Nevartheless, this

auxiliary structure is useful for Lecholeul purposes.

We now wish o compare the action of End(d) on H,(G,#] wilh the

aclion on the "Lie Algebro” of R(G) T,(H{G)). As io Proposition 2.1, wuo

conatruct an identificulion.

26
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Nole: We may alsc consider colangent epaces. This ie most natural, as we

eaw in Proposilion 2.3, We shall nol devslop this spproach.

Using the given baesis for H,(G,Z) we can identify Ty {R{G))  with
H,{G,3):
Hi{G.ﬁJ = HI(G.I) @5
=es

$, @8-~ @8 =T I(RG))
We obtain the following auslog of Proposilion 2.3:

Propogition 3.3: Suppose A is on endomorphism of O. Then the following

disgrom commutes:

3\: ® id
Ha{'ﬂ,l) [ ] > HJ(G,IJ e3

X Ji

ByR(A)

T,(R(G)) > T (R(R)) .

Proof: Obeerve thal ths tangent spece at 1 Lo R{(G) is spanned by curves

of cyclic represcnlations, curvea lying in the d-cycles in the proof of

Proposition 3.2, A typical curve has the form:

Bj{t} L (ﬂ‘j{t}....,ﬁnj{t)}

[}
-

A0
4550

it 17

n
L

Write the images of generutors of G under A as words in the generators of
G:
AMey) = uj{sl.---.sn} .

27



Then the action of * on H,(0,Z) is given by the fallowing:
n
X -} = Vs
(1) slEy) = I expy (e
where expg_ l,’ij is the sum of the exponents of cccurrences of £ in wj.
1
On the other bhand, we compute Lhe sclion on the tsngent spuce as follows:

R(A) (e ()} = R(AI(A(L),L,...,T)

expg, (w, ) eXpg, (wn)

((agty) sea- s (A(L)) )

[ d{R(A) (e, (6))) ]
B £=0

. [ E@g'(ﬂx}[% t=u....,cxps.‘(wn) [g_.tﬂ}t=ﬂ ‘ )

Under the ldentification of T,(R{G)}) wilth H,{G,Z) ®8 8 described sbove, the
tangent veclor to the curve e&,(t) al the trivial repressnlation is clearly

g, ® X, whore

H:[gﬂ%tzoeﬂ.

Generalizing, we conclude that:

n
(ii) chn(x)){xa. B X) = 151 e.xps_jfﬂl)xi ®x .

Cowparing (i) end (ii), wo sre dome. o

(d} Induced orientalions of R(@) via a basis of &

Given a bmsis for G, we use the idontification of pert (8) o induce an

orientation en  R{Q). (The fixed orlentation of 87  induces the ohvious

28

. N n
orientation on (S) .} That is, by the Kupneth formula:

H(S) © -+ @ B (") > M (8"

X & crr @B X b=y ox vee g ox
1 n 1 o

and the fundamental cless w is the imoge:

ZOr @z b—dw=2zx v x g

In & similer manncr, es we have seen, we obtain an identification:

2 3
(") @ - 8 T,(57) > T (R{G}}
or more generually!

] T, 0 e, (87) > T,(R(G))

whare (&1,....11.“) = (p(glj..--,P(E“J.'l s

If we denolo by 2z and w the orientations on the tangent spaces induced by

z and w, we sce that:

2@ @5 —> .

We consldor the following bilinear forms. First, we have the standard paiting

of homology and cohomology:

<. > : BP(R(G),Z) « 1 (R(@),2) 3 S

Socondly, we have the cup product:

v : WP(R(E),2) « HYR(E),2) > W %p(G),7) .

Likewise, we have the cap product:

o 2 1°(R(A),Z) « H,(R(G),Z) > B (R(6),2) .
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2ecnl] that there is a natural identificalion:

> X .

R, (R(6).2)

Under this identification, we have:
¢ ,>=n incuse p=¢d .

Furthermore, v e&nd n are dual:

G u B,y> = Ka,f 0y .

Given ap orientation of R{G) as above, we obtain the Poincare duality:

D, : BO(R(E),2)
a ——> g nw .

> By, (R(G),2)

Furthermore, by "counting" signed intersections with respect ta Lhiz orieo-

Lation, we cbtain the intersection product:
<40, 1 H(R(G),Z) x B (R(G),Z) — B sg-an (R(G),T) .
Again, by using the ideutification above, we obtain as B sprcial case:
2 El i —_— T .
¢ a0, ¢ B (R(G),Z) B p(R(6).2) —>
The fundemental identity releting thess various forms is:
<D=}, D(E)> = D= v 8) .
In particular, in the special case, duality arises vin the formula:
(D(a),x)w = (a,x>, dim{a} + dim(x) = 3n .

Considering the natural mep ¥ of purt (b), we easily compute thut:

30
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o ]

n
g v 0 gy = T g )(x) = 1.
i=1
Hence, the "dual" of ww* i given by:
wf = x’: T x;

xf=e¥g) 1éian.

Note: As in section 3{b), "dual" refers lo the dual in the functional senas,
We reserve ihe Lerm dual for Poincaré dual.

From Proposilions 3.2 and 2.3, and thess obeervationg, we deduce Lhe

following proposition.

Propogition 3.4: I¥ )\ is an endomorphism of G, then

(1) ROYF(w¥)

det{Ag)w? |

(2} R{A)elw} = det(rg)w .,

Suppose g is a gunerator of G (en eloment of & basis of G).
Let:

vig) = {e | plg) = 1} .

Choosing o besia for @ which cont@ins g; we cun order the basis so that:

G=(2‘;....,§;> E=§, -

With respect to the associated identification, we obtain an homeowmorphism:

> (57)

= (pg])s- e 0p(g])) -

vig)

Rence, y(g) determines a 3n - 3 cycle in  R(G) which is well defined -

to sign.
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Glven an orientution on  RH{G}, we

he following chservatlons:

<y(g),x5> = %1
v

fence, we conclude:

obtain a well dclihed cycle from

vig) = £b(e¥(x)} .

‘We choose the orientutien of  y(g)

jumarizing, we may write:

D{s¥(g)) = y(g) =

to make the sign equal +to

=p | pleg) = I} .

32
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CHAPTER II: HERGARD DECOMPOSITIONS AND STABLE EQUIVALENCE

3 1. Heogard decompositions and models

(a) The standnrd handlebody W

Let:
W = standard (model} handlebody of
genus g (g » 1)
t F = JW = boundary of W
D = embedded 2-~disk in F
0 = basepoint of F on 3D
F¥ = F \ interior (D) , §® = 2p .

Figure 4

We may choose a family of loops on (F¥,0), as in Figure 4, such that:

a3



i (F¥,0) = <a,...8,b .00

S g

HI(FA]] = (ax"“'ng'b:""'hg | [al.bl]'--[ng,bq] = 13

where [a,b) = aba 'b '

Ihl:..v =bg=l,

n.(w,U] ,bl,...,b‘

(u‘.....ag

<n1.....ag> .

Let ¢f and dj donote the homology clessce of 8] and bj reapacilively.

I'hen we have abelian presenlations:

. < ] . 2
B (¥,2) = Hl(r*,Z) = <c1,dl,...,cg,dg> sz

Geisioay L

H (W,Z) g

(b) The Hocgard wodel (W.h
Given an orientstiom pruserving homeonorphiso:

h: (F,D,0) > {~F,-0,0) or. pres.

where (-F,-D) is (F,p) with the opposite orientation, we define a clesed
orientuble 3-menifold:

(W= {1}) v (-W = [2])
LW R} = Tr50TT = (h(x),2) | x € >

(¢) Heegard decosposition of o Lhreemanifold M

js & pamir of subsets

Ao [leegard decomposition of a throe-manifold M=

(W,,W.) of M with the followiny propertics:
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(1) W =W uw
(2) W =W n¥W = aw

(3 WosWaW .

Given an Heegerd decomposition of M®, we may construct an howvomorphism to an

Heegard wodol as follows:

{4) choose £

(5) let =P
Note: We choose f; and f;, sothut h  is an avtomorphism of Lhe triple
(F,0,0) as ubove.

(6) f:o

> | (W,h)|

® > [(£(x),1})] xe¢W

1

— [(£,(0),2)] xeW, .

It is well known that svory closod d-manifold has an Heegard
decomposition. Hence, every closed 3-manifold i8 howmeomorphic lo an Heegard
model. We shall work with Hoegard modsle for the most part. Thia s

primarily dono for purely computational and technical reasond.

(d) Associnted presentations of n, and H,

Idantify M? with an Heegard model (W,h). By the Van Knmpen Theoren,

we may obtain a presentation for [,(M?,0) pa followa:
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t T S 1 I
M, (W,0) = <a,...,ab ,..0b | b by = 1>
]
= (a:,....a.g>
2 a 2
m (-%,0) = (a:,,..,a;,b:,...,hg | b) = «ee = by = 1>

2 B
(a‘,....asb

0, (F,0) = <8 ,0eer@ b seve

4

Here we have identified

{-W,0) with -W = (2} wvia k:

(F,0) \
Then we conclude that:

1 1

(¥,0) with W x {1} © |{W,h)]

g | [a,d ] woo (agb] = D

M,0)

(W, 0}\‘
A

(-W,0) .

mH,0) = fal,. e, ey | (1) dg(a;) = (ieh) (a;)
(2) dg(by) = (ivh),(by)
l£€isg
H,(F,0) = <al,..upaiamy, ey | (1) a; = (1eb) (a))
(2) 1= {i-h) (b))
14isg
M H7,0) = <al,oon,mg | (ish)y(by)  Ledap .
36

via the map j and

ey

Alternatively, we can obtsin a presentation by attaching discs to F and

capping off holoe with 3 disce. We obtsin M?® by altaching discs io

byywnby  and capping off the resulting 2 sphere to get W, &nd then

attaching disca to h"‘fh.},....h""{bg} and capping to attach W3« Thie yields

the following presentiation:

n,0) =

8001 ampb | (1) by =

(2) b'(b) =1

h
_
= 0]
W,
Figore 5

Theee two presentations, of course, are of the same type. The first

congidors F ne identified with the targot of h, the lattor with the mource.

We shall prefer the laller perspective.

Abelianlzing, we chtain H,(M?,Z):

sd preesc_,d

3
II‘ (H .I) = -I'.‘. . ¢ %

(1) di =1

(2} h; (dg) =1 .
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Since F  is oriented, we have m wall definad inlersoclion pairing on

H {F.2):

(s )p: H(FZ)  H (F,) >Z .

Wo assumse that the besis for H,{F,Z) described sbove ls chosen so that this

puiring has the following matrix with respeel 1o Lhe orderced buosis

{e, w-lﬂgtd :.r- ":dg}:

C.
D I :
J=l_I . 3 di' fci,di]=1 .
That is, if we consider the peiring:
<. > i H(FZ) « H(F,2) > Z

(1) (ci,:j)' = di,j
(2} (l::i,dj) = <d,j'ci> =D
(3) <di.dj> = "ij

we hove the ldentitw:

(xs.VJF = {x,Jy> .

Rscall that h is an orientation proserving homesocmorphism from I o -TI.

Ii follows immediately from the definition of the inlersgection produci that:
{h*("]lh*(Y))r = _(x’y>]1| L

Combilning these identities, we compute:

as

o,y = (x.y)F = —fln,(x);h*{}'J}F
e, Iy = -<h*[x).Jh*fr)>
<x,Jdy> = (x,-h;Jh*lf) .

Hence:

Y
Jd = h*.T}j‘

= ity g 0 I
h*l':—.l' h:J whare J‘:i ]

I 1]

2 _1 :
Writing h, and b~ with respect to this besis, we obtein the equivalence:

Bence, wa obtsin u presentation matrix for H, (MY, 72} P:

F = = (b ;...,b
I -a ®, g

That is to suy, we have e short ewact sEquence:

1 N LA > B (M°,2)
In particular, we conclude that:
FM) £0  EFf  del(P) = O
F,(M7) =D irf det(p) = lm, (*,2) |

where |H (M°,Z)] is the order of L (M,7).
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2. Stable cquivalence of Heegard decompositions
(a) Stsble equivalence of Heegard decompositions

Suppose M? is = closed 3-manifold with Aeegard decompositions (W,,Wa)

and (W;,Wi). We say that is_isotopic to  (W! W if there is an

ambient isotopy of M* taking W, to W{. We writse (W,,W,) & (Wi,wi)

.

An unknoiied ome hendls H in an handlebody W  is an embedding of

D* x I such that:

{1) Ha F =D? « (0,1) (F = aW)
(2} if « is the arc {0} « I there ia sn arc # on F such
that o« v 8 is the boundary of an embeddsd disc B? with

B?nPF =g

Nole: Up to ambienl isotopy of W there is oxactly one unknotted one handls

H in W.

Figure 6

40

Given an unknotted ome huandle H in Wi, we obtain a new Hoegard

decomposition of M3

C[WI,HJJ = {w‘ v Hp w, \ HJ

well defined up to isctopy.

W H
Wl.
Figure 7
Wo eay that (W, W;) is atably equivalen!t to (W, Wz} if there exists n

pair of nonnegative integers, jk » 0, such that

c‘j(il",ll’} o kaﬂl,wa] ;

Note: This move of adding an unknotted ones handie to increase the genus of
an Heogard decomposition has =an allernative interpretation in terms of

connected sume of Heegard decompositions. {See sections (c) and {d)} below).

(b) Singer's Theorsm on Stabls Eguivalence of Heegard Decompositions of

Cloged Orientable Three Manifclda [SIN])

Stable equivalence is the basic equivaience relaling the MHeegard

decompositiona of a fixed three—manifold. This is the theorom of Singar:
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Theorem 2.1 (Singer): Any two Heegard decompositions of an orienlable closod

31 manifold are etably equivalent.

{c} Connscted sums of Heegard decompositions

Supposo Lhat {W,,W,} is an Heegard decomposition of M* and (V,,V;)}
i@ an Heegard decomposition of MN°. Choosm a 3-ball B in M* and a

3-ball € in N® such thal:

a0

n
=
[

B n uw' 2-disc D n iB

2-disc E n 3C

iB .

Coav,

Figura 8
if we romove the interiors of B mod € from M® and N°® respectively

and gluse 3B to #CQ by a homeomorphisin respecting the decomposilion:

¥ (2B,aB n W) > (3C,3C n ¥ )

we evidently obtain an Heegard decomposition for the connected sum of M and
N' M 8 N3:

42

(W W) # (v V)= ((W \B) g (¥ \C). (W_\B) g V. EN .

We may think of this operation ar taking boundary connocled sums of iho

component handle bodies:
(W W) ¢ fv‘.vl) = (W, ; V.K : v,

Nole: Wa mdopt the ususl convention that ¢ [a orientstion reversing with

respect 10 Lhe induced orientations on 7B and 20C,

The operation of connected sum of Heegard decomposilions hes a
particularly simple description in terms of the Heegard models of mection 1{b}.

If M* is identified with |{(W,h)] and N® wilh |{V,g}| 8o Lhat:

h : (aw,D,0) > (-3%,=D,0) or. pres

E ¢ {3aV,E,p) > (-dV,-E,p) or. pres

and if, by abuse of notation, we denote the corresponding Heagard

decompositions by (W,h) and (V,g), then:
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{W,h) & (V,g) = (W = v, h : K)

here the boundary coonect sum identifies (D,0) and (B,p) and h : g is

iell defined by sssumption.

lote: We choose the new disc and base point As in Figura 10.

Figuro 10

(d) The genus one decomposition of 82

Of particular intorest to us is the genus one Heegard decomposition of ga
(1,,Tz) whers ‘I, 18 the standard torue embedded in R? and 5% s

g v [@). ({Actually there is only one genus one Heegerd decomposition of 81

[#].)

a4

Figure 11
It is evident from Figure 7 that Singer's move of adding an unknotted

one-handls is equivalent to forming the connect sum wilh Lhs Eonus—one

Hesgard decomposition of 53;

(W, W) = (W, W) #(T,T) .

The gonus one Heegard decomposition ¢f S? has the following Heegard
model.
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CHAPTER III: REPRESENTATION SPACES ASSOCIATED TO HEEGARD
DECOMPOSITIONS

1. The dingram of ruprssenlalion Apucos
(e} Tho diagram of repregentalion spacen

Given an Heogard decomposition {W:W2) of a clused orisnted d~manifold

] M*, we have an associnled commutative diagram of inciusions:

{JP*JOJ L'_i_) (Fan) C——) (F,D) [Mala)

(Wx.UJg\\\H
e

,,0)

where:! F=dW =W =W nW
1 2 ) i

F¥ is ms in section 1I.1(a) .

Figure 12

Choose & homeomorphism of (T.E,p) which fixes B polatwise and

3 Note that sach inclusion excopt for i s obtained by attaching 2 and 3
interchanges the simplo closod curves a an :

cells, Hence, by applying W,, we obiuln a commuiative disgram of groups

T : (T,E,p) > (-T,-8,p) where oll homowerphisms except i+ are surjective. "All the fundamontsl
#roup is in the punctured surfacs".:
Ty ¢ 0 (TP > n (T%,p)
T . I, (W ,0)
b ) a E n (ar*,0) c_li_) I, (F¥,0) - nl{r.a)/’m 8, 0F.0)
g I (w,,0) .
Cleerly, this yields the desired Heegard model:

g = 1T, | Clearly, ix is an inclusion.

the genus one Heeg. dec. of S% . Finally, by applying the representulion functor R, we oblain

o
(7,73

commutalive disgram of spaces:
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(T (M°,0))

g N
N,

shore: Ry = R(n (T",D))
g* = r(m, (F*.0))
R = RN, (F,0))
Q, = R(R (W ,0))
e, = B(D (W_.0))
s R(i*) s

As ususl for Hom functors, all the surjsctions bhecome injuctions.

ghown that 3 is surjsclive. We shall show this later.}

{b) inlersection propertiss of @, »nnd @Q;
From our .prcw{uus discussion, wo observe:
g B
w e (s), o 86D, o 6 .
Since sll tho injections ore natural, we considec Lhem a8 inclusiona.

this convontlion, we conclude ihal:

R(I_(M°,0)) =@, n @

a

@ and Q@ arc half-dimensional cycles in R¥
1 a

48

(It can be

Under

Hence, wo can consider thsir interaection product in R*¥. We shell prove (ho

3 following proposition.

Propogition 1.1:

(a) Q0 , =0 iff g (M) 70
| (b) |<ai,a,>R*J = |5 (M, ;)| ifr £, (M) =0
4
: {(c) a #Q, at 1 ir p (') =0
Nota: Wa have danoted the top class of R¥ by RY.

Propositions 1.3.1, 1.3.2 and 1.3.4 thru 9 arc the key tools in the proof

We neod to doveslop some backgreound before beginning the proof,

Idantify M?® with an Heegard model (W,h). The disgram of inclusions in

k part (o} may be written as follows:

k|

(s',0) > (PR O) — ey (F,0)
& l h = l h -] l h
(-s',0) A (-F*,0) 9 {-F,0) : /

> (-W,0)

> (W,0)

™,0)

where:

Ji (W0

> | (W,h)]
x 3 [ix,15]

k: (-w,0) —> 1{W,h))

P sy [(3‘12}}

From this, we ochtain the corresponding disgrom of ropresenlation spaces:
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R(1_(F¥,0)) <—— R(R (F.0)) ¢ R(@, (#,0))

=Inmg ‘I"@Q “/)

BT (¥*,0)) ¢ R(W, (F,0)) <> R(A, (-#,0}) 4

R(T (M°,0))

gnsidering all the injections as inclusions, we may muke the idcntiﬁ«_‘:ntims

elow:

(1) B* = R(A (F¥,0)) = 3

P —> [p(a,).---,p{as).P(b,}-u-sﬂﬂlgn

() R=RO(F)) = ((AeuahBsonB) | [ALB T (A8 ] = 1)

L,....D) = @)f

(3) @, = R(T (W) = ((A,-..0h

g
W) = °

(4) a, = ROI, (W)

(5) n(nl{u’}} =q na, (uder identifications)

In particuler, wo have fixod orisntatlons on R*¥ and Q.

Proof of Proposition 1.1:
consider the naturnl cocycles in H? {(R*,2):

= = * 1= 'ERE] -
o« = :*{ci} A== {di) i=1, [

1f we consider R* as having the inducod orieniation vim ihe ordered busis

(CrsmCgrdipmendg); tho dual 3n - 3 cyclos ars given by:

D(=) = (Die | A =12 DGR = 0¥ e 12 =D

50

T ————

Notes:

() dp | Aj =D = [M:n--rﬁi—.Jn’\i",...,)\g,B.,...,Egl] is orientod

by Zamezxlezarrtxzxgx-uxg,

(2) Similarly, {¢ | B; = I) hae the ohvicus crieniulion.
Clearly:
Ql =1N.'ﬁ1 L il ﬂ'x] .
Then:
{Q,, - '
Q:,Qa004 <@ ,(h @) >R*

@oveu g oo 0¥E ) 6y "¥a ) w

where w is the top class of R*. By Proposition 1.3.1, the metrix for

* q
{h*)" with respect to the ordered basis

(“u-—-o"ggl’:----;ﬂg) i=s the same

as the matrix for h,‘r with respect Lo (a,,,..,ss,h,,...,bg]:

A B
(1) = [ : J =h, , B=(b ) .

i

Using the fact thut fi v fy=0:

<U1.Q’>R* <ﬂ1 [T T ‘E u?pl bl.g- ag, Vet U I b

R WD
oy 1 He GEW

oy "

Eb, b v up vag U g W)

o 1 g
Q.05 =(<122p s by PEE ekl
172 px £ g'g@tnl u u ag A u gz.w)
=¢DEfEb, e b (-1)° “E W
p l"', ﬂ'q'.( l) (G' U L g u ﬂ" ¥] ] Fg’">
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put, as estshlished in section III.3{d}, @ U - tap U B u e u fig s

"dual" to w:
SRURIE (-1)%det(B)

Hence, by comparison with section II.1{c):

B,(M) # 0 iff <Q,Q5, =0 .

For the somo reasen:

3 " 3, _
I(ﬂl.Qaz’H*l 5 (M, 2)| iff ﬂlﬂ"' y=0 .

We bturn now Lo the proof of part (e). Using the same models as above, we

ney muke the identifications:

= : :s‘
{8) Ht(l?*,z} = <cl,...,cg,dl,...,dg) C |
{7) ) (R¥) = H.(F‘*,!} ®s
(8) r(Q) = e sarnge> @S

(9) T, (Q,) = D R(h)(T, (Q,)) :

TFrensversality of Q; amd @, at 1 is equivalent to the eguation:
T,(a,) + 1,{0) = T (R*) .

(10) But 7T,{(0,} + 1,{0;) 1is the image of the map:

18D (R(h))

T,(Q) @& T(q) > T (RF) .

{11) The direct producl here is "shatract" and we identify the second

factor as:

T;(Q,) = (a;....,a:‘) es .

52

(12} By Proposition 1.3.3, the map is given by the matrix:
. 1 &F
i\ D’{th*J} = { B id .
L
0B
{12) By the mbove remarks Q, $ Q: ot 1 iff i ® D,&R(h 1] is non-
slngular. C(Cleerly, this is equlvalent to Lhe nohsingularity of

B. The result follows as hefore. o

Note: Appurently, the faclh Lhat h:t is aymplectic is important here.

2. The boundary map 3 ond induced orientations

(a}) The boundary map 2
Cansider:

(3F%,0) ——

> (F¥,00 .

This induces a mop of representaiion spaces, the restriction map:
X R{i,)
R0, (¥¥,0)) —X— R(n_(ar¥,0)) .

We denate this mep as the boundary mep  3:

i w¥ » R(U (3F%,0)) .

¥Wie have the following propertics of 3 ([Sh], [I]):

Propesition 2.1: (1) 3 is surjective

{2} [critical pta of 2] = (reducible reps}
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‘roof of (1}
As in section 1(a):
3,28 )
R¥ = (S7) " = ((A,ByuenshnB) | ARy € 87)
od R(1(3F¥,0)) is ldentified with s

Thies lotter identificution wmay be chusen so that themsp § @oay be

iritten as:

(1) e f,s’)’8 > 87
(BB, aree ok B) = [AB ] <o [ALR.] .
(2) Let:
P 0 0 1
%o . e "=[—1 ul'
(2) Then:

i(R8,=,I,...,1) = R

(4) 1f AeS’, then A= cnoc" for some 6, Ce 8 .

{(G) Hence!
A= 3[0250‘1,060_',1,...,1)
2
]
Proof of (2):
Let:
= ¥
g = (hliﬁ..---.ﬂusﬁsl € R
30 = [A,B,] +-- [4,B,]) ¢ R(R (3FF,0)) .

54

{6) Of course:

Tpfﬂ*) T (s") a TB,(S:'} ®--a TAS(S’J @ Tng(s’)

T3 (R, GEX0))) = T, (57) .

{7} By campuling derivetives as before and applying eppropriate left

ond right translstions to each factor of the given splitting of
%
Tp(R*)  wnd to T3p(87), we can construet a commutotive diagram:

T,(3)
T (R*) =+ ¥ s - £ 3
(%) rh('c ) @ ® Tugl,'.'s ) TB(FJ(81J

el e

Xy — a 3
T = 1Sy e --- @ 7(sT) > T (8°)
where:
F(X ,¥ X .Y ] % (
S dhyenen: = X. -3, AD,A
LA g je1 35-1%5 J ? 5~ 1 i lﬂ i85 AJ a: 1}
# T (¥, ~a anan.&a B
£ 25988, -1%%5- 1A n_j apay)

= : .
(8) Since the following clemenls of I (F¥,0) are a free busis:

{il.lababaﬂ _lu.bad

5 -1? J

J]

we see that Propasition 2.1(2) is eguivalent to Lhe fallowing

cleim,

im:  Let  (€y,04,...,0g,0g) € (57)°8 = ¥, get:

- .3 - |
Fi7(s°) @0 81 (57) > TI(s’)
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(9}

(10}

{11)

(12)

g
E‘(xx’yl""'xﬂ’vg} b JE]_ (x-i e b )

B -1
+ 351 (¥; - c,¥.c0)

Then F is surjective if and only if (C,,...,Eg) is brreducible.

Hence, we begin by compuling the imuge of Lhe mop:

b 2 (8%) —> £, (8")

1

A ———> X - DXD

Suppose:
)
0=R K= .

' u o -it

Then:
0 [e?38-1]
L(X) = )

[l alﬂ]u 0

Hence:
Image(L) = {0} if P = #[

[
-]
(-]

]
iy
—
£ a

]
L= x
e

In general, B = BRBR-1 and:

Inuge(L) = {0} a=s .

- gsnn" DI

—t =3
= £ =R .R R 2
a.r-lﬂﬂ',j—: 1j]-1 g

D. -
2 J 2j B3] 2)

lience, leb c1 = F

= -3
F 7 &I} .

| ByR )

Imuge(F) = I (B3 8
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{13) Since dim(S,) = 2, we coneclude that:

F is surjective if and anly if there exists J. k wilh

1 &3 <k #2¢ such that:
- _l "
(a) BjReF." # 21
=1
(b} Epltg K, -~ 7 £1

end (c) R_js..]!}‘ 7 Eksgli‘:

(14} Let ¥j=R3Re k)", Fy = BRe B ' , Fj# 17 A
Suppose <Fj,Fi> is reducible. Then thero exists E « 87 such
that:

EF R ' =R
i 8;
BRET = Ry
So!
E'RR E'E =
iJRejEJ E RBJ
B'BR B'E=nr
hoBy Ik g T
So: " ok
E 'B. ¢ Normalizer(<m, >) = : :
5 izor o ) = Normalizer(S')
=%
E Ek € Nm‘mallznr((ﬂea)} = Narmalizer(S') .
So:

E;lEk ¢ Normalizer( g’ )

Claim: <TjFR> is roducible Iff Ej'El € Norm{5®), (asawming Fj ¥ £1 % Pp).

Subproof: We have just shawn the necessi Ly. Now suppose [ = E?Ek € 57,

Then:



EFE =m
b G Bj

-1 _ o=t -1 _
E.j F];E,j = B_j EHRBI‘EI\' Ej H!Bk +

1s diagonalizable. o

In other wards, <Fj,¥y>

{15) Finully, il ls o straightforward exsrcise to verify that:

BS 87 = 8, iff B e Normalizer(s') .
The result follows immedlulely from (13) and (15). o
(b} The singular set S
Let:
S={p| p: H‘(F*,ﬂ) > 8° reducible} .

By Propasition I.2.1, every reducible representation is conjugate to a diagonal
representalion. Hence, svery reducible representation satisfies the generating

rclatllon for N, (F,0) and we coacluda thai:

ScR 5 =80 (F.0))} =S (F0) .

As an lmmediste corollary to Proposition 2.1 (and the definition of R  and

3) we conclude:

Corgllary 2.2: {(u) R= 2 (1)
{b) R\S is an open smooth munifuld of dimension 6g - 3 .
mction, we

Appenling to Proposition I.2.1 and tho naturality of the S50,

deducs tha existence of Lhe following free actions:
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P

80, » (R*\8) > (RF\S} freely
50, x (B\S) » (E\S) freely
50, x (Q,\8) > (Q\8) freely
80« (O;\S) > (Q,\S) [reely .
Let:
R = (R\8)/s0_
4, = (0,\s)/50,
Q, = (a,\s)/s50_ .

From Lhe above observation, we derive:

Proposition 2.3:
{a) R is a smooth open manifold of dimenaion g - 6

(b} @& is m smuoth open menifold of dimension g~ i=12,

{e} Induced orientations

Consider Lhe following choices of orientation:

W, - induced oricatstion from M’ i = 1,2
F - induced orientulion from "1

* - induced orientation from F

3F¥ - induced orlentstion from F* .

The oricntation on JF* determines a unique generstor of n, (aF¥,0).

adopt the following convention:
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Ry - Induced orientation from the basis of T,(3F*,0)
correaponding to the oriontation on 3F¥,
Recall that a shorl cxuct sequence of oricated vector spaces:

« ?
a 0 ¢ | > ¥ > W > @

[(uy,...,up)] = orientation on U
[(v“...,vq,vqﬂ,..-,vq+pJ] = arlentation of V¥

B ¢ TR .wq)] = orlentation on W

s said to be compatibly oriented if we can assume:

. = oafu, - I
vq+;| fJ) dJ P

wj=ﬁ{vlj} 1'fj<q -

iven e short exsct sequencc of vector spaces wilh two of U,V,W oriented,
here i@ a unique orientstion on the third making the sequence compatibly

riented, Weo ghall refer to this orionlation as the induced orientation.

Next, we orianl R\S by the following convention. Consider the soquuonce:

?
R\S > B¥ >Ry .

y Corollary 2.2 and Proposition 2.1, we conclude thal 1f 2 ¢ R\S, then:

Dyd
> TP(H*) s T, (R}

> 0

a

> T (R\S)

5 a shorl exucl sequence.
Now, given an arbitrary orientatlon of p¥, we orient thuse veclor spaces

s follaws:
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T, (Ra) induced orientation frow arientalion on R}
Tﬂ(R*J - induced orientation from R#*

TP(R\SJ = 1induced orientation from T (R*) and T {R. )}
i i

It is ebsy to sce that this glves a well-dofined continuous family of
oricntations on the langeni spaces of R\S oand, hence, a woell-defined

oriontation on R\S.

In a similar manner, we may orient R, Mors precisely, wo congider the

segquenco:

i

80 «p > R\S >R pe RS
und the associeted short exnct Bequence:
, by N
> Tp(SOa-p) ] TP[R\SJ > T}(R) >0 .

Since B80s sacts freely on R*\5, we have a natursl homoomorphism:

50’ > 503 0

A —) Avp

which inducee an orientation on 3037 . (Recall thal S® has & [ixed
oriontation. 80, is oriented as the quoliont 53/89,)
We oriant the vector epaces above as follows:
Tpf 50, *p) = induced orientation from S0 -p
q - |
Tp{R\S) ~ induced orientation from R\S
T5(R) - dinduced orientation from 1,(80_+p) and T(RS) .
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iguin, it is easy to ses that we obisin in this mannor a well defined CHAPTER IV: CASSON'S INVARIANT FOR ORIBNTED HOMOLOGY 3-SPHERES

wientation on R

Finally, in the same menner, given an arbitrary orientation on @, we l. Casson’s invarisonl for Heegard du::umm‘ ilions

sbioin an orlentation on & (a) The intersection products

Let M*® be an homology 3-sphero:

TP(SDQ =p} = induced orientntion from S{J: o
HolM,Z) = Hy(M%,2) & 7
TP(Ql\S) - induced orientation from 0O; B i i 3 (M%,2)
HI{M=,IJ & ﬂ;ﬂ-(’.z.'l - [0]1
Tﬁ{qi] -  induced orlentation from Tp(sosp], Tp(qi\s} .

Lel (W, Wy) be a Hoogard decomposition of  M2. AR an immsediate

Jote: Under our conventiona, the only fired oriontulions arc those of Rj consequenco of Proposition 11L1.1, wa obtsin:

ind tho orbits of 80,. R\S and R%, R\S and R, Q\S oand & neod
Proposition 1.1:

{(a} (QHQ:>H! =2 ]

snly be compatibly oricnted wilh respect {o Lhesse. The molivation for these
sonventions will be soen shortly.

(b) @ ¢ Q, at 1

By Propesition 1.2.1, every reducible representation is conjugate lo a
diagonul representation. Honcs, avery reducible roprossntation of 1, (M*,0)

factors through 1,{M*Zj. We deduce Lhe following corollary:

Corollary 1.2:
fa) S(N,(M30}) = R(O,(M3,0)) a S=Q, n Ry n 8 = {1},
(b} (Q,\5} » (R;\8) is compact.
(c) & and G, aro properly embeddod cpen submanifolds of B.

{c) 'ﬁ; n ﬁ; it compact,

Note: 1If tho genue of the Hoegerd decomposition is ons, then n,{F0) is

abelinn. It follows from Proposition I.2.3 Lhal:

R(N,(F,0}) €8 if genus =1 B

R:ﬁlzéa=¢ if genus = 1.
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Choose an isotopy of R with compact support which carries @, to @,

vhero @, is transverse io &,. Then, by Propoaition I111.2.3:

(@) e isotopic to @,

@ b (@a)

F-31%

¢ N 6, = finite set of pointa.

riven orientations on é1 and ﬁ':v we can define the algubramic intersection

£ fi. and é,.’

‘:alua:}ﬁ = E [Bi@&ianaaﬂs € a; n 5:}
[(uu"-.usg—:)] = ind. or. of T;ﬁ,
[f\l'“... |V,g—:}] = ind. ar. Df T;a;

{{w;s...,wgg-5)] = ind. or. of TI;R

((wyyeen s"‘eg’—n]] = Bim‘{;ial oaa] [{us,... sUag—3s Yip... .?35_,‘”‘
y standard arguments, this is well-defiped.
a. ~ G!
4 Q‘L
—~

R [
Figure 13
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(b} Cusson's imvarient for Heegard decompositions
If M ie &n orlented homology 3-sphero with an Heegard decomposition
{W,,93), we define:
[_1 )2'(6: |a;>ﬁ
2. R |
A (MW, W) 230, 025 8
vwhore all the orlonlations ere choson by ths convenliona of seclion 11L.2({c),

and 5 is either =1 or 1, § will be determined in soction V.5,

Noles: 1) A(M*W,,W,} Is well-defined by thc compstibilily conventions of

gection ITL.2{(c). For instance, if we change the orioniation of R¥, we must
change that of R\S and, honce, Lhat of I, Hence, by Proposition 1.1, we

can always choose the orientalions subject to Lthe convention:

€@;,037x = 1.

2) If g=1, we let X(M*;W,,W;) = 0.

If we change the orionintion of M?*, ihie changes the oriontation of JF%.
This changes Lhe generator = of M,{3F*) to =~*. Ths induced orientations

on Ry come, respectivaly, from the idantificetions:

Ra—m._'.s: RJ_g"‘_’S’

pe—— p m———— p(a?) = (p{a)) .

Sinco inversion changes the oriontation of 5%, wa sss that the induced

orieniation of R; must chunge. We may maintain the given ocrientation on

n* by 1). In order to mainiuin compatibility, the orientation on R\S and,

hence, on R must change. (SO, has a fixed orientation), Therefors:
A-M2-W,,=Wa) = A (MW, ,Wz).
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c) Independenco of Heegard decomposition

We wish (o show that AN W, W) ia indupendeni of tho Heegard
ecomposition {W,,W.). It Is cvident that this invarienl is an invariani of
whient iaolopy of Heegard decomposilions. Hence, from Singer'a Theorem, we

onclude Lhat it suffices lo show that it i also invarisnt under slabilization,

u€,, under addition of an unknolied one-handie).

If (W,h) is en Hesgard model, let:

AMW,h) = A(J(W,h} |} W « (L], W w (2)).

roposition 1.3: Oiven an [leegard mpdel (W,h), let:

W =% s T h'=h 8 -
h
Then:

A(W,h") = A(W,h}.

reaf: Choose a basis (ay,..Ag, bynbg) for 1,(F%,0} as In section IL1(a).

ol ng'-.“ = m, hé.h = b as in ssction T1.2(d):

ﬂ,(?*,ﬂj = (&lp:..,ugl b;.....bg>
n;{l"*,ﬂ) = {B;:-qo.ﬂé| b;,...,b;{, Bé.;.., b&-‘-‘l}

g
L, (F,0) = <a,,...,ag, byy... byl ,j“] [ej,b3] = 1]
g+l

M (F',0) = <ay,...,mg, bli... by Bger, bgisl ”1 laj,bjl = 1)

n,{Q,,0)

<ﬂ&.....ﬂg>

nl{a:ao) - <a;,¢o-gﬂé1 ﬂ&+’).

BB

Wa may make the following iduntifications:

RV = (878" = ((A1yeeashgs BuoeersBgy Agiss Bgead)

R¥

(S’]’! = {{A.,...,.ﬂg, H“-—.,Bg]}

g+l

RB' = {(Ar....8g, Byyoun By, Agyy, By )| ‘ﬂl (Aj,B5] = 1}
J:

3
Ra= {(Al?"‘vﬁgl B]l“‘lng}l || [4J,BJJ I}
=1

& = {(Aryeeesdgy TyeeayI, Ages, 1))

Q, = {f-‘nn.,ﬁg, 1 (S 2
e = ()" (@n)
Q, = b* (a,).
Then:
L R PLAAR R -
AW b)) = — B .
205,050 pry¥
(-1)%4d, .85
AW,h) = — B . g

24Q, -Qa)u*

We wish to compare the varlous terms.

(i) Cowpsrison of denowinators

Fram the obove identificalions, we observe that:

(R')* = R¥ « 59 4 5°

O
-
I

=Q, = 8% x {I}

=]
N
r

= Q; « {I} x 82
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Thia last idenlity follows from the definitlon of + given in eoction IT.2(cd).}

‘oneidar the Kunneth formules:

H(s°) & -+ @ K (57) @ H(5') @ --- @ H(S") — A (R¥)

(%, 8 "=~ @ug) @ (y, @ - @yg)»™ (v **+ xxg) x (3 %=+ » yg)

H (R¥) @ IL,(57) 8 H(5') ——s H({(R')¥)

UG (xB®y) —3 ux (X xy)
I¥(83) @ --- @ B¥(5%) @ HF(5%) @ -+ ® H¥(S3) —— ¥(R%)
H¥(R¥) @ M¥(8°) e u¥(5') —— RF((R')¥).

& in the proof of Proposition Iil.l.1, we consider the natursl 3-cocycles in

* and {R‘}‘:
a; = e¥e5) A5 = e¥(di)  i=1,....g
wi = c¥(cj) Bf = o¥(df)  i=1,...,p+l.
e
@i sax1l pf=p;xl 16icg

ogtr =l xa B =128 .

't 2z  and u be the top-class and coclass of 5 e in soction I.3(b).

’i:[ll"‘Il)x{pln--..pi_lxpuln.oo:lJ J"'_J:l

=[x 1 E=1=x=u.
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Our cenventions on orientalions allow us Lo choose the faXlewing arientations:

r¥ w:[zn-“xz)u(zl---xz_]

]

RI¥ w =wa [z 2}

@ : Wy = {z % ser x2) x (1 xvee x 1)

"

0;: W; 2wy 2 {2 x 1)
Qg ! iy - (h'J*(le
a; : w;=w=n(1lz}.

let:

- Piz(lxccal)u(zuacexz) Py= (WY (P)

-3
-
(H

=Py x (1w z) Py =Py x (2« 1).

From the mbove chservations, we compute that:
<Q|IPI>R* =1l= By u-+r-uw ﬂg' Py>
<ni.ri>m.1* = (D% = DF <] v e uopg e oA, P
QasPadpg = 1= <h¥(8, u -+v u i), P>
Qa. P> poyk = CDE = CLE R INE] v o u g, PO

As in the proof of Proposition TII.1.1, we conclude:

Wy

BBy v +ee u g

wi = (1D v e u g v pgey)

-
n

D(EM)*(By v --e u o))

= COETDOCR YKL v e u g o ).

£
H
]
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LelL:
= Ml P
Then:
Q0,823 gu yx

ag+s

= {-1) (6 x #) v (b¥(6) x @), w >

= (175" (s v ¥ (8)) « (Bua), wxzx 2,

Henoe!

gtz

(-1)78"%¢g v h*(s), w> - Ka U #, z % 2>

(-1)%¢s u n¥(s), w>.

2.) €@1,Q3 poyk = (-1%<a,,05) o

(ii) Compurison of muserstors

Wo wish to carry out a similar comparison of numerators. Although R is
not & fector of R', we shell sep thai R is A submanifold of R and,
hence, A "local {actor®. This will be sufficient, since the following
considerations imply that sll Lhs intersoctions occuring in the numerators will

take place in & regular neighborhood of R.

By an argument similar to seclion I11.2{b):

Rx{I} x Il cRx8S%x (I} R
Rx{I} »{(I]cRxf[J]x8" <R

Sx{I} » I =8 n(R>» () «» {I}) € 8",

7a

By an obvious sbuse of notation:

R\S < R'\s' Qi\S © Q\8'

QoOR=Q nQs=R.

Since S0, ucts by conjugetion on sach componeni, we obtain a well-delinaed

commutative dingram:

R\§ —————— R'\s'

from which we canclude thst:

é] n6!=é;ﬂa;=ﬁq

In order to computa Lhe numerators, we need lo isotope é_-. and ﬁ; to be
iransverse to @, mnd @, and then count inlersections. We would lke (o
cohstruct a single isolopy of ® to accomplish this. Furthermore, we want
this isotopy Lo be as simply as possiblo so thal we can compure initersections

and orlentations. 7To mee Lhaot ihin is poasible, we investigata the ragular

-4

neighborhood of B in R,

B\S is u properly cmbedded submanifoid of B'\S'

In order to see this, cousider the mop:

i (R)* —t 5% 3 8§ x 57

P — (370" A,B) .
wherc p' = (p.A,B).
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Then:
R = f—.(IlIIIJ
R = ({1} = 8° x §%).
Clearly:
Dpa{f} = BP[J)‘[A'B] ¥ ¥ L
a I o
0 0 1

It follows from Proposition TIT.2.1 that R\S © R'\S' is a differentinble en-

budding. Moreover, {rom the observetions above, this esbodding is proper.

Hence, we conclude thet:
B\S  R'\§' 1is a proper embedding

Qs ¢ U:i \S‘ is a propur embedding.

In addition, we have the follawing commutative diagram of proper embeddings:

(R8) » 8 « (I}
< \‘H'\S‘-

(ME) « (I) = 89

R\S

{The latter inclusions follaw from the definition of R and 2°.)

it is a properly esbedded submanifold of '

Since all tha proper embeddings sbuve are inverient under the 80, asctien,
we conclude immediately that:

is & proper embedding

Qi < 03 is = proper embedding

72

and thut we have a commtative diasgram of proper cmbedding::

g g
Seng

where:

Ll
-
[

= a ((B\S) » 87 x {1})

el
M
I

2 A ((R\S) = (I) x §%),

In addition, we observe that:

o

i
_ma

E

E-1
u

C-!;i_cﬁl

Identification of oriented tangent gpaces

From the map f, we conclude that if 2 R, then:

Tp(R'\S') = T,(R\S) @ 5 @ 3.

Fotc: Considering the given trivialization of T((R')*) as T({5?)2§+3)
and the asgociated Riemannian metrie, this splittlng can be considered a3 8

natural orthogonal splitting.

Rocall that our conventions on orientaliona stipulate that the following

exact sequences of oricnted vector spaces be compatible:

1 — Tp(A\8) —— T (R¥) — Ty (Ra) = 1

! l l

I = To(R'\S') — T,((R")¥) —s Tys (o) (Ba®) =+ 1.
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Wilh respect to the given basis, this dingram mey be identified wiith:

1—  TH(R\S) — Tp((80)') — T(s3) — 1

l | id

1— T(RAS") — (s — 1e(80) — 1
where ¢ = 3(p) = 2 (o).

By the choice of orientations on R¥ and (R')* given in part (i),

the Tollowing equaelity of oriented vector spacea:
p((R')¥) = 1(R¥) @ 8@ § (ariented).
From the definition of compatibility, we daeduce:
To(R'\S') = T,(R\8) @ $ @ 8§ (orientad).
Using the same metric, we may split the tangent space te R\S!

Tp(M\S) = To(S0yp) @ vp(SO;-a)

vp(S805°8) = (Tp(505°0))" a To(R\S).
Consldering, the shert exact sequences:

1= T,(50,+p) — Tp(ME) — TpR) — 1

1= Tp(805-p) — Tp(R'\S') — Ta(R') — 1
we may make the folleowing identificutiona:

Tp(l) = v,(50,5°0)

15(R")

va(S0s:p) @ S 0 3

Ta(R') = TRy @30 5.

T4

we have

Recall agoin that our conventions slipulate Lhet the above seauencee be

cumpatibly vriented. That is, consi dering the abovo identifications:

To(R\S) = Tp(R) ® To(S0s-p) (oriented)

Ta(R'\S') = T3(R') @ Tp(505+p) (oriented).
From the previous vbaervations, if we write:
Ta(R') = e(Tp(R) 0 8 & B) (oriented)
then we obtuin the equation:

T;(R) @ To(50,9) @ B @ 3 (oriented)
= e(Tp(R) @ 8 ® & @ [,(505-0)).

Counting dimensions we ses that ¢ = ]:

E 3. ToR') =ThR) @ s @8 (oriented).

By the choice of oricntstions oo Q; and Qi given in part (i), we have

lhe eguatiovnos:

Tht{p} (Q;\8) = Ul')*{TF(Q;\SJJ {oriented)

To(Q:\8")

Ta{Q:\8) ® 8 @& (D] (oriented)

Tp(Q\s")

Tp(Q:\8) @ {0) & 8 {oriented),
Our conventions stipulate the compatibility of:

L— Tp(805:0) — 1,(Q\8) — TH(@,) — 1

J'{h'}* lth') 3 1(1‘1) ”

1 — T5(505,76) — 15(Q:\8) — T3(d;) — 1
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where 6 = hf(p).
We observo thet the first column is orienlalicn preserving:

W : 80,-p ——— 50,5

Cpe”!  m— Tt
Having elready observed the same for the second column, we conclude thet:
T3(8;) = (), (Ta(d,)) (orlented).
Likewise, we must have compatibility of:
1 === Tp(505:p) ==t Tp(03\S} — Tp(@)} — 1
| l |
1 = T,(50;-2) — Tp(Q\S') —— Tp(0,) — 1.
Following the argument for equation 3., write:
Th(Q:) = =(Tp(8,) © 8 @ (0)) (oriented)

to obtain the cguation:

e(Tal(@,) ® 8§ 8 {0)) B Ta(80,70) {oriented)

= 15{Q) @ Ta(505°2) ® § ® {0}.
Counting dimensions we ses that & = -1;
4.) Ta(@;) = ~Tp(@) ® 8 8 {0)  (oriented).

The same argument establishes the eguation:
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5.} Ta(@:) = -T(d;) @ (0} 85 (oriented)

T3H0z) = (') (TAcE))) .

I

Construction of the isotapy

Choose & compeclly supported ambisnt isotopy of R which carries ﬁ,
to &, where @, is transverss to Q. By the isolopy exiension
theorem [Hi], extend this isotopy U to en awbient isotopy of Ra. We

sssume Lhat Lhis {solopy respects Lhe arthogonal splilling of the normat

bundle of &:

(!i:*] P Te(M\S) B {0} @ 8 —— T,(R\S) & {0} & 8

(x,0,¥) — (a{x),0,8{y)}.

Nolo: The exlstence of such an isolopy follows readily from the proof of the
isotopy exlension theorem. Allornatively, ons can construclt ihs isotopy
s . ’ "
¢quivariantly in R \S' using tho product structure on ths normal bundls of
R\S.
Finally, extend to an isotopy of R' H. Let & = H,(QL). The

next observations follow inucediately from the consiruction of H:

=0, 0R & nd, =8 ndeh
Tp(8) = T5(8,) @ s @ (0} peR
17(Q2) = ;@) @ {0) @ 8 ek

Sipce Q@ and 6, arc transverse, we conclude that:

ﬁ: and E; are tropsverse.
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Morcover, by Lbo provious results and the construction of the isotopy:

Ta(@) = ~Tp(8,) ® 8, @ {0) (vriented)

Tp(Q;) = ~Tp(G:) @ {0) @ 5, (oriented) .

Let:
s = sign(p; @, @)
s’ = sign(p; Q;, @a).
Then we have the equetions:

Ta(R') = To(R) @ 5, ® 8, (oriented)

Th(R) = s(T5(Q,) & T5(Q.)) (ariented)
Ta(R') = 8" (Tp(@:) @ T5(A1))  (oriented).

From this, we derive thu equolions:
s{15(8,) ® 15(;)) @ 5, B 8, (oriented)

=8 ((-Tp(Q;) ® 8,) & {-T;{Q:) ® 8,)).

Counting dimensions, we conclude that!

Since this holds for all 2 e O, n 8, we conclude from the previous

obsorvolions that:

6.) @Lbng = (-1}"'(6,.&,>ﬁ.
Fram equations 1., 2. and 6., wec conclude:
A{W' ') = A®,h). o
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2. Cusson’s invariant for oricnted homology 3-spheres

{a) Casson’s invariant for oriented homology 3-sphercs

If M* is an oriented homology 3-sphere, we define:

AM?) = A(M3; wW,,W;)

where (W,,W;) is an Heegard dec. of M.

From the results of section 1(c), this is well-defined.

If % and N are oriented homulogy 3-spheres and h : M® —2——y s
is an orientation preserving humecmorphism, then h carvivs any given Hoegurd
deconiposition of e

(h(¥y},h(W.)).

(W.,Hi) to un Heegard decompusition aof N?

It is evident from our conventions that:
AN Wy, W;) = A(NE; h(w,),h{%3)).
Hence, we obtain a topological invariant:

Proposition 2.1: Cusson’s inverimnt For vriented homology 3-spheres A is

an homeomorphism invariant.

The obvious question at this point is whether Casson’'s invariant is
computable. It is well-known that every homology 3-sphere M? is obtained
fram S5* by a sequence of 4] surgeries on kmots in hemology 3-spheres,
Hence, one spproach to this question is to study the chunge in Casson’s in-
veriant when we perform #1 surdery an a-knot in M®*. Tt turpos out that
there is a very simple formula for this change (a8 wa shall see). In the

next chepter we begin the study of this "dif Ferential.
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JHAPTER V: CASSON’S INVARTANT FOR KNOTS IN HOMOLOGY  3-SPHERES they intersect transversslly in precissly one point. Each of those curves [

well dafined up to isotopy and change in orientation.

» "gery knols in howology spheres . .
L. Dehn surgery oo kno Let M? bu oriented. The orientation on M? restricte ta an orientation
]

gery_on knole in homology spheres R .
tu) Dehn surgery on kno on MK}, This orfentation on M*(K} induces a wall defined oVl o

T? by " g
Lel M be on homology 3-aphore, ¥ the convention that "the orientation on M(K) is the crientation on

T‘ { £ wr
Let K bo a kool in M2 plus the inward pointing normal vector to T3". (W agsume that all

Let N{K) be & clossd regular neighborhood of XK. orientations aro chosen subject to this convention.) We choose the

Let T? be the boundary of N(K), 3N(K), so thul T? ig a lorus. orientations on 4 end A o that “the orientation on T is equal to the

Lat M(K} be M? \ interlor(N{(K)). orientation on 4 plus the orisntation on A". Subject to these sssumptiona,

the pair of curves (u,A}) is wall defined up to ambient isolopy of T? and

Now!
simultaneous chenge of orientation of # and A, The pair is called the

5 -
= 2 ¥F
H (M (K)) = H (N(K)) standard meridian-longituds_pair for K.
Ry Z .
Consider the inclusions:
i > M (K)
ji: T > N(K)
end the agsociated surjections: |
I
iyt O (T) —>> 0 (W°(K)) ] N (K
3, 1 RLT) > H (NE)} . : Pigure 14

P

Any pimple closed curve 3 on 7 ig uniquely detormined by iis

Lst g be a gonoralor of the kernel of Jjs. Let X be a gensralor of the homology class (which ia well dofined up to a change in sign):

kernel of iy. Since 4 and A are primitive elomonis, we way represent

them by nontrivial simple closed curves on T? which wo nlde denole as # T = Ppu+ qA <pygd =1 .

Since x mnd A form a besis for H,{T?), wec may wssume that

A ' i
-— Moreovar, the relative primeness of p and ¢ ensure that pyu + gir s

Bl
ap




representsd by a simple closed curve. Hence, for each fracltion pfg we
obtain a well definud {up lo isolopy) homotopically nontrivial simplo closed

curve oan T?, and vice-versa. (We allow that (p,q} = (1,0} or p/q = =)

M?*(E,p/q) is pfq  surgery on (MK}, (or just p/q surgory on K.

This is defined as f(ollows:

M (K,p/q) = M’ (K) U (' « %)

{M3(H,p/q) does nol depond on the choice of o.)

Now H,(M°(K,p/q)} = Zp (assuming p 2 0}. Hence M'(K,p/q} is en

homology 3-sphere precisely when p = L

M (E,1/n) is 1/n Dehn surgery on_ K

=
1

I
=
-

Note: K =M (K,=) =

(b} Preferred Aeegnard decompomitiona for Ky

In this soclion, we construct Hesgard decompositions which are compsalible
wilth surgery. These will be useful in comparing ihe Cassgon invarionls for

Kn and Kp4: -

Lommn 1.1: There exiels oan Heegard decomposition for ™ (W,,W.) such

that K is = separating curve on 4W,.
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M

T

Proof: Choose a Seifert surface P*

(Aerw, I = [0,1] wnd F*

Attach  1-handles {(from

handlebody W,

such Lhat

ig identified with F* » 1.}

Figure 15

for K.

/ 7 7777 xy
c::,z,f/,.f,«f

"rllr‘, ;

S R

M! \ {l‘“

M3\ W,

Figura 16
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» 1)) to F"

Thicken F*

= {0]

{8 an handlebody W,.

Lo F" « [ © M2,

t

FaT

to obtain a new



L

K

Figure 17 .

If we Bo desire, we may assume that F‘ o F7:

amma 1.2: There exists an Heegard decompoeition for M? (W,,W;) such that

— s

Hl=F'xl E = aF" » {L/2} .

rooft Repeat the proo! of Lemma l.l o conelruct an Hesgard decomposition
71,W.) e in Figure 17. Then drill from F* x {1J to F" x {0) and
wrough the cores of the 1l-~handles which wore attiached to F* = (D},
Yectively adding I-handlee to W; to obtamin s now handlobody ..
Inally, observe that M’_\w, is homeowmorphic to F! s I and, therefors, ie

2 handlebody W,.

84

Figurs 18

By an ambienli isotopy, we may sssume K = aF x (1/2L o

Now chooss an Hesgard decomposition of M?*

1»2,:

a8 in Lemma 1.1 (or Lemms

aw, =F v (IF" = I) u F" .

Let:

A=aF" = I, Xx=3F" v {0} .

By an embienl isolopy, we sssume that K = IF* x f1/2).

Figure 19
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lote: K is homologically trivial in 3W,. It is nol, however, homolopically

rivial in W,, (unless TF* ie a disc, ond, honce, K is a trivial knot).

Let W danote W; and identify the given Heegard dscompositlon of ©M?
tith an Heegard model {W,h). Let 7+ denote the Dehn twisi about X which

va talkte Lo be supporled on A
smma [.3: (W,h*r%} is an Heegard modsl for MI(H,1/n}.

drooft Let B be Rh{A} in dW. Then MK} is homeomorphlc lo the

juotieni epace:
(W {1H) v (-Wx {2
h'

here:

= Apgng AWNA > IR .

dentilying M3(K) with this quotienl, we observe thai:

T =AuB i

>
[}

dF ¢ (0] = loogitude . 1

‘el = be an arc In A from aF « [0} o 3F = fl]s Lel @ = hi=).

Likewise, we observe ihal:
g =au f = meridion .

Since T 1is supportead on A wo may consider * as a Dohn twist on T3,

Under our conventions on orivnolotions, we have:

Tp) = p+ oA = T 0{a) v F.

6

(Recall, in genoral, 74(d) = d + (e,dlpes  Since (Au)p = 1, we oblain a
change of sign.)
™ T
-4
A
Pl °)
— )
Figuro 20
Let o' = v Of{a), so thal: )
£ = her''(a’)

] [

po=a vf=p+ror

In order to obtain M*(K,1/n) we wish to altach = disc to ¢’ and cap

off. From the preceding observation and the samo congideralions which allow

us to identify M*{K) as a “preguotient” of M*, we conclude, as desired,

that:

M (E,1/n} & |(W,ber")] a

2. Cmspon’s invariant for framed knota

{a} Casson’s invariant for framed knola

A framed knet is a pair (K,;n) where K is a knot and n is an

Integer., If K is a knot in an homology 3-asphere, ms above, we define:

A'(K,n) = AME LY - AR .
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3) The canonical isotop _ - _1-- s  apbrs
) ical isntopy MK, A = - ¢, - QI,TH ‘Qa)ﬁ + 8
if we choose Hesgard models for ihe Dehn surgeriess on K =8 in the
1.2 = . en+in
A(K - A 2 - =T - -
revious section, we compute, ag in ssction IV.l{c), that: . ( n»H) (Kn) 2¢m@, - Q ,h7 9131.% 8.
(—l]3g<é,,{h;’n:lﬁ1>ﬁ ] We wish to study the difference =3, ~ @,.
M:Kn] = n.# =
2¢a_, (he")'0 > _. 0 ) 5
i L 2 'F Note: [t should be omphasized here that Q, ia nol a cycle in the classical
senso, sincs it is not compact.
1ere g is genus(F) and 2g is genus(aW). That is!
¥We may identify R in the following manner:
<nn;“aa’]'l
M ey, ¢
2¢q ,(7") a0 g,
1 apF ;'I (R*)* = R(n_(F*)) = (s°) £ = genus(F')
i [} . 2
sere Q, is hi{a) . ; (y* = R (F)) = (87) g, = genua(F*)
Since K is a scpurallug curve, ' acts irivinlly on Lhe homology of aW, E R=R(A (W )) & (R')* x (R*)¥F
- Rk !
pllowing the proof of Proposition III.1.1, part (a}, wa concludo thal: .‘A e
R=((p',0") | 3p" = 3p")
n ¥ - B = ¥ : —
@ ,{r) Q=>n* = <a1,u=>ﬂ* : {{e',p") | ' (X) = p"(73} .
¢ essume, @8 in section IV.1(b), that <@,,Qzps is 1. With this In these coordinates, r* has a simple form:
ssumption, we have: 1 .
* I 1" i1 R S
Mg ) = (<@, 2% - s : -
2 R (F ’P} —_— (F‘.aF" Fn} -
pllowing thru our conventions on orientations, wo sco thal ‘:‘fﬁ] is B {ag
Note: We chaoso the bage point for 3% in F'. As above, up = upu—t,

n ariented manifold} and, hence, that:

*(Km':.} == ;,{Kn) = %[(a";n“a=>ﬁ - (a‘.;na’>ﬁ] . 5 R! = {p" & (R')¥ | 2p' = -1}
R" = {p" e (R")* | 3p° = -1} .
1,2 =m+iz sa akphia i -
= i[{ﬂi. Q=>ﬁ =179, Q=3ﬁl 3

a9
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Let R.(K) be R. » RE in R. 8ince reducible representintions ars

abslian and * is homologous Lo zera, ws readily deduce Lhat:

R'(K) n 5 =8

* = identlty + . = identit

TIR_..(K}—).QH y TIS— cn '
Let:

_ b1, ¥
Pn—(lrr )Ql 5

Since Kg+ 1is an homolegy sphere, we lknow that:

01§Pn at 1

Q‘nPnns={1} .
Trom the observation concerning ‘r‘, we canclude:

r'(Q‘}nS=ulnE

+(a,) 0 B_(K) = @ 0 H_(K) .

In ihe comploment of R_(K}, ¥ is given by conjugation of (R*}¥ by an
element of S"\(-—l-J. Hence, we can employ the netural contraction of 83\(-I)
to (I} which arisss from the exponential map, ({see sections I.1(bk) and (c]},
to consglruct an isotopy in the complement of HR_(K) which carries €, onto

'J'“QL“

H: (R\B_(K)) x I

> R\R_(K)

((p"0")t) ——> (p",(3p")E « p%) .

80

R

Figure 21

Note: In Figure 2I, the shaded region indicates Lhe trace of Q, (swmy from

R{K)} under the isotopy H. It should be obsarved that H does not extend
te R_{K).
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Clearly H|. . is identity.

e recall from the proof of Proposition 1.3.3 that the tangent space al 1 to
*# ig spanned by curvea of cyclic repressntations (i.e. the Zariskl langent

pace st 1 to S is T.(R*)). Moreover, for any { e It

Tes, ey {ENB_(K)) = I) = T (R\R_(K)) 8 T,(I) .

ote: In a semall neighborhood of 1, the isotopy extends in an obvious way
> an open interval conlaining 1. It is with this consideration thal we speak

[ Tofl) and T,(I)

rom the previous cbservations we conclude Lthal:

Dy, gy( = 0, ¢ T, o (AR (K)) = 1) > T, (R\R_(K))

hore 1, [e projection onto the first factor. It followe by standard

ichniques ihel there existe oo open neighborhood of 1 in R, Up, such

1atk:
(@, aU) x 1) o P = (1]
Q,
U, N n
T ()
o L
R
Figure 22

We are now able to prove an analogous result for the trace of @, near S:

Lomma 2,1: Thers exiate a neighborhood of @y 7 & in Q,, Vp, such that!
H[vn = I) n Pn = {1} .
Proof: From the previous obmervations, it follows that:
(@, » S)\U) n ((P, n S)\U) = ¢

(0. n S)\U and (Pn n 8)\U ere compact .

= Moreover, Hy fizes both sets for sll t.

= Hence, we may choose a nvighborhood of (@, » S)\Up in Q,, Wy, such

that:
Hf".,- 1) nFn=¢.
Figurs 23
-~ Finelly, let V,; hbe {Q, n Upl v Wy o o
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Nole: Trom the conclusion, we see that we may choose Vy to be 50,
invariant.  Morocovor, we can essums that  @,\Vj is & manifold with
boundary. Clearly, # ie SO,-equivariant, Hence, we have a canonicsl
jaotopy H dafined on R in the complement of R (E) and corrying @,

onto ;'( ﬁ, J. Moreovar:

H(ﬁl.a,I) n %n < R((@\V) » I} .

Note: Recoll that R = (R\S)/S0,. All quetlent spaces, therefore, are
contained in lhis gpsece, (by definition). We will, however, for convenience,

spaak of 8§ and consider that:

ic R/S0, § © R/SO_

RaS=9¢ ‘Rul= R/SO, .

{c} The difforence cycle &

Although H is nol & compactly supporiod isolopy, the resulir of the
previous geclion allow us lo employ # o define a compact cyecle & which
"carries the intersection of T(Q,) - Q, with f'n". As we shall soe, ihis
difference cycle is independent of n (&8s » genuine cycle in R) and ila
intergection with Py is indepandenlt of n. This will establish Casson's knot

invariani.

Let &' be Lhe compact cycle:

6 = TQNV) - BOT « D) - Q) .

94

Figure 24

By the discussion In ths previocus gection, we concluds Lhat:

G@NEDL - BB, = @B
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Sote: &§° is m compacl cycle in R.

Wa mssume that Vy, i disjoint from R_(K). Let N be a compact

nanifold nelghborhood of @, n R_{K} in Q, with W n Vp = & LetL:
M = 6‘\(ﬁn U interior(l)) .
te choose N so that M is B menifold. Let
f=7(R) - H(AM « T) ~ & .
iince f is & compact boundary in fi:
(.ﬂ',f’n)ﬁ =0

'inally, we define the difference cycle, 4

5 =v(f) - fga » 1) -N .

ince & = §' - f, we conclude that;

<T{°s)’pn)j'] S (QI'PI'I)ﬁ = <E’Pﬂ>ﬁ .

learly, & 1ia independent of the choice of Fl, and independenl of n.

i} Indspendence of framing

From the previous section, we concluda thai:

=
’

ME,,) = AE) = - § <0,

2. * B,
el

wploying the fact that +() is H (&s an oriented manifold), we have:

- e dogn=lbe) o
1{1:““) J\(un]- 2<r 4,Q. -+ 8 .

R’

96

It suffices to show, ihorefore, that ;[6] is homologous to & in k. From
the previous seclion, we spe thal we cen assume thal & is carried by a
regular neighborhood of fi_(K) and, henco, thot & is in ihe image of Lhe

nalural map:

(R)

‘i* 3 H:E(R_(]U] ) Hag
Wo haovo nlrendy seen that T actas trivially on  R_(K); (indeed, +' acts

Lrivially on R_(K}}. This establishes the result, In summary, wo have shown

Lhat:

) (5.6,:-&
AR = AlRe,,) =M 2 = s, D
172" pE

for any Heegard decompogition a3 in Lemma IL.1. Hence, A (K,n) im

independent of n.

3. Caseon's invarieut for knots

{a) Casson's invariani for knots

Given a knot H in an homology 3-sphere, we definc Casson’s invariant

by:

A'{K) = l(llnﬂ] = )-(Huj nelZ .

By the previous soction, this is a well defined tapological ipvariant.

Morcover:
<5,0:0s
1 ka1
1'“{) = o ———
2 (Ql,Q )R*

Note: In order lo compute this invariant, ws investigate the difference cycle

[N
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» The difference cycls, &
s) Identification of represanistion spacos

Using an MMeegord modsl as in Lammes 1.2 and 1.3, we mnmy identify

wprosontation spaces as follows:

g
R')* = R(U_(§")) & (§%) g, = genus(F')

1
RE = R(T (30, \{0})) = (R')* » (R)¥

i

it

R(n (W )} < r¥
R= {(p".p") | 3p’' = 3p"}
R=((p",2") | p'(X} = p"(1)}

Q =ac (R)¥« (R)¥ = 8% (A = dlagonal)

g = {{p'.0") | o' € (R")¥)
4
@ =h {QI}
§' = reducible represenloticns in (R)¥

5 = reducible represenlations in B¥
§=R8"x§'
R.={p" | p' e (B')*, 3p' = -I)

R‘IR‘

-
—
=
N
"

@ nR_(K) = {{p"p") | 30" = -1}

N = regular neighborhoad of q » R_(K) 1n a

{{p"+p') I N - ¢ & arg(dp’) s n}

T 1 ¥ > B¥

(p'sp") F——> (p",38"+p")

¢
z

: {R\(R_(K}}) = I

> R\(R_(K))

((p',8")it) F——3 (p',(3p")5-0")

;(ﬁt} - ﬁ(ar‘tg W I) - )’{=

Note: Wa shall show Lhat &, converges to a cycle in R_(K).

(b) An sguivarfant trivialization of Ny

We may identify @, with (R')* via the diagonal map:

d: (R')¥ > RB¥

Pl —> {p',p')

d: (R")* > Q

With this identification, we may write:

Let:

@ nR_(K) = R'

N, s¥ (s) = (p" | T -~ ¢ & arg(dp’) & 0}

= {p' | /2 & arg(dp') & n)

N_ = {#' | trace{dp’') & 0}

T
?
) ’l
=X
53
Figura 25
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By Lhoe resulis of ssction 11i.1{b), we may choose a trivializaltion: D:(:} {A e8| 0% arg(a) « £}

w:m D’ > N_ $i(e) = (A eS| arg(A) = o}
(', A) =4 w(p',-T) = p' . A = {Aes | 2 4arg(A) 01 ~c}
w 5 & 1/2, we huve N_(z) © M. and the trivializstion vestriots to: 52() = {A ¢ §” | org(a) = Il - ¢
= Di(=}={£sss]H-:‘argfd.)‘vr} ;

wi R x D(x) > N_(2)

yw, for suffleiontly smell e, the exponential map on (R')¥ providos a

‘ojection which is eguivarianl with raspacli to tha 80y aclion:

I : N_(e) R A

ing a projection of the normel bundle of R in (R*)¥, we obtain =

fleomorphliam:

i
e X
£
S‘L 0.1‘3
_ﬁ___} 1]'/1
T ™€
T
=1

Figure 26

We shall requires s trivialization of A, obtained vis the exponential mep in

v i N_(e) > R = 0°(#)

8’ 3 [(H{p*).2p") .

moy nssume thet (for sufficiently small &): projecting o the “boltow swd"

viw = identity

¥ is an equivariont btrivlializotion.

)} Collapsing &5 to a cycle in ﬁ._lEl

As we have already poluted out in section 2{c), & 1ls carried by R.(R}

v more precissly by & regular neighborhood of R.(K})}. In this section, we

llapso 64 inlo ﬁ_{i{} and obisin sn altarnative description of 6. Lel:

Figure 27
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=

p i A > 52(s) = [0,1]

Sr
N — (W 'ttJ

arg(x)

here: ;|

(m ~ €)/0

t =(s+6-1M/(2 -M .

We ohserve Lhal ihis decomposition of 8 is preservod under the natural

involution:

it (8%,D(),85¢e),A,52(e),02(e))

> (87,07(e), 87 (2),A,.55(r), ()} .

The trivislization of A, and the involution 1 ave compatible in that:

B k) = (x,t) ATE B (% ) = (x,1-t)
Clearly, we may write:
R x 8% = (R« D2(=)) v (R° WA ) v (R » u:(s)] ;

‘ i i tox B,
The trivialization ebove allows wa to realive 4, via a map from R. =x

Observo Lhaet ms a cycle:
3N, « X) = -N_x (1) + (ak, w 1) + N, = {0) .

We have also previously remarked Lhat H does not extend ecross R-(K).

However, in the complement of R-(K), we knmow Lhat:

=3 =1 i = Ti a
H =i = inclusion lll 5
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Hence, wo may extend [T cantinuously to:

H: (R« (0}) v {((RAR_(K)) » I) u (R x {1})

>R,
With this extension in mind, we may write:
61: = "B{E(Nr + T}y

For the purpose of the next letloms, we define (ho following actions of 50,

on R.L x 8% end on N x 1

3

SO, x (R' » 87) PR xS
(G, {p" A)) —> (C-p',CAc™ ")

S0, x ()ﬂ's w 1)

>N =1
v

{c, (p,£)) F————> (c'P, k)

Lemmo 4.1: There exists a natural S0s—equivariant mup:

g, * R x8 > 3(N_ = T)

such that:

g T
&, = (g (R' x s7)) .

Nole: From the previous observatiun:

:!p = -]I(E{Ne = I)) .

All we need lo do is to construct B: a8 8 degree one homeomorphism.

Actually, we shall sneure that g: converges as & londs Lo zero. In this

way, we ghall realize 4, as a cluss in R_(K}.

Proof: We construct g, “in pieces",
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Let:

(1 g ¢ R D(s) > N, x (0}

|

(Plnx]' |__> {W(F'llewtp‘!xllo) L f = HE . nv g
. ™ P H e > R

Jbserve that R is the nolural inclusion on Lthe interscction of nite] Then:

- T ] b ]
i 5= = —fnfR_ w8y

and A&:

u_ o S(e) —> 82(e) x {0,1] | a

. = ur noxt _— :

] noxt goal is to study the limiting behavior of f, as c tends to zero.
x — (x.0) . _‘ With this in mind, we define:
Hence, we may extend g, us follaws: )
E.aR" g" > B_(K)
(2) g, : R’ « A, >IN x I (B',u) Fremm (P'.U—L-F'j )
{p’yx) > (wip'ax Y.wlp’ix ),k )
. = ) Clearly, [- is 80;-equivariunt.

where!

pox) = (x ,t)
3 e'e lemnn 4.2: 1lim fﬂ = f_

-4

a

From the compatibility of 4 and 1, we observe that on R! 4, ¢
3

Proof: We check the limit "in pieces". Let {(p",x) ¢ R v §

£, (00 ) = (4" )% ) (0" X))

T Cose (1): x=-T
g (o ) = (e ax,)wletuk )il — U]
T _(a' %) = T {p',-I) = j‘n(g‘[”'r‘n}
Hence, we muy extend g, as followsa:
=4 {wlp'y=I),m(p’,~1),0)
(3) g, ¢ R x b (&) > n_ v {1} = {p'p")
(o' %) —> (w(p' =% "V ulp',x ),1) . £ (a',x) = (p* (-1)""-p') = (p",0") .
Bence:

1 : = i 3 t. h hi . =} i
Clearly, &, is an 50 _-eguivarian degrec one hameomorphism 1imit fg{p',x} = f (p’'.x) .
40
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mse (2): x =1 Rence:
fF(FI.x) = "ilﬂt{P II} .ll. FG = "{p"—I) = F' 3
. Y =)
= r(wlp' =T )ywip', -1 1)
r 1 _'1 i : i ‘ = -2
= r(p'yp') = i-];; (x.) .
= (p",(Ap" ) e}
Note: Wa recall that the natural contruction on  $°\(-I) does nol —
= (p'.r) 5%, ’
£ (p',x) = (o' T p') = (8",0') .
Proof of Cluim:
lence:

Recall that x = x ¢ ory =
Limit £, (p"\%) = £_(a",) . ¢ =% end argi{x %) = 0 - £, fenrce:
o0

s, arg{x) =11 -1 .
Case (3): x 7 I

Choose & sufficiently smull such thet x e 4 for all =« < 4. Then, if
8 = “E{x). so that E = n-«

& € 83 i 8 ’
£ (p* %) = g (p" 1) Yow, by definition, ¢, = (¢ 4+ 8 - W)/(2c - D). Wows
= Hiw{p"',x },w(p",2 ), t ) .
& f 4 E {,xa)f—: = xs=.t"
Let: 4
Moreover:
e, =wlp'sx,) eo dp =x_ .
. ={E-ce}-{c +8-n
e “ets 8 (2c — 1} .
t y
£.(p" %) = (2, (30,) “p,) St
£.(p' %) = (o, (%) “n) - -
Hence:
Clearly:
t
; ey _ J(l-8) /6
lim x, = -T i_‘,;' (") = x
20
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eia 4]
A te that:
If we write x =C o B”ia ¢, we compule
i{M-a) 0
B e §
x{“_ﬂ)‘m =C C =

at is:

(9818 _ o |

x(nﬂg}'fﬂj = —x-l . a

Having estmblished the claim, we conclude that:

lim £ (a".%) (p*,=x 'p')
=D

= (p',x -p")

1 {g' %} .

rom eteps (1), (2) and (3), we conclude that:

lim £, =1_ . o
0
Let!
TR x58 > BR_(K)
(p'yu) F—> (' up’) .
al:
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. ,;ﬁn‘; R
6= F(R. « 5%) « 0, (R (¥) .

Cousider the natvral map:

iy 0 B (R (K)) > U (R)

Corollary 4.3: The dl[ference cycle 4 is given us:

o T
6 =4d,(6) = l*f[R_ x §7)

Proof: From Lemma 4.2, therc is s continuous map:

. ."'Ah.‘: .
Fi: (R« 8) x [0,;) > R
with:
F=1 0¢ceca P =%
& c &
= Bince:
R .,,\‘~,
8 = —fa(R: = 58) <z <a

[ 3
we canclude thet 4§ = —i*ff_{ﬂl %8 JL

= Bul the inversion map on s* is orlentation reversing:

5 }s!

inv : §

u b——> u '

— This iwplies that the Tollowing mep is orientation reversing;

h:R 28§

>R x 87

(p'su) b———> (pf 'y
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Moreover, the natural map is sbh S0, bundle map:

_a-'"_‘-\.)
f:R =& >R« 8

Henco, since h  is 50: cquivariant, b is alsa orienlatinn reversing.

- Clearly, T=F-h .
. ,..--""*-..1‘ . /-‘-\..;_
- Hemcwe:, T(R' « 8) = —F (R’ » 87) and 4 = i*{ﬁ'.) v o

‘d) The cycle 6. in B (K) as s pullback

In this sectlion, we give un alternalive descriplion of 4. &8 A pullback of

3 fibre bundle wilh total space f_{K). Ve begin Ly considering ihe map t
sI the previous saclion:

—— —

r

Firp w8 —> RAR) =R, = R.

[(p', 0} ——=> [{p",u-p"]] .

Note: From hereon | | will denole equivalence cluss or arbit wnder Ehe

appropriate S0, actian.

Proposition 4.4: § is a 2-fold cover of its image.

Praaf: Ii suifices to show that Fois 2-to-l.

- sul B(plu)] = FlGo)u,)) AF p) = 0el¢T amd upul’ = OupuC
for some fixed C & 5.

— Thls latter condition, however, implies that:

o s | PP P S
P £ {C u: Gu,)pl(ul c uzt..,'l
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- Since R' consists of irreducible representations end e’ e We
1 -
conclude from Propusition 1.2.3 that:

I
c U Ou =s1 .

- Hence, p; = Cptc—l and by oo & cu,c" ¥ TN
- Thus, [{p,u )] = [{p{. tu }]
- Now suppose that [[p;,--ul)] = [fp;.uljl. Then as above:
A= CP:G_‘ and -u = Culc_' i TeE .
- Once again, by Propesition 1.2.3, we conclude that:

C=*1 and - =u

- This is clearly impessible, and heonce T is 2-to-1. o

The previous proof indicates a natural factorization of T by u 4-fold

cover and an inclusion, Weo define thas following action of S0,:

S0, « (R] » SOJ) >R ox S0,
(C.(p',A) F——= (Cuap',0AC ") .

o heve the netural map:

t:R =58 > R x 8O,
(p',A) F——> (p",[A])

which induces o map of orbit spauces:
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Finally, we cen define a map: - But [F'.E’P"E:l} = {p'.Eap'E:lj iff E,=#E .

- Hence, p ' (le'li[e"]) as0, . o

g: R x SO > R_(K)

(p'sul > (p';up") Let A be the diagonal in Br= i .

which induces a mep of arbit spaces: Proposition 4.7: p '(a) = &(57‘:553 )=
e g a

. -‘:"""- n e =
€1 R »380, *®m . Proof: pa{[e’,u]) = p([e'.uss')) = (ip'l.[2']) . "
a  wom By e ~1 s
Corollucy 4.5: (1) § = g-1 = Hence, g(R' x 5O} < p "(a) .
(2) & is an embodding = On the other hand, suppose p([(p',2")]} € & .
(1) i is a 2-fold cover - Then [p'] = [p"] or »* = u-p, ae 50 . o
L e — = a
(4) &_= 2eg(R x 50 ) :
Hence, we have o pullback diogram:
Proof: This is an immediate consequence oF Proposifion 4.4, o N
—— g
R’ » 50, Y R_(K)
Now we have an obvious projection map: P'& 1 1 [+
5, ine -
) L a > R« BT
p : R_{K) > R' = R"

[(p*a")] ——> (Ip'.[F"1) . Corollary 4.8: 4. = 2:p~"(A)

Proposition 28: p is e fibre bundle with fibre S0,. Proof: Thle is en immediale coneequence of the praevious proposition, o

Proof: It suffices Lo show Lhat the fibro of p is S04. % . .
Zroot Nole: p='(a) has a nalursl orientulion inherited from 4 wia p. Wa may

think of this in two ways {at least). '

suppase p([{p;,#])]) = ([2'].("]) .

~ Then p! =Cp’C end p} =Dp*D CDeS . (1) dusality

31, E=¢'Des’.

Hence, [(p:,p:]] = [{p*,Ef"E Suppose p ' M 22 N, where M ond N ars manifolds. Suppose 4

- In other words, p '([p*1.[#*1) = {[(p".B+"F )] | B ¢ 8"} . i an orieniod submenifold of . Gupposs p ja Wransverss 1o & Thea

p~*(a) is 8 submanifold of M with a natural oricntation given by:
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v (&) = np*n ' (4)

whore D is Poincare duality.

(2) transversality

Under the same sssumplions ss in (1), we may orienl Lhe tangent gpacos

of p™* {3} compatibly by the rules:

T;(p_lti)l =T{F ) e TK{S)

where x =p(x) end F_ =p '(x) . (Compare this with the discusaion in

X
gection IV.1.)}

These iwp descriplions are, oi course, eguivalent.

5, Casson's invarispt for fiberod koolu

{n) Fibered knols

We recell thet a knot K in & 3-nmonifold M is = fibered knob with

monodromy f if the knol space M?(K)} fibres over §' wilh fibra F'

(where F' is a Seifert surfaco for K) and monedromy fi

M'(K) = M \ interior (N{K))

clased tubular nbd. of E in M

N{K)

M(K) = (F' = [-1,1])/~ aF" =K

dF'  i= homotoplc Lo K im N(K)

F'oxJ 3= [-1,1]
W, 1) ~ (£(x),-1)> Foopr 2

W (K) =

>

From this fibration of M3(H), we oblain m strongly preferred Hovgard

decomposition for Ky, {as in Lemmas 1.2 nnd 1.8}, as follows. Let:
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W, =F' = [0,1]
Let:

A = 3F ¢ [D,1]

Then:

k3
=
n

oW
E]

and

We consider the fallowing honeomorphism:

q: aW > W
E

(1,0) —— (x,0)

(%yt) b——> (x,-1)

(%,1) b—> (f(x)

Then we see {hat!

] _1)

W
1

W =T"x [-1,0]

A, = aF » [-1,0]

(F' x {0)) v A v (F' » {1})

(F « {0}) ud, o (F x(-1}) .

x e F

x € aF* 0e&ets]

uw

M =

<q(z) ~2 | z ¢ aw >

IT we identify W with W vis the mep:

r: N
T

>
.

(e t) b——> (x,-t)

then we obtuin an Heegard model for

M = (W,h)
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where:

dW = F' v j v F"

F' = F' « {D} A= AdF w1 F*" = F" « {1}

[
h : aw

> AW
X > y XeF' ua
u ——> ¥(x) x ¢ P

K= gF" »

[T ]

Note: This decomponition astisfies FLeminas 1.2 und 1,3.

{b) Cesson's invariant for fibered knots in homology 3-spheros

and Lofschelz numbers

Given a fibaered knot K in an homology 3-sphere M, lat (W,h} be an

Hesgard decompaosition for Kp a8 in the previous section,

we may identify representation spaces ms followa:

i \ g,
(R")* = R(m (F')) & (57) g, = genus(F’)

B¥ = R(T (3R \{0))) = (R*)¥ « (R')*
R = RO (3 )) = i¥

R = {(n"20") | 30" = 2p")
R={le"sp") | 2'() = p"(A))

Q, = {{r",p") | £ ¢ (R')¥)

Q= (o' e")) | 2" € (R)M)
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A8 in maction 4{a),

(5]
"

L]
1]

=
n

R(R} =R =R'.

In addition, we have

Propogilion 6.1: 0O,

reducible representations in (R")¥
reduclbles in K¥ = §* s §'

{p' | &' e (R)¥, o' = -1}

the following objects:

= Teq = graph of £+ B’ > R

draph of T

¢

is transverse ta R_(K) 1in R.

Proof: FirsL, we male & dimension count:

dim(R*} = By, + 6y, = 12¢,
diu(R) =12¢ - 3
din(Q_) = 6g

dim{R_(K)) = {Sgl - a) + I,'Bg’1 — 3} = LZg.

dim(a,_)

ligl—:i

= Hence, we ses that:

dim(R)

dim(Qn] + dim{R_{K}} - dim(Q=_}
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— Next, we compare tangent spaces at a peint of Inlersectien of Q. and

R_(K}, x:

T, (Q) = ((R,D, X)) | X e T, ((R)¥}}
TR (K) = {(w,v) | wveT, (R')}

Ty(9,.) = {{y.D, I*(¥)) | ¥ € T, (RL)) .

- Clearly, Ty(@a-) = Ty(Qa) » Ty(R(K)) .

- The dimension count and intersection caleculation eatahlish tramsversalily ino

R. o

Note: We did nol use the assumplion thal M is on homology 3-sphers in
sstablishing this last proposition. This sssumplion is sequivalent ito Lhe

following condition on the monodromy:

£, ~I:H{(F,2)

> H‘(F’,I) is nopsingulur .

A8 in the proof of Proposition IIL.1.1, wo moy inlerpret thig in terms of Dxf'.

Bul we made no assumptions aboul this derivallve.
Proposition 5.2: Q;— haes an orisntable normal bundle in  @s.

Proof: By Propesilion 9.1, ﬁz_ if & submanifold of é,, (as well as of

R-(R)). All manifolds in question are orientable, o
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We recall from sections 3 and 4 that:

AT(K) = =

ol

<,d,>

. —— =
§= L (6) 5 =2gR x80) =2 ()

a —— e
g : R x50 > R v R

[(p"u})] F——> [{p',u"0")]

—
rd RL2RS

» R« R

[{p*sp"}] b——> ([2'],l"])
A = diagopal of R' » R
Construct en isotopy of R-(K) which carries 4- to a submanifold 3 with:
3_ transvorse to 63_ .
Extend this isatopy of R and let:
é = i3 .

Then:

& ig isotopic to & .
Furthermore, by Fraopesition 5.1:

& is Lraneverae to IEI3 »
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Figure 28

Hence, by Proposition 5.2, we conclude that:

Applying tho ‘sbove chservations:

- -t - -
LA 5, = & 2¢p ' (a),T o>
<6,Q, A £ (a) pU B

Now we wish to spply the projection p. Pirst, we need to obssrve Lhal:

Pruposition 6.3: Ff. ie & lift of [} .
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i et ks

Proof: Tt suffices te conslruct m section ¢ of the restriction of p to

ffl H

IR P > I3

: 3

[(p'.£¥(r"))} +—> ({o"],[#¥(p")])

We need only Lo show that the cbvious map is well defined:
w5 Iy —— T

(A" 1 [£%(p")]} ——> [(o'.£%p"))] .

But this is immediatec from the observatian:

e' = up® AFF T¥(p") = u-f¥(p") . o

We need the following simple lenms, which will allow us to compare:

CP_I(SJ.Ff¢>-

and (3,!’;,)—‘ L PR
R_(R) HixR.

Let p: E

Lemma 5.4: > B be 2 map of connected, oriented manifolds,

Suppose ithel A and [ are orientad submonifolds of B, thalt p is

transvorse to 4 oand thet |I' lifts to mn orienled submanifold of B, T.
Then:
. "
<P (a).l)E = a0y .
Note: Weo have already used (hls in "projecting” to Ro{E) from & The

lemma followe readily from Lhe same local tranaversality argument. Howevar,

we shall give an homological argument, via dusiity, for the sake of varieiy.
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Proof: Nole that, under the standard identifications of Hg(E) and FHo(D)

with Z, px is the identity:

= id : Rn{E.Z) > B (B,Z)

Pg

0 (a),p = PKOT(a)) o T ¢ H (B} = 2
p* (07 (a)) o T = p (p*(D " (8)) n T)

v (a) 0 p (D) .

-But [ ds a 1ift of T. That is, there is a section!

s 1)
-
<9

>

p'ﬂ' =
- Heoce, p*[f} = p*cr*([‘) =T .

- Finally, p¥(0 '(a)) nF =D "(adnr. o

Applying this lest lemma, we conclude that:

<,,-s(3},|"f,>ﬁ " <&,r;‘>ﬁ,_ﬁ;

3y definition, the right band side 1s tho Lelschot: pumber of f:

= LT R

>R') .

<A, TS, .
T ReR

Jorollary 5.5: If E is s fibered Jmot with monodromy f in an homelogy 3-

zphere M, then:
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{c) Fibersd knots of gonus one

We recall thul a knok ® in & J-munifold M is a fibered knoi of genus

g if K has a fibration such that the genus of the fiber is g,.

Note: We do nol sssume that g; is minimal,

Suppess Lhat g, is 1. Then:

M(F*) = <a,b> = free group of runk 2 .

Consider the following repressntation:

Pyt ";“‘”J > 8U(2,T)
0 41
U —) [
-1 0

Then:

Lommn 5.6: If g = 1, then R’ = {lpalls

Note: By & dimvnsion count, we know that R. is & manifold of dimension 0,
Moreover, wo know iL is connected, since it is8 o quotient of R. and R* ig

a retraction of the conneclod spaca (R*)*\S':

(R)* = (8°)"  dim((R')¥) = 6

B8' = &' dim(S’) =4 .
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e shell, however, give a direct prooi.

roof: Suppusc that p e R: .
Let p(a) = A and p{b) = B. Then:

| P ¥

ADA'DY = ~I or D = ~ADA |

Hence, tr(B) = -tr(B) or tr(B) =10 .
This implies that arg{B) = /2 .

Iherefore, at the risk of conjugeting p, we mey assume that:

Now sclving the comseguence, AB = —BA, of the relation above,

that!
Q ele
A= f — arbitrary
_E.I.B 0
4 8/2 0
et C = ) . Then we compute:
o el 8/2
- 0 1
CAC =
-1 B
i i 0
Che ~ =
0 -i J
flence, p is conjugate to p_ . o
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we cooclude

Corollary 5.7: If K is & fibured knot of gonus one in an hamology

d-sphere, then |2'(W)) = 1.

Proof: This is an itwwmodiate conscquence of Corollary 5.5 und Lemnma 5.6. o

Corollary B.8: el K be Lhe trofoil or [lgure eight koot in S Then
A (K) = #1.

Nota: Since 2 end A" have anly been dafined up lo a choice of sign S,
we now choose 5 Auch that:
A (trefoil knol) = 1.
We have not allompted to calculate 5.
6. _Dshn surgery on unlinks
(a) Dehn surgery on unlinks

Let M® be an homvlogy spbere, Lei (K0} be a lnk of two components

in M? Then:

M (K, L) = M \ interior(N(K v 1}) .

I (gh) and (u'2') are standard meridian-longilude pairs for K and L

respectively, Lhen:
H (M7 (K,1)) = 2u ® Zp'

Let  M3*{H,L;p/q,r/8) denole Lhe manifald obluined from M® by performing
p/q surgery io X and r/fa surgory to L {as in seclion 1(a)). This is an
homology  3-asphere procissly whon p = p = | (assunming p, r & 0}). As

befors, we donote these homology spheres as follows:
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T T i |
(H“.LHJ =M (Ellevn)
Now suppose thet K epnd L[ have zero linking mumber. Thal is to say:
A=A =0 dn H (M(KL))

Now K is neturelly coniained in Ly . This assumption implies that (uA)
is a standard meridian longitude pair for K in I . Hence, it is clear that:

1

- . i
(R,L) = L (R,3) = K (L,3) .

Note: In general, (HmLp) is Lp(H,p/q) for some surgery coefficient p/q

which depende on m, n and the linking oumber of K and L.

{b} Preferrod Heoogerd dscomposilions for surgeries on boundary links

Suppose that ({K,L) I8 o boundary lnk. That is, K and L bound
disjoint Seifert surfaces. (In porticular, K and L have gero linking
number.) In o manner similar to Lhe construction of soction 1{b), we may
conatruct a p.nrticpla.rly convenient Hesgard decomposilion compstible with the

varioug surgories on (K,L).

Proposition 6.1: There exists an Heegard decomposition for M? (W,,W;) such

thet:

and K 18 a seporating curve in F'.
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Figure 29

Proof: Choose a pair of disjoinl Soifert surfaces for K and L, F, and
B,. Thicken F, to Py x [, with Py » I disjoint from F;» Let F; bhe
the boundary of F, s I and form the connected sum of F; msnd F, by
tubing F; and F, togother. By choosing the Lubing away from K end

L, we obtain a surface, F", with the following properties:
L. = 3F" K is separating in F" .

The rest of the proof continues nlong the lines of the proofs of Lamm.ﬁ.s s (%
and L.2. In order (o preserve thu condition that H Ia separaling, we only
need to insure thst all 1-handles are aotlached in the complemeni of the
component of F*\K bounded by K. This is sasily accomplished by sliding

the atiaching discs off Lhis surface. o

As in section 1{b), we identify lhis decomposition with an Heegard model
(Wh). Let rg and r;, denots the Dehn twista about XK and L

respectively. We obtain the annlog of Proposition 1.3.
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Propeallion 5.2: (W,h-rﬁri] is an Heegerd model for {Km,l.u}.

ki Capgon’s invariant for unlinks

(a) Cesson's invoriant for unlinks A" (K,L)

Let {H,L) be an unlink of two componsnts in an homology 3-sphoro M.
Thal is, sssumse that H and L hove zero linking number. Aa previously
abgerved, H is naturally conteined in Lp, (L {= naturally contained in

Em). We dernolo these warious knots as follows:

{K,Ln) =K in L [I{m,L) =L in K .

n pus

Similarly, we uss A'(K,Lp) and A'(KpmL) to denote Casson'’s invariant for

;he knots  (K,Lp) and (Kp,L}) respectively.

Casson’s invarient for the unlinﬁ‘ (E,L} in M? is defined Ly Lhe rule:

2K, L) = 1mm+:'Ln+|) - l[Km’Ln-I':J

= ME, L) + AK,L)
ty grouping the terms in two distinct ways, we see:

A (K. L)

*‘[K'I’n-}:lj 5 kI':EII-'“)

1]

AUK L) - AT,

*his showa that A"(H,l.) is independent of @ wnd n respectively. Hence,

L is indspendent of m and n; A"(K,L} is well defined.

b) Triviality for boundary links

Let (K,L) be a boundary link in en homology asphere M?. Chooso an
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Heegard dacomposilion for M2 as in Proposition 6.1 wilh corregponding

Heegard models as in Proposition 6,2,

Following the argument of section 2{b), we conclude that:
_ 1,2 sm~p, =~ .
ME_,L ) = 2@ TTI@, ), ¢ 8
t

Let hK='rE and hL=r£1 . Then:

ME,L) = ALY - ME L) ~ MELL) + A +1L)

il

g <he(B @) -8)-5(@)+48,8>-s

(5 dythy(8) -8, a3 - @) -4, a)) - s .

llecull that we have a difference cycle!

iy & -'.]'..{‘:"l‘ll -9 . TL(JL) ke TR
Then:
=4, - B @)

Hence, we conclude that:

AT(RL) = F (a8 - <R(s),83) - 8 .

Propogition 7.1: hg(s)) = &1, (rationally).

Proof: Recall that 4y, is carried by ﬁ..{Lj, {section 2{c)}). Here, we have!

R(L) =R xR

Let F[' be the component of F\L which contains E and denoto the

rostriction of hg 1o F' by hg, Then ihe aclion of hy on R(L) s

glven by the rule:
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hy ¢ R_(L) > R_(L)

(p'10") == (he(p*)up®) .

n addition we have the prajection:

p ! R_(L) >R xR

‘rom Corollary 4.8, we know thatl:
— _I %
8, =2p (a)
In terms of Poincaré duality, this

here A s Lho diagonal of R’ a R' .

quality oAy be expressed as fol lows:

D' 8,) = 2-p¥(07 (4))

From the results of the nexl chwpler (Theorem VI.2.1} and the fact that

if octs trivially on the homology of F’', we conclude thal:

(), = 1d : M (R5m) > B ARe) .

lence, by the Kunncth forwuls and the fact thal hyg acts triviolly on the

iecond factor:

(hyd, = id : B (RS« R > B (RY x i)

there I:JK

ind cohomology ure dual:

is the obvious mep induced from hl[' Since the rationsl homology

= R')

(hy)* = id : BY(R > 1R « 1) .

‘ince the followlng diagram commutes:
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i

5K
. ) .
MR« R0y —E— @R 4 B

o* | | e

ho*
(Ry)

5 (R_(1)) > B(R_(1))

we colclude from the previous remarks that:
2 a1 Tt
(b X0 (ap)) = 17 (o)

TRy Ca)) = 078

(ﬁ-KJ*{EL) =4 . i

Corvllary 7.2: Tf (K,L)

then A"(K,L) = D.

i& o boundary link in un homalogy 3 sphere M3,

Proof: Thie follows immediately from the previous identity:
i _x - . : X
2 (K,L) = 3 {("1."’:’ dhp(8;),Q.2) - 8
and Proposition 7.1. o

fc) Casson’s invarinnt for unlinks, A™(®,0,C'}

Let (K,C,C') be an unlink of ithrec components in an homology 3-sphera
M%. Thel is, assume thul every pair of vomponents has zero linking number.

AB in provious sections, we adopt notution:



'y e eto gtk 11 " K
{kn.ck'ch = M (i[lclc ‘H.k’m ‘1 C
L
mn.ck,c') =¢' in {Kn.Ck} 4
{Kn,c',G'J = {C,C') in Ku
mnd the various modified forms. J /
Casson's invariunt is then defined by the rule: J K
- " = r ] 1
AT(K,C,C') = "mn-l-i'chﬂ'cmn) - MKnn'c](":}nﬂ-l}

- 1{1<nn,ck+,,cl;3 +ME L 'cu'c:::) 1 Ca
e l“[ﬂ"cl(‘Pl'cI:ll'l) = i\.l'K“,G‘k,Gl;)
+ )‘(Kh'ck-l-l'cl;} - ‘\{Kn’ck'cﬂ'l) i Figure 30

¥ grouping the terms in various woys, we see:

B. Casson’s invariant and the Alezander polynomial
(a) The Alexsnder polynomini Ag{t)

Let K be a knot (or link) in an homolagy 3 sphore M?, Let F be &

A"(K,c,c') = A" (K

n+‘lcic‘) = *'(Kn.c,c'} r

h.{l‘lckfltc'} o 3'{K,Ck.C'J
Seifert surface in M? for H. Let V be a matrix for ihe linking form:

A(K,C,Ch ) - AT(K,G,CL) L

< 4 2 H(F,2Z) « H(F.T) > Z
o: The fact that all these lerms ars defined follows from the assumption 1 Gy | » Taekbus™
Bt oach pair of components is unlinked. Thig is an ensgy exercise which we
we lo the reader. where y* la the "plus push off" of y ([Roil). Then we can definu the
Alexander polynomial of _ K by the rule:
" These varioug formulations show Lhat AY(K,c,c') is well defined
T
dependenliy of n, k =and m, Ap(t) = det(V - tv) .
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If we change the Seifert surfaca,

nwltiple:

the polynomial chunges by at most a unit

ap(t) = *t"al‘.{t} net

We ehall dencle any such

symiotric up to 8 unit:

whure r is tho rank of

r=2g, where g is the

e

Hy{F,Z), B,(F).

genus of

Alexander polynomial by symmelrizing:

aglt) = t7Ra (1)

ag(t™) = at)

aeft) =a +a{t+t7)+ .+ emftm £

polynomial as EK . We recall that

L
Y=t Sy (t)

F. Hence, we oblain & symmelrized

We recall that ¢ - yb is the intersection form:

v-v = s Jgp ¢ H (F,Z) « R (F,7)

Hence, we hava the following propositian:

Proposition B.1: Let K be a koot or link. Then:

Exf1}
A (1)

0

if

if

K

K
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is B knot

is not a knot

In perlicular, If XK is @ knot,

Proof: For a connecled surface of one boundary componoenl, tha interssclion
forw is the sianderd symplectic form which hps deterwinant one, On the
other hund, a connecled surface of more than one boundary component has a
degenerale inlersection form, since any boundary component represenie a

nontrivial ¢lowent of the kornal. [a]

Note: Thie and subssquent rcsults are well-khown for knots and links in 7.
In particular; they follow from results {n Houfmen [H]| for the Conwoy

polynomial.
Corollary 8.2: Let H be s knot with Scifert surfaces T and F‘. Thon:

AL (t) = tnay(t} B R

Note: According to the classical definition of the Alexander polynominl ms an
slementary divisor, it is only well defined up to a unit. However, for any link
in 57, any two Seifert mulrices are related by ihe mover dewscribad in [BZ],
Pg- 236. Ience, the above corollary also holds for links in @ 89,

(b) The second derivolive of Ag(l)

¥ie have the following idontities for links of iwo componenis in S§2:

Proposition B.3: If K ig a Unk of two compononis in 5 and 2(K) is Lhe

linking number of these compononts, then:
AK{I} = 8Ky .

Note: The conclusion is independeoni of the cholee of Seifert surfoco., As wa
have proviously obgerved, since K is a link in 5* if PF' is another

Seifari surface for K, then:
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ag.(t) = t“&K{t) nez .

Hence, we compute that:
8. (1) = mea (1) + Be(1) = A1)

?roof of Proposition 8.3

The proof is by induction on ihe geometric linking numbsr of the
iomponents of K (ie. the minimal number of slementary crossings of the

omponents of H required lo homotope K to a splittable link).

Hence, we firast consider the situation where K ig =a splittable link
Hy;Ez). Let S? be a goparating 2-sphers snd F, and F; bo Seifert
urfaces for K, and K, reapeclively with ¥, and F3; contlained in

omponsents of 53,52,

S').

Figure 31
Tubing F, and F, logether slong an arc in 83\(F; v F;), we obtain

Ssifert surface for K, T,
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Figurs 32

Ths corresponding Seifert matrix has the form;

Hence, Ag(t) = 0. On the other hand, #(K) = 0. Thia eslublishes the result

for split links,

Hence, we may asgume, by standard arguments, that there is a projection
of K wilh at leasl one elementary linking of the components of K, such
that an elementary crossing st this elementary linking reduces the geometric

linking of K.
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Nole: I {he amssocinled surfece for H', F' i8 not connecied, then we can

tube the iwo componenis together. By wsdding this tube ms a handle to F,

we ingure thal the curve b caists.

Then the corrssponding Suifert matrix for K has Ehe form:

A ey a” b" (F' )+
elemenbary
\ <ross V= g -1 -1 0
b 0 -1 %

F' 0 * ¥

where V' ig the Seifort malrix for F'. Then we compule that:

Figure 33
(¢~ 1] -1 1]
]
Using the standard Seifert surface for thia projection, F, ws can choosa ¥ty = t (t - 1) &
0 + v - vt ,

8 basis for H,(F,Z), (a,bs8,,nfin); contalning curves o and b as depicted

in Figure 34,
We observe thal the matrix obtamined by deleting the first row and column is

an Alexander walrix for the knot L obtsined by slicing F iransverse (o a

{i.e. by doleting the generator a):

ZN
/ r 2/
A e i
// =z ﬁ slice
4;;, o

Figure 36
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Hence, we have the following idontity:

() = (£ - LA (E) + tA.(t) .

‘omputing derivatives, we conclude that:

) =

AL(1) + B (1) + A (1) .

rom the pravious section, we know that:

21(1) =1 EK.(l) =0

¥ induction, we conclude that:

8. (1) = #(K*)

1 the other hand, we readily seoc that:

#(R} = &(K") + 1 .

snce, we have the desired result:

Now supposas that

L, Ky

ox(l) = &(K) a

end Ky are links in

6% which have

‘ajections which differ st a single crossing of K_ as depictod below.

S
—_—
<4

Figure 36
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Lemma 8.4: Lot H- be & knot in S3. Lel Ki and K. be as abovo. Then

the link Ho i3 o link of two components, =and:
a0 (1) - 5 4% (1) = 8k )
z % +{ - dl{_ - o °

Proof: K, has two components lor homalogical reasons. Now choose the Seifert

surfaces os followa:

K

A Ky K

Figure 37

So we can arrangs the corrogponding Seifert matrices Vi, V_, ¥V, a8 follows:

V+ = \r_ =

: - = T o = e
a,(t) = det(v, ~tV) , & _(t) = det(V_- tv])
Eoft) = dut{'t'n - tv:‘) , hence:
4,(t) - & (£) = (t - 1)a_(t)

Observe that F_ is homeomorphic to F;, Hence, genus{F.) = genua(F;) = g.
To obtain the symmetrized Aloxandsr polynomials, we have to mulliply by t-£.

Hence:
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ag () = ap (8) = (t - DEEE (1) .
'+ e,
Ilet ®(t) = (t - 1)L_EED(t). Computing derivatives:
P (1)/2 = —ga (1) + &:(1) .
Mence, by Propusitions H.1 and ¥.3:

lem-2em=tm) . o
Z %R, 2 0

{c} Cagsun’s invariant and ths_Alsxander polynomial

Wo are now ready fo prove the moin resull relaling Caseon’s invariant lo

the clessical Alexander polynominl. We bogin with a simple lemma.

Lemma 8.5 Let K be a knot in an homology 3-sphere M2, Thon thare

exists 8 knot L in 8 wsuch thot X"{K) = 2"{L) and agit) = ap(th

Proof: IL [s well known that 5® may he oblained by %1 surgeries on the

componenie of a link in M3:

3 1 n )

HENY .

8 = (C

C = (c',...,c“} is a link in M’

The proof is by induclion on n. It is obvious for n = 0,

Now choose Selfert surfaces for K and ©CO, F end F'. By gonersl
porition; we may assumo ilhat ihere exist one dimensional spines, ] and I,
for F and F' which are disjoint. Wo moy Isolope F into s small regular
neighborhood of J. DBy 8 separote isolopy, we may isolope F* into a amall

regular neighborhood of I'. Honeo, wo moy smssume thet F and F' are
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disjoint. (Of course, lhis may roguire crossings of K and ©, but not geli
crossings of __?-1" In othor words, ws may assume that ({K,00) is g boundary

link in M? Hence, A'(K,.C™) = 0 by Corollary T.2. That ig:
1 e i " n
AUR) = ANKED, ) .

On the olher hand, swince K wand ©N bound digjoint Svifert surfaces [n

M\ (R,CR), we may also conclude ihat:

ag(t) = “(K:cglJ(tJ

where (K;Cy ) is the knot K considered us a knot in the surgered manifold

Ma{cn:ﬂj. If we denote this manifold by Ns:

n—

8 = (D}sees0]]")

D=(n',...,0" ") is the link (C’....,c"%)

considercd ms a link in N° .
llcoce, by induclion, there is a knot L in S* such thats
A'(KiCy;) = A'(L)
aﬂ{;ﬂ’;'l)(t) = “L(U -

This establishes the desired rasult. a

Next we prove an anulog of Lemmn 8.4.

Lemmn 8.6: Let K_ be s knot in S°. Let X, mnd K, be as sbove. Then

Hy 18 A link of two components and:
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ANED - A(R) = 3{E) - Hanea, A"{KnCiC') = 0 for all n, From this, wo conclude Lhat:

Proof: Suppose that X is u knol in S?. Now supposes that {c,c') is a A (K,CC') =0 .
link in 5¥\K such that C and 0° bound disjoint disca, D and D', This in turn implies thot:
-

zach meeting K geometrically twice and algebraically zero {imes. In addilion, 3

2 ; k'(K.Ct,C'J = A"(K,C")
aggume that Ha D and K » D' do not separate each othor in K
This means thuot changing K with a lwisl across D dovs not change the

value of A*(K,C‘), But, by changing K ocross such dlecs D, we can

s T

change K Lo the following knot m:

ﬂ

K
Figure 38 &
In particular, (C,0') is a boundary link in K, , for €' gand € %
sound obvious disjeint punctured tori in S3\K:

Figure 40

Let C* donots the curve depicted below:

| =
¥
; R

Figure 41

Figure 38
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.J.J-...a_\-_.J.

We have the following computation: A{K,C’) - A (K,C') = 2p
LA Lo

A (RO = A%(K.T") A'(Ki€!) - A(E} = m

AT(RTC]) ~ A'(KTiC)) ]
Wo may agsume thal K s Ky and K. is the knot obtained from K

= A (K™ cr) a
1 by applying = left twist across D‘. That is K_ is (K;C3). Let K. denole
m N 4
- -El {J\'(K‘J.C:J - l'[KJ",c;)] tho two component link obtained from K by culling acrogs D' and
J= )
3 connccling "Lhe olher way': !
m o
(-] o
2 Al ] . i ) . " i
jEI (A (K .C..CJ] A(E .C..Cj_,)) -
T [+]
= I ("(K,c[,C%))
J=1 3
= m(A'(K",c,0}) - A(K°,C!,Cl)) j"
- .
= w(A"(K*;07)) 1
= m(r' (trefoil knat)} = *m |
; Figurs 43
4 The move of Lwisting across the dise D only affects one component of
4
+1 ] Ko. Hencs, it clearly leaves #(K,) invariant. For the standard form KD,

howevser, iL i8 ovident that I{Kmn) =-m:

& 5

(103

Lrefoil knob

%
o

Figure 42

Hence, from the previous comments: Figure 44
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t follows that:
AT(K,) - AC(K]) = 5o 2(K )

£ = A {trefoil knat} .

\s previously chserved, we may "normelize" A" o that:
A'{trefoil Jmot) = 41 .
for this normalizetion, we have the idoolity:

AR = AC(K) = MK a

fc pow turn to the main theorem.

Cheoram 8.9: If H is a knot in an homology 3 aphera M2, then:

A(K) = 3 an(l) = I,
n=

vhere ag(t) = 8, + o, {t + L") + = + g0 4+ -0}

roof: By Lemma B.5, wo asgume that E is a8 knol in 8. The proof i by
nduction on the number of crossings in a projection of K which musl be
hangad in order to converi K to an unknot. Since the theorvm is trus for
ha unknot, we may consider a projection of K and a single crossing which
va need to chenge. Let K. denole K, Hy the knot obtained by changing

his crossing and K, tho usual nssocialed Ilnk of iwo components. Then:
1'{K+) ~A'"{E ) = O[K")

1 .« 1l .~ =
3 °K+“J - g ag (1) = (k) .
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On the other hand, by induction:

1'(;;+} - % .n]"( 1) .

+

The result follows immedlately. o

With this rosult, we are able to esiublish property (5] for A(M). Lot

?(H) be the arf invarlunt of K.
Property (5): MM’} & u(M®) (mod 2)

Eroof: Frem Theorem 7 of [R], (after symzetrizing}, and Theorcm B.7 ahove. we

canclude that:

2 ®(K} = A'(K) (mad 2)

for any knot in 8% The argument of Lemma 8.5 permile us lo deduce the

same facl for any knol in any homology sphare. (The arf invariant also comsa

from a Seiferi matrix.)
On the other hund, Theorem % of [G]) jmplics thal:
P} = p(K ) - #(K)) (mad 2) .
This yields the ldentity:
AK ) - ME ) = alK ) - p(k )  (mod 2} |
Silnce we can write M ous a sequence of * 1 surgeries on a link in §°:

W = 8%, ,....cD)

and we lnow thal:

A") = x(5") # 0 (med 2)

the praperty fallows by induction on n using the identity abave. o
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JHAPTER VI: THE TOPOLOGY OF THE SPACE OF REPRESENTATIONS

i The topology of Bf
(a) Idenficalion of spaces

45 in previous mections, we identify R¥ with (523’8, since we shall be
inducting on g &t various points, we denote the boundery msp es follows:

Byt R¥ > 8§
(BueesrhaB oeeeB ) — -El [4,.8,]
Likewise, we use the following notation:
- -an g =)
e = a;’[—rj " ‘NE = a;‘ o .
Clearly:
¥ = 8% v af

The singular sel of 3z S is contained in Ry, Hence, 3g is ragular
on EB™S8. In particuler, we have = fibre bundle with fibre R-:

1

S

I
RN -

r

Z
7N

b 4 Figurs 45
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Hanee, Lhore ia & triviasligation:

W, . ! (RE x JJ:,RE x Sz}

: > (WE,inE)

with the following propertics:

{1) ilg-w o (projection anto second factor)

(2) is the usuul inclusion ®* < N€ |

W,
§ REx (-I)

{b) The topology of R*

Lemmn 1.1: ﬂf is connecled for g =1

simply comnmecied for g o 2 .

Proaf: The restriction of Lhe boundacy map:

i, c 8\ gf > s™\(1)

g

is 4 locally trivial fibration with fiber R® . It suffices

3, 4K ;
(s7) A HE 1s connected Tor g = 1 and simply conpected for
Consider the decomposition of Hf -

g _
R'=R UR , R =RS, B =5 .

to show that

g 2,

Let &4 be 8 in 5% (i.e. a is the set of diagonal muotrices).

the map:

®, ! N (Ss}ﬂi

a : ;A

((A,5B, 0o esayB ), T) — (m,'r",m,w"....,mg-r“'.msT"}

Then:
im{a) = R’ 3

15l

Congider

.



Since diegonel metrices commute, o [uctors Lo:

a: A% ; (87/a) > (578
It
F
e e
Henee, dim(R,) ¢ 2g + 2, which impliee codim({R,) & 4g ~ 2.  Sinco
codim({Hy) = 3, the resull follows by general posilion. o
We now want to relate the topolagy of Rf'” Lo Lhe topolepgy of HE .
Write:
at g+ z 2y
(83} {g+1) 2 {S’) " (S:IJ .
iet p,; p: be the projections onto (57 ]_a and (S’Jl‘! . Spo we cen write!
g, (¥) = 0, (p, (x)°3 (P, (%))
g 3 :31_348 = -1
B = {(y,y,) e{8) »(8) | 3ady)=-3(y)") .
Recall the ipvolution of 57 sending A te -A  :
i: g 5 87
u b -a b
' - = ———> [ s
~h a -h -
Hepee, il A € D:_ , Lthen —Aﬂ € Di
Naw canstruct imbeddings @, ¥:
1 g 1
H_ x N+ N+ = RE
P ¥
g¥ = 5" (s

given by:

PO,x,) = (o (=T ()7,

x:]

Wz,0z,) = (2w (a,.~F (2,)7'))

Then we conclude that:

. ) T TR =
WO = {ly,,) < (5« (81T | £0v,) « D)y £ Uy, = o1 (v )7
£y 5.3 | g 3 -
W =y s ) 2 )T ) Ty) e 02, £y = or (v
B 2 in(®) o ingy)
Considor the diffeomorphism:
A R« ang > an} « BE
}.fxl,xa] = {w.(xl.—fK(xa}ﬂJ 5 Ns‘l (xH)J -

Then we get Lhe folluwing commutative diagram:

a' z
R_ x N > an+
H: = 8* \
imf onodim ¢
flence:
RE+’ - Rl. U 1 ag .
s 3 T -
Furthermore, since A4 = —A~! for A e 5%, we can write:

Ax %) = (w (x ‘I‘ (x, ]}.pw
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A is the compositlon of:

|nw—1 woxl

M L BN R

> any x wE

We cen describe the yluing by the diagram:

: K
R K
‘& +\,
2 x5 x € B
Sy /
‘5?}; -
N, » R

where ;g and ;1 arc wy und W, followed by inclusions.

We have a princlpal [ibre bundle with fibra S04

yif .

Ll

We huve previously shown that R is a poinl. llence, R"_ is homeomorphic to
50,5 -
The Mayer—Vietorias sequence yiaolds:

A
1 2 4 r L] E % g
> H (R_ » 5 » BD) ———> I(R_ = N} @ K (N_ « RD)

| l

A it
r— 1 2 E g+
¢ Hr_l{H_ %8 ¥ BT) Hr(ﬂ_ ) ‘

We canclude thet:
B (R x 8% rE) = nrmfj o [0 (s") @ npa{nf}] e H_ (5" « RE)
i - (- £ £
HARL « X3) & B (WD) 8 B__ (ND)

1 i = b3 4 1 g
Hr(N+ « RY) & Hrfﬂg) [i:] (H-‘(N;]' @ Hr—z(H—}) a (HS(N‘*J @ HPS{R—}) ’
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We cen easily check that:

A(afi) = (la) a+ (w)) £, (wg) 7} @ (=,4,0)

where (w E}r denotes the mep induced in  r—th homology. We deduce:

ker A ® ler(w i
: er(wﬂ_)ﬁ’

Now, consider the exact sequence:

s

4 1*

2 a 1
0 —— H (8" x 8,8} > () > H (87w 5T) —— ..

- . 3 ; : .
Since the usual generutars of R:(S v 5) lie in N:_ - i, is onte.
additan, we compute that:
a o T -
B (8" » 8" ) = a1 (a),aN") (excision)
=8, me" x 0", /P« 57)
= R' {I!P:') (Thea isomorphism)
&7 "
2
Hence:
1
H:(N‘._:I EZﬂIza .
Also, since i* is vnto, we have an cxact sequence!
3 L - 1
0 ——> H (s” = §7,N)) > H,(N)) >0 .

This implies {hant:

H (M) & (s’ « s’,u;) e i (%" « D' ,RP" « §°) = B (RP") .
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Hence:

1
H (N+]

Similarly:

H, (V)

By using @ coefficients in homology, we get:

; " =
calter Ar @ Hr{N+) =] co]«..r(wg]r_n s82H

Hence: H (Rgﬂ} & coker X @ ker 3
B T 1

g1 g =2 i =
Hr['R_ ) @ Rr{N+} =] cu]wr{wg)r-_’ a2 Hr (R7) & ]mr(ws}r_.

£+ &y g £ g nE
HRD ) e BAON) ® 2R _(R7) ® B (NG, IND)

For & fixed 2z ¢ ﬂl , we can define the map:

V4
o+ H
4

it follows that:
4 H
@y i HJ(N_'_]

ig an isoworphlsm. So:

e
n*.l:[fﬁ_ }

is en isamorphism. Let Pyreserdys be the generatars of I (

a2
from the obvious generatora of S:] £ by the inclusion:

e—_

+
Then:
0 for
*
= (.f'l'i ] -
'ui" a for
1586

Rl Ll o il el s

> {z} x N < B! « NE

N%)  induced

14ia62g+2

This fact will he used later.

Theorem 1.2: The following inclusions are surjective:

(a) u (v > U_(R¥)  for r & 3g+2

(b) H_(n%) »H(R¥Y) for re3g-1 .

Proof: ({a} We [irst prove the case: yx = 1. Since R¥ s 5% 4 §, the

only relevant cose is r = 3:

3
(N}

>U(R¥) =7z .

The obvious generators, 53 I and I x 82, are contained in R’ So
"

they lie in N .
We then show the case: g = 2. In this case, R¥. is {5’)‘ . So the
relevant coses are r = 4, 6:
H(8%) = 2° |, m (&%) = 2" . .
Cloarly, rll Lhe generators of ":‘H*} and 4 of the B-genmerators of H (R¥%)
L1
lie in K. , and, therefore, in N: . Il suffices Lu prave that givep:

3,2 3

() =8« B x T}

> '

and the induced homology homomorphism:

I ((s%) ) > B ((5") ")

the image of the generstor lics in the imoge of u [N:J . Consider the commu-

tative diagram:



1
“.[Nlj X ".“S:Jz} 5 Hs{[ﬁs) .N:_) S0 it suffices Lo show thet the following is zerp:
J' l l 1y (i = 1]* : ﬂ‘(ﬂi * ﬂi,ni x §°) » HQ(R: * ﬂ:,ﬂ: N Sa] .
N g B
mN) > H ((87)) > B {(57) ,N) .
e+ s & g : Since Ri is R aod:
suffices ko prove thet i, = 0. By excision, it suffices to prove Lhal: ! "*(Ri » §%) — H*{R: . l:l:)
B (N, o)) > H (N7, a0 ' is onto, ihc long exuct homology sequences give:
th ro hamemorphism. ULt R 8! | %
1 the zoro 0 »H (R_ = D_ B« 87) —> H (B x §)
Let k& be the map given by the commulalive diagram: l Ginl) l (iel)
% x
B Y (rE" & o’ 5" v 5%) ! 0 ? H‘[Fl: « 7,R7 « 8%) > lts{]?: o
== . = a
. wg * l “g+- E
i ) ﬁ S0 il suffices Lo prove the righl hand verlical map is zero. In turm, il
1 +1 +1 b
(NE-"NEJ - > {NE 'JNE } suffives to prove that:
¢ the properties of the trivislizations of svcbion {a): s i U={R:} > H, [R:)
Pk = pzw;:i LA R T A 1 is zore. This mup facturs threugh the inclusion:
anaider: | 1. i H,(Ri] ] ]I:(S’ « 8%
p ki &S w1 y A,
* Recall thal R' is ®P® and:
hen: 1 2
i
k k = im inclusion) ' LR 3 a i
P [p: Iﬂg:(_“]“ ( B_={(MB) e & « 5 [ ABA B ' = —f)
= {(AB) e 8" x 57 | ABA'BTN = -1, tr(a) =0, tr(B) = 0)
here « ias the obvious projection: :
i c8? x5 e g’ x5t
iR —— ¥ x (-1} . 3
g ; Therefore, i, =10
ence, k= i 1, 3
3
:
1
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We now mssune Lhat g a 3, By induction, we assume that (a) is proved

- 1. Let = £ ¢, Consider a stundard generotor of qu{(sn)aﬂ):

1

L RS

ere oach Zi is either 8" or {I} and exuctly s such factors of [
e §

sel: I, «I. =8 «{I} or (I} xS for some integer Kk will
&« kbsg- 1.

For simplicity, we assume that Ik = 0. By asaumptieon:

I lesin N (R oM _ ((sHF) .

IE—D

induction, therefore:
; : : ) g1
I lies in the image oi HB{R+) @ Hss~utﬂ+ )
t the Ilmugc of the abviocus imbedding:

By « & > 597 v 897 = (g™

I lies in the image of H:E{Nf) )

learly lies in NE . Hence,

Since at Jeast one lactor must be {I), the anly remaining cuse to treat

the fallowing.

w2 I =8% « 8" x (1) « {I} oar

ak+1 % Ezk+: % Ezk+: - E2k+¢

3

{I} = {I} »§ x5

r same integer Kk wilth 0 & k 4 g - 2.

Log

s i

B

it el s el

For simplicity, we assume Lhat ¥ = 0. by easumplion:

e i R
I lies in H((87) ) e ﬂ=5_‘[(5 ) ¥

By induclion, therefare:

3 '3 [ a ?:2
I lies in the image of Bw)eu ™

Thercfore, consider the imbedding.

g: N, « N > (87)° « (81 - (5778
Since:
k _ .=
N, =1, ()
lek:
Wee) = 17, o))
wherc:

D.(e) = {Aes” | te(h) » 2 - s}

where 0 < ¢ ¢ 2., M, can be deformetion rotracted onta N,{z} and

for sump small positive ¢, W (e} is contained in a regular neighborhood of

Ik

H, . Sioce:

g(R] x Rf") = wf,

the imege of g deformation retracts inte Nf. Hemce, [ comes from
i, (k).

We now prove (b). Supposc e£g-1. Let I be = #anerator of
HM((S= “ Sn)g). Then, for some Lk, I=h+‘ = E’h+= = I. Suppose k = 0,
Then J = (1 s T) x E, K ovee o z}g is homologous te ' = #owBowoaer g I:x

for x e Ri - Consider the imbedding:
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3, g2

® : (s%) — (8%) (5" F

with ®(y) = (xn,y). Then:

PNy e nE .

Hence, I llics in Lhe imaye of 7 and the fallowing commutes:

P
gty K K
H_(NS ) > H_(ND}

ag" +

Consequently, (a) iwplies (b). o

We inlkroduce the lellowing nobation:

kS = dim B (RS)
r - [ 2
3, ? i =
nlg = dim T_({S") g} = l r/3 i 0w B
1] if r #£0(3) .
Theorem 1.3: If r £ 3g + 1. we have:
R = hf e e nf apf -
r r=2 r—3 = r r—a

Proaf: Sinca: Hr(h‘lf) >3] Er({sa}lﬁl is onto for r ¢ 3g + 2;
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v

£ 2 3,38
BN 2 B(s) ) @M, ((s%) " )
2,28 g W
.. B(57) e H., (N2, aN0)
1,26
hos B8 Y @B (R%) | (since Nf e WS < D7)

when » £ 3g + 1. Since:

£ s, 78
Rr{N_) M U_((87) )

is onto when r £ 3y - 1, we conclude thal:

i 2,78 8 b
U (ND) & H ((87) ) & W_, (NJ,an7)
when r € 3g - 2.
Hence:
i gy - f £
dim B (K0} = b7+ 2

= g ¥y - 1B g
dim B (N,aN]) = b= w2

From the discusaion preceding Thearem 1,2:

hEH = (I:fhz + mf.) + %f_a + (hfh‘ - mf_‘} . o
Theorom 1.4:
J“:]l ) irorem, eg[H]-s
(a) hE =
L) s cemen, e (200
) BE=WQ . if rpag-1
Proof: The proot is by inductlon on g. For g=1, R is RP® and

and (b) hold. By Theorem 1.3, for r £ 3g + 1:
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RE = nE o+ 268 4+ b€ 4 af -l
r r— r—=a T—4

3, after the oppropriete restricltion on m, we have!

W g o NEd

GTI em=—3 fm—3 ﬁ 4

A LI I

am+1i amM—1 cm—1 sm—3 [ 2m—1 ]

hf:’uh - ]1§m + znfm_’»f hfm—:

W el rmb el o[ JF ]
s, e, e - 2]
hf;:»: = hfmﬂ 2h§m1= hfmﬂ :

+ will prove formula (a) by induction on #., We give {he proof whem r

1 the other cases are proved similarly. From above:

& 4 ! *
lsm h:(:un—:) ¥ Zhs(:m—:)h z{sm—a]

Aume:

is implies:
- an 3] _
3m -2 & %m- 1% [ R ] E 5

3m—2f[1(5£—11]

nee, by iopducliion, we have:
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[

g1 m-l 4

Y T g [ 1]n2 iy i [ 23 ¥ s [25)« (32
= v 25 = F w-l p

i:.q,’ﬁ_g (%] ket [3#1+1%)

[d1—2] [24?51 = 21—1]

el Z)-13)

i= 1"» H
- Zg+l zgﬂ o 2g+2
= i = ;
_3m -5 [ 2i-1 }] i=3m--1‘r [ 21
n
s 2{g+1) .
; y which »
$=Sm—(gt1)41 [ 2 which is (au)

To prove (b), notice Lhat:
dim(r®) = 6g - 3 .
Hence, Poincere dwality gives (b). o

Corollary 1.6: H¥ - p%

sg—s sg=z = 0 nad hf =a.

M: The first Eq“&lit)r comes fram (b) of Theorcm 1.4, It i ie pdd:

dg-2e[ D],
1f g 1is even:

se-z-2(%-1)

Hence, Theorem 1.4{(a} gives h:g—z = 0. TLikecwise, h? =4 . n

Coneider Lhe fihrotion:

"

SO: ——rr——

—
L

"
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orem 1.6: T r £ 3g - 2, then:

!

. g, 5K, o
b+ 1 _(1Ei0) > _(&5;0)

an injection.

vof: Since §0, = fP°  is o frhowology A-sphere, there is m Thom-Gysin

uct sequence:

p¥

N s

" . Uy -
—> (5 > ¥ (rf) > 1F° (i) > B (R
erc all cohomologies ere token wilh {i-coefficients and:

X € H‘(i:lf) s
. also muke Lhe convention that the rest of the homologies In this prool are

dien with p  coeificients.

Since:

HR(X ;@) & Tlom(H,(X);0)

. suffices to prove that:
o ¢ HE () —— ()

1 onto for r £ 3g - 2. In turn, it is enough Lu prove that the wap:

ux ¢ B (RE) > B (RE)

i injective for r € 3g - 2. Wo prove this by descending induction on r,

wrling with the casps r = 3g - 2 and r = 3g - 3. Consider:

14n

§E? {Hp_n;)

» 157 Rk

uy

» WE(RE)

¥

> W

By Corallary 1.5, the two outside froups Are zero, sa My is #n isomorphism.

Similar|y:

is onte, Since

Lhal:

ia injective lor

uy

TR )

> WET(RE)

is a Huhler wanifold [N1], there is w ¢ H‘(f}l_f) Bk

W

r £ 3¢ - 4.

1'% at

is injeciive and:

Hence:

is an isomorphism.

uy

din 5

1 (&)

llence:

> 1R (RE)

i

0 8" (RE)

Now mseume ¢ # 3g - 4 and:

is 1injective for aoll

ux | IISL’{ﬁE)

t<{s &34 - 2.

> 15 R

(™

> 08T iy

(R¥) < dim 108 (%) .

s w872 (q8)

> w7 (RE)

Considor:

wwux B (RE) ——— g ()

It can be writlen as vompositions in {wo differenl ways

ft

=3

Hr—:

(

(RE

£

")

Uiy

5 Hrﬂ(ﬁf} y Hrﬂ(ﬁf)
> B (RE) > WTVEEy |
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the gecond factorizetion, both howomoephisis are injective by the

perties af w end by induction. Hence:

Uy i
> HIH(H.E} is ingjective . o

(w8

vllary 1.7: p* : Br(f{E) — u“(n?) is an isomurphism for r £ 3 o

2.
of: Consider ugoin the Thon-Gysin sequence:

¥ .
£ > HE(if) > e

> BT (RY)

- u -
> BRE —2 s #(RE)

caurse, the first term is zero. Henoere, p* is injeclive Tor rsJ. On

other hand, by Theorem 1.6, p* ie surjective for r £ 3 (provided

3g - 2). o

ellary 1.8: For ¢ £ 34 - 2:

[c/d]

‘ 28y - ¢
dim 0_(R5) jEO Peaj

of: By Theorem 1.6, for r ¢ 3¢ - 2, we have a shart exact sequence:

. ¥
X i RS ———> 1)

0 > B"t(rY) 50 .
¥ = dim 6" (RY) .
n:
](g = llg + hg ”
r r-s T
s gives the required formula. o
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Consider Lhe maps:

& & u > zrf'“ i, (x)
i_: g% > g™ i (x)
J: 8 > R » 5*

Lemmo 1.9;  Th > : s s A
Sk 2 maps Wx J end iy induce isomorphisms on  H2. If ga2,

i_ mlso induces an iscmorphism.

Proof: Since, Ly Theorem 1.2:

‘i . ag
iyt B (V) > 0 ((s") )
is surjeclive!

i* 0 e™)™

> 1 (w8
is injective. llence, Mayer-Vietoris gives:

i}

> (v a (v
The map is indueced by:

e NN ORI

Since the imuge of:
Wt H' (M) ——— (/¥ ¥ §%)
is the kernel of j¥, Ws - J)* is an isomorphism.

Consider the dingram:

> B (RS x 57)
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= {x,1,I)

%1, T)

dtx) = ({2,1,,,.,1),%)
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coymutes except on the middle sguware which is homotopy comoutative, i.e.:

e
| W — (8%) " (e gE
= -1 . - 4 2 gl 2
- . - H | ] > R s g i < =
('"gﬂ) i, "g " o» . = of tS’) . Tihkewise, vsing Corollery 1.7, lot these symbols denote classes
in W¥RY), g= 2,
homotopic to i- = 1. (This follows from the pronf af Theorem L.2{a} by
erving thai the homolopy of the map: i We have nutural incluslons:
: - ZE .
R-E . u= It . Rg"" . D’ N_’: " N:_ ] (5’] = {53)= - (ss}l{l{ 1)
whiie: s Lis Fons As in the proof of Theorem 1.2(a), Case 2, wo can deform this mop inte o map:
i_sl , nE 1 gv1
! ——— pf a0’ Vo By S =" «
~ ¥4Py _ P p=1
be taken to fix the second factar. Hence, it restricts to the iesired losse ).10: (1) S%(x") =2 014 pm 22

otopy on HE ¥ §.)

Boal for 1 £ 2y
llence, we heve the commutative disgrem: (@) !*(pi] } 1
le Pi-ay; Toer i =2g+ 1, 2¢+ 2
(wy=d)¥ o¥
RS ———— B ——— W)
Proofi Part (2} is trivial. To prove port (1), we begin by observing Lhat the
= i ¥ T
1 e discussion preceding Theorem 5.1 implics:
e, edYF ot
2, 2 e 3, E+ a2, g1 T+
H™(57) < . H(N+ Yoo & H(R” ") H'(Nf}alilmf‘3=u for gal .,
Hence, wa compute Lhat:
i, and i_ induce isomorphisms on - g a

+
u‘(nf P W) e a’(nf} ® 6 (V) .

5L A Dbe N A i
Lel be Lhe generator of H (H+} Alsp, 1let denote the generators We msy write the pullback of A as follows:

n*(8) and R*(R®) for g 2 induced by the isemorphism of the sbove

* -
ma. let 4 ,....s  be the clements of H*(N®) end 1°(B%) 1induced by FA)=aralyenled) .

Y
i inclusiens:
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Now we hove Lhe following diagramns:

"‘f i mf « K ifx) = (x,1)
¢
i i'(x) = (x,1}
g1
N,
N3 aE j(x) =
; SN Jx) = {1,x)
4
j Jix) = (1,x)
KB

choosing the doformation Lo ¢ carefully, we may insure Lhal thesu

rams commuic up io homolopy. Hence, we have commutative dingrums:

ok
2, 0+ 2,8 4
m (N+ ) ———> M (N+ ¥ N+)

&

i (k)

efinitian, i*{x} =\ and J¥{x) = A, Hence, we conclude that:
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P
"
n
o

i¥O0) = (i)%e¥(0) = an

J¥) = (ke

I~
n
n
"

bLa .
This implies that A =1 sand b = 1
*ry-reletlea.

oy 1
Since I*(N_} = 0, by the proof of Theorem 1.3 » We conclude, by induction

on p, thet:
*Py =P gr1a P g o
P iti L1 Pug - i
roposition 1.11: 'The elements A Hg, v Mg, in H*(Nf). where p 2 Q,
1¢ R R . £ 24, and p 4 r é g, aco linearly indepcndent.,

Ep__ﬂ’: The proof ie by induclion on g,  Assume that the resull holds far

E-121. Recull:

£: 8 wm > Ny

Let I be a linear combinution of eclements of the from Al’,..'] e
1 Or -

Assume [ = 0. Look ot the component of ¢¥(}) in:
* - 2 ' |
ey o m () .

By induction on g and Lemma 1.10, we conclude that the only lerms in [

which cun have nonzerc cosfficienis sve of one of Lthe following forms:

() the ones with p =

(b) the ones containing Bagm T B g"
iy z
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We can find en avtomorphism of HE_’ which tales Bog-i and Hag ta any

Sy pn'i, for a&ll i, 1 &€ 1 & g . Hencw, we cun replace (b) by:
(b') the ovnes coolaining al least one of y“ . 4 pai for all i,
£i&g.

Hence, all terms of [ sulisfy (w) wnd ore ia Lhe form:

g, *** By, rég .
ut the inclusion induces an injection:
i ((s”)’ > B (8E)

)
or r&3g+2 andsuch elements ere linearly independent in  H¥({5”) g}.

ence, they are linearly independent ‘in H*{NE). The case of genus ane is
rue by inspection. o
orgllary 1.12: The clemenl A  generates  H (NS} .  The element A7

eneratos H:(Ng,l %

Toof: From Theorem 1.2 end the long cxack sequence for a prir, wWe deduce

he short examct acquence:

> 0

0

5. 3B I 3 2
> B, 8% 7,0 > B, () > B ((8%) )

‘or v &€ 3g + 1. Hence, we deduce that:

B %) = a_c¢s™) % 08
s 1 (NE,anE)

Hn(R'E}

{excislon)

{Thom) .
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Al
Consequently, H (N+] has rank one and the result follaws {rom

Proposition 1.11.

In A similar wapner, we deduce that:
g o
H (NT) & H_(RT7) .

By Theorem 1.4, we conclude that ihe rapk of 84 [Nf) is zero in genus one and

ohe in genua & 2. Again, the result Tollows trom Propogition 1.11, a

43 3, g - P
Proposition 1.13: The elementa A Mgt pg PO, L& q, Seme £ 9.4 2¢ ,

Prrég-1] ure lineurly independent in H*(]IKJ.

Proof: This iz obvious for g = 1. let I be @ linear combination of

olements ss wbove such that §

0. As abuve, the only terms with non-zero
coelficients are in the form (b)‘. But Pp+re€g-—1 implies that therc are

10 such terms, o

i, P
Corollary 1.14: The elements A Hg, *** Mg PRD,
l‘ql<q2<'--<qr52£,

P+rsg-1 gencrate H¥(R ).

Proof: By Theoreo 1.4, we Jnow {he rank hg of Hr(]lK] satlsfies:
W oAy vee pe [ paD, 1e :
oS A q. | P20, 9, €' Xq #2¢, prreg-1} .,
Hence, the result follows. o
Corollary 1.15: The eclement » gencrates l]zrﬂf). The alement »° generates
u*(rY).
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of: DBolh claims ure obvious For g = 1. The firat eclaim Tollows from

vilary 1.14 Tor g @ 2. The second claim follows for g = 3. ©On the

ar hond, by Theorea 1.4:

@) =0.

ce, the second claim is also true when g = Z. o

ollury 1.16: For r 4 3g- 2, H(R) is generated by A, s,...,u,  ond

(os @ cohomology ring).
af: Far r = 3¢ - 2, by Theorem 1.6, we heve the exact sequence:

— *
Xy EEH — )

a > w5t (if) ya
re x ¢ R'(ﬁf}. Hence, the proof fallows by induction om r. o
Since 1-?_ is & nensinguler projeclive varlely of complex dimension

-3 [N1], it follows from the Herd Lefschelz Theorem ([GH], page 122)

t we have & stronger result:
ellery 1.17: H*(R)) is gowersted by X, »,....p, . And X (95 o ricg).

The action of the Torelli group

The sction of the Torelli group

Recall thot every base point prescrving, homeomorphism, f : (F¥,0) ——

,0)  induces un homeomorphism of [¥:

¥ . Rm¥ > R¥

P pf,

ro f* is Lhe induced homomorphism on ill(F*.D). If in addition, T is

170

orienteiion preserving, thea preserves the boundary of  p¥  gpd we hav
3 ¢ B

comutative diagram:

TP

d
¥ ——» 5

(f-urient, pres.) .

Note: If T is orientation reversimy, then we nust replsce the right hand

vertical arrow by the inversion mop, A b——) 4!

B LE F . .
v Proposition 7, it followa that #?! preservos the orientation of ®¥,

g

te: I ¢

is orientation reversing, Lhis assertion is dependent gn the

pacrity of g.

From the previous diagram and remark, we obtuin from every bese-paint

- preserving, orieniution preserving bomeomorphism, f, Lhe following restric-

Lipona:

> BB

 § :N': )Nf y

From the compatibility with 3 and the previous remark, it follows that all

these induced maps prescrve oriantations.

Since thess naps commule with the 50, aclion, weo oblain oriantation

preserving maps of orbit Bpacea:



> S

e

. B
s B

£ . i

> M
The wepping clsss group [{P¥,0) is defined by:
I(F¥,0) = II_(Homeo' (F*,0))

whare Homeo*(F*,0) is the group of orientation prescrving homeomorphisms
af (F%*,0) with the compact open topology. We denolc lhe mapping cless of
f by (£ I is evident that tho maps induced from [ depend only on the

mepping clasa of ; Hence, we have well defined orionlulion proserving

aclions of T{F*0) on Lhese various spaces,

The Torell group T{F¥,0) is definvd by:

T(F*,0) = {f e r{£¥%,0) | £, = id : H’(F*,!J o) ul{r*,z)] .

The above actione, of courss, restrict to ‘T{F*,0),

(b) Trivialily on the hamology of i

We wish to show that the Torelli group acts trivially on the ralional
homology of B* .  Since rational homelogy and cohomology ere dual, we can

consider rational cohemology. ©On the olbher hand, by Corellary 1.17, il

sulfices to consider dimensions 2, 4 snd 4. We begin with dimemsien 3. {All

homology end cohomology will be assumed to bo rutional.)

Lemmu 2.1: T(F¥,0) ects trivially on El”fﬁg)-
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Proof! Ry Praposilion T.3.1, T(¢¥,0) acts Erivielly an H’{R*}. Since R%

14 SiaiE " ® " :
is homotopy vquivalent to NZ  Theorem 1,2 implies Lhat we have p sur jection:

i

" rifk
u_(R") > T ()
On the other hend, by The " £ £ i :
¥ Theorem 1.4, the rank of H: {(R7), h: y 185 2, Since
this is clearly the rank of [I= {g¥y, Lbe inclusion induces an isouworphism.
Hence, we have un isomerphiam:
a * i* 3 =3
M (R¥} P H{RZ} .

By Corellary 1.7, the naturul projection induces an isomorphizm  (provided

E 2 2)

p*

8’ (R®) > 17 (%)

Since these identifications are computible with the actions, we deduce Lhat
ok g - B

T{F%.0) eacts trivially so o {RE’r) provididl g & 2. The casc of geous ona is

obvious. =]

We now consider dimension 2.

lomoe 2.2: T(F¥,0) acls trivially on Ha(ﬁg) .

Proof: As usval, we mey assume thal g = 2, By Corollery 1.7, it suffices to

i 23 :
consider H_(RZ). Trucing through the identilication:

4
(&)

g
> B (RS

given In the proof of Corellary 1.12, we find that this isomorphism iz alse

cagpatilile with Lhe aclions. (The reader should convince limsel? of {his
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sertion for the Thom isamorphiem. Here we use the fact that the aclions sre

4 .
tentation preserving.) Hence, we may reduce the problem to [[‘ (}l+}. By

g s 14
rollary 1.12, on the othar hand, it sutfices to consider ]TZ(N“,J.

Again, using the identificatians autlined in Propesition 1.11, we have:

n:(‘xf) > H,fﬂfJ

ich reduces the prool Lo I (RE)- But certainly T(F*,0) acts trivially on
oM
:RE] F fa]
Tinally, we consider dimension 4.
ma 2.3: T(F¥,d) acts trivially on R'(i%) .

yof: From Corollery 1.17, TLemma 2.! end Lemma 2.2, the pronf is reduced ta

1gidering the ection of T(F*,D} pn the element X. But Fs is the
.er-clpss of the bundle:
50 > ’Y
a
Qe

‘ational oriealoble sphere-bundle. Since ‘l'(l-‘*,D] acls orientably on this

idle, we conclude thul 7T(F¥,0) preserves x. o

#s observed ot Lhe begioning of Lhis purl, wc can deduce the Tollowing

mlt From Corellary 1.17, Lemmo 2.1, 2.2, ond 2.3.

worem 2.4 T{¥,0) acts trivielly on H*(ﬁf} .
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