Lectures on Seiberg-Witten Invariants

S.Akbulut

In October 1994 Seiberg-Witten invariants entered in 4-manifold theory with
a big bang. Not only did these invariants tidy up the Gauge Theory, but they
also gave some exciting new results on topology of smooth 4-manifolds. These
notes grew out of the lectures I have given in learning seminars at MPI in Bonn,
and METU in Ankara on this subject. The main goal of these notes is not to
survey the whole area, but rather establish conventions for novice topologist like
myself, and go through some recent selected results. In these notes I avoided
the general Clifford algebra constructions in favor of more direct representation
theory of Spin.(4).

I have benefited greatly from stimulating papers [KM], [W], and [T], as
well as unpublished lecture notes of C. Taubes. I also benefited seminar talks by
R.Fintushel, D.Salamon, T.Parker and T.Draghici. I thank I.Hambelton and
T.Onder for inviting me to MPI and METU, giving me the chance to work
on these notes. I make no claim of originality in these notes, they are merely
modest efforts to understand the results from the sources mentioned above.

1 Introduction

Every compact oriented smooth 4-manifold has a Spin. structure, i.e. the sec-
ond Steifel-Whitney wo(X) € H?(X;Z,) has an integral lifting. This is be-
cause: The map a —— a? defines a homomorphisim of the integral homology
Hy(X) — Zs, hence there is a a € Hy(X) with z.a = 22 (mod 2) for all z.
So if « is the Poincare dual of a, the class b = wa(X) — p(«) lies in the kernel
of the evaluation map h in the universal coeflicient sequence:

0— Eat(H\(X);Zy) — H2(X;Zy) - Hom(Hy(X);Zs) — 0
7 Tp T
0— Ezt(H(X);Z) — H*X;Z) — Hom(Hx(X);Z) —0
So b comes from Fxt(Hy(X);Zs). The universal coefficient sequence is natural

with respect to coefficient homomorphisim and the first vertical arrow is onto,
hence we get b= p(3) for some (.



Recal Spin(4) = SU(2) x SU(2)
Spin.(4) = (SU(2) x SU(2) x S*)/Zy = ( Spin(4) x S*)/Z,
SO(4) = (SU((2) x SU(2))/Z
U(2) (SU((2) x S*)/Z,

We have fibrations:
St — Spin.(4) — SO(4)

Zy — Spin.(4) — SO(4) x S*
We can also identify Spin.(4) = {(A, B) € Uz x Uy | det(A) = det(B) } by

(A, B) ~ (A.(detA)™Y2 I, B.(detB)"Y/2 I, (detA)'/?)

We also have 2 fold cover Spin.(4) — SO(4) x S' .The fibrations above
extend to fibrations:

S — Spin.(4) — SO(4) — K(Z,2) — BSpin.(4) — BSO(4) — K(Z,3)

The last map in the sequence is given by the Bokstein of the second Steifel-
Whitney class §(ws) which explains why lifting of wy to an integral class corre-
sponds to a Spin.(4)-structure. We also have the fibration:

Zy — Spin.(4) — SO(4)xS' — K(Zy,1) — BSpin.(4) — BSO(4)xBS' — K(Z,2)

The last map in this sequence is given by ws x 14+ 1 X p(¢1) which clearly
vanishes exactly when §(ws) = 0 . Finally we have the fibration:

Zy — Spin(4)xS* — Spin.(4) — K(Zs,1) — BSpin(4)x BS* — BSpin.(4) — K(Zs,2)

The last map is given by wy. This sequence says that locally a Spin.(4) bundle
consists a pair of a Spin(4) bundle and a complex line bundle. Also recall
H?*(X;7Z)=[X,K(Z,2)] = [X, BS'] = {complex line bundles on X}

Definition: Let L — X be a complex line bundle over a smooth oriented
4-manifold with ¢;1(L) = wo(TX) (i.e. L is a characteristic line bundle). A
Spin.(4) structure on X, corresponding L, is a principal Spin.(4)-bundle
P — X such that the associated framed bundles of TX and L satisfy:

Pso)(TX) = P x,, SO(4)

Pgi(L) =P x,, S*
where (pg, p1) : Spin.(4) — SO(4) x St are the obvious projections



SO(4) £ Spin.(4) N St

7 P P— "\
U Lhe pl U@
Ad N\,  Ad
SO(3)
So p+ = Adopy ,alsocall pr = pyom. For x € H=R* we have

pl[q-‘r)q—)A] )‘2
pU[Q+7qf7)\] = [q+7q,] , Le. x'—>Q+$q:1
pelar, a1 = [gx,A] e 2 gear™!
pilas,q-A] = Adogqr ,ie xr— qiwgr’
P qe,q-A) = g

Apart from TX and L, Spin.(4) bundle P — X induces a pair of U(2) bundles:
Wt=Px,, C? —X

Let AP(X) = APT*(X) be the bundle of exterior p forms. If X is a Riemanian
manifold (i.e. with metric), we can construct the bundle of self(antiself)-dual
2-forms A3 (X) which we abbreviate by A*(X) . We can identify A%2(X) by
the Lie algebra so(4)-bundle
AQ(X) = P(T*X) X ad 80(4) by X Qij dz' Nda? — (aij)
where ad : SO(4) — so(4) is the adjoint representation. The adjoint action
preserves the two summands of so(4) = spin(4) = so(3) x so(3) = R* @ R®. By
above identification it is easy to see that the +1 eigenspaces A*(X) of the star
operator * : A(X) — A(X) corresponds to these two R3-bundles; this gives:
AE(X) =P x;, R®

If the Spin.(4) bundle P — X lifts to Spin(4) bundle P — X (i.e. when
wo(X) = 0), corresponding to the obvious projections py : Spin(4) — SU(2),
p+(g—,q+) = g+ we get a pair of SU(2) bundles:

VE=Px,, C?
Clearly since =+ grazA™" = gra (A\?)~/? in this case we have:

Wt =v*tgL1/?



1.1 Action of A*(X) on Wy

From the definition of Spin.(4) structure above we see that
T*(X) =P xH/(p,v) ~ (B,q+v ¢_") , where p=p[qr,q-,\]
We define left actions (Clifford multiplications), which is well defined by
T"(X)eW" — W~ by [pv]®[pa]— [p —vz]

T*(X)oW™ — W' by [pov]®[pz]+—[pvz]
JFrom identifications, we can check the well definededness of these actions, e.g.:

povl@lpa]~[pavq Q[ pgead™ | — [P, g (—vx)A " ] ~ [ p, vz ]

By dimension reason complexification of these representation give
p:T*(X)c — Hom(WE,WF) = W* o WT

We can put them together as a single representation (which we still call p)

p:T"(X) — Hom(WTaeW~) , by v — p(v) = ( _01_} 8)

We have p(v)op(v) = —|v|?I . By universal property of the Clifford algebra this
representation extends to the Clifford algebra C'(X) = A*(X) (exterior algebra)

A*(X)
l N

T*(X) — Hom (W+@® W)

One can construct this extension without the aid of the universal property of
the Clifford algebra, for example since

1
AQ(X) = { v1 ANvg = 5(’01 X Vo —1)2®1}1) ‘ U1,V € T*(X) }

The action of T*(X) on W¥ determines the action of A%(X) = AT(X)®A™(X),
and since 2I'm (v201) = —v102 + v20; we have the action p with property:

AT X)@WT — W' tobe [pviAve]|®[p,x] — [p,Im (va0;)x ]

p: AT — Hom(Wt W)

ponAvs) = o [p(on),plen) ] 1)



Let us write the local descriptions of these representations: We first pick a local

orthonormal basis {e!,e?,e3, e} for T*(X), then we can take
1 1 1
{h= 5(61/\62163/\64), fo= 5(61/\63:&64/\62), f3= §(€1A€4:|:€2/\€3) }

to be a basis for AT (X). After the local identification 7*(X) = H we can take
el =1, e =i, 3 = j, e* = k. Let us identify W* = C? = {z+jw | z,w € C },
then the multiplication by 1,4, j, k (action on C? as multiplication on left) induce
the representations p(e’) , i = 1,2,3,4. From this we see that A*(X) acts
trivially on W~; and the basis fi, fo, f3 of AT(X) acts on W™ as multiplication
by i, j, k, respectively (these are called Pauli matrices).

1 0 t 0
0 1 0 —i
1y _ 2y _
p(e )_ —1 0 p(e )_ 7 0
0 -1 0 —i
0 —1 0 —i
1 0 - 0
3\ _ 4y _
pe) =1 o 4 PeE)=1 o
1 0 -t 0

P(f1)<é _Oz) P(f2)<(1) _01> p(fs)(_oi —Oz>

In particular we get an isomorphism AT (X) — su (W) (traceless skew
adjoint endemorphism of W); which after complexifying extends to an isomor-
phism p : AT(X)c = sl (W) (traceless endemorphism of W)

AF(X) = su(WT)
N N
AT(X)e & sl (W)

Recall Hom(W*, W) =W+ (W*)*; we identify the dual space (W)*
naturally with W (= W™ with scalar multiplication c.v = ¢v) by the pairing
WrteWw+ —C
given by z ® w — zw. Usually sl (W) is denoted by (W @ W+), and the

trace map gives the identification:

WHreaWtr=WreWh)yeC=A"(X)caC



Let o : WF — AT(X) be the map [p,z]+— [p, 3(xi Z)]. By local
identification as above W+ = C? and AT(X) = R C, we see o corresponds to

(z,w) — @ (M) — k Re(zw) + j Im(zw) = <M> + 2w

We identify this by the element io(z, w) of su (W) (by Pauli matrices) where:

(5 w) s o(z,w) = ( (l2]* = w]?)/2 W ) 2)

zw (fwl® = 12%)/2
o is the projection of the diagonal elements of W+ @ W+ onto (W+ @ W),
We can check:

|2 = Jwl?

io(z,w)=p[——

From these identifications we see:

o) P = flv (1)
<o@) e > = Gl %)
<P > = 20 <plw) io(w) > (6)

Here the norm in su(2) is induced by the inner product < A, B >= jtrace(AB) .

By calling o(¢, 1) = o (1) we extend the definition of o to W+ @ WT by

<pw) Y, p>=2i <pw),io(Y, ) >

AF(X) = su(Wt) <2 w+
N N
WHeW+), = sl(W+) <2 Wrew+
Remark: A Spin.(4) structure can also be defined as a pair of U(2) bundles:

W+ — X with det(W™) =det(W~) — X (a complex line bundle),

and an action cy : T*(X) — Hom(WE, WT) with ci(v)ex(v) = —|v]*T

The first definition clearly implies this, and conversely we can obtain the first
definition by letting the principal Spin.(4) bundle to be:

P={(ps,p-) € PWF) x P(W™) | det(py) = det(p-) }



Clearly, Spin.(4) = {(A,B) € Uy x Uy | det(A) = det(B) } acts on P freely.

This definition generalizes and gives way to the following definition:

Definition: A Dirac bundle W — X is a Riemanian vector bundle with an
action p : T*(X) — Hom(W, W) satisfying p(v) o p(v) = —|v|?I. W is also
equipped with a connection D satisfying:

< pv)z, p(v)y >=<z,y >

Dy (p(v)s) = p(Vxv)s + p(v) Dy (s)
where V is the Levi-Civita connection on 7*(X), and Y is a vector filed on X

An example of a Dirac bundleis W =W+ W~ — X and D =d+d*
with W+ = @A?*(X) and W~ = @AZ**(X) where p(v) = v A. +0v L.
(exterior + interior product with v). In this case p : W* — WT. In the next
section we will discuss the natural connections D for Spin,. structures W= .

2 Dirac Operator

Let A(L) denote the space of connections on a U(1) bundle L — X. Any
A € A(L) and the Levi-Civita connection Ay on the tangent bundle coming
from Riemanian metric of X defines a product connection on Pgo4) X Psi.
Since Spin.(4) is the two fold covering of SO(4) x St they have the same Lie
algebras spin.(4) = so(4) @i R. Hence we get a connection A on the Spin.(4)
principle bundle P — X. In particular the connection A defines connections
to all the associated bundles of P, giving back A, Ay on L, T(X) respectively,
and two new connections AT on bundles W*. We denote the corresponding
covariant derivatives by V 4.

Va:TWH) S T(T*X @ W)

Composing this with the Clifford multiplication I'( T7*X @ W) — I'(W ™) gives
the Dirac operator
Pa:T(WH) —T(W")

Locally, by choosing orthonormal tangent vector field e = {e; }%_; and the dual
basis of 1-forms {e’ }?_, in a neighborhood U of a point = € X we can write

Da= Z p(ei)vez

where V., : (W) — I'(W™) is the covariant derivative V4 along e;. Also
locally W+ = V+ @ L2, hence by Leibnitz rule, the connection A and the
untwisted Dirac operator

§:T(V) > T(V")



determines ID4. Notice that as in W, forms A*(X) act on V*. Now let
w = (w;;) be the Levi-Civita connection 1-form, i.e. so(4)-valued “equivariant”
1-form on Pgo(4)(X) and & = (@;5) = €*(w) be the pull-back 1-form on U. Since
Pso)(U) = Pspin(4)(U) the orthonormal basis e € Pgo4)(U) determines an
orthonormal basis o = {o*} € Psy,(VT), then (e.g. [LM])

D) = 33 0(@30) pleple) o*
<]

Metrics on T(X) and L give metrics on W* and 7*(X) ® W, hence we
can define the adjoint V% : T(T*X @ W~) — I'(W™). Similarly we can define
Da:T(W™) — T(WT) which turns out to be the adjoint of the previous I) 4
and makes the following commute (vertical maps are Clifford multiplications):

W) 24 DN(T"XeWt) 4 N(T'XeT*XeWh)
[ l !
rw+) 24 T(W™) LEN T(W+)

Let Fa € A%(X) be the curvature of the connection A on L, and F{ € A*(X)
be the self dual part of this curvature, and s be the scalar curvature of X.
Weitzenbock formula says that:

PAW) = ViVag+ v+ po(FDY @
To see this we we can assume V,,(e/) = 0 at the point z
P = D o p(e). Ve [ D pled). Ve, ]
= VAVaw+ 5 30 0le) plel) (Ve Ve, — Ve, Vi) ¥

%]
1 . o
= ViVay + 5 ZP(@Z) p(e’) Q;
i,
Qf‘j =R+ %Fij is curvature on Vt @ L1/2 ) i.e. R;; is the Riemanian curvature

and the imaginary valued 2-form Fj; is the curvature of A for the line bundle L
(endemorphisims of W*). So if » = 0 ® a € (VT @ L'/?) | then

) o) 0 0) = () o) Ry ) 00
£ 23 0E) ple)o @ (Fya)

- é > p(e’) p(e) ple¥) ple') Rijra ()
+ 30 (CFs e nd) @)



The last identity follows from (1). It is a standard calculation that the first term
is s/4 ( e.g.[LM], pp. 161), and since A~ (X) act as zero on W, the second
term can be replaced by

P(ZFJ e’ Nel) i

N

p(F3) v =

| =

2.1 A Special Calculation

In Section 4 we need some a special case (7). For this, suppose
V+ — L1/2 P L71/2

where L'/2 — X is some complex line bundle with L'/? ® L'/? = L. Hence
Wt = (L'V?@ L7Y?)® L™Y? = L7' @ C. In this case there is a unique
connection 14y in L7Y/? — X such that the induced Dirac operator D, on
W T restricted to the trivial summand C — X is the exterior derivative d. This
is because for o4 € T'(L*'/?), the following determines V% (o) :

Va (o +0) @0 = J(o4 +0)®@0- 4 (04 +0)® Vg (0-)
=Va (o4 ®0-) = dlog®o-)

The following is essentially the Leibnitz formula for Laplacian applied to
Weitzenbock formula (7)

Proposition: Let A, A4g € A(L71) and i a = A — Ag. Let V, = d + i a be the
covariant derivative of the trivial bundle C — X, and o : X — C. Let ug be a
section of W+ = L™1 @ C with a constant C component and ) 4, (ug) = 0 then:

1
D% (aug) = (ViVaa)ug + §p(Fa) aug—2 < Vea,Va,(ug) > (8)

Proof: By writing V4 = V4 for the sake of not cluttering notations, and
abbreviating V., = V; and V{(a) = V(@) +i aja , and leaving out
summation signs for repeated indices (Einstein convention) we calculate:

VA>auy) = VA)ug+ aVA(u)
= ¢ @V (@)ug+a(VA(up) +i el ® a; ug)
= ¢ ®(Vj(a)+iaja)ug+ aVA(ug)
Daloug) = p(e!) Vi(a) uo +a Day(uo) = p(e’) V§(a) uo (9)

By abbreviating p = V‘;(a) we calculate:



VAp(e?) pug) = 6'“®p(6j) Vi(w)uo + € @ p(e?) p (V3 (uo) + i ax o)
= " @p(e?) Vi) uo +e" @ p(e?) p Vi (ug)
Dalp(e?) pug) = p(e*)p(e?) Vk(u) ug + ple ) (ej)qu (uo)

= V4 uo + Zp Vi(p) = V§(1)uo
VAo ) > ple (10)
k#j

Since 0 = Da, (uo) = 3. p(e*) V0 (ug) the last term of (3) is —p V;‘O (up).
By plugging 1 = V§(a) in (10) and summing over j, from (2) we see

Di(aug) = =ViVi(a)ug + pZF,”e /\ej)auo—QZV“ VA“(uo) O

Remark: Notice that since ug has a constant C component and V 4, restricts
to the usual d the C component, the term < Voo, V4, (ug) > lies entirely in L
component of W+

3 Seiberg-Witten invariants

Let X be a closed oriented Riemanian manifold, and L — X a characteristic
line bundle. Seiberg -Witten equations are defined for (A,v) € A(L) x T(W™),

Pa) = 0 (11)
p(Fi) = o(y) (12)

Gauge group G(L) = Map(X,S") acts on B(L) = A(L) x T(WT) as follows:
for s =e'l € G(L)

s (A ) = (s*A, s ) = (A+s71ds, sT1p) = (A+idf, s ')
By locally writing W% = VE® L2 and ¢ = o ® A € T'(VE ® L/2) and from:
Psoalp@N) = d(@) @A+ [9@Va(N) +idf (p@N)]
we see that Py 4 (s719) = 571D 4(v)), and from definitions
p(FEy) =s"p(Fi)s=p(F3)=0() =o(s ')

Hence the solution set M( ) C B( ) of Seiberg-Witten equations is preserved
by the action (A,v) — s*(A,v) of G(L) on M(L). Define

M(L)=M(L)/G(L) c B(L)=B(L)/G(L)

10



We call a solution (A, ) of (11) and (12) an irreducible solution if 1 # 0.
G(L) acts on the subset M*(L) of the irreducible solutions freely, we denote

M*(L) = M*(L)/G(L)

Any solution (A,) of Seiberg -Witten equations satisfies the C° bound
|4]? < max(0, —2s) (13)

where s is the scalar curvature function of X. This follows by plugging (12) in
the Weitzenbock formula (7).

« s 1
D) = ViVap+ ¥+ o) (14)
Then at the points where where [)|? is maximum, we calculate
1 9 1, 1.,
0 JARE = Sdid< ¢ >=d"(<Va, v >+ <9, Vap >)

1 _
= §d*(<¢7VA¢>+<¢avAw>):d*<7/17VA1/1>R
= <P, ViVay > —|Vap? <<, ViVay >

S 2 1 4
< _Z i
< ~2ul-glvl
The last step follows from (14), (11) and (5), and the last inequality gives (13)

Proposition 3.1 M(L) is compact

Proof: Given a sequence | A,, %, ] € M(L) we claim that there is a con-
vergent subsequence (which we will denote by the same index), i.e. there is a
sequence of gauge transformations g, € G(L) such that g’ (A, 1,) converges in
C®. Let Ay be a base connection. By Hodge theory of the elliptic complex:

2°(x) L 0l (x) 02 (X)

A— Ay = hy +a, + b, € HEim(dT)* @ im(d)

where H are the harmonic 1-forms. After applying gauge transformation g, we
can assume that b, = 0, i.e. if b, = i df,, we can let g,, = e*/. Also

h, € H= H*(X;R) and a component of G(L) is H'(X;Z)

Hence after a gauge transformation we can assume h,, € H'(X;R)/H'(X;Z)
so h, has convergent subsequence. Consider the first order elliptic operator:

D=d" &d" : Q" (X)) — QX)) @97 (X)pp

k—1

11



The kernel of D consists of harmonic 1-forms, hence by Poincare inequality if a
is a 1-form orthogonal to the harmonic forms, then for some constant C

llally < ClID(@)]|y_

1

Now a, = (d¥)*a,, implies d*(a,) = 0. Since a,, is orthogonal to harmonic
forms, and by calling A,, = Ag + a,, we see :

llanllzy < ClID(an)llLr < Clld*anllLe = C [|F4, — Fi,llze

Here we use C for a generic constant. By (12), (4) and (13) there is a C
depending only on the scalar curvature s with

llanllzy < C (15)

By iterating this process we get [|a, || » < C for all k , hence [lan || < C. From
the elliptic estimate and D4, (,) =0 :

CU1Pactn |lLe + |[vnllzr) = C(llantn [|r + [[¢nllzr)
C(lanllool[mlle +[¢nllLr) < C (16)

oLy
||"/}n||L’l’

By repeating this (boothstrapping) process we get Hq/)nHL;: < C, for all k,
where C depends only on the scalar curvature s and Ay. By Rallich theorem
we get convergent subsequence of (an,,) in L} | norm for all k. So we get
this convergence to be C'° convergence. (|

IAIA

It is not clear that the solution set of Seiberg-Witten equations is a smooth
manifold. However we can perturb the Seiberg-Witten equations (11), (12) by
any self dual 2-form 6 € QT (X), in a gauge invariant way, to obtain a new set
of equations whose solutions set is a smooth manifold:

Dal) = 0 (17)
p(Ff+id) = o) (18)

Denote this solution space by ./\;l(s(L)7 and parametrized solution space by

M= |J Ms(L) x {6} C AL) x T(WH) x QF(X)
seQt

Ms(L) = M5(L) /G(L) © M=M /G(L)

Let ./\;lg(L)* C M* be the corresponding irreducible solutions, and also let
Ms(L)* € M* be their quotients by Gauge group. The following theorem says
that for a generic choice of d the set Ms(L)* is a closed smooth manifold.

12



Proposition 3.2 M* is a smooth manifold. Projection 7 : M* — QT (X) is
a proper surjection of Fredholm index:

A(L) = G[er(D)? — (2x+30)]

where x and o are Euler characteristic and the signature of X.

Proof: The linearization of the map (4,1, 6) — (p(Fi+i 0)—o (), P a(¥))
at (Ag, 1o, dp) is given by:

P: ' X)oT(WH e Q" (X) — su(WTH) e T(W™)

P(a,v,€) = (p(d*a+ie) =20, o) , Pa,t+ pla)o)

To see that this is onto we pick (k,0) € su(WT) & T'(W ™), by varying € we can
see that (k,0) is in the image of P. To see (0,0) is in the image of P, we prove
that if it is orthogonal to image(P) then it is (0,0); i.e. assume

< JDA&/)»@ >+ < P(a)l/fo,a >=0

for all a and . By choosing a = 0 and by the self adjointness of Dirac operator
we get 4,0 = 0. Also since g # 0 and I 4,10 = 0, by analytic continuation
g # 0 on some open set U. By choosing ¢ = 0 and a to be a “bump” form
on U, we see that < p(a)ig,f >= 0 for all a on an arbitrarily small open set
U. This implies < p(a)io, 0 >= 0 pointwise on U, for all a and vy # 0, hence
0 = 0 on U hence by analytic continuation 6 = 0.

By implicit function theorem M is a smooth manifold, and by Sard’s
theorem M(L) are smooth manifolds, for generic choice of §’s. Hence their
free quotients M* and Ms(L)* are smooth manifolds.

After taking “gauge fixig” account, the dimension of Ms(L) is given by the
index of P+ d* (c.f. [DK]). P+ d* is the compact perturbation of

S:AX)eT(WH) — [QX) e Q3 (X)]eT (W)

d*edt 0
S =
< 0 ¢A0>

By Atiyah-Singer index theorem

dim M(L) = ind(S) index(d* @ d*) + indexg D 4,

= o)+ (@) —o)

2 4
= L) - (@x+30)]
_ —CI(L):_" — (140b") (19)

13



where b is the dimension of positive define part H? of H?(X;Z). Notice that
when b7 is odd this expression is even, since L being a characteristic line bundle
we have ¢;(L)? = o mod 8 O

Now assume that H'(X) = 0, then G(L) = K(Z,1). Than being a free
quotient of a contractible space by G(L) we have

B*(L) = K(Z,2) = CP*®

The orientation of H gives an orientation to Ms(L). Now By (19) if b™ is odd
Ms(L) € B*(L) is an even dimensional 2d smooth closed oriented submanifold,
then we can define Seiberg-Witten invariants as:

SWp(X) =< Ms(L), [CP?] >

As in the case of Donaldson invariants ([DK]), even though M;(L) depends
on metric (and on the perturbation d) the invariant SWp,(X) is independent of
these choices, provided bT > 2, i.e. there is a generic metric theorem.

Also by (13) if X has nonnegative scalar curvature then all the solutions are
reducible, i.e. ¢ = 0. This implies that A is anti-self-dual, i.e. FX = 0; but just
as in [DK] , If b* > 2 for a generic metric L can not admit such connections.
Hence M = ) which implies SW(X) = 0.

Similar to Donaldson invariants there is a “connected sum theorem” for
Seiberg-Witten invariants: If X; ¢ = 1,2 are oriented compact smooth mani-
folds such that b*(X;) > 0 and with common boundary, which is a 3-manifold
with a positive scalar curvature; then gluing these manifolds together along their
boundaries produces a manifold X = X; — X5 with vanishing Seiberg-Witten
invariants (cf [F],[FS]). There is also conjecture that only 0-dimensional moduli
spaces Ms(L) give nonzero invariants SWr,(X).

4 Almost Complex and Symplectic Structures

Now assume that X has an almost complex structure. This means that there is
a principal GL(2,C)-bundle @ — X such that

T(X) = Q xgrec) C

By choosing Hermitian metric on T'(X) we can assume () — X is a U(2) bun-
dle, and the tangent frame bundle Pso(4)(TX) comes from @ by the reduction
map

U2) = (S'x SU(2))/Zy — (SU(2) x SU(2) )/Zy = SO(4)

Equivalently there is an endemorphism I € T'(End(T X)) with I? = —Id



The =i eigenspaces of I splits the complexified tangent space T'(X )¢
T(X)e =T (X)) T (X) = AY(X) @ A (X)
This gives us a complex line bundle which is called the canonical line bundle:
K=Kx=AN%X)=A(T"") — X

Both K* are characteristic; corresponding to line bundle K — X there is
a canonical Spin,(4) structure on X, given by the lifting of f[\, A] = ([\, 4], \?)

Spin.(4)
F/ )
U@ L sou)x st

F[\, Al = [\, A, )\]. Transition function A? gives K, and the corresponding
C2-bundles are given by:
wt A (X)eA(X)=K'acC
W = A%Y(X)

We can check this from the transition functions, e.g. for W+, z = 2 4+ jw € H

T ATA T = Az 4+ jw)X = 2 + jwI = 2 + jwA 2

Since we can identify A%!(X) =2 AY0(X), and A%?(X) @ AMO(X) = A% (X)
we readily see the decomposition T(X )¢ & W+ @ W ™. As real bundles we have

AT(X)=2KaeR

We can verify this by taking {el,e? = I(el),e®, e = I(e®)} to be a local
orthonormal basis for 7*(X), then

AX) =< el —ie? e® —iet > Jand AYN(X) =< el +ie? e et >
K=< f=(e—ie?) A (e —iet) >
AT X)=<w= %(61A€2+63Ae4), fo= %(61/\634-64/\62), fa= %(€1A64+62/\63) >
w is the global form w(X,Y) = g(X,IY) where g is the hermitian metric (which
makes the basis {e!,e?, e3 e*} orthogonal). Also since f = 2(fy —if3), we see

as R3-bundles A*(X) = K ® R(w). We can check:

WreWr=2CoCoKoK=(KaoR)caC

15



As before by writing the sections of W+ by z + jw € T'(C & K1) we see that
w, f2, f3 act as Pauli matrices; in particular

(i)
0 —i
pe (U)o 8 T )=(0 7
pea(3 () ()
So in particular, if we write v € T(W*) =T(C® K1) by ¢ = aug + 3,

where 3 is a section of K1, and a : X — C and ug is a fixed section of the
trivial bundle C — X with ||ug|| = 1, then

pw) ug =iug p(w) B = —if
p(B)uo =468 p(B) B =0 (*)

p(B) ug =0 p(B) B=—46/*uo
We see these by locally writing ¢ in terms of basis ¢ = aug+A f , where 3 = A f
with [|f]| = 1. Writing Formula (3) in terms of the basis {w, f, f} we get:

o] — [AP?

ola,N) = p] %aj\f—i-%d/\f]

o) = o[ iw - Tafttap] (20)

If we consider the decomposition FJ = Ff"o + F2’2 + Fjl’l the equation
p(Fa) = o(y) gives Witten’s formulas:

1

R0 = —1045 (21)
1

Fy? = ap (22)
2 112

pii = 1B el 2'“' i w (23)

In case X is a Kahler surface the Dirac operator is given by (c.f.[LM])
Pa=93+3,: TV - T(W")
Hence from the Dirac part of the Seiberg-Witten equation (17) we have

PAB)+ P 4lau) = 0
(B)+ @ 49 4laug) = 0 (24)

§ 494 (B

‘%&l ‘%u
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The second term is (?A(?A(auo) = Fg’zauo = i|a|25. By taking inner product
both sides of (24) by 3 and integrating over X we get the L? norms satisfy

lelPllB]? =0 = a=0or f=0 (25)

This argument eventually calculates SWi(X) =1 ([W]). We will not repeat
this argument here, instead we will review a stronger result of C.Taubes for
symplectic manifolds below, which implies this result.

We call an almost complex manifold with Hermitian metric {X, I, g} syplec-
tic if dw = 0. Clearly a nondegenerate closed form w and a hermitian metric
determines the almost complex structure I. Given w then [ is called an almost
complex structure taming the symplectic form w

By Section 2.1 there is a unique connection Ag in K — X such that the
induced Dirac operator D4, on W restricted to the trivial summand C — X
is the exterior derivative d. Let ug be the section of W1 with constant C
component and ||ug|| = 1. Taubs’s first fundamental observation is

Dalug) =0 ifand only if dw=0

This can be seen by applying the Dirac operator to both sides of iuy = p(w).uo,
and observing that by the choice of ug the term V4, (ug) lies entirely in K ~*
component:

iPag(uo) = Y p(e)Vi (p(w) uo)

N

2 Day(ue) = 3 p(e)V; (p(w

Last equality holds since w € AT (X)c®C, and by naturality, the Dirac operator
on A*(X)c¢ is d+ d*, and since d = — x d* on 2 forms and w is self dual

2 D 4, (1) = —p(*dw)ug

Theorem (Taubes) : Let (X,w) be a closed symplectic manifold such that
b2(X)+ Z 27 then SWK(X) =+1.

Proof: Write ¢ = aug+ 8 € T'(WT)=T(C® K~!) where o : X — C, and
ug is the section as above. Consider the perturbed Seiberg-Witten equations :
For (A,¢) € A(L) x (W) :

Pa®) = 0 (26)
p(FL) = p(Fi,)+7r[o@)+ipw)] (27)
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By (20) the second equation is equivalent to:

2 2
Ftort o= o (PR i Lapilas) @)
2 4 4

We will show that up to gauge equivalence there is a unique solution to these

equations. Write A = Ay + a, after a gauge transformation we can assume that

a is coclosed, i.e. d*(a) = 0. Clearly (A4,v) = (Ao, uo), and r = 0 satisfy these

equations. It suffices to show that for r —— oo these equations admit only

(Ao, up) as a solution. From Weitzenbock formulas (7), (8) and abbreviating
V 4, (ug) = b we get

PAW) = PAB) + (ViVaohuo —2 < Voo b > + 30 p(F — Ffy) g (29)
PAB) = (VaVa )+ 5 8+ 1o(FL) B+ 3pEX ~Ff) 5 (30)

From (28) and (*) we see that

S0 pEL ~Ffu = Sa(laf ~ 1872w+ Llal8 ()
1
LPEL=Fi)B = — (o= |87 -2) 8+ Jalffun (32)

By substituting (31) in (29) we get

Piw -0 = [ViVaa+Za(laf* = |52 =2) ] u
2 < Va,b> +g o |26 (33)
By substituting (32) in (30), then substituting (30) in (33) we obtain:
0=P4W) = [ViVea+za (o] =2)]ug—2< Vaa,b>
HIVAYa+ 24 7 p(FL) + L(3j0f + 167 +2)1 5 (34)

By recalling that 3 and ug are orthogonal sections of W, we take inner product
of both sides of (8) with 8 and integrate over X and obtain:

r T 3r

[ (1948 P+ 18144 T15P + FlaPlol) =

x 8 4 8
S 1

2/X(<<Vaa, b>, ﬁ>—1|6\2— Z<p(FZO)6,ﬁ>
r r 3r
Hence / |VAB|2+§ |6|4+Z|ﬂ|2+§|04|2|ﬂ|2 S/ c1| B + c2|B||Vaal
X X

18



where ¢ and co are positive constants depending on the Riemanian metric and
the base connection Ag. Choose r > 1, by calling co = 2¢3 we get :

2, T 4, T2 3T 121002 r 2 _
J Va8 P+ 5 181+ GI0R + 0P 1R ) < [ (e1= )18 P+ 20l Vel =

2 2 C
_ _\1/2 _ _\-1/2 a4 2 v 2
J L= 218 1= eate/s e aal | 4B iVooP < [ S0

For some C' depending on the metric and Ag. In particular we have

/wmh%vaaﬁ < 0
X T

8C
/ 8¢2 16| [Vao] — C|Vaaf < / (r— 8c1) |6 2
X r X

2
Hence /02 |B|\Vaa|fTC|Vaoz|2 < 0 (35)
X

Now by self adjointness of the Dirac operator, and by aug = ¥ — 3 we get:

<D4(W), aug > = < DA —P), aug >+ < D (B), aug >
= <Di(W—-8), aug>+<p, D5 —B)> (36)

We can calculate (36) by using (33) and obtain the inequalities:

r T r
0=<PA(®), aug > = |Veal +Zlaf* = ZaP|P - Ljaf?

+ g |82 — 2 << Vaa,b >, >

/ IVaal? + Slaf* — Zla? < / 2 << Vaa,b>,8 > —_|af?|)?
X 4 2 " 4
< / 2 << Vaea,b>,0>< / 2| Vaal |6 |
X X
By choosing ¢4 = 1 — 2C/r and by (35), we see
a2 < o (37)

Since for a connection A in K — X the class (i/2m)F4 represents the Chern
class ¢;(K), and since w is a self dual two form we can write:

/w/\FAz—27riwcl(K) /w/\FAz/w/\Fj{
X b'e b'e
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/ wA(Ff —Fi)=0
X
By (28) this implies:

r

5 [ a1 =0 (39)

By adding (38) to (37) we get

1
/cuvMP+ﬁm%Hﬂ——mm2so (39)
< 2 2

Assume 7 >> 1, then ¢4 > 0 and hence V,a = 0 and 8 = 0 and |a| = /2, hence:
B=0 and a=+v2"? and V,(a)=d( ) +iae? =0
Hence a = d(—0), recall that we also have d*(a) = 0 which gives
0=<d*d(0),0 >=<d(0),d(0 >) >= ||d(0)]||?

Hence a =0 and « =constant. So up to a gauge equivalence (A, ) = (Ag, ug)
O

5 Applications

Let X be a simply connected closed smooth 4-manifold. By J.H.C.Whitehead
the intersection form

qx : Hy(X;Z) @ Hy(X;Z) — Z

determines the homotopy type of X. By C.T.C Wall in fact ¢x determines the
h-cobordism class of X. Donaldson (c.f. [DK]) showed that if gx is definite
then it is dioganalizable, i.e.

gx =<1>a<1>d.<1>

We call gx is even if q(a,a) is even for all a, otherwise we call gx odd. Since
integral liftings c of the second Steifel Whitney calass wq of X are characterized
by c.a =a.a for all a € Hy(X;Z), the condition of gx being even is equivalent
to X being spin. From classification of unimodular even integral quadratic forms
and the Rohlin theorem it follows that the intersection form of a closed smooth
spin manifold is in the form:

qx = 2kEs ® LH (40)

where Ejg is the 8 x 8 intersection matrix given by the Dynikin diagram
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Figure 1:

0 1
10
5% x S? realizes the form H, and the K3 surface (quadric in CP3) realizes
2FEs @ 3H. Donaldson had shown that if & = 1, then { > 3 ([D]). Clearly
connected sums of K3 surface realizes 2kFs ®3kH. In general it is a conjecture
that in (40) we must necessarily have I > 3k (sometimes this is called 11/8
conjecture). Recently by using Seiberg-Witten theory M.Furuta has shown that

and H is the form H = < ) . The intersection form of the manifold

Theorem (Furuta) : Let X be a simply connected closed smooth spin
4-manifold with the intersection form qx = 2kFg ® [H, then [ > 2k + 1

Proof: We will only sketch the proof of [ > 2k. We pick L — X to be
the trivial bundle (it is characteristic since X is spin). Notice that the spinor
bundles

VE=Px, C?—X

p+ : & — g+x , are quoternionic vector bundles. That is, there is an action
j : V* — VT defined by [p,z] — [p,j], which is clearly well defined. This
action commutes with

§:T(VH) — T (V)

Let Ap be the trivial connection, and write +A4 = Ay +ia € A(L)

Pa@s) = D pe) [Ve+ial (i) = ple") [ Vi(¥)j+jia]
= > p(e") [ Vi(w)j —iayj ]| =P a(¥);
Z4 action (A1) — (—=A,7j) on QY(X)xT(V*) preserves the compact set
Mo =Mn ker(d)aT(V*)

where M = {(a,9) € Q(X) @ T(VF) | §a(¥) =0, p(F;)=0(¢)}
For example from the local description of o in (2) we can check

o)) = o(z + jw)j = o(—w + jz) = —o(y)) = — Ff = F*,

This Z4 in fact extends to an action of the subgroup G of SU(2) which is gener-
ated by < S', j >, where S! acts trivially on Q* and by complex multiplication
on I'(V1), and j acts by —1 on Q* and by quaternionic multiplication on I'(V*)
In particular we get a G-equivariant map ¢ = L+ 6:)V — W where:
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p:V=ker(d)eT'(VT) —W=01aI(V")

L<d0+ ;) and 0(a, ) = (o(®) , at )

with ¢=1(0) = My and ¢(v) = L(v) + 6(v) with L linear Fredholm and 6
quadratic. We apply the “usual” Kuranishi technique (cf [L]) to obtain a finite
dimensional local model V +—— W for ¢.

We let V = @V, and W = @®W,, where V), and W) be )\ eigenspaces of
L*L:V — V and LL* : W — W repectively. Since LL* is a multiplication by
A on V), for A > 0 we have isomorphisms L : V) =, Wy. Now pick A > 0 and
consider projections:

1

DracaWy &5 W 22 @ W)

Consider the local diffeomorphism fy : V — V given by:
u=fa(v) =v+ L1 =pp)f(v) <= L(u) = L(v)+ (1 —pa)d(v)
The condition ¢(v) = 0 is equivalent to py ¢(v) = 0 and (1 —pa) ¢(v) = 0, but
(1=pa) p(v) =0 <= (1 —=pa) L(v) + (1 =pa) 0(v) =0 <=
(1 —pa) L(v) + L(u) — L(v) =0 <= L(u) = pa L(v) <= u € &r<aV
Hence ¢(v) =0 <= pa ¢(v) =0 and u € G <aVi , let

orV =8a<caVh — W =@®r<aWy  where @p(u) =pp ¢ f;l(u)

Hence in the local diffeomorphism fy : O — O C V takes the piece of the
compact set f(O N My) into the finite dimensional subspace V' C V), where O
is a neighborhood of (0,0). As a side fact note that near (0,0) we have

M(L) =~ Mo(L)/S*

We claim that for A > 1, the local diffeomorphism fj : O =, O C V extends
to a ball By of large radius R containig the compact set Mo(L), i.e. we can
make the zero set ¢ '(0) a compact set.

We see this by applying the Banach contraction principle. For example for
a given u € Bg, showing that there is v € V such that f(v) = u is equivalent
of showing that the map T, (v) = u— L™(1 —pa)f#(v) has a fixed point. Since
L71(1 — pp) has eigenvalues 1/X on each W, in appropriate Sobolev norm we
can write

C C
1Tu (1) = Tulw2)l| < S [10(v1) = O(v2)l] < Fllv1 = va]]

Vector subspaces V), and W), are either quaternionic or real depending on
whether they are subspaces of I'(V*) or Q*(X). For a generic metric we can
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make the cokernel of J zero hence the dimension of the kernel (as a complex
vector space) is ind(y) = —o/8 = 2k , and since H'(X) = 0 the dimension
of the cokernel of d¥ (as a real vector space) is b™ = [. Hence ¢, gives a
G-equivariant map

¢ HY ¢ R* — HY ¢ RI*®

with compact zero set. From this Furuta shows that [ > 2[4 1. Here we give an
easier argument of D.Freed which gives a slightly weaker result of [ > 2k. Let
Ey and F; be the complexifications of the domain an the range of ¢; consider
FEy and FE; as bundles over a point xy with projections 7; : E; — xg, and with
O-sections s; : &g — E; ,i = 0,1. Recall Kg(z9) = R(G), and we have Bott
isomorphisms 3(p) = 7f(p) Ag, , for i = 0,1 where Ag, are the Bott classes.
By compactness we get an induced map p*:

Ka(B(Ey), S(Ey)) £ Ka(B(Eo),S(Eo))

~1p ~1pB
R(G) R(G)

Consider s} (Ag,) = Y_(—=1)*A¥(E;) = A_1(E;) € R(G), then by some p we have
A_1(Er) = s1(Ag,) = s69" (Ag,) = s5(m6(p) Agy) = p A_1(Eo)
So in particular ¢r;(A_q1(Ey)) divides tr;(A_1(E1)). By recalling j: E; — E;
tri(A_1(E;)) =det(I —j) for i =0,1

Since (z,w)j = (z 4+ jw)j = —w + jz = (—w, 2) j acts on H® C by matrix

0 01 0
0 0 0 -1
A= -1 0 0 O
0 1 0 O

so det(I — A) =4, and j acts on R®C by j(x) = —x so det(I — (1)) =2.
Hence 4%Y 2% divides 4Y 2/® which implies | > 2k ([

There is another nice application of Seiberg-Witten invariants: It is an old
problem whether the quotient of a simply connected smooth complex surface by
an antiholomorphic involution o : X — X (an involution which anticommutes
with the almost complex homomorphism o,J = —Jo,) is a "standard” mani-
fold (i.e. connected sums of S? x S? and +CP? ). A common example of a
antiholomorphic involution is the complex conjugation on a complex projective
algebraic surface with real coefficients. It is known that the quotient of CP? by
complex conjugation is S* (Arnold, Massey, Kuiper); and for every d there is a
curve of degree d in CP? whose two fold branched cover has a standard quotient
([A]). This problem makes sense only if the antiholomorphic involution has a
fixed point, otherwise the quotient space has fundamental group Zs and hence
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it can not be standard. By “connected sum” theorem, Seiberg-Witten invari-
ants of “standard” manifolds vanish, so it is natural question to ask whether
Seiberg-Witten invariants of the quotients vanish. Shugang Wang has shown
that this is the case for free antiholomorphic involutions.

Theorem (S.Wang) Let X be a minimal Kahler surface of general type, and
o:X — X be a free antiholomorphic involution, then the quotient X = X /o
has all Seiberg-Witten invariants zero

Proof: Let h be the Kahler metric on X, i.e. w(X,Y) = h(X,JY) is the
Kahler form. Then § = h+ ¢*h is an invariant metric on X with the Kahler
form © =w—0c*w . Let g be the “push-down” metric on X. Now we claim that
all SWr(X) =0 for all L — X, in fact we show that there are no solutions to
Seiberg-Witten equations for X: Otherwise if L — (X, g) is the Cha{acteristic
line bundle supporting a solution (A, 1), then the pull-back pair (A, ) is a so-
lution for the pull-back line bundle L — X with the pull-back Spin.. structure,
hence

14, 1 o %
ZC‘{(L) — 1 (30(X) +2x(X))

But X being a minimal Kahler suface of general type 30(5()—&—2)((5() = K)2~( >0,

hence ¢3(L) > 0. This implies that (A,) must be an irreducible solution (i.e.
¥ # 0), otherwise F:{ = 0 would imply (L) < 0. Now by (25) the nonzero
solution 1 = aug + # must have either one of « or f§ is zero (so the other
one is nonzero), and since © A @ is the volume element:

0 < dimM;(X) =

G.c1(L) = ;ﬂ_/w/\FJfleﬂ_/ (W|22|a|2)zw7é0

But since 0*(@) = -, o0*c¢1(L) = ¢1(L), and o is an orientation preserving
map we get a contradiction

o.e1(L) = 0" (@.c1(L)) = —@.cr (L) O
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