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In the Fall of 1975 we started a joint project with the ultimate goal
of topologically classifying real algebraic sets. This has been a long happy
collaboration (c.f., [K2]). In 1985 while visiting M.S.R.I. we organized and
presented our classification results up to that point in the M.S.R.I. preprint
series [AK14] -[AK17]. Since these results are interdependent and require
some prerequisites as well as familiarity with real algebraic geometry, we
decided to make them self contained by presenting them as a part of a
book in real algebraic geometry. Even though we have not arrived to our
final goal yet we feel that it is time to introduce them in a self contained
coherent version and demonstrate their use by giving some applications.

Chapter I gives the overview of the classification program. Chapter II
has all the necessary background for the rest of the book, which therefore
can be used as a course in real algebraic geometry. It starts with the
elementary properties of real algebraic sets and ends with the recent solution
of the Nash Conjecture. Chapter III and Chapter IV develop the theory of
resolution towers. Resolution towers are basic topologically defined objects
generalizing the notion of manifold. They enable us to study singular spaces
in an organized way. Chapter V shows how to obtain algebraic sets from
resolution towers. Chapter VI shows how to put resolution tower structures
on real or complex algebraic sets. Chapter VII applies this theory to real
algebraic sets of dimension ≤ 3 by giving their topological characterization.
An impatient reader can go directly to Chapter VII from Chapter I in order
to get motivated for the results of Chapter III through Chapter VI .
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We now fix some notation, some of it nonstandard, which we will use
throughout the book. We let R and C denote the real and complex numbers.
We let I denote the closed interval [0, 1] in R. If A is a subset of a topological
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space then we let Cl(A) denote the closure of A and let Int(A) denote its
interior. If A and B are sets, then A − B denotes their difference. If
f : M → N is a smooth map between smooth manifolds, we let df : TM →
TN denote the induced mapping on tangent spaces. The expression AtB
means the disjoint union. A closed manifold means a compact manifold
without boundary.

We now introduce some nonstandard notation. If f : M → N is a
function and S ⊂ M we will let f | denote the restriction f |S if S is clear
from context. This is useful if S is some complicated expression which
would only clutter up a formula and make it more unreadable. If X is a
topological space, we let cX denote the cone on X, so cX = X×[0, 1]/X×0,
the quotient space of X × [0, 1] with X × 0 crushed to a point. If x (or y or
z etc.) is a point in Rn then xi (or yi or zi) will denote the i-th coordinate
of x. We let Rni denote the coordinate hyperplane {x ∈ Rn | xi = 0 }.

The end of a proof is marked by a sign thusly: �

We have tried to organize long proofs in a hierarchical manner. In
the midst of a proof we may make an assertion, which we then proceed to
prove. The reader might prefer to skip this proof on first reading or do it
as an exercise if she is energetic. The hope is that this will make the overall
argument clearer by hiding some of the details. To set off the proof of an
assertion from the rest of the proof we mark its end thusly: �





CHAPTER 1

INTRODUCTION

1. Overview

A real algebraic set is the set of solutions of a collection of polynomial

equations in real variables. A fundamental problem of algebraic geometry is

to topologically classify real algebraic sets, to give a topological character-

ization of all topological spaces which are homeomorphic to real algebraic

sets.

In the case of nonsingular real algebraic sets this problem has been

solved. A nonsingular real algebraic set is by definition a smooth manifold.

In 1952 J. Nash showed that every closed smooth manifold can occur as

a component of a nonsingular real algebraic set [N]. Later, A. Tognoli

generalized this result by proving that every closed smooth manifold can in

fact occur as a whole nonsingular real algebraic set [To1]. Then finally in

[AK1] we topologically classified nonsingular real algebraic sets by showing

that up to diffeomorphism,{
Nonsingular real
algebraic sets

}
=

{
Interiors of smooth
compact manifolds

}
As far as singular real algebraic sets are concerned, those with isolated

singularities were also topologically classified in [AK1]. The result is that

a space is homeomorphic to a real algebraic set with isolated singularities

if and only if it is obtained in the following way. Take a compact smooth

manifold W with boundary, divide up the boundary components in some

way ∂W =
⋃r
i=1Mi so that each Mi bounds, then crush some Mi’s to

points and delete the remaining Mi’s. An example is given in Figure 1.1.1.

Furthermore, according to [AK1] a topological space is homeomor-

phic to a real algebraic set if and only if its one point compactification is

homeomorphic to a real algebraic set. Therefore it suffices to topologically

classify compact real algebraic sets. The extension of the classification to

noncompact spaces will be automatic.

There is a nice generalization of the above result classifying isolated

singularities. We inductively define a class of stratified spaces: Let A0-

spaces be compact smooth manifolds. Inductively let Ak-spaces be spaces

of the form X = X0∪
⋃
∂ Ni×cone(Σi) where X0 is a compact Ak−1-space,

1
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Figure 1. A noncompact real algebraic set

Σi are boundaries of compact Ak−1-spaces and Ni are compact smooth

manifolds. The union is taken along codimension zero subsets of ∂X0 and

Ni × Σi ⊂ Ni × cone(Σi). We let the boundary of X be ∂X = (∂X0 −⋃
Ni×Σi)∪

⋃
∂Ni× cone(Σi). We say X is a closed Ak-space if ∂X = ∅.

Figure 2. A1 spaces with and without boundary

In [AK2] it was shown that every closed Ak-space is homeomorphic to

a real algebraic set such that the natural stratification of this algebraic set

coincides with the stratification of the Ak-space. In [AT] it was shown that

the set of Ak-spaces is large enough to contain all closed P.L. manifolds.

Hence we have inclusions:{
closed P.L.
manifolds

}
⊂

{
closed Ak-spaces
k = 0, 1, 2, · · ·

}
⊂

{
compact real
algebraic sets

}
We refer the reader to [AK2] for a more detailed summary of these results.

Despite the great generality of Ak-spaces we cannot hope that they capture

the topology of all real algebraic sets. For example the space in Figure 3

is not an Ak-space but it is an algebraic set. It can be described by the

equation (x2+y2−2x)2(x2+y2−1)+z2 = 0 in R3. Hence we must generalize

Ak-spaces if we hope to topologically classify algebraic sets. Notice Ak-

spaces are defined in such a way that they admit ‘topological resolutions’

to smooth manifolds. If Zk = X0 ∪
⋃
∂ Ni × cone(Σi) is an Ak-space, then

there are Ak−1-spaces Wi with ∂Wi = Σi. Then we define an Ak−1 space

by Zk−1 = X0 ∪
⋃
∂ Ni × Wi, and a map πk : Zk−1 → Zk induced by
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Figure 3. An algebraic set which is not an Ak-space

Wi → cone(Σi) (crushing a spine of Wi to the cone point). Iteration of this

process gives a topological resolution to a smooth manifold Z0

Z0 → Z1 → · · · → Zk−1 → Zk.

We can consider Zk to be a quotient of the smooth manifold Z0.

So, rather than trying to generalize the definition of Ak-spaces to more

complicated stratified spaces we prefer to generalize this notion of ‘topo-

logical resolution’. In this way we would be defining Zk via the smooth

manifold Z0 and ‘collapsing data’ π : Z0 → Zk. An Ak-space resolution

π : Z0 → Zk resolves not only the space Zk but also gives a recipe of how

to resolve the various strata of Zk. This information has to be extracted

from π in order to get a deeper understanding of resolutions. To see this

let us study an example which we illustrate in Figure 4.

Z Z
Z

Figure 4. A topological resolution

Let Y be the figure 8 and let Z = (Y ×I)
⋃
∂ cone(Y ×İ) where I = [0, 1]

and İ = ∂I = {0, 1}. Z is an A2-space and it can be resolved to the A1-

space Z ′ = Y × I
⋃
∂ Y × I = Y × S1. We can see Z ′ is an A1-space by

writing Z ′ = S1×J
⋃
∂ S

1× cone {a, b, c, d} where J = âb∪ ĉd and a, b, c, d

are distinct ordered points on S1, and âb denotes the arc segment between

a and b. Finally Z ′ can be resolved to the smooth manifold

Z ′′ = S1 × J ∪ S1 × J ′ where J ′ = b̂c ∪ d̂a
Z ′′ = S1 × (J ∪ J ′) = S1 × S1
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Notice that we can determine the topology of Z from the following data of

smooth manifolds and maps where xi ∈ S1, x1 6= x2, p0i are the constant

maps and p12 projects S1 × {x1, x2} to the first factor.

6

66

-

Z
Z
Z
ZZ~

-

V0 = a (point)V02 = x0 × S1

⋃

⋃
p12

V2 = S1 × S1

V12 = S1 × {x1, x2}

p02

p01

V1 = S1

V01 = x0

⋃

Then Z is obtained by gluing V0, V1 and V2 together by the maps p01,

p02, and p12. Hence Z =
⋃2
i=0 Vi/x∼pji(x) is the quotient space. So the

smooth data T = {Vi, pji} determines the topology of Z. This is the view

that gives us the best generalizations of Ak-spaces, it allows us to avoid

defining structures on singular spaces.

V1V2

V01
V02

V12

V0

Figure 5. A resolution tower for Z

We would like to view the set of real algebraic sets as an ‘extension’

of the set of smooth manifolds by monomial functions, just as algebraic

numbers are extensions of rational numbers. We will first define the notion

of topological monomial maps between smooth manifolds. Then we will

define objects T = {Vi, pji} where Vi are smooth manifolds and pji : Vi → Vj
are topological monomial maps. We will show that the realization |T| =⋃
Vi/x∼pji(x) of T (i.e., the set obtained by gluing the smooth manifolds

Vi by the maps pji) describes any algebraic set. Then we will prove a

certain converse to this characterization. But before defining topological
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monomial maps we define the notions of a stratified set and of a tico (short

for transversally intersecting codimension one submanifolds).

2. Stratified Sets

In studying the topology of rather nice singular objects such as alge-

braic sets, stratified sets are useful. A stratified set is a topological space X

together with a decomposition of X into a locally finite number of disjoint

locally closed subspaces which happen to be manifolds. These subspaces

are called strata. In this book, all of our stratified spaces will be smooth,

i.e., the strata are all given a smooth structure. We also allow the strata to

be manifolds with boundary. The boundary of a stratified set will be the

union of the boundaries of the strata.

The i-skeleton of a stratified set is the union of all strata of dimension

less than or equal to i. We will require our stratified sets to satisfy a

frontier condition: the frontier of an i-dimensional stratum is contained

in the i − 1 skeleton. We also want the frontier of the boundary of an i-

dimensional stratum to be contained in the boundary of the i− 1 skeleton,

i.e., it is contained in the union of boundaries of strata of lower dimension.

In particular, the boundary of a stratified set will also satisfy the frontier

condition so it will be a stratified set.

One example to keep in mind is a polyhedron, the strata are the inte-

riors of simplices and there is no boundary. Another example to keep in

mind is the singular stratification of an algebraic set X, we let Xn = X,

Xn−1 = SingX, and in general Xi = SingXi+1. Eventually we get some

Xk empty. Then we let the strata be the smooth manifolds Xi−Xi−1 (thus

the Xi’s are the skeleta although of course i need not be the dimension).

See Chapter II for further explanations.

The dimension of a stratified set is the maximum dimension of its

strata (or ∞ if no maximum exists). An isomorphism of stratified sets is

a homeomorphism which maps each stratum onto a stratum and in fact

restricts to a diffeomorphism on each stratum.

Note that an open subset of a stratified set has a natural structure of

a stratified set. Likewise the cone on a compact stratified set has a natural

structure of a stratified set.

Sometimes we want nicer stratified sets. For example a locally conelike

stratified set is one in which for every point x in a k-stratum S there is

a open neighborhood U of x in X which is isomorphic to V × Z where Z

is the open cone on a compact stratified set L and V is a neighborhood

of x in S. We call L the link of S in X. The link is not actually well-

defined (although an elementary invertible cobordism argument shows that

for a connected k-dimensional stratum any two links are isomorphic after
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crossing with Rk+1). One can show using Whitney stratifications that any

real algebraic set X has a locally conelike stratification, in general not the

same as the singular stratification. In this case there is a canonical link, the

intersection of X with a small sphere in the plane normal to the stratum.

We will look at stratified sets more closely in section 3 of Chapter IV.

If we have two stratifications A and B on a set X, we say that A is

coarser than B if all of B’s strata are smooth submanifolds of A’s strata.

We also say that B is a refinement of A. Notice that there may not be a

coarsest smooth stratifications of a smooth stratified set. For topological

stratifications there is a coarsest topological stratification (see [K1], [Si]).

We will only use this fact in Chapter VII where the dimensions are so low

that it becomes an elementary exercise.

Sometimes we need a weaker notion of equivalence than isomorphism.

Recall two polyhedra are PL isomorphic if they have isomorphic subdivi-

sions. In analogy with that, we say that two stratified sets are PL isomor-

phic if they have isomorphic refinements.

3. Ticos

A tico A in a smooth manifold M is a finite collection of properly

immersed closed smooth codimension one submanifolds of M in general

position. We study them in Chapter III. A basic example is the tico {Rni }
n
i=1

in Rn where Rni = {x ∈ Rn | xi = 0}. We consider a tico as a global

coordinatization of the manifold. We call the elements of A sheets. We say

A is a regular tico if each sheet is a properly embedded submanifold. The

realization of A is |A| =
⋃
s∈A S. A tico gives a natural stratification of

the manifold. If M is a nonsingular algebraic set we call a tico A in M an

algebraic tico if each sheet is a nonsingular algebraic subset of M . Clearly

algebraic ticos are regular. We will sometimes refer to a manifold with a

tico (M,A) simply as a tico. Now we can define the notion of topological

monomials between manifolds with ticos.

Let (M,A), (N,B) be smooth manifolds with ticos. A tico map f :

(M,A) → (N,B) is a smooth map from M to N with the following local

property. For any p ∈M and charts ψ : (Rm, 0)→ (M,p) and θ : (Rn, 0)→
(N, f(p)) with ψ−1(|A|) =

⋃a
j=1 Rmj and θ−1(|B|) =

⋃b
i=1 Rni , then the i-th

coordinate fi(x) of θ
−1 ◦ f ◦ ψ(x) is in the form:

fi(x) =
( a∏
j=1

x
αij

j

)
ϕi(x) for i = 1, 2, . . . , b

where αij are nonnegative integers and ϕi : Rm → R are smooth functions

with ϕi(0) 6= 0. It follows that up to permutations of i and j the exponents

αij above depend only on f and p ∈M , not on the local charts ψ and θ.
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If A and B are regular then for S ∈ A and T ∈ B we can define

αST : S → Z by αST (p) = 0 if f(p) 6∈ T and αST (p) = αij if f(p) ∈ T and

ψ−1(S) = Rmj and θ−1(T ) = Rni . This exponent αST is locally constant,

hence constant on each component of S. Then f−1(T ) =
⋃
s∈A α−1

ST (Z−0),
so a tico map pulls back each sheet to a union of components of sheets.

A tico map f : (M,A)→ (N,B), is type N if for every p ∈M there are

charts ψ : U → M and θ : (Rn, 0) → (N, f(p)) where U ⊂ Rm is an open

subset, such that ψ(U) is a neighborhood of p, ψ−1(|A|) = (
⋃a
j=1 Rmj )∩U ,

θ−1(|B|) =
⋃b
i=1 Rni , for some c ≥ a we have

fi(x) =

c∏
j=1

x
αij

j for i = 1, 2, . . . , b

for all x ∈ U , and the (b × c)-matrix (αij) is onto, i.e., it has rank b. We

say f is submersive if in addition m − c ≥ n − b, and fi(x) = xi−n+m for

all i = b + 1, . . . , n and x ∈ U . Basically a type N tico map is a tico map

which becomes a pure monomial under some choice of coordinates, and the

exponent map is onto. A submersive tico map is essentially a type N tico

map which submerses each stratum of (M,A) to some stratum of (N,B),

although it is actually slightly stronger than this in a subtle way.

We can also define partial tico maps as follows. If (M,A) and (N,B) are

smooth manifolds with ticos and C ⊂ A, then a mico is a map f : |C| → N

which locally extends to a tico map. In other words there is an open

neighborhood U of |C| in M and a tico map g : (U,U ∩ (A− C))→ (N,B)

such that f = g||C|.

4. Resolution Towers

Now we are ready to define the promised structures which we use in our

attempt to classify real algebraic sets. In Chapter IV we study resolution

towers. A compact (topological) resolution tower T = {Vi,Ai, pi}ni=0 is a

collection of compact smooth manifolds with ticos (Vi,Ai), i = 0, . . . , n and

collections of maps pi = {pji}j<i with pji : Vji → Vj where Vji = |Aji| for
some Aji ⊂ Ai and

I. pji(Vji ∩ Vki) ⊂ Vkj for k < j < i.

II. pkj ◦ pji| = pki|Vji ∩ Vki for k < j < i.

III. p−1
ji (

⋃
k<m Vkj) = (

⋃
k<m Vki) ∩ Vji for m ≤ j < i.

IV. Ai is the disjoint union of the Aji’s.

V. p−1
ji (∂Vj) = ∂Vi ∩ Vji for j < i.

(For convenience, our definition in Chapter IV will allow more general

indexing sets, but we can always reindex to the above form.)
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We define ∂T = {∂Vi, ∂Ai, pi|} where ∂Ai = { ∂S | S ∈ Ai } and pi| is
the restriction. Condition V insures that ∂T is also a resolution tower. An

algebraic resolution tower is a resolution tower T such that each (Vi,Ai)

is an algebraic tico and each pji is an entire rational function (a rational

function with nowhere zero denominator). There are some extra properties

which resolution towers may satisfy. The important ones are

R - Each Ai is regular

M - Each pji is a mico

N - Each pji is a type N mico

E - all exponent maps αST for all pji are constant

S - Each pji is a submersive mico

U - pji|S is a submersion on each stratum S of Vji −
⋃
k<j Vki

F - Each (Vi,Ai) is full.

The term full means that if S is Vi or any intersection of sheets of Ai then

the homology H∗(S;Z2) is generated by embedded smooth submanifolds of

S.

We define the realization of T to be the set

|T| =
n⋃
i=0

Vi/x∼pji(x).

That is |T| is the quotient space of the disjoint union
⋃n
i=0 Vi. |T| is a

stratified space with strata {Vi −
⋃
j<i Vji}. We define dimT = dim |T|.

For example, consider the following resolution tower. Let T = {Vi,Ai, pi}2i=0,

V2 = a surface of genus 2, V1 = a circle, V0 = two points {α, β}, A02 =

{A,A′, B,B′}, A12 = {C}, A01 = {a, b}, p02 collapses A ∪A′ to α, B ∪B′

to β, p12 folds C onto the arc âb, p01 maps a to α; b to β. See Figure 6.

A

A'

B

B'

C
a b

V1V2

V0

Figure 6. A resolution tower

The space X in Figure 7 is the realization |T| of the resolution tower
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Figure 7. Realization of a resolution tower

T. The advantage of considering T as opposed to X is that T is given by

smooth data and it has more structure.

Let TR and AR denote the set of all compact topological and algebraic

resolution towers, respectively. When we put subscripts R, M, N, E, S, U

or F on TR or AR we mean the set of resolution towers of that type. For

example TRRS is a set of topological resolution towers of type R and S.

Clearly AR = ARR, TRS ⊂ TRNU ⊂ TRMU , ARS ⊂ ARNU ⊂ ARMU , and

there is a forgetful inclusion AR → TR. If C is any subset of TR or AR

then denote |C| = {|T| | TR ∈ C}. We can modify resolution towers to nicer

ones without changing the realizations. For example Proposition 2.7 and

Theorem 2.8 imply the following Theorem.

Theorem 4.1. (c.f. Theorem 2.8) If T ∈ TR then there is a T′ ∈ TRR
with |T| = |T′|. Moreover, if T ∈ TR∗ for ∗ = M,N,S, U, F,E, then

T′ ∈ TR∗ also. In addition if T ∈ TRM we may conclude T′ ∈ TRRNE. In

the algebraic case, if T ∈ ARM then T′ ∈ ARNE.

Let SPL be the set of PL isomorphism classes of smooth stratified sets

and let ALG be the PL isomorphism classes of singular stratifications of

compact real algebraic sets. We can now state our main results:

Theorem 4.2. (c.f. Corollary 3.3) If T ∈ ARU then |T| is isomorphic

to an algebraic set as a stratified space. In particular |ARU | ⊂ ALG.

Theorem 4.3. (c.f. Theorem 4.2) |ARFUN | = ALG (In fact by Theo-

rem 0.3 the complex version of this is also true).

Theorem 4.4. (c.f. Theorem 0.6) If T ∈ TRFS then there is a T′ ∈
ARFS such that |T| = |T′|. In particular |T| is isomorphic, as a stratified

space, to an algebraic set.
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We can summarize these results in the following diagram

ALG = |ARFUN | = |ARU |
↑i
|ARS |

k−→ |TRS |
↑j ↑

|ARFS |
onto−→ |TRFS |

where vertical maps are inclusions and horizontal maps are forgetful maps.

Hence proving i and j onto, (or alternatively i and k onto) would topo-

logically characterize real algebraic sets by proving that the image of the

forgetful map

ALG→ SPL

is |TRFS | (or |TRS |). This turns out to be the case for algebraic sets of di-

mension ≤ 3. In Chapter VIIthe topological classification of 3-dimensional

real algebraic sets is given.

One of the nice properties of resolution towers is that they behave like

manifolds, for example this allows us to define cobordism groups of real

algebraic sets. In Chapter VII we calculate cobordism groups in dimension

≤ 2. These cobordism groups are used in Chapter VII as in [AK9] where

we outline an obstruction theory to decide when a stratified set X is a

realization |T| of some resolution tower T.

Excercise 4.1. Show that any Ak-space is the realization of a resolu-

tion tower of type S. (Hint: see the proof of Proposition 8.15 or 3.2).

Because of some special properties of the resolution tower structures on

Ak-spaces, they can be made algebraic sets without the type F condition.

This is why all compact P.L. manifolds are homeomorphic to real algebraic

sets [AK2].

We end this summary by giving an example to demonstrate how to find

a realization of resolution tower structure of an algebraic set. In calculating

this example we will use some blowup terminology which we introduce in

Chapter II. For our example, we take the real algebraic set

X = V ((x2 − y3)2(y2 + x2 − 2) + z2)

= {(x, y, z) ∈ R3 | (x2 − y3)2(y2 + x2 − 2) + z2 = 0}.

The algebraic set X is obtained by a blowing down operation which we

will formalize in section 6 of Chapter II. It is obtained by collapsing the

sphere x2 + y2 + z2 = 2 in R3 to the curve x2 = y3 in R2 via the projection

π : R3 → R2.

We have the singular stratification on X given by X2 = X, X1 =

SingX = {(x, y, 0) | x2 = y3} and X0 = Sing(SingX) = {(0, 0, 0)}.
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Figure 8. X

Our first step is to resolve the singularities of X. There are many ways

to do this, we will describe one of them. The knowledgable reader will

notice that in the interest of reducing the number of required blowups we

do not follow Hironaka’s recipe in [H], for example centers might not have

only normal crossings with inverse images of centers. Our first step is to

blow up the point (0, 0, 0). The algebraic set we obtain is still singular, its

singular set is the union of two smooth curves, one is the strict transform

of X1 and the other is a circle which is the inverse image of (0, 0, 0). The

reader interested in the actual equations of this algebraic set can find them

at the end of this chapter. Our next step is to blow up the singular circle.

After doing this we get an algebraic set whose singularity set is a smooth

curve: the strict transform of X1. We now blow up this curve and ob-

tain a nonsingular algebraic set V2 diffeomorphic to the Klein bottle. The

composition of the blowup maps is an entire rational function π : V2 → X.

The next step is to make sure π−1(X1) is a tico. It turns out that

π−1(X1) is not a tico, it is the union of three nonsingular curves, two of

them are disjoint circles C1 and C2 with nontrivial normal bundle and the

third D intersects each of the other two in a single point. However the

curves are tangent at their points of intersection which keeps π−1(X1) from

being a tico. We draw half of V2 below in Figure 9, the other half is just
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C1

D

Figure 9. Tangential intersection

the same so V2 is obtained by doubling the figure. The blowup map π maps

C1 and C2 to (0, 0, 0) and maps D onto X1 ∩ {x2 + y2 ≤ 2}.
To make π−1(X1) a tico we do some more blowing up. We first blow up

the two points C1∩D and C2∩D. So as not to clutter up the notation, we

let V2 now be the blowup of the old V2, let Ci and D be the strict transforms

of the old curves, etc. The blowup adds two circles C3 and C4 to π−1(X1).

Although the circles in π−1(X1) are now pairwise transverse, they still do

not make a tico since there are two points where three of them intersect.

Figure 1.4.5 is a picture of half of the new V2. Again V2 is obtained by

doubling Figure 10.

D

C3

C1

Figure 10. π−1(X1) pairwise transverse, but not a tico

We take care of the threefold intersections by blowing them up again.

Finally π−1(X1) is a tico. Figure 1.4.6 shows half of V2. There are two new

circles in π−1(X1) which we denote C5 and C6.

The next step is to refine the stratification of X to make π restricted

to π−1(X1 −X0) be a submersion. In our example, this will be true if we

change X0 to be the three points (0, 0, 0), (1, 1, 0) and (−1, 1, 0).
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C1
C3

DC5

Figure 11. π−1(X1) now a tico

We now must make sure π−1(X0) is a tico. Now π−1((0, 0, 0)) is the

union of the circles Ci which is a tico, but π−1((±1, 1, 0)) is two points

which is not a tico since it has codimension two. We easily make it a tico

by blowing up these two points, obtaining Figure 12.

C1
C3

D

C5
C7

Figure 12. π−1(X0) now a tico

The next step is to resolve the singularities of X1. This is easily done

by blowing up the point (0, 0, 0) to obtain an algebraic set V1 which is in

fact R. The blowup map p1 : V1 → X1 is just t 7→ (t3, t2, 0). We want to

make sure that p−1
1 (X0) is a tico in V1, in our case it is, but in general one

would need to blow up some more to assure this just as we did for V2 (of

course in this dimension that would never be necessary). Let V12 be the

closure of π−1(X1 −X0), i.e., the sheets of the tico π−1(X1) which are not

in the tico π−1(X0). Thus in our example, V12 = D. We now wish to lift

the map π| : V12 → X1 to an entire rational function p12 : V12 → V1. As it

turns out, in our example there is a lifting but in general one would need to
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blow up V2 some more to get a lifting. We also want p12 to be a mico, but

again in our case this is already true so we do not need to blow up more.

At this point we have our resolution tower. We just set V12 = D,

V02 = π−1(X0) = ∪Ci, V0 = X0, p02 = π|, V01 = p−1
1 (X0) and p01 = p1|.

For those interested in the details of the blowup, we will now provide

them. For the purpose of computing examples of blowups, it is worthwhile

using another point of view of algebraic sets. This is because our standard

model of the blowup of an affine algebraic set is another affine algebraic

set, but one in a much higher dimensional Euclidean space. The example

above would probably end up in dimension several hundred.

To get around this, we look at the blowup as being what we call an

algebraic space: the union of affine algebraic sets (called charts) glued

together via birational isomorphisms of Zariski open subsets. Thus it is

the algebraic analogue of a manifold. We will not bother to develop the

theory of algebraic spaces here, the elementary notions are in [AK4] or can

be done as an exercise. The advantage for calculating blowups in this way

is that the ambient Euclidean space dimension grows slowly or sometimes

not at all, so the number of variables is kept in check. We use a shorthand

notation to describe the charts of the blowup which we will describe as we

go along.

Our first blowup of the point (0, 0, 0) has three charts at first glance

although we will presently see that two of them will cover the blowup.

These charts are represented as follows:

A x2(1− xy3)2(x2 + x2y2 − 2) + z2 = 0 (x, xy, xz)

B y2(x2 − y)2(y2 + x2y2 − 2) + z2 = 0 (xy, y, yz)

C∗ z2(x2 − zy3)2(z2(x2 + y2)− 2) + 1 = 0 (xz, yz, z)

The first column just names the charts, the second column gives the

equation of the algebraic set and the third column gives the blowup map

down to R3. The star after C means that this chart is not necessary, any

point in it is contained in one of the other two charts. Hence we forget the

chart C. The gluing maps between charts can be obtained from the third

column, just map down to R3 and follow by the inverse of the map from

another chart. For example the gluing map from A to B is (1/y, xy, z/y).

Our next blowup was of the inverse image of (0, 0, 0). In A this is

{x = 0} ∩ A = {x = z = 0}. In B this is {y = 0} ∩ B = {y = z = 0}. We

represent these blowups as follows:

D > A (1− xy3)2(x2 + x2y2 − 2) + z2 = 0 (x, xy, x2z)

E∗ > A x2(1− xzy3)2(x2z2(1 + y2)− 2) + 1 = 0 (xz, xyz, xz2)

F > B (x2 − y)2(y2 + x2y2 − 2) + z2 = 0 (xy, y, y2z)



4. RESOLUTION TOWERS 15

G∗ > B y2(x2 − yz)2(y2z2(1 + x2)− 2) + 1 = 0 (xyz, yz, yz2)

We have a new symbol, > A (or > B) means that the chart was ob-

tained by blowing up the chart A (or B). The map from D to A for example

is (x, y, xz). Note we still have only two charts D and F since we can forget

E and G. From now on we will not bother to compute the third column of

ignored charts, since we will never need it.

The next step is to blow up the strict transform of X1. In chart D this

is the Zariski closure of the inverse image of X1 −X0. The inverse image

of X0 is {x = 0} ∩ D = {x = 0, z2 = 2} and the inverse image of X1 is

{x2 = (xy)3, x2z = 0}∩D = {x = 0, z2 = 2}∪ {z = 0, xy3 = 1}. Hence the

strict transform of X1 in D is the curve {z = 0, xy3 = 1}. Likewise, the

part of the strict transform of X1 which lies in F is {z = 0, y = x2}. We

now blow these up, obtaining four charts.

H > D x2 + x2y2 − 2 + z2 = 0 (x, xy, x2z(1− xy3))

I∗ > D u2(x2 + x2y2 − 2) + 1 = 0, uz = 1− xy3

J > F y2 + x2y2 − 2 + z2 = 0 (xy, y, y2z(x2 − y))

K∗ > F u2(y2 + x2y2 − 2) + 1 = 0, uz = y − x2

Notice that because we are blowing up something more complicated

than just coordinate planes, in charts I and K it was necessary to add a

new variable u (although in K we could also eliminate y). Recall that at

this point our algebraic set was nonsingular and in fact diffeomorphic to

a Klein bottle. We can see this from the equations for H and J . Each of

these is a cylinder (for example in H, for each fixed y we get an ellipse,

likewise in J for fixed x). The gluing map from J to H is just (xy, 1/x, z)

and this is easily seen to glue the two cylinders into a Klein bottle.

In H, π−1(X1) is {x = 0, z2 = 2} ∪ {1 = xy3, z2 = 2 − y−4 − y−6}
which is four nonintersecting nonsingular noncompact curves. Notice that

H contains all of π−1(X1 −X0), it is {1 = xy3, z2 = 2 − y−4 − y−6}. In

J , π−1(X1) is {y = 0, z2 = 2} ∪ {y = x2, z2 = 2 − x4 − x6} which is two

noncompact nonsingular curves union a nonsingular circle. There are two

points of intersection, both not transverse, at {x = y = 0, z2 = 2}. Our

next step is to blow up these points which could be done one at a time, but

to reduce the number of charts we blow up both points together by blowing

up the ideal 〈x, y〉 in J . We obtain the following charts:

L > J x2y2 + x4y2 − 2 + z2 = 0 (x2y, xy, x3y2z(x− y))

M > J y2 + x2y4 − 2 + z2 = 0 (xy2, y, y3z(x2y − 1))

Recall that we also still have the chart H, so we actually have three

charts now, InM , π−1(X1) is {y = 0, z2 = 2}∪{x2y = 1, z2 = 2−y2−y3}
which is a tico. However in L, π−1(X1) is {x = 0, z2 = 2} ∪ {y = 0, z2 =
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2}∪{x = y, z2 = 2−x4−x6} which is not a tico because of the three lines

coming together at (0, 0,±
√
2). Hence we blow up the ideal 〈x, y〉 in L and

obtain the following new charts N and O as well as our old charts M and

H.

N > L x4y2 + x6y2 − 2 + z2 = 0 (x3y, x2y, x6y2z(1− y))

O > L x2y4 + x4y6 − 2 + z2 = 0 (x2y3, xy2, x3y6z(x− 1))

H > D x2 + x2y2 − 2 + z2 = 0 (x, xy, x2z(1− xy3))

M > J y2 + x2y4 − 2 + z2 = 0 (xy2, y, y3z(x2y − 1))

We now must see where π restricted to π−1(X1 −X0) is a submersion.

Recall that all of π−1(X1 − X0) is contained in H, it is {1 = xy3, z2 =

2 − y−4 − y−6}. We see then that π will restrict to a submersion every-

where except when x = y = ±1, z = 0 in H. We then enlarge X0 by

adding the image of these points which is (±1, 1, 0). We now need to make

π−1((±1, 1, 0)) a tico. So we blow up these two points π−1((±1, 1, 0)). This
means we blow up the ideal 〈y − 1, z〉 in N , 〈x− 1, z〉 in O, 〈1− xy3, z〉 in
H and 〈x2y − 1, z〉 in M . These generators work since, for example,

1−x2 =
(
(y + 1)x4(1 + x2)/(2 + 2x2 + x4)

)
(y− 1)+

(
z/(2 + 2x2 + x4)

)
z

in chart N .

After doing this blowup we obtain the following charts:

P > N x4y2 + x6y2 − 2 + (y − 1)2z2 = 0 (x3y, x2y,−x6y2z(1− y)2)

Q > N x4y2 + x6y2 − 2 + z2 = 0, y = 1 + uz (x3y, x2y,−x6y2uz2)

R > O x2y4 + x4y6 − 2 + (x− 1)2z2 = 0 (x2y3, xy2, x3y6z(x− 1)2)

S > O x2y4 + x4y6 − 2 + z2 = 0, x = 1 + uz (x2y3, xy2, x3y6uz2)

T > H x2 + x2y2 − 2 + (1− xy3)2z2 = 0 (x, xy, x2z(1− xy3)2)

U > H x2 + x2y2 − 2 + z2 = 0, 1− xy3 = uz (x, xy, x2uz2)

V > M y2 + x2y4 − 2 + (x2y − 1)2z2 = 0 (xy2, y, y3z(x2y − 1)2)

W > M y2 + x2y4 − 2 + z2 = 0, x2y = 1 + uz (xy2, y, y3uz2)

Finally we must check that π|V12 lifts to a tico map to V1. It does. The

following table gives the equations of V12 and the lifted map for each chart

in which V12 lies.

Q y = 1, u = 0, z2 = 2− x4 − x6 (x)

S x = 1, u = 0, z2 = 2− y4 − y6 (y)

U x = y−3, u = 0, z2 = 2− y−4 − y−6 (y−1)

W y = x−2, u = 0, z2 = 2− x−4 − x−6 (x−1)
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In fact, we see that V12 is wholly contained in either Q or S. So to

check that p12 is a tico it suffices to check in Q. In Q for example, V12∩V02
is the points u = x = 0, y = 1, z2 = 2 where p12 submerses and also

the points q± given by y = 1, u = z = 0, x = ±1. Near q±, V12 has z

for local coordinates, dx/dz = −2z/(6x5 + 4x3) which is 0 at q±. Also

d2x/dz2 = ∓0.2 at q± so p12(z) = z2ϕ(z) near q± with ϕ(q±) = ∓0.1 6= 0

so p12 is a tico map.

In drawing pictures of our algebraic set we claimed that we could al-

ways divide it into two pieces which were symmetric and thus get away

with showing only half the set. To be more precise we have an involution

(x, y, z) 7→ (−x, y,−z) on X and we are always showing a fundamental do-

main of liftings of this involution. For example we could take Figure I.4.4

to be the points in H where z ≥ x and the points on J where z ≥ xy. The
other figures are just the topological strict transforms of this. (The more

obvious choice of z ≥ 0 in both H and J would not do because when we

blow up to make charts P through W we would blow up two points on the

boundary, and thus end up with a strict transform which is not a manifold

with boundary).

In the next chapter we will establish all the background material before

seriously studying the resolution towers.





CHAPTER 2

ALGEBRAIC SETS

In this chapter we start out with elementary properties of real algebraic

sets and gradually go on to discuss more recent results in real algebraic

geometry. We begin with a review of the basic properties of algebraic sets,

we will avoid proving some of the more well-known elementary results by

referring the reader to [W] and [M]. Also looking at [AK6] at times would

be useful. Other useful books for the introductory material are [Sh], [P],

[B], [BCR].

1. Basic Properties of Algebraic Sets

Definitions 1.1. Let k be a field. We let k[x1, x2, . . . , xn] denote the

ring of polynomials in n variables with coefficients in k. If J ⊂ k[x1, . . . , xn]
is a set of polynomials then we define

V (J) = { (x1, . . . , xn) ∈ kn | f (x1, . . . , xn) = 0 for all f ∈ J }.

Given any subset S ⊂ kn define

I (S) = { f ∈ k[x1, . . . , xn] | f (x1, . . . , xn) = 0 for all (x1, . . . , xn) ∈ S }.

Note I (S) is an ideal in the ring k[x1, . . . , xn]. We have the properties:

I ⊂ J implies V (I) ⊃ V (J).

S ⊂ T implies I (S) ⊃ I (T ).

V (
∑
α Jα) = ∩αV (Jα).

V (IJ) = V (I) ∪ V (J).

I (S ∪ T ) = I (S) ∩ I (T ).

Any ideal J in k[x1, x2, . . . , xn] is finitely generated. If g1, . . . , gk are

generators of J we will write J = 〈g1, . . . , gk〉. If k is algebraically closed,

the Hilbert Nullstellensatz says that if J ⊂ k[x1, . . . , xn] is an ideal then

I (V (J)) =
√
J = { f ∈ k[x1, . . . , xn] | fm ∈ J for some m }.

This is not true for k = R, for example if J = 〈x2 + y2〉 ⊂ R[x, y] then
V (J) = (0, 0) ∈ R2, and I (V (J)) = 〈x, y〉. The real nullstellensatz is more

complicated, c.f., [BCR].

19
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Definitions 1.2. A subset V ⊂ kn is called a k-algebraic set if it is

the set of roots of a collection of polynomials in n-variables. That is, if

V = V(J) for some J ⊂ k[x1, . . . , xn]. In this book we will mainly consider

the case k = R and sometimes k = C, i.e., real and complex algebraic

sets. We sometimes also call a k-algebraic set an affine k-algebraic set to

distinguish it from the projective k-algebraic sets we define later in section

3.

A very useful property of any real algebraic set V is that there is a

polynomial p so that V = p−1(0). Just take p = p21+ · · · p2k where p1, . . . , pk
are the generators of I (V ).

Definitions 1.3. Given any subset S ⊂ kn, the Zariski closure of S,

denoted ClkS, is defined to be the smallest k-algebraic set containing S,

i.e., it is the algebraic set V (I (S)). It follows that a set S ⊂ kn is algebraic

if and only if it equals its Zariski closure. In fact we could put a topology

on any algebraic set called the Zariski topology where the closed sets are

just the algebraic subsets. However, we will soon be specializing to the

cases k = R or C and unless we explicitly state otherwise we use the usual

metric topology on real or complex algebraic sets. But we say a subset of

an algebraic set S is Zariski open if it is S − T for some algebraic set T .

In some sense, the natural collection of spaces to look at is the collection

of Zariski open subsets of algebraic sets. This is because as we see below,

these are the natural domains of entire rational functions. Also in the real

case, any Zariski open subset is isomorphic to an algebraic set anyway.

Thus we are motivated to make the following definitions:

Definitions 1.4. A k-Zopen set (pronounced ‘kay zee open set’) is a

subset of some kn which is Zariski open in its Zariski closure. In other

words, it is the difference of two k algebraic sets. A k-Zclosed subset A

of a Zopen set U is a subset of U which is the intersection of U with an

algebraic set. In other words, Clk(A) ∩ U = A. A k-Zopen subset V of a

k-Zopen set U is a subset V ⊂ U so that U − V is a k-Zclosed subset. A

k-Zopen neighborhood of a point x in a Zopen set U is a Zopen subset V of

U so that x ∈ V . We usually omit the k- when the field k is clear, thus we

refer to Zopen sets, Zopen subsets and Zopen neighborhoods.

Any collection U of algebraic sets in kn has a minimal member, that

is there exists V0 ∈ U such that for all elements V ∈ U either V = V0 or

V 6⊂ V0. The corresponding result for Zopen sets is not true, consider the

collection of Zariski open subsets of an infinite field k, the nonempty ones

are just compliments of finite subsets.

Excercise 1.1. Show that any collection of Zclosed subsets of a Zopen

set X has a minimal member.
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Definitions 1.5. Let V ⊂ kn and W ⊂ km be any subsets. A func-

tion f : V → W is called a polynomial if there is a polynomial function

g : kn → km such that g (V ) ⊂ W and f = g|V . We say a function

f : V → W is regular or an entire rational function if it is locally the

quotient of polynomials, i.e., for every x ∈ V there is a Zopen neighbor-

hood U of x in kn and polynomials p : U → km and q : U → k so that q is

nowhere 0 on U ∩V and f (y) = p (y) /q (y) for all y ∈ U ∩V . Normally we

only use the case where V and W are Zopen sets, but we will occasionally

use the more general notion when convenient.

It is standard practice in algebraic geometry to talk about rational

functions. These are like the entire rational functions above except that

they might not be defined everywhere. We will avoid this notion since we

are looking at algebraic sets from a topological point of view. Thus we

always want to know where functions are defined.

It is a useful fact that for k = R we may take the local expression of

an entire rational function as a quotient of two polynomials to be global,

in other words:

Proposition 1.1. If k = R and f : U → W is an entire rational

function we may find polynomials p : U → Rm and q : U → R so that

q (U) ⊂ R− 0 and f (x) = p (x) /q (x) for all x ∈ U .

Proof: Suppose U ⊂ Rn. Let S be the set of algebraic subsets S of Rn
such that there are polynomials pS : Rn → Rm and qS : Rn → R so that

q−1
S (0) = S and f(y) = pS(y)/qS(y) for all y ∈ U −S. Note that S is closed

under finite intersection since

f(y) = (pT (y)qT (y) + pS(y)qS(y)) /(qT (y)
2 + qS(y)

2)

for all y ∈ U − (S ∩ T ) if S and T are in S. But arbitrary intersections of

algebraic sets are actually finite, or alternatively, if T is a minimal member

of S we must then have T =
⋂
S∈S S. So it suffices to show that for each

x ∈ U there is an S ∈ S so that x 6∈ S. This is almost immediate from the

definition of rational function, there is an S and polynomials p : Rn → Rm
and q : Rn → R so that q−1(0) ⊂ S and f(y) = p(y)/q(y) for all y ∈ U −S.
Now take a polynomial r so that r−1(0) = S and let pS = rp and qS = rq.

For k = C we have no analogue of Proposition 1.1. For example, if

S = V(xy − zw) and T = V(y, z) and f : S − T → C is x/z if z 6= 0 and

w/y if y 6= 0 we cannot find p and q as above.

Excercise 1.2. Show that entire rational functions are continuous in

the Zariski topology, i.e., if f : U → W is entire rational and X ⊂ W is a

Zclosed subset then f−1 (X) is a Zclosed subset. Show that the converse is

not true.
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Definition 1.6. If V and W are Zopen sets then we say f : V → W

is a birational isomorphism if it has an entire rational inverse, i.e., there is

an entire rational function g : W → V so that g ◦ f and f ◦ g are identities.

We say V and W are birationally isomorphic if there is a birational isomor-

phism f : V → W . This notion should be distinguished from the algebraic

geometer’s notion of birational equivalence, V and W could be birationally

equivalent even though their topologies may be widely different. The idea

is that a birational isomorphism is a homeomorphism which preserves all

algebraic structure.

Definitions 1.7. We say a Zopen set V is reducible if V = V1 ∪V2 for

some Zclosed subsets V1, V2 such that V1 6= V 6= V2, otherwise we say V is

irreducible.

By standard algebraic geometry, if V is a k algebraic set then V can be

written uniquely as V =
⋃m
i=1 Vi where each Vi is an irreducible algebraic set

and no Vi is contained in another Vj . Each such Vi is called an irreducible

component of V . Also V is irreducible if and only if I (V ) is a prime ideal.

We leave the following Lemma as an exercise:

Lemma 1.2. Let U be a k-Zopen set and let V = Clk(U). Let V1, . . . , Vm
be the irreducible components of V . Then each Ui = U ∩Vi is an irreducible

Zclosed subset of U and any irreducible Zclosed subset U ′ of U must be

contained in some Ui. Furthermore, no Ui is contained in another Uj. In

particular U is irreducible if and only if V is irreducible.

As a consequence of Lemma 1.2, we then know that U is irreducible

if and only if I (U) is a prime ideal. Also U can be written uniquely as

U =
⋃m
i=1 Ui where each Ui is an irreducible Zclosed subset and no Ui is

contained in another Uj . Each such Ui is called an irreducible component of

U . The decomposition U =
⋃m
i=1 Ui is called the irreducible decomposition

of U .

The irreducible components of a complex algebraic set are connected

(c.f., Corollary 4.16 of [M]), but they need not be connected in the real

case. For example the real algebraic set V
(
y4 + x4 − 5x2 + 4

)
is irreducible

but topologically it has two components, each of which is diffeomorphic to

a circle.

Next we note that birational isomorphisms preserve Zclosed subsets

and the irreducible decomposition. We leave the proof of Lemma 1.3 as an

exercise - the hint is that f = g−1.

Lemma 1.3. Let f : V →W be a birational isomorphism.

a) If Z ⊂ V is a Zclosed subset then f (Z) is a Zclosed subset.
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b) Let Vi, i = 1, . . . ,m be the irreducible components of V . Let Wi,

i = 1, . . . , n be the irreducible components of W . Then m = n and

after renumbering, f (Vi) =Wi for all i.

We alluded above to the following:

Lemma 1.4. Any real Zopen set U is birationally isomorphic to a real

algebraic set.

Proof: Take polynomials p and q so that p−1(0) = ClR(U) − U and

q−1(0) = ClR(U). Suppose U ⊂ Rn. Let

V = { (x, t) ∈ Rn × R | q(x) = 0 and tp(x) = 1 }.

Then x 7→ (x, 1/p(x)) is a birational isomorphism of U to the algebraic set

V .

Definition 1.8. A continuous map f : X → Y between topological

spaces is called proper if f−1(K) is compact for each compact set K ⊂ Y .

Lemma 1.5. Let p : Rn → R be a polynomial with p−1(0) compact.

Then for some m the polynomial map x 7→ |x|2mp(x) is proper.

Proof: Let θ : Rn − 0→ Rn − 0 be the inversion through the unit sphere,

θ(x) = x/|x|2. Let p have degree d. Then after clearing denominators,

q(x) = |x|2dp ◦ θ(x) is a polynomial and it vanishes on 0 ∪ θ(p−1(0)). If

p−1(0) is contained in a ball of radius r, then θ(p−1(0)) lies outside a ball of

radius 1/r. So 0 is isolated in q−1(0) and the Lojasiewicz inequality ([L1])

then implies that for some e and c > 0 we have |q(x)| ≥ c|x|e for all x near

0. But then for x near infinity, |p(x)| = |x|−2d|q ◦ θ(x)| ≥ c|x|−2d−e so if

2m > 2d+ e the result follows.

Corollary 1.6. If V ⊂ Rn is a compact real algebraic set, then V =

p−1(0) for some proper polynomial p : Rn → R.

Definitions 1.9. Let V be a subset of kn (which we usually take to

be a k-Zopen set). Define Γ (V ) = k[x1, . . . , xn]/I (V ). There is a natural

one to one correspondence between Γ (V ) and the polynomial maps from

V to k. Γ (V ) is a finitely generated k-algebra. If V ⊂ kn and W ⊂
km and f = (f1, . . . , fm) : V → W is a polynomial map, then we define

Γ (f) : Γ (W )→ Γ (V ) by Γ (f) (g) = g ◦ f , i.e., Γ (f) (xi) = fi (x1, . . . , xn)

for i = 1, 2, . . . ,m. We also denote Γ (f) = f∗.

Note that Γ gives a contravariant functor between the categories:{
k algebraic sets,
polynomial morphism

}
Γ−→

{
finitely generated k algebras
k algebra morphism

}
The functor Γ is one to one (or more precisely, it is one to one on isomor-

phism classes of objects). If k is algebraically closed, a simple application
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of the Nullstellensatz shows that the image of Γ is the finitely generated

k-algebras with no nonzero nilpotents (i.e., if I is the ideal of the relations

of the generators, then
√
I = I). This correspondence explains the close

relationship between the algebraic geometry over algebraically closed fields,

and the commutative algebra.

The absence of this type of ‘algebraization’ functor gives real algebraic

sets a different flavor; they are in a sense related more to topology than

algebra. However real algebraic sets do enjoy some special algebraic prop-

erties such as Proposition 1.1 and Lemma 1.4. There are many more such

properties. We will exploit them in a systematic manner as we go along.

In a similar manner, if U is a subset of some kn, we may define Γr(U)

to be the ring of entire rational functions f : U → R. By Proposition 1.1 we

see that for k = R, Γr(U) is obtained from Γ(U) by allowing the inversion

of polynomials which are nowhere zero on U . If k is algebraically closed

and S is a k-algebraic set, Γr(S) = Γ(S), c.f., Proposition 1.11 of [M].

Note that this result fails dramatically for k = R. For example the entire

rational function f : R→ R, f (x) = 1/(1 + x2) is not a polynomial.

If V ⊂ U then we have an ideal IU (V ) in the ring Γ (U), namely the

ideal of polynomial functions on U which vanish on V . It is naturally

isomorphic to I (V ) /I (U). Likewise, we have an ideal IrU (V ) of entire

rational functions vanishing on V .

If f : U → V is a polynomial and J is an ideal in Γ (V ) then we have

a pullback ideal f∗ (J) in Γ (U) where f∗ (J) = { g ◦ f | g ∈ J }. Similarly,

if f : U → V is an entire rational function and J is an ideal in Γr(V ), we

have a pullback ideal f∗(J) in Γr(U) where f∗ (J) = { g ◦ f | g ∈ J }.

2. Singularities of Real and Complex Algebraic Sets

From now on in this book, k will refer to either R or C. We will use

many facts from the first chapter of the wonderful book [M] for results

on complex algebraic sets and use Whitney’s seminal paper [W] to derive

consequences for real algebraic sets. We must exercise some care in the use

of [M] though since most results are only stated for irreducible complex

algebraic sets. This makes perfect sense from the algebraic point of view,

but from our geometric point of view it is not natural to restrict attention

to irreducible algebraic sets. Doing so would mean we would ignore such

questions as how the irreducible components intersect one another and how

they together contribute to the topology of the algebraic set.

We will show in this section that any Zopen set has a stratification,

i.e., if X is a Zopen set then we can find Zclosed subsets Xi, i = 0, . . . , n

with Xi−1 ⊂ Xi so that each Xi − Xi−1 is either empty or a real or

complex i dimensional submanifold of km. To do this we introduce the
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notion of singular and nonsingular points of a Zopen set. There is no

general agreement on how to do this, different definitions make sense in

different contexts. However, we prefer the definition below since it ensures

that the singular set has lower dimension, and thus immediately gives a

stratification. (The reader should beware that the ‘stratification’ on page

6 of [M] is not a stratification in the usual sense since the strata are not

disjoint).

Definition 2.1. Let V ⊂ kn be a Zopen set. We say x ∈ V is non-

singular of dimension d in V if there is a neighborhood U of x in kn, and

polynomials fi ∈ I (V ) for i = 1, . . . , n− d such that:

1) U ∩ V = U ∩
⋂n−d
i=1 f

−1
i (0).

2) The gradients ∇fi (x) for i = 1, . . . , n−d are linearly independent.

Thus this is the algebraic analogue of V being a smooth d dimensional

submanifold of kn. By the implicit function theorem, a subset V ⊂ kn

is a smooth (or complex analytic) manifold near x if 1) and 2) above are

satisfied with smooth (or holomorphic) fi.

Excercise 2.1. Suppose that 1) and 2) above hold for entire rational

functions fi ∈ ΓrU (V ). Show that x is nonsingular of dimension d in V .

Excercise 2.2. Show that if U is a Zopen subset of V then x is non-

singular of dimension e in U if and only if x is nonsingular of dimension e

in V .

Definition 2.2. If V is a Zopen set we define dim (V ) or dimV to

be the largest d so that V has a point which is nonsingular of dimension

d. Later we will find that all Zopen sets have nonsingular points, hence

a dimension, but for now we must act as if dimV is not always defined.

When we wish to emphasize the field k, we sometimes write dimk V for

dimV .

Definitions 2.3. If V is a Zopen set we define Nonsing (V ) orNonsingV

to be the set of points of V which are nonsingular of dimension dimV . We

define Sing (V ) or SingV to be its complement, SingV = V − NonsingV .

The points of SingV are called singular points of V and the points of

NonsingV are called the nonsingular points of V . We will show below that

SingV is a Zclosed subset of V . We say a Zopen set V is nonsingular if

V = NonsingV , i.e, if SingV = ∅.

Definition 2.4. We can associate to every real algebraic set a complex

algebraic set by the process of complexification. If V ⊂ Rn is a real algebraic

set, then by considering the inclusion Rn ⊂ Cn we can assume V ⊂ Cn.
Then the complexification VC of V is defined to be ClC(V ). In other words

VC is the smallest complex algebraic set containing V .
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If I (V ) is generated by f1, . . . , fm, we can consider each fi to be a

complex polynomial fiC, and define IC to be the ideal in C[x1, . . . , xn]
generated by fiC, . . . , fmC. Then VC = V (IC).

VC satisfies the following properties, (see [W])

1) VC ∩ Rn = V .

2) If ¯: Cn → Cn is the complex conjugation map, then V C = VC.

3) If V = V1 ∪ · · · ∪ Vm is the decomposition of V into irreducible

components, then VC = (V1)C ∪ · · · ∪ (Vm)C is the decomposition

of VC into irreducible components.

One does not have a canonical complexification of a real Zopen set V .

The reason is that there is no smallest complex Zopen set containing V .

So there are lots of complexifications. A complexification of V will be a

set of the form ClC(V )− T where T is any complex algebraic set which is

invariant under complex conjugation so that T∩Rn = ClR(V )−V . Thus the

complexification of a Zopen set is really a germ at V of complex algebraic

sets. Whenever we talk below of the complexification of a Zopen set, we

will sometimes be a bit sloppy and just pick a convenient representative

as above. Note that any complexification satisfies properties 1), 2) and 3)

above.

Let V ⊂ kn be a Zopen set and x ∈ V . Then {∇f (x) | f ∈ I (V ) } is
a vector space where ∇f (x) is the gradient of f at x. Define

rx (V ) = dim{∇f (x) | f ∈ I (V ) },
r (V ) = max{ rx (V ) | x ∈ V },
V 0 = {x ∈ V | rx (V ) = r (V ) }.

Notice that if I (V ) = 〈f1, . . . , fm〉 then rx (V ) is the dimension of the

span of {∇fi (x) , i = 1, . . . ,m}. Also, if k = R and x ∈ V then rx (V ) =

rx (VC).

Excercise 2.3. If U is any Zopen neighborhood of x in V , show that

rx(U) = rx(V ).

We could also define r in terms of entire rational functions rather than

polynomials since {∇f (x) | f ∈ I (V ) } = {∇f (x) | f ∈ Ir (V ) }.
Denote V − = V − V 0, then V − is a Zclosed subset, since if I (V ) =

〈f1, . . . , fm〉 and A (x) is the m× n matrix with i-th row ∇fi (x) then V −

is the set of x ∈ V so that all r× r minors of A (x) have determinant zero,

where r = r (V ).

We will show that when V is irreducible, then V 0 = NonsingV and

V − = SingV . This is not true in general, for example if I = 〈xy, y (y − 1)〉,
and V = V (I) ⊂ R2 then V = (R× 0)∪(0, 1), V 0 = (0, 1) but NonsingV =

R× 0. Some books on algebraic geometry use V − and V 0 as definitions for
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singular and nonsingular points of an algebraic set. As we will see later,

this is equivalent to our definition if V is irreducible but otherwise it is

different.

Proposition 2.1. If V is a k-Zopen set, then

a) V 0 = V ∩ (Clk(V ))0.

b) r (Clk(V )) = r (V ).

If k = R then for any complexification VC of V ,

c) V 0 ⊂ V 0
C and V − ⊂ V −

C .

d) r (V ) = r (VC).

Proof: Suppose V ⊂ kn. Let I (V ) = 〈f1, . . . , fm〉 and let r = r(V ). Note

I(V ) = I (Clk(V )). Pick x ∈ V 0 then r = rx (V ). For any z ∈ kn, let A(z)
be the m× n matrix with i-th row ∇fi (z). Let W be the set of all z ∈ kn
such that all (r + 1)× (r + 1) minors of A(z) have determinant 0. Then W

is an algebraic set and W ⊃ V so W ⊃ Clk(V ). Hence ry(Clk(V )) ≤ r for

all y ∈ Clk(V ). But r = rx(V ) = rx (Clk(V )) so a) and b) follow.

Now suppose k = R. Recall I (VC) = 〈f1C, . . . , fmC〉. Consequently

rx(VC) = rx(V ) for all x ∈ V . Let AC be the complexification of A, i.e.,

for any z ∈ Cn, let AC(z) be the m× n matrix with i-th row ∇fiC (z). Let

Z be the set of all z ∈ Cn such that all (r + 1) × (r + 1) minors of A(z)

have determinant 0. Then Z is a complex algebraic set containing V , hence

Z ⊃ VC by the definition of complexification. So for z ∈ VC, rz (VC) ≤ r.

But if x ∈ V0, r = rx(V ) = rx (VC) so x ∈ V 0
C and r (VC) = r. Now if

x ∈ V −, rx (VC) = rx(V ) < r so x ∈ V −
C . So c) and d) hold also.

Proposition 2.2. If W is an irreducible Zclosed subset of an irre-

ducible Zopen set V and W 6= V then r (W ) > r (V ).

Proof: By Lemma 1.2 and Proposition 2.1 we may as well assume that W

and V are algebraic sets and k = C. But then this is Proposition 1.14 of

[M].

Proposition 2.3. Let V ⊂ kn be an irreducible k-Zopen set, and x ∈
V 0. Let fi ∈ I (V ) for i = 1, 2, . . . , r (V ) be polynomials such that all ∇fi (x)
are linearly independent. Then for any g ∈ I (V ) there are polynomials hi
for i = 0, 1, . . . , r (V ) such that h0 · g =

∑r(V )
i=1 hi · fi and h0 (x) 6= 0. In

fact, for some Zopen neighborhood U of x in kn; f1, . . . , fr(V ) generate the

ideal IrU (V ∩ U) of Γr(U).

Proof: By Lemma 1.2 and Proposition 2.1 we may as well assume that

V is an algebraic set. When k = C this is Corollary 1.20 of [M]. The

case k = R follows from k = C as follows. We know that x ∈ V 0 ⊂ V 0
C

and r = r (V ) = r (VC). By the case k = C there are hi ∈ C[x1, . . . , xn],
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i = 0, 1, . . . , r with h0 (x) 6= 0 and h0 · gC =
∑
hi ·fiC. Let hi = ui+

√
−1vi

for ui, vi ∈ R[x1, . . . , xn]. After multiplying by
√
−1 if necessary, we may

assume u0 (x) 6= 0. Then u0 · g =
∑
ui · fi.

To see that f1, . . . , fr(V ) generate the ideal I
r
U (V ∩U), let g1, . . . , gm be

generators of I(V ) and pick polynomials hji so hi0gi =
∑r(V )
j=1 hij · fj and

hi0 (x) 6= 0. Let h =
∏m
i=1 hi0. Let U = kn − h−1(0). Let U ′ = { (x, t) ∈

kn× k | th(x) = 1 } and let π : U ′ → U be projection, note it is a birational

isomorphism.

If k = R, then Proposition 1.1 implies f1, . . . , fr(V ) generate the ideal

IrU (V ∩U). If k = C, take any entire rational function ϕ : U → C. Then ϕπ
is a entire rational function on the complex algebraic set U ′ and hence is a

polynomial by Proposition 1.11 of [M]. So ϕ = p/hb for some polynomial p

and some b. It then follows that f1, . . . , fr(V ) generate the ideal I
r
U (V ∩U).

The following Lemma is only an intermediate result because Proposi-

tion 2.6 below is much stronger.

Lemma 2.4. (intermediate results) Let V ⊂ kn be a k-Zopen set, then:

a) If x ∈ V is nonsingular of dimension e, then rx(V ) ≥ n − e and

there is an irreducible component S of V so that x ∈ S and x is

nonsingular of dimension e in S.

b) If NonsingV 6= ∅, then there is an irreducible component S of V

with NonsingS 6= ∅ and dimS ≥ dimV .

Proof: First we will prove a). Let U be a neighborhood of x, and fi ∈ I (V ),

i = 1, 2, . . . , n−e so that U ∩V = U ∩
⋂n−e
i=1 f

−1
i (0) and ∇fi (x) are linearly

independent. Let S1, . . . , Sm be the irreducible components of V which

contain x. We will see in Proposition 2.6 below that m = 1, but for now

we pretend otherwise. By the implicit function theorem we can shrink U so

that U ∩V is a connected analytic manifold. Suppose U ∩Si 6= U ∩V for all

i = 1, . . . ,m. Then for each i there is a gi ∈ I (U ∩ Si) with gi 6∈ I (U ∩ V ).

But gi is an analytic function on a connected analytic manifold U∩V ; hence

if gi were zero on an open subset of U ∩ V , it would be zero on U ∩ V . So

each U∩g−1
i (0) is nowhere dense in U∩V . Therefore each U∩Si is nowhere

dense in U∩V . So U∩V 6=
⋃
(U ∩ Si) = U∩(

⋃
Si) = U∩V , contradiction.

Hence one of Si, which we call S, must satisfy U ∩ S = U ∩ V . Therefore

x ∈ S is nonsingular of dimension e in S. To see that rx(V ) ≥ n− e, note
that {∇f(x) | f ∈ I(V ) } ⊃ the span of {∇f1(x), . . . ,∇fn−e(x)} which has

dimension n− e.
To see b), let e = dimV and pick x ∈ V nonsingular of dimension e. By

a), we know x is nonsingular of dimension e in some irreducible component

S of V . Then dimS ≥ e = dimV by definition. (Actually Proposition 2.5

below shows that dimS = dimV ).
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Proposition 2.5. If U ⊂ kn is an irreducible k-Zopen set and V =

Clk(U), then

a) NonsingU is nonempty.

b) dimV = dimU = n− r (U).

c) NonsingU = U ∩NonsingV = U0.

d) SingU = U ∩ SingV = U−.

e) If W ⊂ U is an irreducible Zclosed subset with W 6= U , then

dimW < dimU .

Proof: First we will prove a). Recall r(U) = r(V ) by Proposition 2.1b.

Pick x ∈ U0, then there are fj ∈ I (U), j = 1, 2, . . . , r (U) so that ∇fj (x)
are linearly independent. By Proposition 2.3 there is a Zopen neighborhood

O of x in kn so that IrO(U ∩ O) is generated by f1, . . . , fr(U). Hence O ∩
U = O ∩

⋂
f−1
j (0). So x is nonsingular of dimension n − r (U), hence

dimU ≥ n− r (U), in particular NonsingU 6= ∅.
We now prove b). Let S be the set of all irreducible algebraic sets, let

A = {S ∈ S | dimS > n − r (S) }. Suppose A is nonempty. Let S be a

minimal member of A. We have NonsingS ∩ S0 = ∅ since if x ∈ S0 then x

is nonsingular of dimension n − r (S) by above. So NonsingS ⊂ S−. But

NonsingS is open in S so if x ∈ NonsingS we know that x is nonsingular

of dimension dimS in S−. So NonsingS− 6= ∅ and dimS− ≥ dimS. By

Lemma 2.4 there is an irreducible component T of S− (in particular T $ S)

such that dimT ≥ dimS−. This along with Proposition 2.2 gives, dimT ≥
dimS− ≥ dimS > n− r (S) > n− r (T ) which contradicts the minimality

of S. So for every irreducible algebraic set W , dimW = n − r (W ). In

particular, V is irreducible by Lemma 1.2 so dimV = n− r(V ) = n− r(U).

Now n− r(U) = dimV ≥ dimU ≥ n− r(U) so b) follows.

We showed above that U0 ⊂ NonsingU , but then c) and d) are conse-

quences of b) and Proposition 2.1a and Lemma 2.4a. Also e) follows from

b) and Proposition 2.2.

In case V is not irreducible the following Proposition describes the

relation between the nonsingular points of the irreducible components of V

and the nonsingular points of V . This is proven by a different route in [P].

Proposition 2.6. Let V be a k-Zopen set. Then NonsingV is not

empty. Also x ∈ V is nonsingular of dimension e if and only if x is con-

tained in exactly one irreducible component S of V , x ∈ NonsingS = S0

and dimS = e.

Proof: Let V = S0 ∪ S1 ∪ · · · ∪ Sm be the irreducible decomposition of

V , so each Si is irreducible and no Si is contained in any other. Suppose

x ∈ NonsingS0 −
⋃m
i=1 Si and dimS0 = e. Suppose V ⊂ kn. Then there

is an open neighborhood U of x in kn, and polynomials fj ∈ I (S0), j =
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1, . . . , n− e such that U ∩ S0 =
⋂n−e
j=1 f

−1
j (0) ∩ U and ∇fj (x) are linearly

independent. By shrinking U we can assume that U ∩ S0 = U ∩ V . Since

x 6∈
⋃m
i=1 Si there is a polynomial h ∈ I (

⋃m
i=1 Si) with h (x) 6= 0. We may

assume h (U) ⊂ k − {0}. Then

U ∩ V = U ∩ S0 =
n−e⋂
j=1

(hfj)
−1

(0)

and the vectors

∇ (hfj) (x) = h (x)∇fj (x)
are linearly independent and

hfj ∈ I (S0) ∩ I
( n⋃
i=1

Si
)
= I (V ) .

Hence x is nonsingular of dimension e in V .

Conversely assume x is nonsingular of dimension e in V . By Lemma 2.4

there exists an irreducible component S of V with x ∈ S and x is nonsin-

gular of dimension e in S. In particular dimS ≥ e, and by Proposition 2.5

and Lemma 2.4a, dimS = n− r (S) ≤ n− (n− e) = e. Hence dimS = e.

Let S′ be any other irreducible component of V with x ∈ S′. Pick fi ∈
I (V ) ⊂ I (S), i = 1, . . . , n − e such that ∇fi (x) are linearly independent.

Then if g ∈ I (S), by Proposition 2.3 there are polynomials hi, i = 0, . . . , n−
e such that h0 ·g =

∑n−e
i=1 hifi and h0 (x) 6= 0. Then since I (V ) ⊂ I (S′), we

know that h0 · g ∈ I (S′). We have S′ =
(
S′ ∩ h−1

0 (0)
)
∪
(
S′ ∩ g−1 (0)

)
and

x ∈ S′−S′∩h−1
0 (0). Then by irreducibility S′ = S′∩g−1 (0), i.e., g ∈ I (S′).

So we have shown I (S) ⊂ I (S′), so S′ ⊂ S. This is a contradiction since

by definition, no irreducible component is contained in any other.

Corollary 2.7. If V is a Zopen set and V = S0 ∪ S1 ∪ · · · ∪ Sk is its

decomposition into irreducible components then dimV = max{dimSi} and

NonsingV =
⋃

dimSi=dim V

(
NonsingSi −

⋃
i 6=j

Sj
)
.

Excercise 2.4. Show that dim (SingV ) < dimV .

We also get the following corollary since any irreducible component of

V is either contained in W or V −W .

Corollary 2.8. Let V be an algebraic set and let W ⊂ V be an

algebraic subset so that W ⊂ NonsingV and dimV = dimW . Then V −W
is an algebraic set. Furthermore, Sing(V − W ) = SingV unless W =

NonsingV .

We also get the following corollary of Propositions 2.2 and 2.6.
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Lemma 2.9. Every proper algebraic subset S of an irreducible algebraic

set V must have dimS < dimV .

The decomposition into singular and nonsingular points is preserved

under birational isomorphism, although it is not obvious under our defini-

tion.

Lemma 2.10. Let f : V →W be a birational isomorphism. If x ∈ V is

nonsingular of dimension d in V then f (x) is nonsingular of dimension d

in W . In particular, f (SingV ) = SingW .

Proof: By Proposition 2.6 and Lemma 1.3b, we may as well assume V and

W are irreducible. Now the Lemma for k = C follows from 1.9 and 1.13

of [M] along with Proposition 2.5. But by Proposition 2.1 the k = C case

implies the k = R case.

We now get a version of Proposition 2.3 for the reducible case.

Proposition 2.11. Let V ⊂ kn be a Zopen set. Pick x ∈ NonsingV

and let fi ∈ I (V ) for i = 1, . . . , n − dimV be such that all ∇fi (x) are

linearly independent. Then for any g ∈ I (V ) there are polynomials hi for

i = 0, . . . , n− dimV such that:

a) h0 (x) 6= 0.

b) h0g =
∑
hifi.

In fact, for some Zopen neighborhood U of x in kn; f1, . . . , fr(V ) generate

the ideal IrU (V ∩ U) of Γr(U).

Proof: Let S be the irreducible component of V which contains x. By

Propositions 2.5 and 2.6 dimS = dimV = n − r (S) and x ∈ S0. Hence

Proposition 2.3 implies our result.

The following Lemma gives a more convenient way of testing for non-

singularity of subsets.

Lemma 2.12. Let U and V be Zopen sets with U ⊂ V . Suppose x ∈ U
is nonsingular of dimension d in V . Then x is nonsingular of dimension

e in U if and only if there are a Zopen neighborhood O of x in V and an

entire rational function f : O → kd−e so that

a) O ∩ U = O ∩ f−1 (0).

b) The map on tangent spaces df : TOx → Tkd−ex has rank d− e.

Proof: Suppose V ⊂ kn. Choose gi ∈ I(V ) and a neighborhood W of x

in kn so that W ∩ V =W ∩
⋂n−d
i=1 g

−1
i (0) and ∇gi (x), i = 1, . . . , n− d are

linearly independent. Note that TOx is the set of vectors perpendicular to

all ∇gi.
Suppose first that O and f satisfying a) and b) exist. Let fi be the

i-th coordinate of f . Then after perhaps shrinking O a bit we may write
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each fi as the quotient of two polynomials fi = pi/qi where qi is nowhere 0

on O. Pick a polynomial r ∈ I(V − O) so that r(x) 6= 0. But then setting

gn−d+i = r·pi, i = 1, . . . , d−e and shrinkingW so thatW∩V ⊂ O−r−1(0),

we see that W ∩ U = W ∩
⋂n−e
i=1 g

−1
i (0) and ∇gi (x), i = 1, . . . , n − e are

linearly independent. So x is nonsingular of dimension e in U .

Now suppose x is nonsingular of dimension e in U . We wish to find f

and O satisfying a) and b). We know that rx(U) = n − e so we may pick

gi ∈ I(U), i = n−d+1, . . . , n−e so that ∇gi (x), i = 1, . . . , n−e are linearly
independent. By Proposition 2.11, there is a Zopen neighborhood O′ of x

in kn so that IrO′(U∩O′) is generated by gi, i = 1, . . . , n−e. Let O = V ∩O′

and f = (g1+n−d, . . . , gn−e). Note if x ∈ O∩f−1(0)−U there is a g ∈ I(U)

so that g(x) 6= 0. But since g ∈ I(U) we know g(x) =
∑
hi(x)gi(x) = 0

and we have a contradiction.

Next we get an algebraic version of transversality.

Definition 2.5. Recall that if f : M → N is a smooth map between

smooth manifolds and L ⊂ N is a smooth submanifold of N then we say f is

transverse to L at a point x ∈M if either f(x) 6∈ L or df(TMx)+TLf(x) =

TNf(x), i.e., the normal bundle of L at f(x) is generated by images of

tangent vectors to M . We write f t L at x if f is transverse to L at x, and

say f t L if f t L at all x ∈M .

One consequence of transversality at x is that near x, f−1(L) is a

smooth submanifold of M with codimension equal to the codimension of

L. The following Lemma gives the algebraic version of this result.

Lemma 2.13. Suppose f : V →W is an entire rational function between

Zopen sets and U ⊂ W is a Zclosed subset. Suppose x is nonsingular

of dimension a in V , f(x) is nonsingular of dimension b in W , f(x) is

nonsingular of dimension c in U and f t U at x. Then x is nonsingular

of dimension a− b+ c in f−1(U).

Proof: Let Z = f−1(U). By Lemma 2.12 we may choose a Zopen neigh-

borhood O of f(x) in W and an entire rational function g : O → kb−c so

that dg has rank b − c at f(x) and U ∩ O = g−1(0) ∩ O. Let h = g ◦ f
and O′ = f−1(O). Then Z ∩ O′ = h−1(0) ∩ O′ and dh has rank b − c at

x by transversality. Hence by Lemma 2.12, x is nonsingular of dimension

a− b+ c in f−1(U).

We also have transversality for maps.

Definition 2.6. f f : M → N and g : L → N are two smooth maps

and (x, y) ∈ M × L then we say f t g at (x, y) if either f(x) 6= g(y) or

f(x) = g(y) = z and df(TMx) + dg(TLy) = TNz. We say f t g if f t g at

all (x, y) ∈M × L.
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Lemma 2.14. Suppose f : V → W and g : U → W are entire rational

functions between Zopen sets. Suppose x is nonsingular of dimension a in

V , f(x) is nonsingular of dimension b in W , y is nonsingular of dimension

c in U , f(x) = g(y) and f t g at (x, y). Let

Z = { (v, u) ∈ V × U | f(v) = g(u) }

be the pullback of f and g. Then (x, y) is nonsingular of dimension a−b+c
in Z.

Proof: The map (f, g) : V × U → W ×W is transverse to the diagonal

D = {(w,w) ∈W×W} at (x, y) and Z = (f, g)−1(D). ButD is nonsingular

of dimension b at (f(x), f(x)), W ×W is nonsingular of dimension 2b at

(f(x), f(x)) and V × U is nonsingular of dimension a+ c at (x, y). So the

result follows from Lemma 2.13.

The complexification of a nonsingular real algebraic set need not be

nonsingular, and the complexification of a regular function need not be

regular. However the following shows that up to isomorphism they are.

Lemma 2.15. Let ρ : W → V be an entire rational function from a

nonsingular real Zopen set. Then there is a nonsingular real algebraic set

W ′ and a birational isomorphism η : W →W ′ such that the complexification

W ′
C is nonsingular and ρ ◦ η−1 : W ′ → V extends to an entire rational

function from W ′
C to VC.

Proof: Suppose W ⊂ Rm and V ⊂ Rk. Let X = ClR(W ) − W . By

Proposition 1.1 there are polynomials p : Rm → Rk and q : Rm → R so

that q−1(0) ∩W is empty and ρ = p/q|W . After multiplying p and q by a

polynomial r with r−1(0) = X we may assume X ⊂ q−1(0). Let pC and qC
be the complexifications of p and q. Let Y = ClC(W ). Pick a polynomial

h with real coefficients so that SingY ⊂ h−1(0) and h−1(0) ∩W is empty.

For example, h could be the sum of squares of real and imaginary parts of

generators of I(SingY ). Let

W ′ = { (x, t) ∈ ClR(W )× R | th(x)q(x) = 1 }
= { (x, t) ∈W × R | t = 1/h(x)q(x) } and

η(x) = (x, 1/(h(x)qC(x)))

Then

W ′
C = { (x, t) ∈ Y × C | th(x)qC(x) = 1 }

is nonsingular since it is isomorphic to

Y − (h−1(0) ∪ q−1
C (0)) ⊂ NonsingY.

Also ρη−1(x, t) = th(x)p(x) which extends to the polynomial map th(x)pC(x).
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Zopen sets have a canonical stratification induced by their singularities.

If X is a Zopen set we may define X0 = X, X1 = SingX and Xi =

SingXi−1. Since dimXi+1 < dimXi, this is a well defined finite process and

gives a stratification of X. Furthermore by enlarging the Xi’s we can make

this stratification satisfy the Whitney conditions. These are some niceness

conditions which in particular imply that this is a conelike stratification

(c.f., [Wa]).

If f : V → W is an entire rational function between Zopen sets then

f (V ) need not be a Zopen set. For example, the projection of a circle

in R2 to the x axis is an interval. However f (V ) is something called a

semialgebraic set if k = R or a constructible set if k = C.

Definitions 2.7. A semialgebraic set is a finite union of finite inter-

sections of sets of the form {x ∈ Rn | p (x) > 0 } or {x ∈ Rn | p (x) = 0 }
where p is a polynomial. A constructible set is a finite union of finite inter-

sections of sets of the form {x ∈ Cn | p (x) 6= 0 } or {x ∈ Cn | p (x) = 0 }
where p is a polynomial.

By the Tarski-Seidenberg theorem, the image of a semialgebraic or

constructible set under an entire rational function is semialgebraic or con-

structible [BCR]. The only other properties we need are that semialgebraic

and constructible sets are triangulable and thus have a dimension and this

dimension equals the dimension of the Zariski closure [L2].

The following Lemma allows us to convert any algebraic stratification

of a real algebraic set into the canonical singular stratification. It is a

useful device to enlarge singularities of a real algebraic set to fit a given

requirement, provided we are willing to change it by a homeomorphism.

Proposition 2.16. Let Y be any real Zopen set and let

Y0 ⊂ Y1 ⊂ · · · ⊂ Yn = Y

be Zclosed subsets of Y so that Yi−1 ⊃ SingYi and dimYi−1 < dimYi for

all i = 1, . . . , n. Then there is a real algebraic set Z and an entire rational

function h : Z → Y so that h is a homeomorphism and

h−1 (Yi−1) = Sing
(
h−1 (Yi)

)
for i = 1, . . . , n.

Proof: Pick the largest k so that there is a real algebraic set Z ′ and

an entire rational function h′ : Z ′ → Y so that h′ is a homeomorphism,

h′
−1

(Yi−1) = Sing
(
h′

−1
(Yi)

)
for i = 1, . . . , k and h′

−1
(Yi−1) ⊃ Sing

(
h′

−1
(Yi)

)
for i = 1, . . . , n. Note you can do this for k = 0 by Lemmas 1.4 and 2.10.

So k ≥ 0.

If k = n we are done so suppose k < n. We will obtain a contradiction

and thus prove the Lemma. Suppose Z ′ ⊂ Rm. Let W = h′
−1

(Yk) and
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let p : Rm → R be a polynomial so that W = p−1 (0). Let d : Rm → [0,∞)

be the function d (x) = the distance from x to W . Pick a compact set

K ⊂ W which contains an open subset of NonsingX for every irreducible

component X of W . By the Lojasiewicz inequality [L1] we know that

|p (x) | ≥ c · d (x)b for all x in some neighborhood U of K and some c > 0

and some integer b > 0.

Let S = { (y, t) ∈ Rm × R | t2b+1 = p (y)
2 }. Projection to Rm induces

an entire rational function g : S → Rm which is homeomorphism. Let

Z ′′ = g−1 (Z ′) = Z ′ × R ∩ S and let h′′ : Z ′′ → Y be the entire rational

function h′ ◦ g|. Since g|W×0 is a birational isomorphism to W , we know

that h′′
−1

(Yi−1) = Sing
(
h′′

−1
(Yi)

)
, i = 1, . . . , k. It is easy to check directly

from the definition that g−1 (T ) is nonsingular for any nonsingular Zopen

set T ⊂ Rm −W . Hence for i > k we have

Sing
(
h′′

−1
(Yi)

)
⊂ g−1

(
Sing

(
h′

−1
(Yi)

)
∪W

)
⊂ g−1h′

−1
(Yi−1)

So to obtain a contradiction we only need show thatW×0 = h′′
−1

(Yk) =

Sing
(
h′′

−1
(Yk+1)

)
. The idea of why this is so is that S bends in a sharp

cusp normal to W . A precise proof is as follows.

Let V = h′′
−1

(Yk+1). We know W × 0 ⊃ SingV so if W × 0 6= SingV

there is an irreducible componentX ofW×0 so that X∩SingV 6= X. Then

dim (SingX ∪ (X ∩ SingV )) < dimX so since X ⊂ V we may pick some x

in NonsingX ∩ NonsingV ∩ K. Since dimX < dimV and NonsingX ∩
NonsingV is a submanifold of NonsingV , we can find an analytic arc

α : [−ε, ε]→ NonsingV so that α (0) = x and α′ (0) is nonzero and perpen-

dicular to the tangent space of NonsingX at x. Let α (t) = (α1 (t) , α2 (t))

where α1 (t) ∈ Rm and α2 (t) ∈ R. Now α2(t) ≥ 0 since

α2(t)
2b+1 = (pα1(t))

2 ≥ 0.

So α′
2(0) = 0, hence α′

1(0) 6= 0. But

d (α1 (t)) ≥ |α′
1 (0) | · |t|/2

for small t so

|α2 (t) | = |p ◦ α1 (t) |2/(2b+1) ≥ c2/(2b+1)d (α1 (t))
2b/(2b+1) ≥ c′|t|

for some constant c′ > 0 and small t. This contradicts the analyticity of

α2 (t) since α2 (t) ≈ ate for small t where e = ord (α2) ≥ 2.

3. Projective algebraic sets

Definition 3.1. The multiplicative group k−0 acts on kn+1−(0, . . . , 0)
by multiplication. Define

kPn = kn+1 − (0, . . . , 0) /k − {0}
= kn+1 − (0, . . . , 0) /x ∼ λx for λ ∈ k − {0}.
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We denote a point in kPn by an (n+ 1)-tuple [x0, . . . , xn]. Of course these

coordinates are not unique since we are free to multiply all coordinates by

any nonzero λ.

For example for k = R we have RPn which can also be identified by

Sn/x ∼ −x, the quotient of the sphere by the antipodal map. We can think

of kPn as the space of lines in kn+1 where [x0, . . . , xn] corresponds to the

line { (tx0, . . . , txn) ∈ kn+1 | t ∈ k }.
There are coordinate charts θi : k

n → kPn for i = 0, . . . , n given by

θi (x1, . . . , xn) = [x1, . . . , xi, 1, xi+1, . . . , xn].

These charts cover kPn and give it the structure of a smooth or complex

manifold.

Definitions 3.2. Any homogeneous polynomial f ∈ k[x0, . . . , xn] de-
scribes a subset of kPn as follows

V̂ (f) = { [x0, . . . , xn] ∈ kPn | f (x0, . . . , xn) = 0 }.

Since f (λ (x0, . . . , xn)) = λdf (x0, . . . , xn) for some d, the above expression

f (x0, . . . , xn) = 0 makes sense. Hence V̂ (f) is well defined. In general if J

is a set of homogeneous polynomials in k[x0, . . . , xn] we have a subset

V̂ (J) = { [x0, . . . , xn] ∈ kPn | f (x0, . . . , xn) = 0 for all f ∈ J }.

Such a V̂ (J) is called a projective algebraic set . In a similar manner to the

affine case we define projective Zopen sets, Zclosed subsets, Zopen subsets

and Zopen neighborhoods. If we need to distinguish projective Zopen sets

from our previous notion of Zopen sets in kn, we will call the Zopen sets of

kn affine.

Definition 3.3. If S ⊂ kPn and T ⊂ kPm we say f : S → T is an entire

rational function if for each x ∈ S there are homogeneous polynomials pi,

i = 0, . . . ,m all with the same degree and a Zopen neighborhood U of x in

kPn so that U ∩ V̂(pj) = ∅ for some j and f(y) = [p0(y), . . . , pm(y)] for all

y ∈ U ∩S. Note this is well defined since the pi’s all have the same degree.

Note the chart θj pulls back projective algebraic sets to algebraic sets.

If V̂ (f1, . . . , fm) ⊂ kPn is a projective algebraic set and

f̂i (x1, . . . , xn) = fi (x1, . . . , xj−1, 1, xj , . . . , xn)

then

θ−1
j

(
V̂ (f1, . . . , fm)

)
= V

(
f̂1, . . . , f̂m

)
.
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Definitions 3.4. We can also associate to any algebraic set V a pro-

jective algebraic set P (V ) as follows. If f ∈ k[x1, . . . , xn] we can write

f =
∑d
i=0 fi where each fi is homogeneous of degree i. Let

f̃ (x0, x1, . . . , xn) =
d∑
i=0

xd−i0 fi (x1, . . . , xn)

Then f̃ is homogeneous of degree d. It is called the homogenization of f .

In particular when x0 6= 0, f̃ (x0, . . . , xn) = xd0f (x1/x0, x2/x0, . . . , xn/x0).

If S ⊂ kn and J is the homogenization of the polynomials in I (S), then J

defines a projective algebraic set P (S). In particular S = θ−1
0 (P (S)). If an

algebraic set S ⊂ kn has the property θ0 (S) = P (S) we call S projectively

closed .

Definition 3.5. A polynomial f ∈ R[x1, . . . , xn] is called overt if its

homogenization f̃ (x0, . . . , xn) has no zeroes with x0 = 0 except for x = 0.

Equivalently, fd (x) = 0 implies x = 0.

Excercise 3.1. For k = R, the algebraic set V
(
x2 + y2 − 1

)
is projec-

tively closed but V
(
x2 + y4 − 1

)
is not.

Excercise 3.2. The only projectively closed complex algebraic sets

have dimension 0.

Excercise 3.3. The following are equivalent for a real algebraic set S:

a) S is projectively closed.

b) I (S) contains an overt polynomial.

c) S = p−1 (0) for some overt polynomial.

Excercise 3.4. A function f : S → T is an entire rational function

between affine subsets if and only if θifθ
−1
j : θj(S) → θi(T ) is an entire

rational function between projective subsets for some or any j and i.

We can define singular and nonsingular points of projective Zopen sets.

A point x in a projective Zopen set V is nonsingular of dimension d in V if

and only if θ−1
j (x) is nonsingular of dimension d in θ−1

j (V ) for some (and

hence all) j with x in the image of θj .

Projective algebraic sets behave like algebraic sets and there is a natural

1− 1 correspondence{
Projective algebraic
sets S in kPn

}
←→

{
Nonempty algebraic sets S′ in kn+1

such that λS′ ⊂ S′ for all λ ∈ k

}
To see this correspondence let S be a projective algebraic set given by the

homogeneous polynomials J then V (J) ⊂ kn+1 gives an algebraic set S′

invariant under multiplication by elements of k. Conversely let S′ ⊂ kn+1

be an algebraic set with λS′ ⊂ S′ for all λ ∈ k. Let I (S′) = 〈f1, . . . , fm〉
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and fi =
∑di
j=0 fij where each fij is homogeneous of degree j. Then for

x ∈ S′, 0 = fi (λx) =
∑di
j=0 fij (λx) =

∑di
j=0 λ

jfij (x). Since this equation

holds for each i and λ ∈ k we must have each fij (x) = 0. Therefore

I (S′) = 〈f11, . . . , fm,dm〉 is generated by homogeneous polynomials and

defines a projective algebraic set S in kPn.
Our main objects of interest will still be affine Zopen sets, since they

are easier to deal with and by Proposition 4.1 below any real projective

Zopen set is birationally isomorphic to an affine Zopen set. But projective

Zopen sets are often useful objects. Since kPn is compact, they give a way

of compactifying algebraic sets. By means of the embedding θ above, we

can identify any affine Zopen set with a projective Zopen set.

One ingredient which seems to be missing is cartesian product. One

could of course talk about algebraic subsets of cartesian products of pro-

jective spaces, but there is no need to do so. There is a canonical em-

bedding called the Segre embedding σ : kPn × kPm → kPnm+n+m defined

by σ([x0, . . . , xn], [y0, . . . , ym] = [x0y0, . . . , xnym]. Its image is a projective

algebraic set and σ is a birational isomorphism with respect to the sensible

algebraic structure on kPn×kPm (c.f. Proposition 2.12 of [M]). Hence from

now on we allow ourselves to take cartesian products of projective Zopen

sets; without saying so explicitly we always identify them with a projective

Zopen set via the Segre embedding.

As an application of projective algebraic sets we present the following.

Proposition 3.1. Let f : V → W be an entire rational function be-

tween affine or projective Zopen sets. Then there is a Zclosed subset X of

W with dimX < dimW so that f | : V − f−1(X) → W − X is a locally

trivial fibration.

Proof: The affine case follows from the projective case via the chart θ0
above. So we only need prove the projective case. By replacing W by

NonsingW and V by f−1(NonsingW ), we may as well assume W is non-

singular. Suppose V ⊂ kPn. By replacing V by the graph of f we can

assume that V ⊂ W × kPn and f is induced by the projection. Let V ′ be

the Zariski closure of V inW ×kPn and let V ′′ = V ′−V . Take an algebraic

Whitney stratification of V ′ compatible with V ′′. In particular we have k

algebraic subsets {Vi} such that SingVi ⊂ Vi−1 ⊂ Vi and Vi − Vi−1 are the

strata, c.f., [Wa]. Furthermore, any connected component of a stratum is

contained in either V ′′ or V . If dim W = m let

Yi = { y ∈ Vi − Vi−1 | dπy has rank < m }

where π : V ′ →W is the induced projection. Now
⋃
π (Yi) is a constructible

or semialgebraic set and it has measure zero by Sard’s Theorem, hence

it and its Zariski closure have smaller dimension than W . So if we let
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X = Clk (
⋃
π (Yi)), then dimX < dimW . By Thom’s first isotopy lemma

(c.f., [GWPL] p.58), π : (V ′−V ′′)
⋂
(W −X)×kPn →W −X is a locally

trivial fibration.

Since irreducible complex Zopen sets are connected, we see that if W

above is irreducible, then all the sets f−1(x) for x ∈W −X are homeomor-

phic. In the real case we do not get such a strong result, but Proposition

3.1 does imply that there is a natural way to associate a notion of degree

to entire rational functions between real Zopen sets as follows.

Proposition 3.2. Let V and W be real affine or projective Zopen sets

with W irreducible. Let f : V → W be an entire rational function. Then

there is a δ (f) ∈ Z/2Z and a Zclosed subset X of W with dimX < dimW ,

such that for each z ∈ W −X the Euler characteristic of f−1 (z) satisfies

χ
(
f−1 (z)

)
≡ δ (f) mod 2. We call δ (f) the degree of f .

Proof: Just as in 2.3.1, the projective case implies the affine case so we will

just do the projective case. We will use various unspecified generalizations

of affine notions to projective notions. If the reader feels uncomfortable

with this, just think of this as a proof in the affine case and use Proposition

4.1 below to get the projective case (which we never use anyway). Let

VC and WC and f : VC → WC be complexifications of V , W and f . By

Proposition 3.1, there is a Zclosed subset Y ⊂WC so that

dimC(Y ) < dimC(WC) = dimR(W )

and

fC| : VC − f−1
C (Y )→WC − Y

is a locally trivial fibration. Let X = Y ∩W = the real points of Y . Note

XC ⊂ Y so

dimX = dimC(XC) ≤ dimC(Y ) < dimW.

Also for any x ∈ W we know that f−1(x) is the fixed point set of the

complex conjugation involution on f−1
C (x). Hence

χ(f−1(x)) = χ(f−1
C (x)) mod 2.

But WC − Y is connected so all the sets f−1
C (x) for x ∈ W −X are home-

omorphic. So if we set δ(f) = χ(f−1(x)) for some x ∈ W − X we obtain

our result.

If we let W be ClRf (V ) then δ (f) = 1 so we must have ClRf (V ) −
f (V ) ⊂ X. Consequently:

Corollary 3.3. Suppose V is an irreducible real Zopen set and sup-

pose f : V → Rm is an entire rational function such that χ
(
f−1 (x)

)
is

odd for a dense set of points x ∈ f (V ). Then dim (ClRf (V )− f (V )) <

dim f (V ).
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The above Corollary 3.3 was originally proven by Benedetti and Tognoli

in [BT] under the special assumption that f is an embedding. Proposition

3.2 is from [AK7].

4. Grassmannians

Definitions 4.1. Let Gk (n,m) denote the Grassmannian of m-planes

in kn. Let Mk (n) denote the set of (n× n)-matrices with coefficients in k.

When k = R there is a natural identification with projection matrices

GR (n,m) = {L ∈MR (n) | L2 = L, L = Lt, trace (L) = m }

given by m-plane 7→ the matrix of orthogonal projection onto that plane.

When k = R we will denote GR (n,m) by G (n,m). The above identification

makes G (n,m) a real algebraic set in Rn2

.

Excercise 4.1. G (n,m) is nonsingular. Hint: Show it is homoge-

neous, that there is a birational automorphism taking any point to any

other point.

If we define:

E (n,m) = { (L, y) ∈ G (n,m)× Rn | Ly = y }
E∗ (n,m) = { (L, y, t) ∈ E (n,m)× R | |y|2 + t2 = t }

then the natural projections

E (n,m) → G (n,m)

E∗ (n,m) → G (n,m)

are the universal Rn-bundle and the corresponding n sphere bundle ob-

tained by compactifying each fiber of E (n,m).

Excercise 4.2. Show that E (n,m) and E∗ (n,m) are nonsingular al-

gebraic sets.

There is a natural entire rational diffeomorphism

µ : RPn → G (n+ 1, 1)

given by µ[x0, . . . , xn] =
(
xixj/

∑n
`=0 x

2
`

)
.

When k = R projective algebraic sets and algebraic sets coincide:

Proposition 4.1. A set S ⊂ RPn is a projective algebraic set if and

only if µ (S) ⊂ G (n+ 1, 1) is an algebraic set in R(n+1)2 .

Proof: Let S = V̂ (f1, . . . , fm) ⊂ RPn where each fi is a homogeneous poly-

nomial of degree di. Then we claim that there are polynomials pi : Rn → R
such that piµ (x) = |x|−2dif2i (x) for all x ∈ RPn. The existence of pi is
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best understood by examples. For example, when fi (x0, x1, x2) = x30−x1x22
then

|x|−6f2i (x) = |x|−6
(
x60 − 2x30x1x

2
2 + x21x

4
2

)
= pi ◦ µ (x)

where pi (L) = L3
00 − 2L00L01L22 + L11L

2
22.

Then µ (S) = V (p1, . . . , pm) ∩G (n+ 1, 1).

Conversely suppose S = V (p1, . . . , pm)∩G (n+ 1, 1), and pi =
∑di
j=0 pij

with pij homogeneous of degree j. Then the polynomials

fi (x0, . . . , xn) = |x|2dipi ◦ µ[x0, . . . , xn]

=

di∑
j=0

|x|2(di−j)pij
(
x20, x0x1, . . . , xn−1xn, x

2
n

)
are homogeneous of degree 2di. Hence V̂ (f1, . . . , fm) = µ−1 (S).

Corollary 4.2. A subset S ⊂ RPk is a projective Zopen set if and

only if µ (S) ⊂ G (k + 1, 1) is a Zopen set in R(k+1)2 .

Let V ⊂ Rn be a Zopen set with m = dimV . Then we have the natural

maps classifying the tangent and normal bundles to NonsingV :

α : NonsingV → G (n,m) where α (x) = the tangent plane to V at x
β : NonsingV → G (n, n−m) where β (x) = the normal plane to V at x

Proposition 4.3. α and β are entire rational functions.

Proof: Let I denote the n × n identity matrix. Then α(x) = I − β(x) so
it suffices to prove β(x) is entire rational.

Pick any y ∈ NonsingV . Pick f1, . . . , fn−m ∈ I(V ) so that the gradients

∇fi are linearly independent at y. Let A(x) be the n×(n−m) matrix whose

i-th column is ∇fi(x) and let At(x) be its transpose. Then by standard

linear algebra we know that

β(x) = A(x)
(
At(x)A(x)

)−1
At(x)

as long as A(x) has rank n−m. But by Cramer’s rule,(
At(x)A(x)

)−1
= P (x)/q(x)

for some polynomial matrix P (x) where q(x) = det (At(x)A(x)). But A(x)

has rank n−m if and only if q(x) 6= 0 so

β(x) = A(x)P (x)At(x)/q(x)

for all x ∈ V − q−1(0). Note that q(y) 6= 0, so β(x) is an entire rational

function.
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Corollary 4.4. Let L ⊂ V ⊂ Rn be nonsingular Zopen sets. Then

there is an entire rational function γ : L → G (n, k) where k = dimV −
dimL, such that γ (x) is the subspace of the tangent plane to V at x which

is perpendicular to the tangent space of L at x. In other words, γ classifies

the normal bundle of L in V .

Proof: Let r and s be the codimensions of L and V respectively in Rn.
Let βL : L→ G (n, r) and βV : V → G (n, s) be the entire rational functions

of Proposition 4.3 classifying the normal bundles of L and V in Rn. Note

βLβV = βV so βV βL = βV since βV and βL are symmetric. Then γ : L →
G (n, k) is given by γ = βL − βV , since

(βL − βV )2 = β2
L − βLβV − βV βL + β2

V = βL − βV − βV + βV = βV − βL

and the image of βL − βV is the required subspace. See Figure 1.

β
L

β
V
-

β
L

β
V

L

V

Figure 1. Projecting to the normal bundle of L in V

5. Blowing Up

Definitions 5.1. Let M be a real or complex manifold and let N be

a proper submanifold of M . We will construct a new manifold B (M,N)

called the blowup of M along N . We will also construct a proper map

π(M,N) : B(M,N) → M . We call N the center of the blowup and call

π(M,N) the blowup map or blowup projection.

Let ρ : E → N be the projective normal bundle of N in M , i.e., E is

the space of lines in the normal bundle of N . So if N has codimension n, ρ

will be a smooth fibre bundle with fibre kPn−1, real or complex projective

space. As a point set B (M,N) is M −N union E. We then put a natural

manifold structure on this space. The map π(M,N) is the identity on

M −N and is the bundle projection to N on E.
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Let us start with an example. Suppose M = km and N = km−n =

{x ∈ km | x1 = x2 = · · · = xn = 0 }. Let η : L → kPn−1 be the canonical

line bundle over kPn−1, so

L = { (x, λ) ∈ kn × kPn−1 | x is a point in the line λ }.

and η(x, λ) = λ. Note that there is a canonical isomorphism ν : L −
kPn−1 → kn − 0 where ν(x, λ) = x. Then B(km, km−n) = L × km−n

and π(km, km−n) is the map sending ((x, λ), y) to (x, y). We are identify-

ing 0 × kPn−1 × km−n with the projective normal bundle of km−n in the

obvious way.

The smooth structure on B(M,N) for general M and N is obtained

locally from the above construction. In particular, suppose θ : U →M is an

embedding onto an open subset V ⊂M where U is an open subset of km and

θ−1(N) = U ∩km−n. Let π denote π(km, km−n) and let U ′ ⊂ B(km, km−n)

be π−1(U). We have a bijection of sets ζ : U ′ → π(M,N)−1(V ) given by

ζ(z) = θπ(z) ∈M−N for z ∈ U ′−π−1(km−n) and ζ(z) = the line through

dθ(v) if z ∈ π−1(km−n) is the line through a normal vector v. We now

put the smooth structure on B(M,N) so that all such maps ζ are open

embeddings.

Excercise 5.1. This construction is well defined, i.e., different embed-

dings θ give rise to the same smooth structure where they overlap.

There is a global description of the smooth structure on B(M,N) in

the real case, or in the complex case if N has a tubular neighborhood. Let

µ : T → N be the normal bundle of N and let η : L → E be the canonical

line bundle over its projectivization E, so

L = { (x, λ) ∈ T × E | x is a point in the line λ }.

Identify E andN with their 0-sections in L and T . Then there is a canonical

isomorphism ν : L−E → T−N induced by projection to the first factor. Let

ψ : T →M be a tubular neighborhood ofN . ThenB (M,N) is the manifold

obtained by gluing L andM−N together via the embedding ψν| : L−E →
M − N . We have a natural smooth projection π (M,N) : B (M,N) →
M which is the identity on M − N and is ρ on E. In the complex case

one may not be able to do the above construction exactly, since a tubular

neighborhood may not exist.

This is all less complicated than it sounds. For example, let us find

B
(
R3, 0

)
. Then E is just RP2 and we can identify L with RP3− [1, 0, 0, 0].

The maps η and ν are given by η[w, x, y, z] = [x, y, z] and ν[w, x, y, z] =

(x, y, z)w/
(
x2 + y2 + z2

)
. In this case, ψ can be onto, so we just get

B
(
R3, 0

)
= L and π

(
R3, 0

)
= ψν.

Another description of B
(
R3, 0

)
is obtained by describing its charts.

The manifold E = RP2 has three charts [1, y, z], [x, 1, z] and [x, y, 1] and of
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course the bundle L is trivial over each chart. This gives us three charts

for L = B
(
R3, 0

)
and the map π

(
R3, 0

)
is given by (x, xy, xz) , (xy, y, yz)

and (xz, yz, z) respectively on the three charts. We will find this concrete

description of the blowup useful so we will state it generally.

Let k = R or C and let ξin : k
m → km denote the map whose j-th

coordinate is:

ξin (x1, x2, . . . , xm)j =

{
xjxi if i 6= j ≤ n
xj if j = i or j > n

Then the following describes exactly the local topology of a blowup:

Lemma 5.1. Let N be a proper submanifold of the real or complex

manifold M . Let θ : U → M be an embedding onto an open set V in

M where U ⊂ km is open and θ−1 (N) = { (x1, x2, . . . , xm) ∈ U | xi =

0 for all i ≤ n }. Then π (M,N)
−1

(V ) is covered by n charts ϕi : Ui →
B (M,N) where Ui = ξ−1

in (U) and

θ−1 ◦ π (M,N) ◦ ϕi = ξin|Ui .

Proof: From the local definition of the smooth structure on B(M,N), it

suffices to do this for the case M = km, N = km−n, U = M and θ = the

identity. Define τi : k
m → kn − 0 by

τi(x) = (x1, . . . , xi−1, 1, xi+1, . . . , xn)

and let ψ : kn − 0→ kPn−1 be the map ψ(x) = [x1, . . . , xn]. Define

ϕi(x) = ((xiτi(x), ψτi(x)), (xn+1, . . . , xm)) ∈ L× km−n = B(km, km−n).

Then ϕ−1
i : Vi → km is defined by

ϕ−1
i ((x, [y1, . . . , yn]), xn+1, . . . , xm) = (y1/yi, . . . , yi, . . . , yn/yi, xn+1, . . . , xm)

where Vi = Imageϕi = { ((x, y), z) ∈ L× km−n | yi 6= 0 }.

Excercise 5.2. If N ⊂ M has codimension one, then B (M,N) = M

and π (M,N) = identity.

Excercise 5.3. If N is a point in M and M is real then B (M,N) ≈
M#RPm, a connected sum of M with RPm.

Excercise 5.4. If N ⊂M has trivial normal bundle then

B (M,N) = (M − U (N))
⋃
∂

N × RPm0

where U (N) ≈ N × Int (Bm) is a tubular neighborhood of N in M and

RPm0 is RPm − Int (Bm).

We want to define a notion of blowing up in the algebraic category

in such a way that it coincides with our previous notion in the case of

nonsingular algebraic sets.
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Definitions 5.2. Let S ⊂ kn be a Zopen set and let J ⊂ Γr (S) be an

ideal. For example, if T ⊂ S is a Zclosed subset we can take J = IrS (T ). We

define the blowup π (S, J) : B (S, J) → S as follows. Let 〈f1, . . . , fm〉 be
generators of J . Then B (S, J) is the smallest Zclosed subset of S×kPm−1

which contains

A = { (x, [f1 (x) , . . . , fm (x)]) | x ∈ S − V (J) }.

We define π (S, J) to be the restriction of the projection map S×kPm−1 →
S.

In the case k = R we can alternately define B (S, J) to be ClRC ∩ S ×
G(m, 1) where

C = { (x, µ ([f1 (x) . . . fm (x)])) | x ∈ S − V (J) }

and where µ : RPm−1 → G (m, 1) is the isomorphism introduced in section

4. These two definitions are equivalent by Corollary 4.2 since the map id×µ
carries A to C. The main point is that in the case k = R we may assume

the blowup is an affine Zopen set.

The blowup π (S, J) : B (S, J) → S is independent of the generators

of J up to birational isomorphism of B (S, J) commuting with π (S, J).

To see this we need only consider the case of adding one generator since

any generating set may be obtained from any other by a sequence of such

additions and deletions. So let our generating set be 〈f1, . . . , fm〉 as above
and pick any f ∈ J . Pick ui ∈ Γr (S) so that f =

∑
uifi. Now let

A1 = { (x, [f1 (x) , . . . , fm (x)]) | x ∈ S − V (J) },
A2 = { (x, [f1 (x) , . . . , fm (x) , f (x)]) | x ∈ S − V (J) } and

A3 = { (x, [y1, . . . , ym+1]) | x ∈ S and ym+1 =
∑

ui (x) yi }.

Let B1 and B2 be the Zariski closures of A1 and A2 in S × kPm−1 and

S×kPm. Then A3 is a Zclosed subset of S×kPm and A2 ⊂ A3, so B2 ⊂ A3.

Define ϕ : S × kPm−1 → A3 and θ : A3 → S × kPm−1 by ϕ (x, [y1 . . . ym]) =

(x, [y1 . . . ym,
∑
ui (x) yi]) and θ = ϕ−1. The maps ϕ and θ are entire

rational functions and hence birational isomorphisms. Since ϕ (A1) = A2

and ϕ and θ take Zclosed subsets to Zclosed subsets (by the analogue of

Lemma 1.3a) we must have ϕ (B1) = B2. Thus ϕ restricts to a birational

isomorphism of B1 to B2 which commutes with projection to S. As an

exercise, the reader can fill in the details.

The following lemmas are easy exercises.

Lemma 5.2. If M is a Zopen set and J ⊂ Γr(M) is an ideal and T is

any irreducible component of the blowup B (M,J) then T 6⊂ π (M,J)
−1

(V (J)).
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Lemma 5.3. If M is a Zopen set and J ⊂ Γr(M) is an ideal then the

map

π (M,J) | : B (M,J)− π (M,J)
−1

(V (J))→M − V (J)

is a birational isomorphism.

Excercise 5.5. Show that if U ⊂ V is a Zopen subset then there

is a unique birational isomorphism h : B(U, J) → π(V, J)−1(U) so that

π(V, J) ◦ h = π(U, J).

Definitions 5.3. We can do the same thing in the smooth category.

Note that on a smooth manifold M we have a ring C∞ (M) of smooth real

valued functions on M . If K ⊂ M we have an ideal I∞M (K) of smooth

functions vanishing on K. (We sometimes write I∞(K) instead of I∞M (K)

when M is clear from context). Likewise if J is an ideal in C∞ (M) we

have a set

V (J) = {x ∈M | f (x) = 0 for all f ∈ J }.
If f : N → M is smooth and J is an ideal in C∞ (M) we have a pullback

ideal f∗ (J) in C∞ (N) defined just as in the algebraic case.

Note that f∗ (J) is finitely generated if J is. Not all ideals in C∞ (M)

are finitely generated though, for example
⋂
ε>0 I

∞
R ([0, ε]) in C∞ (R).

Definition 5.4. If J is finitely generated and K ⊂ M we may define

a blowup

π (K,J) : B (K,J)→ K

just as in the algebraic case. Pick generators fi, i = 0, . . . , k for J . We

let B (K,J) be the closure of { (x, [f0 (x) . . . fk (x)]) ∈ K × RPk | x ∈
K − V (J) } in K × RPk and let π (K,J) be induced by projection to the

first factor.

Excercise 5.6. Show that this blowup is independent of the generators

chosen.

Excercise 5.7. Show that if L ⊂ M is a smooth proper submanifold

then I∞M (L) is finitely generated and B (M, I∞M (L)) is a smooth submani-

fold of M × RPk.

We have a smooth analogue of Proposition 2.11.

Lemma 5.4. Let L ⊂ M be a closed smooth submanifold of a smooth

manifold M . Pick p ∈ L and pick fi ∈ I∞M (L), i = 1, . . . , n where n is

the codimension of L so that the gradients ∇fi (p) are linearly independent.

Then there is a neighborhood V of p in M so that for any g ∈ I∞M (L) there

are smooth ui : V → R so that g (x) =
∑n
i=1 ui (x) fi (x) for all x ∈ V .
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Proof: By the inverse function theorem, we may pick a coordinate chart

θ : U → M so that θ−1 (L) = {x ∈ U | xi = 0 for all i ≤ n } and

fiθ (x) = xi for all x ∈ U and i = 1, . . . , n where U is some ball in Rm.

Then gθ (x) = 0 if xi = 0 for all i ≤ n. Hence

gθ (x) =

∫ 1

0

d/dt (gθ (tx1, . . . , txn, xn+1, . . . , xm)) dt =
n∑
i=1

xigi (x)

where gi (x) =
∫ 1

0
∂gθ/∂xi (tx1, . . . , txn, xn+1, . . . , xm) dt. Now just let

V = θ (U) and ui = giθ
−1.

It would be very confusing if all these different types of blowups we

have defined were different. Fortunately, for smooth blowups this is not

the case, as the following Lemma shows. As a consequence of Lemma

5.5 below, if M and L are nonsingular algebraic sets we can always set

B (M,L) = B (M, I (L)). We will always do so, thus B (M,L) will always

be given an algebraic structure. This saves us from having to distinguish

notationally between topological and algebraic blowups.

Lemma 5.5. If M is a smooth manifold and L ⊂M is a smooth proper

submanifold then there is a unique diffeomorphism

µ : B (M,L)→ B (M, I∞M (L))

so that

π (M,L) = π (M, I∞M (L)) ◦ µ.
If M is a nonsingular Zopen set and L is a nonsingular Zclosed subset

of M then B (M, Ir (L)) is a nonsingular Zopen set and there is a unique

diffeomorphism

η : B (M,L)→ B (M, IrM (L))

so that

π (M,L) = π (M, IrM (L)) ◦ η.

Proof: We will just sketch the proof and leave the details as an exercise

for the reader. First we need to show that B (M, IrM (L)) is nonsingular in

the algebraic case. This follows from Proposition 2.11.

Now we prove existence and uniqueness of η and µ simultaneously. For

convenience we call them both µ. Let J be IrM (L) or I∞M (L) as the case

may be. Note that µ restricted to π (M,L)
−1

(M − L) must be π (M,J)
−1◦

π (M,L) |. But then the fact that π (M,L)
−1

(M − L) is dense in B (M,L)

gives uniqueness of µ, once we have shown existence. Furthermore, we need

only prove that µ is a local diffeomorphism since µ embeds the dense subset

π (M,L)
−1

(M − L) onto a dense subset.

So pick p ∈ L. If fi, i = 1, . . . , b are the generators of J used to

define B (M,J), we may after reordering assume that ∇fi (p), i = 1, . . . , n

are linearly independent where n is the codimension of L in M . Then
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by Proposition 2.11 or Lemma 5.4 we know that there is a neighborhood

V of p in M and smooth (or entire rational) functions uji : V → k so that

fj (x) = uj1 (x) f1 (x)+· · ·+ujn (x) fn (x) for all x ∈ V and j = n+1, . . . , b.

We may also suppose V ∩ L = V ∩
⋂n
i=1 f

−1
i (0). By the inverse function

theorem we may pick a coordinate chart θ : U → M so that fiθ (x) = xi
for all i = 1, . . . , n, U is open in km and p ∈ θ (U) ⊂ V . We have a

diffeomorphism

θ′ : B (U, 〈x1, . . . , xn〉)→ π (M,J)
−1

(θ (U))

given by

θ′ (x, [y1, . . . , yn]) =
(
θ (x) , [y1, . . . , yn, y

′
n+1, . . . , y

′
b]
)

where y′j =
∑n
i=1 uji (θ (x)) · yi. On the other hand, Lemma 5.1 gives a

diffeomorphism

θ′′ : B (U, 〈x1, . . . , xn〉)→ π (M,L)
−1

(θ (U))

given by θ′′ (x, [y1, . . . , yn]) =

ϕi (y1/yi, . . . , yi−1/yi, xi, yi+1/yi, . . . , yn/yi, xn+1, . . . , xm)

where i is chosen so that yi 6= 0. Then µ is locally θ′ ◦ θ′′−1
which is a

diffeomorphism. Hence µ is globally a diffeomorphism.

Definition 5.5. An ideal J of functions is locally principal if each point

has a neighborhood so that if we restrict the ideal to the neighborhood, we

get a principal ideal (i.e., an ideal with one nonzero generator).

For example if L is nonsingular and codimension one then I (L) is lo-

cally principal. In fact, if L is any codimension one Zclosed subset of a

nonsingular Zopen set V then IrV (L) is locally principal, c.f., Corollary 1.30

of [M].

Lemma 5.6. The map π (M,J) : B (M,J) → M is a diffeomorphism

(or a birational isomorphism in the algebraic case) if and only if J is locally

principal.

Proof: We leave this as an exercise. Note that disallowing 〈0〉 as a principal
ideal is essential.

Lemma 5.7. Suppose M and N are smooth manifolds or nonsingular

Zopen sets and J is a finitely generated ideal in C∞ (M) or Γr (M) and

f : N → M is smooth or an entire rational function. Then there is a

unique smooth map µ : B (N, f∗ (J))→ B (M,J) so that

π (M,J) ◦ µ = f ◦ π (N, f∗ (J)) .

The map µ is an entire rational function in the algebraic case.
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Proof: This is an easy exercise. Just write down the definition of the

blowup using the obvious generators for the pullback ideal.

We will often want to lift a map to the blowup. The following Lemma

tells when we can do so.

Lemma 5.8. Suppose M and N are smooth manifolds or nonsingular

Zopen sets and f : N →M is a smooth map (or entire rational function in

the algebraic case) and J is a finitely generated ideal in C∞ (M) or Γr (M).

Suppose also that f−1 (V (J)) is nowhere dense in N . Then the ideal f∗ (J)

is locally principal if and only if there is a smooth map (or entire rational

function) g : N → B (M,J) so that π (M,J) ◦ g = f .

Proof: If f∗ (J) is locally principal, then Lemmas 5.6 and 5.7 imply

the existence of g. On the other hand, it is an easy exercise to see that

π (M,J)
∗
(J) is locally principal. Hence if g exists, f∗ (J) = g∗

(
π (M,J)

∗
(J)

)
is locally principal also.

Excercise 5.8. Where was nowhere density used in the above proof?

Definition 5.6. We say a smooth map f : N →M hits a submanifold

L ⊂M cleanly if f−1 (L) is a submanifold and df injects the normal bundle

of f−1 (L) at each point into the normal bundle of L.

For example, if f is transverse to L or if f (N) ⊂ L then f hits L

cleanly.

Lemma 5.9. Suppose M and N are smooth manifolds or nonsingular

Zopen sets, L is a smooth submanifold or nonsingular Zclosed subset of

M and the smooth map (or entire rational function) f : N → M hits L

cleanly. Then there is a unique smooth map µ : B
(
N, f−1 (L)

)
→ B (M,L)

compatible with projections. The map µ is an entire rational function in

the algebraic case.

B
(
N, f−1 (L)

) µ−→ B (M,L)
↓ π(N,f−1(L)) ↓ π(M,L)

N
f−→ M

Proof: Notice that f∗ (I∞M (L)) = I∞N
(
f−1 (L)

)
by Lemma 5.4 and a par-

tition of unity argument. So Lemma 5.7 implies this result in the smooth

case.

In the algebraic case, we know by Proposition 2.11 that for each x ∈ N
there is a Zariski open neighborhood U of x inN such that (f |U )∗ (IrM (L)) =(
IrU

(
f−1(L) ∩ U

))
. By Lemma 5.7 this means µ is locally rational, hence

entire rational.

Definition 5.7. Suppose that π (M,J) : B (M,J) → M is a blowup

map and suppose that N ⊂M is a submanifold. Then the strict transform
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of N is the closure in B (M,J) of the subset π (M,J)
−1

(N − V (J)) (or the

Zariski closure in the algebraic case). We will also refer to a strict transform

as a strict preimage.

It is immediate from the definition that the strict transform of N is

B (N, J |N ). The point is that there is a natural embedding of the blowup

of a subset into the blowup of the whole. We will often use this in the

case where N is smooth, J = I∞M (L) or IrM (L) and N hits L cleanly.

Then J |N = I∞N (N ∩ L) or IrN (N ∩ L) so the strict transform of N is just

B (N,N ∩ L).

Lemma 5.10. Let Y be a smooth manifold or nonsingular Zopen set

and let W be a smooth proper submanifold or nonsingular Zclosed subset of

Y and let L be a smooth proper submanifold or nonsingular Zclosed subset

of W . Let X = B(W,L) and Z = B(Y, L). Then there is a unique smooth

map or entire rational function h : B(Z,X) → B(Y,W ) compatible with

the blowup projections, i.e., the following commutes:

B (B(Y,L),B(W,L))
h−→ B (Y,W )

↓ π(Z,X) ↓ π(Y,W )

B(Y,L)
π(Y,L)−→ Y

Proof: If h exists, it must be unique since it equals π(Y,W )−1 ◦ρ◦π(Z,X)

on the dense subset π(Z,X)−1ρ−1(Y −W ). To prove existence, it suffices

by Lemma 5.8 to prove that π(Z,X)∗ρ∗ (IrY (W )) is locally principal. We

leave this as an exercise.

Excercise 5.9. Show that 2.5.10 remains true if we assume L t W

instead of L ⊂ W . The natural conjecture at this point is that it is true if

L intersects W cleanly, but show that this is not true.

The alert reader will have noticed that whereas the blowup of an affine

real Zopen set is affine, the blowup of an affine complex Zopen set is usually

not affine. This leads to a problem, since we will usually want to do several

blowups in succession. What we could do is define blowups of projective

Zopen sets. The reader interested in doing so could try to do this as a

rather long exercise or look at how it is done in some standard algebraic

geometry text. (One idea is to glue together the blowups of a covering

by Zopen sets.) However, for the purposes of this book the reader has

the option of not worrying about this. We will define something we call

a semiblowup which has the advantage of being affine. It deletes certain

parts of the blowup, but for the cases we will be interested in the deleted

parts will be far away from the real points so we don’t need them. We

should emphasize that this is only an option, the proofs in this book can

use either these semiblowups or the traditional blowups.
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The idea of semiblowups is that we pretend we are in the real case and

try to make the blowup affine as we do in the real case. We will almost suc-

ceed, except that some points will be missing. To be precise we let G (m, 1)C
be the complexification of G (m, 1). We have a birational isomorphism

µC : CPm−1 − Z → G (m, 1)C where Z is some projective algebraic subset

with no real points. In particular, µC ([z1 . . . zn]) is the complex m×m ma-

trix with (i, j)-th coordinate zizj/
∑
z2k and Z = { [z1 . . . zn] |

∑
z2i = 0 }.

If J = 〈f1, . . . , fm〉 then the semiblowup B− (M,J) is the Zariski closure of

{ (z, µC ([f1 (z) . . . fm (z)])) | z ∈M − V (J) and
∑

fi (z)
2 6= 0 }.

Of course this depends on the generators chosen. Anyway, this semiblowup

is birationally isomorphic to a Zopen subset of the blowup. However it

is immediate that B− (MC, JC) = B (M,J)C for real M and J . Since

all the complex algebraic sets we look at will be complexifications of real

algebraic sets these semiblowups will be good enough, in fact the above

complexification property makes them preferable.

Hironaka’s celebrated resolution theorem in [H] (also see [BM]) says

that by a sequence of blowups an algebraic set can be made nonsingular ,

in particular:

Theorem 5.11. ([H]) Let X be a Zopen set (real or complex), then

there is a smooth Zopen set X̃ and an entire rational function π : X̃ → X,

such that π is a composition of blowing up projections along smooth centers

of dimension less than dimX, i.e., X̃ is obtained from X by a sequence of

blowing up operations.

The following Lemma would be vacuous for k = C since ClC(X) =

Cl(X).

Lemma 5.12. Let X be a real Zopen set and let X ′ = ClR(X). Then

X ′ − Cl(X) ⊂ SingX ′.

If J is an ideal in Γr(X ′) and V(J) ⊂ X ′ − Cl(X) then

Sing(B(X ′, J)) = π(X ′, J)−1(SingX ′).

Proof: Suppose x ∈ NonsingX ′−Cl(X). Let T be the irreducible compo-

nent of X ′ which contains x. By Corollary 2.7 we know that x ∈ NonsingT .

Now X ′−X is a real algebraic set so T −X is a Zclosed subset of T . Hence

dim(T − X) < dimT by Lemma 2.9. But since x 6∈ Cl(X) we know that

T −X contains an open subset of NonsingT and thus dim(T −X) = dimT ,

a contradiction. So NonsingX ′ − Cl(X) = ∅, i.e., X ′ − Cl(X) ⊂ SingX ′.

Let Z = B(X ′, J) and π = π(X ′, J). The second part now follows from

the first part since if Y = π−1(X) then ClR(Y ) = Z and thus

π−1(V(J)) ⊂ Z − π−1(Cl(X)) ⊂ Z − Cl(Y ) ⊂ SingZ
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but π restricts to a birational isomorphism over X ′ − V(J) so by Lemma

2.10, SingZ − π−1(V(J)) = π−1(SingX ′ − V(J)).

Recall that V ⊂ Rn is projectively closed if θ (V ) is an algebraic subset

of RPn where θ (x) = [1, x1, . . . , xn]. As opposed to other properties of al-

gebraic sets we have discussed, being projectively closed is not an algebraic

invariant. In fact the following Theorem implies that any compact real

algebraic set is birationally isomorphic to a projectively closed algebraic

set.

Theorem 5.13. LetW be real Zopen set and let V be a compact Zclosed

subset of W . Then there is a Zopen set Y and a birational isomorphism

ϕ : W → Y so that ϕ (V ) is a projectively closed real algebraic set.

Proof: By induction on dimension we may as well assume that SingV is

a projectively closed real algebraic set. Suppose W ⊂ Rn. Let µ : RPn →
G (n+ 1, 1) be the isomorphism of section 4. Let θ : Rn → RPn be the

embedding θ (x1, . . . , xn) = [1, x1, . . . , xn]. Let W ′ be the Zariski closure

of µθ (W ). Let P be the algebraic set W ′ − µθ(W ). Let V ′ be the Zariski

closure of µθ (V ), let V ′′ = V ′ ∩ P = V ′ − µθ(V ) and let S = µθ (SingV ).

Then S is an algebraic set by Proposition 4.1. Note that SingV ′ = V ′′ ∪ S
by Lemmas 5.12 and 2.10. Notice thatW ′, V ′, V ′′ and S are all projectively

closed since G (n+ 1, 1) is contained in the unit sphere in R(n+1)2 .

By Theorem 5.11 we may blow up V ′ − S to make it nonsingular.

In particular, there are real Zclosed subsets Li ⊂ Vi ⊂ Zi, i = 0, . . . ,m

and entire rational functions ρi : Zi → Zi−1 with Z0 = G (n+ 1, 1) − S,
V0 = V ′ − S so that:

1) Zi = B (Zi−1, Li−1), Vi = B (Vi−1, Li−1) and ρi = π (Zi−1, Li−1).

2) Li is a smooth Zclosed subset of Vi.

3) ρ1 ◦ · · · ◦ ρi (Li) ⊂ SingV ′ − S = V ′′.

4) SingVm = ∅.
Let X0 = G(n+1, 1) and U0 = V ′. Since L0 ⊂ V ′′ we know ClR(L0) ⊂

V ′′, but then L0 is an algebraic set since it is a Zclosed subset of V0 = V ′−S,
which means that ClR(L0)− L0 ⊂ S. Thus ClR(L0)− L0 ⊂ S ∩ V ′′ = ∅.

Let X1 = B(X0, L0), π1 = π(X0, L0) and let U1 ⊂ X1 be the strict

transform of U0. We have a canonical inclusion Z1 ⊂ X1 so that ρ1 is the

restriction of π1 and V1 ⊂ U1. Then L1 ⊂ π−1
1 (V ′′) which is disjoint from

X1−Z1 = π−1
1 (S), So L1 is an algebraic set. Let X2 = B(X1, L1) etc., and

we obtain real algebraic sets Li ⊂ Ui ⊂ Xi, i = 0, . . . ,m and entire rational

functions πi : Xi → Xi−1 so that:

a) Xi = B (Xi−1, Li−1), Ui = B (Ui−1, Li−1) and πi = π (Xi−1, Li−1).

b) π1 ◦ · · · ◦ πi (Li) ⊂ V ′′.

c) SingUm = π−1
m ◦ · · · ◦ π−1

1 (S).
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Note that if we take the usual model of the blowup, each Xi is contained

in a product of G (ni, 1)’s and hence is projectively closed. Thus Um is

projectively closed. Let π : Xm → X0 be the composition of the πi’s. Then

b) implies that π| : Xm−π−1 (V ′′)→ X0−V ′′ is a birational isomorphism.

We will let Y = π−1µθ(W ) and ϕ = π−1µθ|W . Then it suffices to show

that ϕ(V ) = Um, i.e., π−1(V ′′) ∩ Um is empty.

By repeated applications of Lemma 5.12 we know that SingVi = Vi ∩
π−1
i ◦· · ·◦π

−1
1 (V ′′). Setting i = m we then get ∅ = SingVm = Vm∩π−1(V ′′)

so π−1(V ′′) ∩ Um = π−1(V ′′) ∩ (Um − Vm) = π−1(V ′′) ∩ π−1(S) = ∅.

Excercise 5.10. Why do we need to first make SingV projectively

closed to make the above proof work?

Corollary 5.14. Suppose X is a compact real Zopen set. Then X is

birationally isomorphic to a projectively closed algebraic set.

Proof: This is just a corollary of Theorem 5.13 with V =W = X.

6. Blowing Down

We call the opposite of an algebraic blowing up operation, an algebraic

blowing down. In the real algebraic category there are many other ways of

blowing down Zopen sets. For example we can crush down Zclosed subsets

by taking their algebraic quotient spaces as in the following proposition,

which generalizes [AK1] and [AK2].

Proposition 6.1. ([AK15]) Suppose V and U are real Zopen sets

and W is a Zclosed subset of U . Suppose V is compact and p : V → U

is an entire rational function. Let X be the quotient space obtained from

the disjoint union of V and W after identifying each v ∈ p−1 (W ) with

p (v) ∈ W . Then there are a real Zopen set Y , entire rational functions

f : V → Y and g : W → Y and a homeomorphism h : Y → X so that

a) hf and hg are just the quotient maps V ⊂ V ∪ W → X and

W ⊂ V ∪W → X.

b) W ′ = g (W ) is a Zclosed subset of Y .

c) g : W →W ′ is a birational isomorphism.

d) If dimW < dim(V − p−1(W )) then SingY ⊂W ′ ∪ f(SingV ).

Proof: By Corollary 5.14 we may as well assume that V is a projectively

closed algebraic set. Suppose V ⊂ Rm. After a translation, we may assume

that 0 6∈ V . Pick polynomials q : Rm → R and r : U → R so that q is overt,

V = q−1 (0) and W = r−1 (0). By Proposition 1.1 we may write p = t/u

for polynomials t and u so that u is nowhere 0 on V . Extend p to all of

Rm by setting p = tu/(u2 + q2b) where b is chosen so that the degree of
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Figure 2. Algebraic blowing down

u2 + q2b is greater than the degree of tu. Let the degree of q be d. Define

s : Rm × U → R by

s (x, y) = r (y)
2d

(
(y − p (x/r (y)))2 + q (x/r (y))

2
)
.

Then after clearing denominators we see that s (x, y) is an entire rational

function.

Let Y = s−1 (0). Define f : V → Rm × U by f (v) = (v · rp (v) , p (v))
and g : W → Rm × U by g (w) = (0, w) and let W ′ = g(W ) = 0×W .

Assertion 6.1.1 Y = f(V ) ∪W ′.

Proof: Notice that if y ∈ W then r (y) = 0 and so s (x, y) = qd (x)
2
where

qd is the homogeneous part of q (x) of degree d. Hence Y ∩ (Rm ×W ) =

0×W = W ′ since overtness of q guarantees that qd (x) = 0 implies x = 0.

Now suppose y 6∈ U −W , then r (y) 6= 0. So if s (x, y) = 0 for some x,

we have y = p (x/r (y)) and q (x/r (y)) = 0 so x/r (y) ∈ V . But then

(x, y) = f (x/r (y)). So Y − Rm ×W ⊂ f
(
V − p−1 (W )

)
. Conversely, if

v ∈ V then

sf (v) = s(v · rp(v), p(v))

= rp (v)
2d

(
(p (v)− p (v))2 + q (v)

2
)
= 0

since q (v) = 0, so f (V ) ⊂ Y and so Y = f (V ) ∪W ′. �

Assertion 6.1.2 There is a homeomorphism h : Y → X so that hf and

hg are the quotient maps.

Proof: Suppose that f (v) = g (w) for some v ∈ V and w ∈ W . Then

w = p (v), so w ∼ v. Likewise, if g (w) = g (w′) then w = w′. Finally, if

f (v) = f (v′) then p (v) = p (v′) so v ∼ v′ if p(v) ∈ W . But we also have

v · rp(v) = v′ · rp(v) so if p(v) 6∈W then rp(v) 6= 0 so v = v′.

Conversely, if w ∼ v for w ∈ W and v ∈ V then p(v) = w so

f(v) = (0, w) = g(w). So h exists by the universal property of the quotient

topology. �

Assertion 6.1.3 W ′ = Y ∩ 0× U , so W ′ is a Zclosed subset of Y .
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Proof: If (0, y) ∈ Y then

0 = s(0, y) = r(y)2d
(
(y − p (0))2 + q (0)

2
)
.

But q(0) 6= 0 since 0 6∈ V so r(y) = 0 and hence y ∈W . �

So we only need check that SingY ⊂ W ′ ∪ f(SingV ). The entire

rational function f ′ : Y −W ′ → V −p−1 (W ) defined by f ′ (x, y) = x/r (y) is

the inverse of f |, so by Lemma 2.10, Sing(Y −W ′) = f(Sing(V −p−1(W )) ⊂
f(SingV ) and dim(Y −W ′) = dim(V − p−1(W )). So d) follows.

A quick proof of Proposition 6.1 when W is a point can be seen from

the following since then X = V/p−1(W ) = the one point compactification

of V − p−1(W ).

Lemma 6.2. The one point compactification of a real Zopen set V is

homeomorphic to an algebraic set.

Proof: Since V is birationally isomorphic to an algebraic set, we may as

well assume V is an algebraic subset of some Rn. We can assume 0 6∈
V . Let f : Rn → R be a polynomial of degree d such that f−1 (0) =

V . Define F (x) = |x|2df
(
x/|x|2

)
, then after clearing denominators F

becomes a polynomial. But F−1 (0) is homeomorphic to the one point

compactification of V , since x 7→ x/|x|2 is an inversion through the origin.

Figure 3. Squishing a sphere to a figure 8
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In Proposition 6.1 if U ⊂ Rn, V ⊂ U × Rk, and p is induced by

projection p(u, z) = u then, as in [AK2] and [AK6], for the equation of Y

we can alternatively use:

r(u)dq(u, z/r(u)) = 0

Here, q(u, z) and r(u) are polynomials with q−1(0) = V and r−1(0) = W ,

d is the degree of q, and q has the property that q−1
d (0) ∩ (0 × Rk) = {0}

(notice that this is a weaker assumption than that q be overt). In this

case, Y is topologically the crushing of V to W , i.e., it is obtained by

identifying of the points of V which lie overW withW . For example, when

q = x2+y2+z2−2 and r = x2−y3 we get a sphere folded over a cusp as in

the example in Chapter I, Figure ??. By replacing r by r = y4− 4y2 +4x2

we get a sphere folded over a figure eight as in Figure 2.6.2 above.

Figure 4. Squishing a hyperboloid to a parabola

Similarly, by taking q = x2 − y2 + z2 − 1 and r = y − x2 we obtain a

hyperboloid folded over a parabola as in Figure 4.

7. Algebraic Homology

Definitions 7.1. Let V be a subset of some Rn. We let HA
i (V ) denote

the subgroup of Hi (V ;Z/2Z) consisting of classes g∗ ([S]) where g : S → V
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is an entire rational function, S is a compact nonsingular i-dimensional

real algebraic set and [S] is the fundamental class of S in Hi (S;Z/2Z). By
replacing S with the graph of g we can always assume that S ⊂ V ×Rn for

some n and g is induced by the projection. We call the elements of HA
∗ (V )

algebraic homology classes.

Excercise 7.1. Show that by the resolution theorem 2.5.11 the non-

singularity assumption on S is unnecessary. (In particular, a compact real

algebraic set has a fundamental class – a fact which can also be seen using

[Su1] and the triangulability of real algebraic sets [L2].)

Excercise 7.2. Suppose f : V → W is an entire rational function.

Show that f∗(H
A
∗ (V )) ⊂ HA

∗ (W ).

If V is a real Zopen set then we also know that HA
i (V ) is the subgroup

ofHi (V ;Z/2Z) generated by Zclosed subsets T of V with V ∩Cl(NonsingT )

compact. To see this, suppose g : S → V is an entire rational function where

S is a nonsingular irreducible compact real algebraic set and g∗([S]) 6= 0.

Then g is generically odd to one, otherwise we would have g∗([S]) = 0.

Hence by Corollary 3.3, if we take the Zariski closure T = ClRg (S) ∩ V of

g (S) in V , then T − g (S) has smaller dimension than g (S). Consequently,

the fundamental class of T represents g∗ ([S]).

Definition 7.2. We say that V has totally algebraic homology if all

its homology classes are algebraic, i.e., HA
∗ (V ) = H∗ (V ;Z/2Z).

For example the Grassmannian G(m,n) has totally algebraic homology,

since its homology is generated by the Schubert cycles which are easily seen

to be algebraic (c.f., [AK1]). This last fact along with Corollary 4.4 implies

that, if V ⊂ W are nonsingular Zopen sets then the Poincare duals of the

Stiefel-Whitney classes of the the normal bundle as well as the tangent

bundle of V are algebraic.

A very useful property of algebraic sets with totally algebraic homology

is that their bordism groups are generated by algebraic sets. Recall N∗ (V )

is the unoriented bordism group of V , generated by the bordism classes of

maps from closed smooth manifolds f : M → V .

Lemma 7.1. A nonsingular real Zopen set V has totally algebraic ho-

mology if and only if every element of N∗ (V ) is represented by some π : W →
V where W is a nonsingular algebraic set contained in V ×Rn for some n

and π is induced by projection.

Proof: By [Th], the evaluation map ev : N∗ (V )→ H∗ (V ;Z/2Z) given by

ev (f : M → V ) = f∗[M ] is onto, so one direction is proven.
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Assume that V is totally algebraic. By [Th] and [CF], N∗ (V ) is

generated by projections

πij : Yi × Zj → Zj
αj→ V

where {Yi} generate N∗ (point) and {ev (αj)} generate H∗ (V ;Z/2Z). By

assumption we can take Zj to be nonsingular algebraic subsets of V ×Rm for

some m. By [Mi] we can assume that Yi are nonsingular algebraic sets in

some Rn. Then Zj×Yi ⊂ V ×Rm×Rn and the projections πij : Zj×Yi → V

generate N∗ (V ). By translating we can make all Zj ×Yi disjoint, since the
group operation is the disjoint union we are done.

Definition 7.3. Suppose V and W are nonsingular Zopen sets. A

rational diffeomorphism is an entire rational function f : V → W which is

also a diffeomorphism.

Notice that we do not require f−1 to be rational so f might not be a

birational isomorphism. For example, we could take V to be the algebraic

set V
(
y3 − x2 − 1

)
⊂ R2 and let f : V → R be projection to the x axis.

Then f is a rational diffeomorphism but its inverse is not rational since
3
√
x2 + 1 is not an entire rational function.

The following exercise shows that the effect of a rational diffeomorphism

is to increase the number of entire rational functions on a Zopen set without

changing the diffeomorphism type.

Excercise 7.3. Show that if f : V →W is a rational diffeomorphism,

then Γr (f) injects Γr (W ) into Γr (V ) but Γr (f) (Γr (W )) 6= Γr (V ) unless

f−1 is entire rational.

If f : V →W is a rational diffeomorphism and W has totally algebraic

homology, then V has totally algebraic homology. This is a consequence of

the next Lemma.

Lemma 7.2. If f : V →W is a rational diffeomorphism then

f∗
(
HA

∗ (V )
)
= HA

∗ (W )

Proof: We leave this as an exercise. Use the pullback Zopen set

T = { (v, s) ∈ V × S | f (v) = g (s) }
T −→ V
↓ ↓
S −→ W

Note that the map T → S is a rational diffeomorphism so T → V represents

f−1
∗ of S →W .

There are many examples of nonsingular algebraic sets V with the

property HA
∗ (V ) 6= H∗ (V ;Z/2Z). Hence not every V has totally algebraic

homology. For example:
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Theorem 7.3. ([AK7]) For any n ≥ 3 there exists a connected nonsin-

gular real algebraic set V of dimension n such that HA
k (V ) 6= Hk (V ;Z/2Z)

for all k = 2, 3, . . . , n− 1

Proof: The proof of this theorem uses a result from Section 8. For com-

pleteness we choose not to delay this proof to Section 8. Let V1 be any closed

smooth manifold of dimension n which contains two disjointly embedded

circles with trivial normal bundles S1 t S2 ⊂ V1 such that the inclusion

induces an injection H1 (S1 t S2;Z/2Z)→ H1 (V1;Z/2Z). Let X ⊂ Rm be

an irreducible algebraic set diffeomorphic to S1 t S2. For example,

X = V
(
〈x42 +

(
x21 − 1

) (
x21 − 4

)
, x3, . . . , xm〉

)
in Rm. If m > 2n we can extend the embedding of S1∪S2 to an embedding

of V1 in Rm. By Theorem 2.8.4 we can, after perhaps increasing m, isotop

V1 to a nonsingular algebraic set V2 keeping X fixed, i.e., X ⊂ V2. Let

V be the algebraic blow up V = B (V2, X) → V2 and let π = π(V2, X).

Write X = X1 ∪X2, where Xi are the components of X. Then, π−1 (X) ≈
X ×RPn−2. Let γj ∈ Hj (V ;Z/2Z) be the homology classes corresponding

toX1×RPj−1, j = 1, . . . , n−1. We claim that none of γj for j = 2, . . . , n−1
are algebraic.

Suppose γj were algebraic for some j ≥ 2, then we could find a non-

singular algebraic set Yj ⊂ V × Rs for s large, representing this class. By

using Theorem 8.6 we could isotop Yj in V ×Rs so that it is transverse to

π−1 (X)×Rs, see Figure 5. Then the algebraic set Yj−1 = Yj∩π−1 (X)×Rs

Yj

VV2

X

π

π   (X)␣×␣R
 s-1

Figure 5. V and Yj
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would represent γj−1. This is because

D−1 (γj−1) = D−1 (γj) ∪D−1
(
[π−1 (X1)]

)
= D−1 (γj) ∪D−1

(
[π−1 (X)]

)
= D−1 (ρ∗[Yj ]) ∪D−1

(
[π−1 (X)]

)
= D−1

(
ρ∗[Yj ∩ π−1 (X)× Rs]

)
where D is the Poincare duality map, and ρ : Yj → V is the induced pro-

jection.

By repeating this process we eventually obtain a nonsingular algebraic

set Y1 ⊂ X × Rs ⊂ V × Rs representing γ1. Since π∗ (γ1) = [X1], we have

π∗ρ∗ ([Y1]) = [X1]. But then ρ−1π−1 (x) is an odd number of points for

generic x ∈ X1, and an even number of points for generic x ∈ X2. This

contradicts Corollary 3.3. So none of the classes γj are algebraic.

Note that if one did not care about the connectedness of V , one could

just take V = X × RPn−1 and also get HA
1 (V ) 6= H1(V,Z/2Z). Also

this proof would be a bit simpler since it would not be necessary to use

Theorem 8.6 to construct V . Then this result just follows from the fact

that the algebraic cohomology is closed under cup product.

The existence of non-algebraic homology classes in nonsingular alge-

braic sets was also independently established by several other authors (c.f.,

[BT] and [BCR]). In [BD1] an example of a smooth manifold M along

with a homology class α of M is given, so that α can not be algebraic in

any nonsingular algebraic set V which is diffeomorphic to M . On the other

hand it is amusing to note that:

Theorem 7.4. ([AK11]) Every closed smooth manifold is homeomor-

phic to a real algebraic set with totally algebraic homology.

Hence the totally algebraic set in the conclusion of Theorem 7.4 must

sometimes have singularities.

8. Making Smooth Objects Algebraic

Suppose M ⊂ Rn is a smooth compact manifold which you wish to

make diffeomorphic to a nonsingular Zopen set. The naive approach to

doing this would be to take a tubular neighborhood U of M and take a

map f : U → E(n, k) to the Grassmannian where k is the codimension of

M , so that f is transverse to G(n, k) and f−1(G(n, k)) = M . Then you

approximate f by a polynomial p. Transversality guarantees that p−1(0)

has a component near M which is diffeomorphic to M . There are two

problems with this approach however. One problem is that the image of

p might not be contained in E(n, k), just in the ambient Euclidean space.
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The second problem is that you have no control over the part of p−1(0)

outside of U .

The first problem is addressed in Theorem 8.4 below. Basically, it

says that the approximating polynomial p can have image in E(n, k) at the

expense of adding more variables to the domain. In Nash’s original paper

on the subject [N], he did this in a different way by exploiting particular

properties of E(n, k) but we choose a more general approach which is more

useful.

The second problem was solved in [To1]. We address it in Theorem 8.6

below. The solution requires that more care be taken when approximating

f . In particular, if f is already a polynomial on a certain nonsingular

algebraic subset L we ask that the approximation p satisfy p|L = f |L. The
question of when you can do this leads to the following definition.

Definition 8.1. We call a Zopen set L ⊂ Rn nice if for every x ∈ L
there is a neighborhood U of x in Rn so that I∞U (U ∩ L) = C∞(U)I(L).

In other words, locally any smooth function vanishing on L is a linear

combination of polynomials vanishing on L.

Tognoli has given a precise characterization of such sets [To3]. How-

ever, in this book we only need a few special cases of nice Zopen sets

obtained from the following exercises. (Hint: Use Lemma 5.4.)

Excercise 8.1. Nonsingular Zopen sets are nice.

Excercise 8.2. The disjoint union of nice real algebraic sets is nice.

Excercise 8.3. The union of nonsingular codimension one Zclosed

subsets of a nonsingular Zopen set is nice.

The importance of nice algebraic sets is that any smooth function van-

ishing on a nice Zopen set L can be approximated near a compact set by a

polynomial still vanishing on L, as we shall see in Lemma 8.1.

But not all Zopen sets are nice, for example V = { (x, y) | y2 = x3−x2 }
fails to be nice at the isolated point (0, 0) because, for example, x vanishes

on V ∩ U for a neighborhood U of (0, 0). For that reason we make the

following definition.

Definition 8.2. Let L ⊂ Rn be a Zopen set and let P ⊂ Rn be a set so

L ⊂ P . Then we say (P,L) is an approximable pair if for each x ∈ L there

is an open neighborhood U of x in Rn so that I∞U (U ∩ P ) ⊂ C∞(U)I(L).

In other words, locally any smooth function vanishing on P is a linear

combination of polynomials vanishing on L.

Excercise 8.4. If L or P is nice, then (P,L) is an approximable pair.
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Excercise 8.5. Suppose for each x ∈ L there is a Zopen neighborhood

Ux of x in Rn and a neighborhood Vx of x in Ux and a nice Zopen set Kx

so that L ∩ Ux ⊂ Kx and Kx ∩ Vx ⊂ P . Then (P,L) is an approximable

pair.

Lemma 8.1. Suppose L is a Zclosed subset of a Zopen set V , P ⊂ V ,

(P,L) is an approximable pair, K ⊂ V is compact and f : (V, P ) → (R, 0)
is a smooth function.

a) Then f can be arbitrarily closely C∞-approximated on K by poly-

nomials ϕ : (V,L) → (R, 0). In other words, for any ε > 0 and

any integer k we may approximate f by a polynomial ϕ : (V,L)→
(R, 0) so that for any partial derivative D of order ≤ k and any

x ∈ V ∩K we have |Dϕ(x)−Df(x)| ≤ ε.
b) Suppose f vanishes on V −K. Then for any ε > 0 and any integers

k and m we may approximate f by an entire rational function

ϕ : (V, L) → (R, 0) so that for any partial derivative D of order

≤ k and any x ∈ V we have |Dϕ(x)−Df(x)| ≤ ε(1 + |x|2)−m.

Proof: Let I(L) = 〈p1, . . . , pk〉. Suppose V ⊂ Rn. Extend f in any way to

a smooth function f : (Rn, P )→ (R, 0).
Assertion 8.1.1 For each x ∈ V there are a neighborhood U of x in

V and smooth functions ui : U → R for i = 1, . . . , k so that f(y) =∑k
i=1 ui(y)pi(y) for all y ∈ U .

Proof: If x ∈ L this is immediate since (P,L) is an approximable pair. If

x ∈ V − L then pi(x) 6= 0 for some i. So set U = V − p−1
i (0), ui = f/pi

and uj = 0 for j 6= i. �

Assertion 8.1.2 There are smooth functions ui : V → R for i = 1, . . . , k

so that f(y) =
∑k
i=1 ui(y)pi(y) for all y ∈ V .

Proof: Piece together the local functions ui in Assertion 2.8.1.1 with a

partition of unity. �

Now we may prove a) by approximating ui on K by polynomials qi and

setting ϕ =
∑k
i=1 qipi.

Now suppose that f vanishes on V −K. Pick any ε > 0, k and m. Pick

a polynomial r : Rn → R so that ClR(V )− V = r−1(0). Define

µ : Rn − r−1(0)→ Rn+1

by µ(x) = (x, 1/r(x)). Let θ : Rn+1 − 0 → Rn+1 − 0 be inversion through

the unit sphere, θ(x) = x/|x|2. Note θ2 is the identity.

Assertion 8.1.3 V ′ = θµ(V ) ∪ 0 and L′ = θµ(L) ∪ 0 are compact real

algebraic sets.
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Proof: First, µ(V ) is a real algebraic set since

µ(V ) = { (x, t) ∈ ClR(V )× R | t r(x) = 1 }.

Likewise µ(L) is a real algebraic set. Then V ′ and L′ are real algebraic sets

by the proof of Lemma 6.2. They are compact since µ(V ) is closed and

misses 0, hence the inversion θµ(V ) is compact. �

Now θµ(K) is compact and misses 0 so there is a compact neighborhood

Q of 0 in Rn+1 so that Q ∩ θµ(K) = ∅. Let P ′ = Q ∪ θµ(P ).
Assertion 8.1.4 (P ′, L′) is an approximable pair.

Proof: Pick any y ∈ L′. If y = 0 then I∞U (U ∩ P ′) = 〈0〉 ⊂ C∞(U)I(L′) for

small enough U . So suppose y 6= 0. Then y = θµ(x) for some x ∈ L. Pick

an open neighborhood U of x in Rn so that I∞U (U ∩P ) ⊂ C∞(U)I(L). The

image of θµ is a manifold T so there is a neighborhood U ′ of y in Rn+1 so

that the restriction θµ|U maps U diffeomorphically onto T ∩ U ′. Suppose

now that h : (U ′, U ′∩P ′)→ (R, 0) is smooth. Then h◦θ ◦µ|U ∈ I∞U (U ∩P )
so we may find smooth vi : U → R so that hθµ(z) =

∑k
i=1 vi(z)pi(z) for all

z ∈ U .

Now if π : Rn+1 → Rn is projection, we have πθ(θµ(z)) = πµ(z) = z so

for all u ∈ µ(U) we have

hθ(u) =

k∑
i=1

vi(π(u))pi(π(u)).

Note that piπ ∈ I(µ(L)). Let h′ : θ(U ′)→ R be defined by

h′(u) = h(u)−
k∑
i=1

vi(πθ(u))pi(πθ(u)).

Then h′ vanishes on the manifold µ(U) which is given by the equation

t r(x) = 1. Hence by Lemma 5.4, we know

h′(u) ∈ 〈tr(x)− 1〉 ⊂ C∞(θ(U ′))I(µ(L)).

So h◦ θ ∈ C∞(θ(U ′))I(µ(L)) which implies that h ∈ C∞(U ′)I(θµ(L)) since

θ is a birational isomorphism. But C∞(U ′)I(θµ(L)) = C∞(U ′)I(L′) as long

as we make sure 0 6∈ U ′, so we are done. �

Pick a very large integer b. How big we pick it depends on how big

m and k are. We can define a smooth function g : V → R by g(x) = (1 +

|x|2)b f(x) and define h : (V ′, L′)→ (R, 0) by by h(x) = g ◦µ−1 ◦ θ−1(x) on

V ′− 0 and h(0) = 0. Note that h is smooth since g vanishes outside K. By

part a) of this lemma, h can be approximated by a polynomial ψ : (V ′, L′)→
(R, 0). Let ϕ(x) = ψ ◦θ ◦µ(x)(1+ |x|2)−b. Then ϕ approximates f , and if b

is chosen large enough and ψ is close enough, the approximation ϕ will be

as close as we wanted. The idea is that any partial derivative of ψ ◦θ◦µ−g
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can be written in terms of partials of ψ − h (which are small) and partials

of θ and ψ which are polynomials and hence bounded by |x| to some power.

The next theorem has a long history. Originally Seifert showed that any

compact codimension one submanifold of Rn is isotopic to a nonsingular

real algebraic subset. His ideas are easily extended to show that any null

homologous compact codimension one submanifold of a nonsingular real

algebraic set is isotopic to a nonsingular real algebraic set. This (and in

particular its relative version) is all we really need for the results in this

book. However it can be generalized. In [AK4] and [AK7], we showed

that a compact codimension one smooth submanifold of a nonsingular real

algebraic set is isotopic to a nonsingular algebraic subset if it is homologous

to a union of nonsingular algebraic subsets. Bochnak, Kucharz and Shiota

showed the nonsingularity of the algebraic sets was not needed [BKS]. The

following proof is based on the ideas in [BKS]. But first a definition.

Definition 8.3. Let V be a real Zopen set of dimension n. We define

AHn−1(V ) to be the subgroup of Hn−1(NonsingV ;Z/2Z) generated by

compact codimension one Zclosed subsets W of V so that W ⊂ NonsingV .

Hence, if V is compact and nonsingular thenAHn−1(V ) = HA
n−1(V ). In

fact the compactness is not necessary, if V is nonsingular then AHn−1(V ) =

HA
n−1(V ). This is because by Theorem 5.11 and Lemma 6.2, V is bira-

tionally isomorphic to a Zopen subset of a compact nonsingular Zopen set

V ′. Any class in HA
n−1(V ) is represented by Zclosed subset W of V with

Cl(NonsingW ) compact. The Zariski closure W ′ of W in V ′ represents

some homology class supported in V . By [Th], there is a compact smooth

submanifold M in V homologous to W ′. By Theorem 8.2 below, there is

a nonsingular Zclosed subset X of V ′ ε-isotopic to M . Then X ⊂ V is

homologous to W and represents an element of AHn−1(V ).

Theorem 8.2. Suppose V is an n dimensional real Zopen set and M

is a smooth closed codimension one submanifold of NonsingV . Then M

is ε- isotopic to a nonsingular Zclosed subset of V if and only if [M ] ∈
AHn−1(V ).

Furthermore, a relative version is true. Suppose L ⊂ P ⊂ M where

L is a Zclosed subset of V and (P,L) is an approximable pair. Then M

is ε- isotopic to a nonsingular Zclosed subset of V fixing L if and only if

[M ] ∈ AHn−1(V ).

Proof: We prove the relative version which of course implies the nonrelative

version by setting L = P = ∅. One way is trivial since isotopy implies

homology. Let V ′ = NonsingV . Pick a compact codimension one Zclosed

subset W of V so W ⊂ V ′ and W is homologous to M in V ′. We may

assume all irreducible components ofW are codimension 1 by just throwing
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away all smaller dimensional irreducible components. Let J = IrV (W ).

Note that J is locally principal by Corollary 1.30 of [M] applied to the

complexification WC of W . Let V ′′ = B(V, J) and let π : V ′′ → V be

π(V, J). Now by Lemma 5.6, there is an entire rational function µ : V → V ′′

so that πµ is the identity. Taking the standard model of the blowup, this

means that if J is generated by f1, . . . , fn ∈ Γr(V ) then there is an entire

rational function θ : V → G(n, 1) so that µ(x) = (x, θ(x)). In particular, for

x ∈ V −W , θ(x) is the matrix of projection to the line through f(x) where

f(x) = (f1(x), . . . , fn(x)). Now θ induces a line bundle from the canonical

bundle E(n, 1) over G(n, 1), namely ρ : E → V where E = { (x, y) ∈ V ×
Rn | θ(x)(y) = y } and ρ(x, y) = x. This bundle has a section σ : V → E

given by σ(x) = (x, f(x)). Notice that W is the set of zeroes of σ.

Assertion 8.2.1 There is a section η : V → E and a compactN so that η is

transverse to the zero section V ×0 and η−1(V ×0) =M and σ(x)/η(x) > 0

for all x ∈ V −N .

Proof: Since M is homologous to W , there is a compact set N ⊂ V so

that M ∪W is the frontier of N . (For example, to get N you can after

ε-isotoping M , triangulate V so that M and W are subpolyhedra. Then

let N be W union the simplices in the homology from M to W .) Now

pick a smooth function f : V −W → R so that f−1((−∞, 0]) = N −W ,

f−1(0) =M−W and for any point x ∈ V there is a neighborhood U of x in

V and smooth functions p : U → R and q : U → R so that f(x) = p(x)/q(x)

for all x ∈ U −W and so that p is a generator of I∞U (M ∩U) if x ∈M and

so q is a generator of IrU (W ∩U) if x ∈W . We can certainly construct such

an f locally, but then we may piece together with a partition of unity to

get f globally. Now we just let η(x) = f(x)σ(x) and it satisfies the required

properties.

The reader might feel more comfortable first perturbing σ slightly to

a σ′ transverse to the zero section so that W ′ = σ′−1
(V × 0) is transverse

to M . Then W is homologous to W ′ and the above argument can be done

with W ′ replacing W . �

Pick η and N as in Assertion 2.8.2.1. The section η is given by η(x) =

(x, g(x)) for some smooth g : V → Rn. By Corollary 1.6 we may pick a

proper polynomial r : V → R so that L = r−1(0). Pick a large compact

neighborhood N ′ of N in V . We want N ′ to be so large that if b is the

maximum of r(x)2 for x ∈ N , then 4b is the minimum of r(x)2 on V −N ′.

Let N ′′ = {x ∈ V | r(x)2 ≤ 2b }, then N ⊂ N ′′ ⊂ N ′.

By Lemma 8.1 we may approximate g on N ′ by a polynomial p : V →
Rn so that p|L = 0. Then for x ∈ N ′, θ(x)(p(x)) ≈ θ(x)(g(x)) = g(x)

so the section x 7→ (x, θ(x)(p(x))) is rational and approximates η on N ′,

although it may be wildly different outside N ′.
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But for large enough m, the map

λ(x) =
(
x, θ(x) (p(x)) + (r(x)2/(3b))mσ(x)

)
is a section which is close to η near N ′′ and has no zeroes on V −N ′′. By

transversality, the zeroes X of λ are a manifold isotopic to M . By Lemma

2.13, X is nonsingular. Also L ⊂ X so X is ε-isotopic to M fixing L.

There is also a one dimensional version of this theorem [AK10], it

says that a smooth curve C in a nonsingular Zopen set V is ε-isotopic to

a nonsingular Zclosed subset if and only if the homology class [C] lies in

the subgroup AH1(V ) of H1(V ;Z/2Z), generated by nonsingular algebraic

curves in V ; (W. Kucharz [Ku] had independently proved this in the special

case when V is orientable).

Before proving the next theorem, let us review a few facts about smooth

submanifolds of Rn. Let M be a smooth m-dimensional submanifold of Rn
and let β : M → G(n, n −m) be the canonical map classifying its normal

bundle, so β(x) is the matrix of orthogonal projection to the subspace of

vectors perpendicular to the tangent space of M at x. We may write the

normal bundle ofM as E = { (x, y) ∈M×Rn | β(x)y = y }. We have a map

θ : E → Rn given by θ(x, y) = x+ y. Then the Jacobian of θ is nonsingular

at all points of the zero section M × 0 of E, hence by the inverse function

theorem and a little elementary topology there is a neighborhood E′ of

M × 0 in E so that θ maps E′ diffeomorphically onto a neighborhood U of

M in Rn. (This is just the existence theorem for tubular neighborhoods.)

Note that we have a retraction ρ : U →M given by ρ(z) = x if z = θ(x, y)

for some (x, y) ∈ E′. Actually, if U is chosen small enough, this is just the

closest point map.

The following Theorem 8.4 is our workhorse theorem for making smooth

objects algebraic. Roughly it says that after wiggling U a bit in V × Rk,
we may approximate a smooth function f : V → W by an entire rational

function. Furthermore, this entire rational function equals f on nice sets

where f was already entire rational. For the sake of clarity we precede it

with an easy version:

Theorem 8.3. ([AK1] Easier Version) Let L, V and W be real alge-

braic sets with L nice and W nonsingular. Let U ⊂ NonsingV be an open

neighborhood of L which has compact closure. Let f : V → W be a smooth

function so that f |L = u for some entire rational function u : L → W .

Then there exists an algebraic set Z ⊂ V × Rk for some k, an open set

Z0 ⊂ NonsingZ and an entire rational function p : Z →W such that

a) L× 0 ⊂ Z0 and p|L×0 = u.

b) The projection π : V ×Rk → V induces a diffeomorphism from Z0

to U .
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c) p|Z0 approximates f ◦ π|Z0 .

Proof: Suppose V ⊂ Rn andW ⊂ Rm, then by Proposition 4.3 we can find

an entire rational function δ : W → G(m,m−dimW ) ⊂ Rm2

such that δ(x)

is the normal plane to W at x. Since L is nice, f |U can be approximated

by an entire rational function g : U → Rm with g|L = u. Define

Z = { (x, y) ∈ Rn × Rm | g(x) + y ∈W and δ(g(x) + y)y = y }

and define p : Z → Rm by p(x, y) = g(x) + y.

Clearly Z is an algebraic set. Since for arbitrarily small ε > 0 we have

|f(x) − g(x)| < ε for all x ∈ U , and f(x) ∈ W , there is a unique closest

point w(x) on W to g(x). Let y(x) = w(x)− g(x) be the vector from g(x)

to w(x). Hence y(x) is perpendicular to W at w(x) = g(x) + y(x), so y(x)

is the unique ‘small’ solution of the equations{
g(x) + y ∈W
δ(g(x) + y)y = y

}
=

{
g(x) + y ∈W
y is ⊥ to W at g(x) + y

}
Let Z0 = { (x, y) ∈ Z | x ∈ U, |y| < ε }, hence if (x, y) ∈ Z0 then y = y(x),

and in particular p(x, y) = g(x) + y(x) = w(x).

V U
L W

Rm

f

p

Z

Zπ 0

Figure 6. Making a map algebraic

We now state and prove the more general version of Theorem 8.3.

Normally the following general case is applied when L = P ⊂ T and L

is nice.

Theorem 8.4. Let L, V and W be real Zopen sets with L a Zclosed

subset of V and suppose P ⊂ V is such that (P,L) is an approximable

pair. Let T ⊂ NonsingV be compact and let f : U → NonsingW be a

smooth function from an open neighborhood U of T in NonsingV so that

f |P∩U = u for some entire rational function u : P ∩ U → R.
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Then there exists a Zclosed subset Z ⊂ V × Rk for some k, an open

set Z0 ⊂ NonsingZ, a neighborhood U ′ of T in U and an entire rational

function p : Z →W such that

a) (L ∩ U ′)× 0 ⊂ Z0 and p(x, 0) = u(x) for all x ∈ L ∩ U ′.

b) The projection π : V ×Rk → V induces a diffeomorphism from Z0

to U ′, and in fact Z0 is ε-isotopic to U ′ × 0 fixing (L ∩ U ′)× 0.

c) p|Z0 approximates f ◦ π|Z0 .

Proof: Suppose V ⊂ Rn and W ⊂ Rm.

Assertion 8.4.1 There is an entire rational function g : V ′ → Rm from a

Zopen set V ′ ⊂ V and a neighborhood U ′ of T in U so that U ′ ⊂ V ′, g|U ′

approximates f |U ′ and f |L∩U ′ = g|.
Proof: By Proposition 1.1, we may assume u is given as the quotient of two

polynomials u = s/t so that t is nowhere 0 on P ∩ U . Pick a polynomial p

so that V ∩ p−1(0) = L. Let u′ = st/(t2 + εp2) for some small ε > 0. Note

that u′ is defined on all of U , in fact it is defined on V ′ = V − t−1(0) ∩ L.
There is a smooth f ′ : V → Rm approximating f on a neighborhood U ′ of

T so that f ′|P∩U = u′|. By changing f ′ outside a neighborhood of T we

may as well assume that f ′ − u′ has compact support and f ′|P = u′|P . By
Lemma 8.1 we may choose an entire rational function r : (V ′, L)→ (Rm, 0)
approximating f ′−u′ on V ′. Then g = r+u′ is an entire rational function

approximating f on U ′ and it equals f on L ∩ U . �

Let W ′ = NonsingW . Then by Proposition 4.3 we can find an entire

rational function β : W ′ → G(m, dimW ) ⊂ Rm2

such that β(x) is the

tangent plane toW ′ at x. Let E = { (w, y) ∈W ′×Rm | β(w)y = 0 } be the
normal bundle of W ′. There is a neighborhood E′ of W ′ × 0 in E so that

the map θ(w, y) = w + y maps E′ diffeomorphically onto a neighborhood

O of W ′. Let ρ : O →W ′ be the retraction so that ρ(z) = w if z = θ(w, y)

for some (w, y) ∈ E′. If we choose g close enough to f then we may assume

g(U ′) ⊂ O. Define

B′ = { (v, w, y) ∈ V ′ × E | y = g(v)− w }
= { (v, w, y) ∈ V ′ ×W ′ × Rm | g(v)− w = y ⊥W ′ at w }

Z ′ = { (v, y) ∈ V ′ × Rm | (v, g(v)− y, y) ∈ B′ }
Z = ClR(Z

′) ∩ V × Rm

and set p(v, y) = g(v)− y.
Now if (v, y) ∈ Z−Z ′ then either v ∈ V −V ′ or g(v)−y ∈ ClR(W )−W ′.

In particular, there are no such (v, y)’s for v ∈ U ′ and y near 0. Let B0 =

B′∩U ′×E′. We have a map ϕ : U ′ → Z given by ϕ(v) = (v, g(v)− ρg(v)).
Since g approximates f , we know g(v) − ρg(v) ∼ 0. So we only need to

show that Z0 = ϕ(U ′) is an open subset of NonsingZ.
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We have a birational isomorphism h : B′ → Z ′ where h(v, w, y) = (v, y).

For v ∈ U ′, we know that h−1ϕ(v) = (v, ρg(v), g(v)− ρg(v)). Since g(v) ∈
O, we know h−1ϕ(v) ∈ B0.

But then since h−1ϕ is an embedding, it suffices to show that all points

of B0 are nonsingular of dimension equal to dimV . But this follows from

Lemma 2.14 since B0 is the pullback of the maps (w, y) 7→ w + y and g|U ′

which are transverse since the first map is an embedding onto O.

We can improve Theorem 8.4 provided the bordism class of f is alge-

braic. For example, Lemma 7.1 says this will be true if W is nonsingular

and has totally algebraic homology. Again for clarity we precede it with an

easy version:

Theorem 8.5. ([AK1] Easier Version) Let L ⊂ Rn andW be algebraic

sets such that L is nice and W is nonsingular. Suppose we have a closed

smooth manifold M ⊂ Rn and a smooth map f : M → W so that L ⊂ M ,

f |L = u is an entire rational function and the germ of M at L is a germ

of a nonsingular algebraic set, and the bordism class (M,f) in N∗(W ) is

algebraic. Then there is a nonsingular algebraic set V ⊂ Rn × Rm and a

diffeomorphism g : V →M and an entire rational function p : V →W such

that

a) L× 0 ⊂ V .

b) g|L×0 = the identity.

c) p|L×0 = f ◦ g|L×0 and p approximates f ◦ g.

Proof: To say (M,f) is algebraic means there is a bordism F0 : X0 → W

from f to an entire rational function r : Y → W where Y is a nonsingular

algebraic set. We double this cobordism and get a closed smooth manifold

X and a smooth map F : X → W with M ∪ Y ⊂ X, M homologous to Y ,

F |M = f and F |Y = r, see Figure 7. We can assume X ⊂ Rn ×Rk so that

Y

X

X0

M

Figure 7. The doubled cobordism

L corresponds to L× 0 and Y corresponds to 0×Y . Let c = n+k−dimX

and let E = E(n+k, c)→ G = G(n+k, c) be the universal bundle over the

Grassmannian. Let U be an open tubular neighborhood of X, and ϕ : U →
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E be the normal bundle map. ϕ is transverse to G with ϕ−1(G) = X, and

by Proposition 4.3 we can assume that ϕ is entire rational on L×0∪0×Y .

Extend F to U and apply Theorem 8.4 to F × ϕ : U →W ×E. We get an

algebraic set Z ⊂ Rn×Rk×Rb for some b, and an open set Z0 ⊂ NonsingZ

and an entire rational function q : Z →W × E such that

1) L× 0× 0 ∪ 0× Y × 0 ⊂ Z0

2) q = F × ϕ on L× 0× 0 ∪ 0× Y × 0

3) π| : Z0 → U is a diffeomorphism

4) q|Z0 approximates (F × ϕ) ◦ π|Z0

By 3), Z0 = { (x, θ(x)) | x ∈ U } for some smooth function θ(x). Let q̃(x) =

q(x, θ(x)). Then q̃ is close to F ×ϕ, hence by transversality q̃−1(W ×G) is
isotopic to (F × ϕ)−1(W ×G) = X. Since q = q̃ ◦ π on Z0, we have

q−1(W ×G) ∩ Z0 = (π|Z0)
−1(q̃−1(W ×G)) ≈ X.

Therefore q−1(W×G) has a nonsingular componentX ′ which is isotopic

to X, and L× 0× 0 ∪ 0× Y × 0 ⊂ X ′.

0 × Y ×  0

L × 0 × 0

M

Figure 8. The doubled cobordism made algebraic

Under this isotopy, M corresponds to a codimension one smooth sub-

manifold M ′ of the algebraic set q−1(W × G) which is homologous to

0 × Y × 0. Hence by Theorem 8.2 it is ε-isotopic to a nonsingular alge-

braic subset V fixing L× 0× 0. In particular V ⊂ X ′. We now let p be q|V
followed by the projection W ×G→W .

We now give the more complete version of Theorem 8.5.

Theorem 8.6. Let L ⊂ S and W be real Zopen sets such that L is a

Zclosed subset of S, andW is nonsingular. Suppose we have a closed smooth

manifold M ⊂ NonsingS, a set P ⊂ M and a smooth map f : M → W so

that (P,L) is an approximable pair, the bordism class of f× inclusion in

N∗(W ×NonsingS) is algebraic and (f, α)|P is an entire rational function

where α : M → G(n, k) is the map classifying the normal bundle of M in

S. (i.e., if S ⊂ Rn then α(x) is the space of vectors tangent to S and

perpendicular to M at x.)
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Then there is a nonsingular Zclosed subset V of S × Rm, a diffeomor-

phism g : V →M and an entire rational function p : V →W such that

a) L× 0 ⊂ V .

b) g(x, 0) = x and p(x, 0) = f(x) for all x ∈ L.
c) p approximates f ◦ g.

Proof: Pick a bordism F0 : X0 → W from f× inclusion to an entire

rational function r : Y →W ×NonsingS where Y is a compact nonsingular

algebraic set. We double this cobordism and get a closed smooth manifold

X and a smooth map F1 : X → W × NonsingS with M ∪ Y ⊂ X, M is

homologous to Y in X, F1|M = f× inclusion and F1|Y = r. By replacing

Y with the graph of r we may as well assume Y ⊂ NonsingS × Rk for

some k. Let F : X → W be the composition of F ′ and the projection

W ×NonsingS →W .

We can assume, after perhaps enlarging k, that X ⊂ S×Rk×R so that

M corresponds toM×0×0 and Y corresponds to Y ×0 and a neighborhood

of M ∪ Y in X is M × 0 × [−1, 1] ∪ Y × [−1, 1]. Suppose S ⊂ Rn. Let

c = dimS+1+k−dimX and let E = E(n+k+1, c)→ G = G(n+k+1, c)

be the universal bundle over the Grassmannian. Let U be an open tubular

neighborhood of X and let ϕ : U → E be the map classifying the normal

bundle of X in S ×Rk ×R. In other words ϕ(x) = (L, y) where, if z is the

closest point to x on X, then L is the space of vectors in the tangent space

to S × Rk × R at z which are perpendicular to the tangent space to X at

z; and y is the projection of x− z to L.

Note ϕ is transverse to G with ϕ−1(G) = X. Also using Corollary

4.4 we see that (F,ϕ) is the restriction of an entire rational function on

P × 0× 0 ∪ Y × 0. Extend F to U and apply Theorem 8.4 to F × ϕ : U →
W × E. We get an algebraic set Z ⊂ S × Rk × R× Rb for some b, and an

open set Z0 ⊂ NonsingZ and an entire rational function q : Z → W × E
such that

1) L× 0× 0× 0 ∪ Y × 0× 0 ⊂ Z0.

2) q = F × ϕ on L× 0× 0× 0 ∪ Y × 0× 0.

3) The projection π : S × Rk × R × Rb → S × Rk × R induces a

diffeomorphism π| : Z0 → U and in fact, Z0 = { (x, θ(x)) | x ∈ U }
for some small smooth function θ(x).

4) q|Z0 approximates (F × ϕ) ◦ π|Z0

Let q̃(x) = q(x, θ(x)). Now q̃ is close to F × ϕ, hence by transversality

X ′′ = q̃−1(W ×G) is isotopic to (F × ϕ)−1(W ×G) = X. Note that X is

transverse to S ×Rk × 0 and the intersection is M × 0× 0 ∪ Y × 0. Hence

X ′′ is transverse to S×Rk× 0 also and their intersection is M ′′ ∪Y × 0 for

some submanifold M ′′ ⊂ X ′′ and there is a small isotopy taking X to X ′′

which carries M × 0× 0 to M ′′ and fixes L× 0× 0 ∪ Y × 0.
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Since q = q̃ ◦ π on Z0,

q−1(W ×G) ∩ Z0 = (π|Z0)
−1(q̃−1(W ×G)) = (π|Z0)

−1(X ′′)

Therefore q−1(W × G) has a nonsingular union of connected components

X ′ which is isotopic to X, and L × 0 × 0 × 0 ∪ Y × 0 × 0 ⊂ X ′. Also the

Zopen set X ∩ S × Rk × 0 × Rb ∩ Z has a nonsingular union of connected

components M ′ where M ′ = (π|Z0)
−1(M ′′).

The codimension one smooth submanifoldM ′ of the algebraic set q−1(W×
G) is homologous to Y × 0 × 0. Also (M ′, L × 0 × 0 × 0) is an approx-

imable pair since M ′ is a component of Nonsing(ClR(M
′)) which is nice.

So by Theorem 8.2, M ′ is ε-isotopic to a nonsingular Zclosed subset V of

q−1(W ×G), via an isotopy fixing L× 0× 0× 0. In particular V ⊂ X ′. We

now let p be q|V composed with the projection W ×G→W .

Theorem 8.6 in fact implies the following (by taking W to be a point

and L = P = ∅).

Corollary 8.7. A closed smooth submanifold M of a nonsingular real

algebraic set S can be ε-isotoped to a nonsingular algebraic subset of S×Rk
for some k provided the bordism class of the inclusion M ↪→ S is algebraic.

The bordism condition is always satisfied if W has totally algebraic

homology, and in general it can not be avoided (c.f., Theorem 7.3). In

Corollary 8.7 by letting S = Rn we obtain a theorem of Tognoli which is

an improvement of a previous result of Nash [N].

Corollary 8.8. ([To1]) Every closed smooth manifold is diffeomor-

phic to a nonsingular real algebraic set.

The next result gives a way of converting the image of an entire rational

embedding into subvariety. The image of an algebraic set under a rational

embedding does not have to be an algebraic set. The most we can say about

it is that its Zariski closure may only contain lower dimensional extra pieces

(Corollary 3.3). Theorem 8.9 says that the image of a rational embedding

can be made an algebraic subvariety if we are willing to relax the ambient

algebraic set by a rational diffeomorphism.

Theorem 8.9. ([AK8]) Let V , W be nonsingular real Zopen sets with

V compact, and let p : V → W be an entire rational function which is

an embedding. Then there are nonsingular algebraic sets V ′ ⊂ W ′ and a

rational diffeomorphism r : W ′ →W and a birational isomorphism q : V →
V ′ such that r ◦ q = p.

Proof: We may as well assume V and W are algebraic sets, since they are

birationally isomorphic to real algebraic sets. Suppose V ⊂ Rn, then pick

a smooth function with compact support α : W → Rn so that α(p(x)) = x



8. MAKING SMOOTH OBJECTS ALGEBRAIC 73

V

p
W

q W

V

r≈

Figure 9. Making an algebraic embedding into an algebraic subset

for all x ∈ V . Let V ′ = { (x, y) ∈ V ×W | y = p(x) } and let q : V → V ′

be q(x) = (x, p(x)). Let W ′′ = { (α(y), y) ∈ Rn × W }. Then W ′′ is a

diffeomorphic copy of W containing the nonsingular algebraic set V ′.

Assertion 8.9.1 There is a smooth function f : Rn ×W → Rn transverse

to 0 ∈ Rn so that f−1(0) = W ′′, and f restricts to an entire rational

function u ∈ IrRn×W (V ′) outside of a compact set.

0␣×␣ W V

R   ×  W
n

W

Figure 10. A smooth approximation

Proof: Pick a proper polynomial ρ : Rn ×W → R with ρ−1(0) = V ′, and

pick a smooth function β : Rn×W → [0, 1] with compact support such that

β(x, y) = 1 when either |x| < |α(y)| or when (x, y) is in a neighborhood of

W ′′ − 0×W . Then we let

f(x, y) = β(x, y)(x− α(y)) + (1− β(x, y))ρ2(x, y)x.

It is clear that W ′′ ⊂ f−1(0). If (x, y) ∈ f−1(0) − W ′′ then x 6= α(y).

But then if β(x, y) = 1 we would have 0 = f(x, y) = x − α(y) 6= 0, hence

β(x, y) 6= 1. We claim that β(x, y) 6= 0 also, otherwise ρ2(x, y)x = 0 hence

x = 0 so |α(y)| > 0 = |x| which implies β(x, y) = 1 contradiction. Hence

0 < β(x, y) < 1, and by solving f(x, y) = 0 for α(y) we get α(y) = x(1 +

ρ2/β − ρ2). Therefore |α(y)| > |x| implying β(x, y) = 1, a contradiction.
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So we have shown that W ′′ = f−1(0). We leave the verification f t 0

as an exercise. Now f equals ρ2(x, y)x outside of a compact set, so set

u = ρ2(x, y)x. �

By Lemma 8.1, f(x, y) − u(x, y) can be approximated by an entire

rational function δ : (Rn×W,V ′)→ (Rn, 0). Then γ(x, y) = δ(x, y)+u(x, y)

is an entire rational function approximating f(x, y) on Rn ×W .

LetW ′ = γ−1(0), then V ′ ⊂W ′ andW ′ is ε-isotopic toW ′′ by transver-

sality. Hence, W ′ = { (η(y), y) ∈ Rn ×W } for some smooth η : W → Rn
with η ≈ α. We may now let r : W ′ →W be the map induced by projection

Rn ×W →W .

One can ask when a smooth map f between nonsingular algebraic sets

can be approximated by an entire rational function. The following theorem

says that if f is homotopic to an entire rational function then f can be

approximated by an entire rational function after relaxing the source by a

rational diffeomorphism.

Theorem 8.10. ([AK8]) Let V and W be nonsingular real Zopen sets

with V compact. Let f : V → W be a smooth map which is homotopic to

an entire rational function. Then there exist a nonsingular algebraic set

V ′, an entire rational function ϕ : V ′ →W , and a rational diffeomorphism

h : V ′ → V such that f ◦ h is arbitrarily close to ϕ.

Proof: By Lemma 1.4, V is birationally isomorphic to a real algebraic set,

so we may as well assume V is a real algebraic set. Let G : V ×[0, 1]→W be

a homotopy with G(x, 0) = f(x) and G(x, 1) = β(x) where β(x) is an entire

rational function. By doubling G we get a smooth functionH : V ×S1 →W

such that H(x, a) = f(x) and H(x, b) = β(x) for some a, b ∈ S1. By

Theorem 8.4 we can find an algebraic set Z ⊂ (V × S1) × Rk for some

k, an entire rational function F : Z → W and a nonsingular component

Z0 of Z such that the restriction of projection π|Z0 : Z0 → V × S1 is a

diffeomorphism, H ◦ π|Z0 is close to F |Z0 and so V × b ⊂ Z0. Let M =

(π|Z0)
−1(V × a) ⊂ Z0. Then M is a diffeomorphic copy of V in Z0 which

is homologous to V × b ⊂ Z0. Hence by Theorem 8.2, M is ε-isotopic to a

nonsingular algebraic subset V ′ of Z. Let ϕ = F |V ′ and h = p◦π|V ′ : V ′ →
V where p : V × S1 → V is a projection. Then the entire rational function

h is a diffeomorphism since π(V ′) is a nearby copy of V ×a ⊂ V ×S1. Since

f ◦ p|V×a = H|V×a we have

f ◦ h = f ◦ p ◦ π|V ′ ∼ H ◦ π|V ′ ∼ F |V ′ = ϕ

where ∼ means approximation.

The following is a relative version of Theorem 8.6 and Corollary 8.7.

We delay its proof until after Lemma 8.14.
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Theorem 8.11. ([AK3]) Let M be a closed smooth submanifold of

a nonsingular real Zopen set V with totally algebraic homology. Let Mi,

i = 1, . . . , k be close smooth submanifolds of M in general position. Then

there is an ε-isotopy of V × Rn for some n, which simultaneously takes

M × 0 and all Mi × 0 to nonsingular algebraic subsets.

Corollary 8.12. Let M be a closed smooth manifold, and Mi, i =

1, . . . , k be closed smooth submanifolds ofM in general position. Then there

exists a nonsingular algebraic set N and nonsingular algebraic subsets Ni,

i = 1, . . . , k of N , and a diffeomorphism ϕ : M → N with ϕ(Mi) = Ni,

i = 1, . . . , k.

Corollary 8.13. If a closed smooth manifold is full, then it is diffeo-

morphic to a nonsingular algebraic set which has totally algebraic homology.

(We define full in the next section, it just means that the homology is

generated by embedded subsets.)

We first prove Theorem 8.11 up to cobordism, then deduce the proof

from this weaker version.

Lemma 8.14. Let M be a closed smooth manifold, and let Mi, i =

1, . . . , k be closed smooth submanifolds of M in general position. Let V be a

nonsingular real Zopen set with totally algebraic homology, and ϕ : M → V

be a map. Then there is a compact smooth manifold T with proper smooth

submanifolds Ti, i = 1, . . . , k in general position and a map ψ : T → V such

that

a) ∂T = U ∪M where U is a disjoint union of nonsingular Zclosed

subsets Uα of V × Rn and α runs over all subsets of {1, . . . , k}
such that

⋂
i∈αMi 6= ∅.

b) ∂T ∩ Ti = ∂Ti, M ∩ Ti = Mi and Uα ∩ Ti = Uαi where Uαi ,

i = 1, . . . , k are nonsingular algebraic subsets of Uα transverse to

each other with Uαi = ∅ for i /∈ α.
c) ψ|M = ϕ, and ψ|Uα is induced by projection V × Rn → V .

d) For each such α and i ∈ α there is an entire rational function

λαi : U
α
i → G(m, ci) such that

Uα = { (x, y) ∈ Uαi × Rm+1 | (λαi (x), y) ∈ E∗(m, ci) }

In particular λαi classifies the normal bundle of Uαi in Uα and Uα

is a sphere bundle over Uαi . Also ci is the codimension of Mi in

M .

Proof: For α ⊂ {1, . . . , k} we denote Mα =
⋂
i∈αMi and M∅ = M . We

prove the lemma by induction on the number of subsets α with the property

Mα 6= ∅. The case where all Mα = ∅ is vacuous. Now pick α ⊂ {1, . . . , k}
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V
T

U M

ψ

ϕ
Mi

Ti

Ui
α

Figure 11. The cobordism to the algebraic situation

so that Mα 6= ∅ butMβ = ∅ for all β with α $ β. The normal bundle maps

fi : Mi → G(m, ci) for some large m define a map f : Mα →
∏
i∈αG(m, ci).

Let g : Mα → V ×
∏
i∈αG(m, ci) be g = (ϕ, f). By Lemma 7.1 there is a

bordism γ : K → V ×
∏
i∈αG(m, ci) such that ∂K is disjoint union of Mα

and a nonsingular algebraic set U ⊂ V ×
∏
i∈αG(m, ci) × Ra for some a

with γ|Mα = g and γ|U is the projection. Let µα : K →
∏
i∈αG(m, ci) be

γ followed by projection, and define

Sα = { (x, y) ∈ K × (Rm+1)k
′
| (µα(x), y) ∈

∏
i∈α

E∗(m, ci) }

Sαi = { (x, y) ∈ Sα | yi = 0 }

where k′ is the number of elements of α. So Sα is the pullback

Sα −→
∏
i∈αE

∗(m, ci)
↓ ↓
K

µα

−→
∏
i∈αG(m, ci)

Notice Sαi are in general position and
⋂
i∈α S

α
i = K. Also note that if

λαi : S
α
i → G(m, ci) is the projection Sαi → K followed by the i-th coordi-

nate map of µα, then Sα is the pull back of E∗(m, ci) by λ
α
i , i.e.,

Sα = { (x, y) ∈ Sαi × Rm+1 | (λαi (x), y) ∈ E∗(m, ci) }

Sα is a cobordism from a nonsingular algebraic set Uα to a smooth manifold

Mα ⊃Mα such that ∂Sαi ⊂ ∂Sα = UαtMα. Furthermore Uαi = Uα∩∂Sαi
are nonsingular algebraic sets, with λαi |Uα

i
entire rational.

Since µα|Mα = f there is a diffeomorphism h : A → B from a closed

tubular neighborhood A of Mα in Mα to a closed tubular neighborhood B

of Mα in M , such that h(A ∩ Sαi ) = B ∩Mi. In other words near Mα,

(M,Mi) and (Mα, ∂Sαi ∩Mα) are diffeomorphic.

Let S = Sα ∪M × [0, 1], where we identify A ⊂ ∂Sα with B × 1 ⊂
M × [0, 1] via h (corners smoothed), and let Si = Sαi ∪Mi × [0, 1] ⊂ S.

Note that the Si are in general position in S. Let θ : S → V be the map

obtained by first retracting S to Sα∪Mα× [0, 1]∪M ×0, then mapping Sα

by projection to K, mapping by γ to V ×
∏
i∈αG(m, ci) and by projection

to V , and mapping Mα × [0, 1] ∪M × 0 by projection to M and then by ϕ
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Figure 12. The inductive step, reducing the number of
nonempty Mα’s

to V . Notice θ|M×0 = ϕ, Uα ⊂ U × R(m+1)k ⊂ V × Rn for some large n,

and θ|Uα is the projection. Define

M ′ = (Mα − Int(A))
⋃
h

(M − Int(B))

M ′
i = M ′ ∩ Si

Mi
S i

α
Mi ×  [ 0,1]

M ×  1Μα

Figure 13. Detail of the added handle

Notice M ′
α = ∅, and M ′

β = ∅ when Mβ = ∅. Let ϕ′ = θ|M ′ , then by in-

duction there are (T ′, T ′
i ) and a map ψ′ : T ′ → V satisfying the conclusions

of the lemma. Let T = S ∪ T ′, Ti = Si ∪ T ′
i , and ψ = ψ′ ∪ θ. We are done.

We now give the delayed proof of Theorem 8.11.

Proof: (of Theorem 8.11) Let ϕ : M ↪→ V be the inclusion, and let ψ : T →
V be the bordism obtained from Lemma 8.14, where ψ|M = ϕ and ψ|U is

induced by projection U ⊂ V × Rn → V . In the notation of the lemma,

U =
⊔
α U

α, for simplicity call Ui =
⊔
i∈α U

α
i . By choosing n large enough
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(n > 2 dimT − dimV suffices) we may pick a smooth function κ : (T,U)→
(Rn, 0) so that (ψ, κ) : T → V ×Rn is an embedding and (ψ, κ)|U is inclusion

U ⊂ V × Rn. Let ψ′ denote (ψ, κ).

By doubling T (and smoothing corners) we obtain smooth manifolds

X = ∂(ψ′(T )× [−1, 1]) ⊂ (V × Rn)× R
Xi = ∂(ψ′(Ti)× [−1, 1]) ⊂ X

X i

U

Ui

X

M

Mi

Figure 14. X, the double of T

Identify U with U × 0 and M with M × 0 × 0. The manifolds M , U

and Xi are in general position in X. Furthermore M is homologous to U

in X. Also notice that the germ of X at U is a germ of the nonsingular

algebraic set U × R at U . By Theorem 8.6 (with L = P := U , M := X,

S := V × Rn × R and W := a point) we may assume X is a nonsingular

Zclosed subset of V × Rn × R.
Now let βi : Xi → G(m, ci) be the normal bundle map of Xi in X. By

Lemma 8.14 we can assume that βi|Uα
i
= λαi where λαi are the entire rational

functions defined by the lemma. Then Theorem 8.6 (with L = P := U ,

M := Xi, S := V × Rn × R, W := G(m, ci) and f := βi) gives

V × Rn+1 × Ra ⊃ Y ′
i

↓ ρ
γi
↘

V × Rn+1 ⊃ Xi
βi−→ G(m, ci)

where Y ′
i is a nonsingular algebraic set containing Ui and ρ is a diffeomor-

phism fixing Ui and γi is an entire rational function approximating βi ◦ ρ
with γi|Ui = βi|. We define

Y ′′
i = { (x, y) ∈ Y ′

i × Rm+1 | (γi(x), y) ∈ E∗(m, ci) }

Since γi, and βi ◦ ρ are homotopic, the normal bundle of Y ′
i in Y ′′

i is equiv-

alent to the normal bundle of Xi in X.

Notice that { (x, y) ∈ Y ′′
i | x ∈ Ui } is a union of components of U .

Hence the germ of X at U ∪ Xi is diffeomorphic (in fact isotopic) to the
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Yi

U

Ui

Figure 15. Y ′′
i

germ of the nonsingular algebraic set Y ′′
i at U ∪Y ′

i . So X is ε-isotopic fixing

U to a submanifold Yi ⊂ V × Rc for some c so that:

1) U ∪ Y ′
i ⊂ Yi.

2) The germ of Yi at U ∪Y ′
i is the germ of the nonsingular algebraic

set Y ′′
i .

So by Theorem 8.6 (with L := U ∪ Y ′
i , P = Y ′′

i , M := Yi, S := V ×Rc and
W := a point) we may as well assume that Yi is a nonsingular Zopen set.

Note we have a diffeomorphism τi : (X,U ∪Xi) → (Yi, U ∪ Y ′
i ) such that:

τi|U =identity and τi is close to the identity.

Finally we apply Theorem 8.4 to the map τ : X → Y1 × Y2 × . . .× Yk,
where τ = (τ1, . . . , τk), and get an algebraic set Z ⊂ X × Rb and an entire

rational function u : Z → Y1 × Y2 × . . .× Yk and a nonsingular component

Z0 of Z, such that if π is the projection X × Rb → X then

i) π|Z0 : Z0 → X is a diffeomorphism.

ii) U ⊂ Z0 and u|U = (id, . . . , id).

iii) u approximates τ ◦ π on Z0.

Since U and π−1(M) (a copy of M in Z0) are homologous, by Theorem 8.2

we know that π−1(M) is ε-isotopic in Z0 to a nonsingular algebraic set N .

If ui : Z0 → Yi is the map u followed by the projection to the i-th factor,

then u−1
i (Y ′

i ) is a nearby copy of Xi. Let Ni = N ∩ u−1
i (Y ′

i ), then Ni are

nonsingular algebraic sets in N and (N,N1, . . . , Nk) is an isotopic copy of

(M,M1, . . . ,Mk)

A useful application of Corollary 8.12 is the following theorem which

classifies real algebraic sets with isolated singularities.

Proposition 8.15. ([AK1]) A set X is homeomorphic to a real alge-

braic set V with isolated singularities if and only if X is obtained by taking

a smooth compact manifold W with boundary ∂W = ∪ri=1Σi, where each

Σi bounds a compact smooth manifold, then crushing some Σi ’s to points

and deleting the remaining Σi ’s.
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Proof: Let V be a real algebraic set with isolated singularities. By Lemma

6.2 the one point compactification V ∗ is a real algebraic set with isolated

singularities. Then Hironaka’s resolution theorem (Theorem 5.11) applied

to V ∗ implies that V must be in the form of X as described in the statement

of the theorem.

Conversely assume that we are given such X = W ∪
⋃r
i=1 c(Σi), with

Σi = ∂Wi for some compact smooth Wi’s. We claim that after modifying

the interiors of Wi’s we can assume each Wi has a spine Li consisting

of a union of transversally intersecting closed smooth submanifolds, i.e.,

Wi/Li ≈ c(Σi). Assuming this claim we can construct a smooth manifold

X̃ =W∪
⋃r
i=1Wi. By Corollary 8.12 we can assume that X̃ is a nonsingular

algebraic set so that each Li is an algebraic subset of X̃. Note that X is

obtained from X̃ by crushing some Li’s to points and deleting the remaining

Li’s. But by Proposition 6.1 and Lemma 1.4 we can do these operations

algebraically.

W

X

L i

X

Σ i

Figure 16. Characterizing Zopen sets with isolated singularities

So it remains to prove the above claim about the Wi’s. Let W be one

of these Wi’s and ∂W = Σm. We can pick smooth balls Di, i = 1, 2, ..., r

in the interior of W such that:

i)
⋃
iDi is a spine of W .

ii) The spheres Si = ∂Di intersect transversally with each other.

iii)
⋃
Di −

⋃
∂Di is a union of open balls

⋃s
j=1Bj .

B
3B

2
B

1

D
1

D
2 W

Figure 17. Balls Di making a spine of W
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Pick smaller balls B′
j ⊂ Bj . ThenW0 =W−

⋃s
j=1 Int(B

′
j) is a manifold

with spine
⋃
Si, and

∂W0 = Σ ∪
s⋃
j=1

∂B′
j

where of course each ∂B′
j is a sphere.

W0

S∂B

Σ

1 i

Figure 18.
⋃
Si a spine of W0

We can reindex the balls B′
j so that there is an arc from Σ to ∂B′

1

intersecting exactly one Si. Furthermore this intersection is transverse and

consists of a single point. Then we attach a 1-handle to ∂W0 connecting Σ

to ∂B′
1 and get W1 =W0 ∪ (1− handle) as in Figure 19.

W1

C1

Figure 19. Adding a handle to reduce the number of
spheres in ∂Wi

Then ∂W1 = Σ ∪
⋃s
j=2 ∂B

′
j and

⋃
Si ∪ C1 is a spine of W1, where C1

is the circle defined by the core of the 1-handle union of the arc. We have

improved matters since there are fewer spheres ∂B′
j in ∂W1. By continuing

in this way we get a manifold Ws with ∂Ws = Σ and the spine of Ws

is transversally intersecting codimension one spheres and circles
⋃
Si ∪⋃s

j=1 Cj . Then Ws is the required manifold. (the first step of the proof of

this claim came from a suggestion of L. Jones).

There is also an ambient version of this Proposition which says that

if a closed smooth submanifold Σ of Sn is the boundary of a codimension

at least one submanifold of Sn with trivial normal bundle, then it can be

isotoped to the link of a real algebraic subset of Rn+1 with an isolated

singularity at the origin, [AK18].
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9. Homology of Blowups

In this section we discuss how homology groups change under blow-

ing up operations, and prove a resolution theorem for homology cycles of

algebraic sets, which originally appeared in [AK8]. All homology and co-

homology groups in this section will have Z/2Z coefficients.

Definitions 9.1. For a smooth manifold M we define Himb
∗ (M) to

be the subgroup of H∗ (M) generated by embedded closed smooth sub-

manifolds. That is, every element of Himb
i (M) is a finite sum of classes

represented by i-dimensional smooth submanifolds. We say M is full if

Himb
∗ (M) = H∗ (M).

We also want to define an algebraic analogue of fullness.

Definitions 9.2. Let V be a nonsingular Zopen set, we define the

following subgroups of H∗ (V ). Let RH∗(V ) be the subgroup generated

by ϕ∗[Z], where ϕ : Z → V is an entire rational function from a compact

nonsingular algebraic set Z and ϕ is an embedding. Let R0H∗(V ) be the

same as above, except Z is allowed to be a compact nonsingular component

of an algebraic set. In other words, R0H∗(V ) is the subgroup generated

by ϕ∗[Z], where ϕ : Z → V is an entire rational function from a compact

nonsingular component of an algebraic set Z and ϕ is an embedding. We

say V is algebraically full if RH∗ (V ) = H∗ (V ).

Clearly we haveRH∗ (V ) ⊂ HA
∗ (V ). Theorem 8.4 implies thatR0H∗ (V ) =

Himb
∗ (M). Repeated applications of Theorem 8.9 along with Lemma 7.2

imply that, after changing V by a rational diffeomorphism Ṽ
≈−→ V we can

identify RH∗
(
Ṽ
)
as the subgroup generated by compact nonsingular alge-

braic subsets of Ṽ . Another nice feature of RH∗ (V ) is that its elements can

be isotoped to make them transverse to any given smooth subcomplex of V .

This last property follows from Theorem 8.10, because first we can isotop a

given representative ϕ : Z ↪→ V of RH∗ (V ) to a smooth ϕ0 : Z ↪→ V such

that ϕ0 is transverse to a given subcomplex then by Theorem 8.10 we can

ε-isotop ϕ0 to an entire rational function ϕ1 : Z1 ↪→ V from a nonsingular

algebraic set Z1.

Before looking at the homology of blowups we need the following ele-

mentary lemmas.

Proposition 9.1. Let f : V →W be a degree one map (in Z/2Z coef-

ficients) between closed smooth manifolds of the same dimension, then

a) H∗ (W ) = f∗H∗ (V )

b) Himb
∗ (W ) ⊂ f∗Himb

∗ (V )

c) If V and W are nonsingular Zopen sets and f is entire rational,

then RH∗ (W ) ⊂ f∗RH∗ (V ).
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Proof: Conclusion a) follows since f has degree one. To see b) we

make f transverse to the generators of Himb
∗ (W ). In particular, pick

[A] ∈ Himb
∗ (W ) where A ⊂ W is a smooth submanifold. After isotop-

ing A, we may as well assume f is transverse to A. Let B = f−1 (A). Let α

and β be the Poincare duals of [A] and [B] respectively. Clearly f∗ (α) = β,

and since f has degree one:

f∗[B] = f∗ (β ∩ [V ]) = f∗ (f
∗ (α) ∩ [V ]) = α ∩ f∗[V ] = α ∩ [W ] = [A].

To see c), pick a ∈ RH∗ (W ) represented by a rational embedding

ϕ : D → W . Homotop f to a map f0 : V → W which is transverse to ϕ.

By Theorem 8.10 there is a nonsingular algebraic set V ′ and a rational

diffeomorphism h : V ′ ≈→ V and an entire rational function f ′ : V ′ → W

such that f0 ◦ h is close to f ′, in particular f ′ is transverse to ϕ. Now let

C be the fiber product

C = { (x, y) ∈ V ′ ×D | f ′ (x) = ϕ (y) }.

Note that C is nonsingular by Lemma 2.14. Also projection V ′ ×D → V ′

restricts to an embedding π : C → V ′. Let b = h∗π∗([C]) ∈ RH∗(V ). Note

that f∗ of the Poincare dual of a is the Poincare dual of b. So as above we

get f∗ (b) = a.

The assumption that L be closed is not really necessary, but makes

things easier and is all we need.

Lemma 9.2. Let p : E → L be a k-dimensional vector bundle over

a smooth closed manifold L and let π : P (E) → L be its projectiviza-

tion, so P (E) is the space of lines through the origin in fibres of p. Let

η : K → P (E) be the canonical line bundle. Then there is a H∗ (L)-module

isomorphism

ϕ : H∗ (P (E))→ H∗ (L)⊗H∗ (RPk−1
)

so that if ω1 ∈ H1 (P (E)) is the first Stiefel-Whitney class of η, then

a) ϕπ∗ (α) = α⊗ 1 for all α ∈ H∗ (L)

b) ϕ (ω1) = 1⊗ ξ where ξ generates H1
(
RPn−1

)
.

c) If L is full then P (E) is full.

d) Suppose π : P (E) → L is algebraic. That is, suppose we have

P (E) = π (E,L)
−1

(L) where π (E,L) : B (E,L) → E is the

blowup of nonsingular Zopen set along a nonsingular Zclosed sub-

set L and π is the restriction of the blowing up projection π(E,L).

Then P (E) is algebraically full if L is algebraically full.

Proof: The existence of ϕ satisfying a) and b) is an immediate conse-

quence of Theorem 5.7.9 of [Sp] since θ : H∗ (RPk−1
)
→ H∗ (P (E)) is a

cohomology extension of the fiber where θ
(
ξi
)
= ωi1.
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Now suppose that L is full. Let D : H∗ (P (E)) → H∗ (P (E)) be the

Poincare duality isomorphism. To show P (E) is full it suffices to show that

Dϕ−1 (α⊗ ξm) ∈ Himb
∗ (P (E))

for every m and α ∈ H∗ (L). But we have

ϕ−1 (α⊗ ξm) = π∗ (α) ∪ ωm1 .

Now D (ω1) is represented by an embedded submanifold S = P (E)∩P (E)
′

where P (E)
′
is a section of η : K → P (E) transverse to the zero section

P (E). Let α be Poincare dual to
∑

[Ai] for embedded closed submanifolds

Ai ⊂ L. Let S1, . . . , Sm ⊂ P (E) be isotopic copies of S in general position

with themselves and with each π−1 (Ai). Then if S′ = ∩Si we know that

D (π∗ (α) ∪ ωm1 ) =
∑

[π−1 (Ai) ∩ S′] ∈ Himb
∗ (P (E))

The proof of d) is very similar to the proof of c), the only difference is

that we have embeddings of nonsingular Zopen sets as opposed to subman-

ifolds. As pointed out in the introduction they obey transversality. Now

the only place to modify the proof is that instead of Ai ⊂ L we will have

entire rational embeddings ϕi : Ai ↪→ L, so in this case we replace π−1 (Ai)

by the fiber product Bi

Bi −→ P (E)
↓ ↓
Ai

ϕi−→ L

Lemma 9.3. Let π : B → M be a blowup with center L, i.e., B =

B (M,L) and π = π (M,L). Assume M is a closed smooth manifold and

dimL < dimM , then the following hold:

a) If L is full then ker (π∗) ⊂ Himb
∗ (B)

b) If π is a blowup of nonsingular Zopen sets, and L is algebraically

full, then ker (π∗) ⊂ RH∗ (B)

c) If M and L are full, then B is full. In the algebraic case if M and

L are algebraically full, then B is algebraically full.

d) ker(π∗) ⊂ j∗H∗(π
−1(L)) where j : π−1(L) → B is inclusion. In

fact ker(π∗) = j∗
(
π|−1

∗ (ker(H∗(L)→ H∗(M)))
)
.

Proof: Let P denote π−1 (L). We compare the following exact sequences

where the vertical maps are induced by π:

· · · −→ Hi (P )
j∗−→ Hi (B)

k−→ Hi (B,P ) −→ · · ·

↓ ↓π∗ ↓≈

· · · −→ Hi (L) −→ Hi (M) −→ Hi (M,L) −→ · · ·
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The third vertical map is an isomorphism by excision. Hence if α ∈ ker (π∗)

we must have k (α) = 0, so α ∈ Image (j∗), so d) is true. Then Lemma 9.2

implies a) and b). To see c), take any α ∈ Hi(B). By Proposition 9.1b

or c, there is a β ∈ Himb
i (B) or RHi(B) so that π∗(α) = π∗(β). But then

α− β ∈ ker π∗ so a) and b) imply c).

Note the following more general definition of uzunblowup supersedes

that in [AK4].

Definitions 9.3. Let V be a nonsingular Zopen set. We call a map

π : Ṽ → V an uzunblowup if π is the composition

Ṽ = Vn
πn−→ Vn−1

πn−1−→ · · · −→ V1
π1−→ V0 = V

where each πi+1 is either a rational diffeomorphism or a blowup of Vi along

a some nonsingular center Li ⊂ Vi. We call {Li} the centers of π : Ṽ → V .

A multiblowup is an uzunblowup where each πi is a blowup. We call an

uzunblowup full or algebraically full if all the centers are full or algebraically

full. (For the curious reader: uzun means long in Turkish.) We call a

multiblowup or uzunblowup nondegenerate if all centers Li have dimLi <

dimV .

Now we are ready to prove an algebraic version of the Steenrod repre-

sentability theorem for homology classes.

Lemma 9.4. If V is a compact nonsingular Zopen set, then there is a

nondegenerate multiblowup π : Ṽ → V with:

a) π∗H
imb
∗

(
Ṽ
)
= H∗ (V ).

b) π∗RH∗
(
Ṽ
)
= HA

∗ (V ).

Proof: By Proposition 9.1, π∗ is onto and each element of Himb
∗ (V ) lifts

to an element of Himb
∗

(
Ṽ
)
. Hence a) follows by repeated applications of

the following assertion.

Assertion 9.4.1 Let 0 6= θ ∈ Hk (V ). Then there exists a multiblowup

π : Ṽ → V , a k-dimensional nonsingular Zclosed subset Z of Ṽ and a com-

ponent Z0 of Z such that π∗[Z0] = θ.

Proof: By the Steenrod representability theorem [Th], we can find a map

f : M → V such that M is a closed smooth manifold, and f∗[M ] = θ. By

transversality we can assume that f is one to one almost everywhere. By

Theorem 8.4 we can find an algebraic set Q, an entire rational function

ϕ : Q → V , a component of Q0 of Q and a diffeomorphism h : M → Q0

so that ϕ ◦ h ∼ f , in particular ϕ∗[Q0] = θ and ϕ is one to one almost

everywhere on Q0.

Now, ϕ (Q0) is a semialgebraic set of dimension k, hence if Y is the

Zariski closure of ϕ (Q0) in V then dimY = k. Now by Theorem 5.11 there
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is a multiblowup π : Ṽ → V such that the strict preimage Z of Y is a k-

dimensional nonsingular Zclosed subset of Ṽ and the centers lie over SingY .

By chapter 0, section 5 of [H] (c.f. Proposition 2.7) there is a multiblowup

p : Q̃ → Q and a rational function ϕ̃ : Q̃ → Z so that πϕ̃ = ϕp, i.e., the

following commutes:

Q̃
ϕ̃−→ Z

p ↓ ↓ π

Q
ϕ−→ Y

(Alternatively, one could avoid using chapter 0 section 5 of [H] by using

Lemma 5.9 and Theorem 8.10 and settling for an uzunblowup instead of a

multiblowup.)

For simplicity assume that Q0 is connected. Hence p−1(Q0) = Q̃0 is

connected. Let Z0 = ϕ̃(Q̃0), then Z0 is connected. Notice ϕ̃ is one to one

almost everywhere on Q̃0 since ϕ is one to one almost everywhere on Q0.

Therefore [Z0] = ϕ̃∗[Q̃0]. Hence

π∗[Z0] = π∗ϕ̃∗[Q̃0] = ϕ∗p∗[Q̃0] = ϕ∗[Q0] = θ

Since dimZ = k and Z0 is a connected subset representing a non-zero k-

dimensional homology class, Z0 must be the whole component of Z. �

The proof of b) is similar, but simpler since in this case we can take

Q = Q0 and Z = Z0.

The following is a homology version of the resolution Theorem 5.11. It

says in particular that we can make all Z/2Z-cycles of smooth manifolds

embedded after blowing up operations.

Theorem 9.5. Every compact nonsingular real Zopen set V admits a

nondegenerate full uzunblowup π : Ṽ → V such that:

a) Ṽ is full.

b) π∗RH∗
(
Ṽ
)
= HA

∗ (V ).

Proof: Consider the following assertions:

Assertion A(v): Every compact nonsingular real Zopen set V with dimV =

v admits a nondegenerate full uzunblowup π : Ṽ → V such that Ṽ is full

and so that π∗RH∗
(
Ṽ
)
= HA

∗ (V ).

Assertion C(v): Suppose that V is a compact nonsingular real Zopen set

with dimV = v and p : V → V is a nondegenerate multiblowup. Then there

exists a nondegenerate full uzunblowup π : Ṽ → V and an entire rational
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function g : Ṽ → V such that the following diagram commutes up to Z/2Z
homology

V
g←− Ṽ

p ↓ ↙ π (∗)

V

It suffices to prove that C(v) implies A(v) and to prove that A(i) for

all i < v implies C(v).
Proof: (of C(v) =⇒ A(v)) Suppose dimV = v. From Lemma 9.4 we get a

nondegenerate multiblowup p : V → V such that:

1) p∗H
imb
∗

(
V
)
= H∗ (V ).

2) p∗RH∗
(
V
)
= HA

∗ (V ).

By C(v) there exists a nondegenerate full uzunblowup π : Ṽ → V and

an entire rational function g : Ṽ → V making the diagram (∗) commute

up to Z/2Z homology. By Proposition 9.1, Himb
∗

(
V
)
⊂ g∗H

imb
∗

(
Ṽ
)
and

RH∗
(
V
)
⊂ g∗RH∗

(
Ṽ
)
, hence

π∗H
imb
∗

(
Ṽ
)
= p∗g∗H

imb
∗

(
Ṽ
)
⊃ p∗Himb

∗
(
V
)
= H∗ (V )

implying π∗H
imb
∗

(
Ṽ
)
= H∗ (V ). Similarly we get π∗RH∗

(
Ṽ
)
= HA

∗ (V ).

Furthermore the surjectivity of π∗ implies that H∗
(
Ṽ
)
= ker (π∗) ⊕G

where π∗ : G → H∗ (V ) is an isomorphism and G ⊂ Himb
∗

(
Ṽ
)
. By Lemma

9.3, ker (π∗) ⊂ Himb
∗

(
Ṽ
)
. Therefore H∗

(
Ṽ
)
= Himb

∗
(
Ṽ
)
, i.e., Ṽ is full.

�

Proof: (of A(i) for all i < v =⇒ C(v)) Pick V with dimV = v and p : V →
V , which is a composition:

V = Vn
pn−→ Vn−1

pn−1−→ · · · −→ V1
p1−→ V0 = V

such that each Vi+1
pi+1−→ Vi is a blowup along a nonsingular center Li ⊂ Vi

with dimLi < dimVi = dimV .

Assume we have constructed a nondegenerate full uzunblowup π (i) : Zi →
V and an entire rational function gi : Zi → Vi, such that the following com-

mutes up to Z/2Z homology

Vi
gi←− Zi

p(i) ↓ ↙ π(i)

V

where p (i) = p1 ◦ p2 ◦ . . . ◦ pi, Z0 = V and g0 = π (0) = id. If we call this

statement B (i), by induction it suffices to prove B (i) =⇒ B (i+ 1).
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By Theorem 8.10 we can find a nonsingular algebraic set Z ′
i and a ratio-

nal diffeomorphism α : Z ′
i

≈−→ Zi and an entire rational function ϕ : Z ′
i →

Vi which is transverse to Li, and ϕ∗ = (gi)∗ ◦ α∗ in homology. Then

N ′
i = ϕ−1 (Li) is a nonsingular algebraic set of dimension less than v in Z ′

i.

By A (dimN ′
i) there is a nondegenerate full uzunblowup N ′′

i → N ′
i with

H∗ (N
′′
i ) = Himb

∗ (N ′′
i ). Let ψ : Z ′′

i → Z ′
i be the induced full uzunblowup

with the same centers. Consider the blowups β : Q = B (Z ′
i, N

′
i) −→ Z ′

i and

γ : Zi+1 = B (Z ′′
i , N

′′
i ) −→ Z ′′

i . By Lemma 2.5.9 and Lemma 5.10 we have

entire rational functions δ1 and δ2 making the following diagram commute

in homology.

Q
δ2←− Zi+1

δ1

↙ ↓ ↓ γ
Vi+1 Z ′

i
ψ←− Z ′′

i

ϕ

↓ ↙ ≈ ↓ α
Vi ←− Zi

↓ ↙
V

Then π (i+ 1) : Zi+1 → V is a full-uzunblowup, where π (i+ 1) = π (i) ◦
α◦ψ◦γ. If we let gi+1 = δ1◦δ2 we get the homology commutative diagram:

Vi+1
gi+1←− Zi+1

pi+1 ↓ ↙ π(i+1)

V

In the above theorem we can not hope to makeH∗
(
Ṽ
)
= RH∗

(
Ṽ
)
, since

this would imply H∗ (V ) = HA
∗ (V ) contradicting Theorem 7.3. However

we can get :

Theorem 9.6. Every algebraic set with totally algebraic homology ad-

mits a nondegenerate algebraically full uzunblowup π : Ṽ → V , such that

H∗
(
Ṽ
)
= RH∗

(
Ṽ
)
.

Proof: The proof is the same as the proof of Theorem 9.5 except in the

statement of the assertions we take π : Ṽ → V to be an algebraically full

uzunblowup.

The recent simple proof of resolution of singularities in [BM] allows a

simplification in the proof of Theorem 9.5 and probably allows a strength-

ening of the conclusion, namely that π can be an algebraic multiblowup

rather than just an uzunblowup. The reason the proof is simpler is that in
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[BM], a complexity is assigned to each point in an algebraic set and then

one does resolution of singularities by blowing up with center the points of

maximum complexity. But if one blows up a center contained in the set

of maximum complexity, the resulting complexity does not increase and in

fact, with a little bit of care, it decreases everywhere except on the strict

transform of the set of maximal complexity. Consequently, it is not nec-

essary to use homology commutative triangles, but instead give a simpler

direct proof of Theorem 9.5.

10. Isotoping Submanifolds to Algebraic Subsets

When is a closed smooth submanifoldMm of Rn isotopic to an algebraic

subset of Rn? Seifert [S] showed that ifM has a trivial normal bundle then

it can be isotoped to a nonsingular component Z0 of an algebraic subset

Z. Furthermore, he showed that one can take Z = Z0 if either n−m = 1,

or n−m = 2 and M is orientable (c.f., Theorem 8.2). His method in fact

gives Z to be a complete intersection in Rn. This conclusion makes his

result the best possible; because it turns out that there are homotopy the-

oretical obstructions to isotoping submanifolds with trivial normal bundle

to complete intersections [AK7].

In [N] Nash showed that any closed smooth submanifold M can be

ε-isotoped to a smooth sheet of an algebraic subset of Rn (the sheets might

intersect each other). Then by a normalization process he was able to sepa-

rate the sheets in Rn×Rk for some k, thereby isotopingM to a nonsingular

component of an algebraic set in Rn×Rk . Then by generic projections he

was able to obtain the result that everyMm ⊂ Rn is isotopic to a nonsingu-

lar component of an algebraic subset provided n ≥ 2m+1. He conjectured

that the dimension restriction is not necessary.

This conjecture has a long history. Tognoli [To1] strengthen the Nash’s

result by showing that when n ≥ 2m+ 1 the extra components in the con-

clusion of the Nash’s theorem can be removed (Corollary 8.8). In literature

sometimes [To1] is incorrectly referred to as the solution of the Nash Con-

jecture. Furthermore in [I] and [To1] it was shown that Nash’s theorem can

be improved to n ≥ 3m/2. There have been also two published incorrect

proofs of the conjecture ([W], [To2]). Finally the conjecture was proven

in [AK12] and generalized to immersions M # Rn. Moreover [AK13]

shows that the extra components of the algebraic set can be eliminated if

and only if this immersion has an algebraic representative. In this section

we will present a proof of Nash’s conjecture by summarizing the results

of [AK12]. One can ask for a generalization of these results when Rn is

replaced by any nonsingular algebraic set. We will discuss some of this and
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refrain from the general case by referring the reader to the above papers,

since we don’t need these results for the rest of the book.

We refer to some algebraic geometric notions such as normalization and

the finiteness of rational functions which we have not yet introduced. See

[Sh] for their definitions.

Definitions 10.1. If X ⊂ Cn is a complex algebraic set we let XR
denote X ∩ Rn. We let X denote the complex conjugate of X, i.e., X =

{ z ∈ Cn | z ∈ X }. We say that X is defined over R if X = X. If X

and Y are complex algebraic sets defined over R, we say a rational function

ϕ : X → Y is defined over R if ϕ(z) = ϕ(z) for all z ∈ X.

We need to prove a complex version of Lemma 8.1 which allows us to

approximate a smooth function with a complex polynomial in some situa-

tions. Proposition 10.2 provides an answer, but first we have an elementary

result.

Lemma 10.1. Let F ⊂ Cm be a finite set of points, and y ∈ Cm such

that y /∈ F and y /∈ F . Then there is a polynomial q : Cm → C defined over

R, such that q is C∞ close to 0 near F and C∞ close to 1 near y and y.

Proof: Pick any integer k. By picking a linear projection π : Cm → C
defined over R so that π(y) /∈ π(F ) and π(y) /∈ π(F ) and replacing q by

π◦q it suffices to consider the case n = 1. If F = {αi+βi
√
−1 | i = 1, . . . , b }

, let σi(z) = (z − αi)2 + β2
i and σ(z) = Π(σi(z))

k+1. Then σ is Ck close to

0 near F and σ(y) 6= 0. Suppose σ(y) = α+ β
√
−1, then

q(z) = 1−
(
(σ(z)− α)2 + β2

α2 + β2

)k+1

has the required properties and its first k derivatives are close.

Proposition 10.2. Let θ : Cm → Cn be a polynomial map defined over

R. Let T be a compact subset of θ−1(Rn) with T = T , and let f : T → C be

a continuous function with f(z) = f(z) for all z ∈ T . Suppose θ|T is finite

to one. Then there is a polynomial h : Cm → C defined over R so that h|T
is a C0 approximation of f . Furthermore if for some S ⊂ T with S = S,

f |S can be locally Ck approximated by polynomials defined over R, then we

can also conclude that h|S is a Ck approximation to f |S.

Proof: Suppose for each x ∈ Rn there is a neighborhood Ux of x in Cn
and a polynomial hx : Cm → C such that hx is a Ck approximation of f on

θ−1(Ux) ∩ T . Then by compactness we can cover T by a finite number of

θ−1(Uxi)’s, i = 1, 2 . . . , b. Let ψi : Rm → [0, 1] be a partition of unity with

supp(ψi) ⊂ Uxi . Then approximate ψi by real polynomials pi on T . Think
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of these polynomials as complex polynomials defined over R. We let

h(z) =
b∑
i=1

pi(θ(z))hxi(z)

So it suffices to find the polynomials hx. Let y ∈ θ−1(x) ∩ T . Then

if y ∈ S let gy be a polynomial defined over R which is Ck close to f on

some neighborhood Vy of y, otherwise let gy be the constant f(y). We

may choose gy = gy, since for z ∈ Vy ∩ T , gy(z) = gy(z) which is close to

f(z) = f(z). Now by Lemma 10.1 we can choose polynomials qy : Cm → C
defined over R, such that qy approximates to 0 on θ−1(x) ∩ T − {y, y} and
1 on {y, y}. Then we let

hx =
∑

y∈θ−1(x)∩T

gyqy

We will be talking about isotoping immersed submanifolds to algebraic

subsets. To be able to to do that we need to make the following definition

for algebraic sets. It gives the correct notion of nonsingularity for algebraic

sets that are images of immersions of smooth manifolds:

Definition 10.2. We say x is an almost nonsingular point of an al-

gebraic set X of dimension d, if a neighborhood of x in X is a union of

analytic manifolds of dimension d, and furthermore the complexification of

these analytic manifolds form a neighborhood of x in the complexification

XC of X. An algebraic set consisting entirely of almost nonsingular points

of dimension d is called an almost nonsingular algebraic set .

Hence all nonsingular points are almost nonsingular, and the converse

is true if X is normal. Recall that the image of a real algebraic set under a

polynomial map may not be real algebraic. The following Proposition gives

a sufficient conditions which imply this.

Proposition 10.3. Let Z ⊂ Rm be a real algebraic set and ZC ⊂ Cm be

its complexification. Let ψ : ZC → Cn be a proper polynomial map defined

over R. Let Y = ClR(ψ(Z)). Suppose:

a) NonsingZ is closed.

b) ψ immerses NonsingZ and restricts to an embedding on an open

dense subset of NonsingZ.

c) ψ−1ψ(NonsingZ) = NonsingZ.

Then ψ(NonsingZ) is the set of almost nonsingular points of Y . If in addi-

tion we know that ψ is an embedding on NonsingZ then we get ψ(NonsingZ) =

Nonsing Y .
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Proof: Let k = dimZ and Z0 = NonsingZ. By applying the proposition

to each k-dimensional irreducible component of Z, we can assume Z is

irreducible.

Since ψ is proper, X = ψ(ZC) is a complex algebraic set. Since ψ(Z) ⊂
ψ(ZC) ∩Rn = XR, we know that Y ⊂ XR ⊂ X. Hence YC ⊂ X. Also since

Z ⊂ ψ−1ψ(Z) ⊂ ψ−1(Y ) ⊂ ψ−1(YC)

we have ZC ⊂ ψ−1(YC). Therefore

X = ψ(ZC) ⊂ ψψ−1(YC) ⊂ YC ⊂ X.

So X = YC and Y = X ∩ Rn.
Let z ∈ Z0. Then by b) and c), ψ−1ψ(z) is a finite set of points of Z0.

Let ψ−1ψ(z) = {z1 . . . zb}. By b), dψzi has rank k, so there are small open

neighborhoods Ui of zi in Z0 such that ψ|Ui is a complex embedding. By

properness ψ(ZC − ∪bi=1Ui) is closed hence ψ(∪bi=1Ui) is a neighborhood

of ψ(z) in X. Since each ψ(Ui) is a complexification of the real analytic

manifold ψ(Ui ∩ Z), ψ(z) is an almost nonsingular point of Y .

If ψ|Z0 is an embedding then b = 1, hence ψ(z) ∈ NonsingY . So

ψ(Z0) ⊂ NonsingY . We claim NonsingY ⊂ ψ(Z0). If this were not

true then we could pick x ∈ NonsingY − ψ(Z0). Hence x has an open

k-dimensional neighborhood U in Y . Since ψ(Z0) is closed (ψ is proper) we

may assume U ⊂ NonsingY − ψ(Z0). In particular dim(Y − ψ(Z0)) = k.

Also since ψ : Z → Y embeds an open dense subset Z0, it has degree 1.

By Corollary 3.3 dim(Y − ψ(Z)) < dim(Z) = k. Also dim(ψ(SingZ) ≤
dim(SingZ) < k. But Y − ψ(Z0) = (Y − ψ(Z)) ∪ ψ(SingZ), hence

dim(Y − ψ(Z0)) < k, a contradiction. Therefore ψ(Z0) = NonsingY .

ZZ C

Rm Cm

ψ
Y

X

Rn Cn

Figure 20. An almost nonsingular immersion

Next we need to prove a certain generalization of the Theorem 8.6.

Theorem 10.4. Let f : M # V be a smooth immersion from a closed

smooth manifold M to a nonsingular algebraic set V . Assume that the
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bordism class of f is algebraic. Then there are a real algebraic set Z and a

diffeomorphism h : M → NonsingZ and a polynomial ρ : Z → V such that:

a) ρ ◦ h : M → V approximates f .

b) The complexification ρC : ZC → VC of ρ is a finite regular map to

its image.

c) NonsingZ is a union of connected components of ρ−1
C (V ).

Furthermore in case V = Rn (and hence the cobordism condition is always

satisfied) we may take ZC to be nonsingular.

Proof: We first show that conclusion c) is a consequence of a) and b).

NonsingZ is closed in ρ−1
C (V ) since it is the image of a compact set M .

Hence it suffices to show NonsingZ is open in ρ−1
C (V ). Let m = dimM .

Pick x ∈ NonsingZ, note that dρC has rank m at x. Hence, after an

analytic coordinate change defined over R, ρC is locally an injective linear

map defined over R. So locally ρC takes nonreal points to nonreal points.

Hence NonsingZ is open in ρ−1
C (V ).

To see a) and b) we apply Theorem 8.6 and get a nonsingular algebraic

set X and a diffeomorphism g : M → X and an entire rational function

ψ : X → V so that ψ ◦ g approximates f . The only problem is ψC may

not be finite. Let us show how to make ψC finite when V = Rn. By

Lemma 2.15 we may assume XC is nonsingular. Suppose XC ⊂ Ck. Let

Z = { (x, y) ∈ X × Rn | y = ψ(x) }, then ZC = { (x, y) ∈ XC × Cn | y =

ψC(x) } ⊂ Ck×Cn. By the proof of Theorem 10 in Chapter 1 and Section 5

of [Sh] the restriction to ZC of a generic linear retraction Ck×Cn → Cn is

finite. So choose a linear retraction π : Ck × Cn → Cn, defined over R and

close to the standard projection, so that π| : ZC → π(ZC) is finite. Then by

letting h(x) = (g(x), ψg(x)) and ρ = π|Z we are finished.

The proof for the general V (which we don’t need for the proof of the

Nash Conjecture) is a more sophisticated version of the above procedure.

We refer the interested reader to [AK12]

We are now ready to prove a generalized version of the Conjecture of

Nash.

Theorem 10.5. Let f : M # Rn be a smooth immersion of a closed

smooth manifold. Then f is ε-regularly homotopic to an immersion f ′ : M #
Rn such that f ′(M) is the set of almost nonsingular points of an algebraic

subset of Rn. In particular f ′(M) is a union of components of a real alge-

braic subset of Rn.

Proof: We apply Theorem 10.4 to the immersion f and obtain a nonsin-

gular real algebraic set Z, a diffeomorphism h : M
≈→ Z, and a polynomial

ρ : Z → Rn such that if Y = ρC(ZC) then:

1) ρ ◦ h : M → Rn approximates f
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2) ρC : ZC → Y is a finite regular map

3) Z is a union of connected components of ρ−1
C (Rn)

Take a generic projection π : Cn → L onto a codimension one linear

subspace L defined over R such that π|Y is finite [Sh]. Let v be a unit

vector perpendicular to L in Rn, then

ρC(z) = π(ρC(z)) + 〈ρC(z), v〉v

Let K be a compact neighborhood of πρ(Z) in L ∩ Rn and let T =

ρ−1
C π−1(K). Since π ◦ ρC is finite it is proper, hence T is compact. We

know that Z has a neighborhood U in ZC such that ρC|U is a complex

analytic immersion and hence ρC(U − Z) has no real points.

Pick a smooth function α : T → [0, 1] such that α = 0 on a neighbor-

hood U ′ of Z in T ∩ U , α = 1 on T − U and α(z) = α(z). By Proposition

10.2 we can find a polynomial α′ : ZC → C defined over R so that α′|T ap-

proximates α and this approximation is C1 on U ′. Let b be the maximum

of |〈ρC(z), v〉| for z ∈ T , then we define ψ : ZC → Cn by:

ψ(z) = ρC(z) + 2(b+ 1)α′(z)v

= πρC(z) + [〈ρC(z), v〉+ 2(b+ 1)α′(z)]v

Since π ◦ ψ = π ◦ ρC, ψ is proper. Also ψ is defined over R. Since ψ is C1

close to ρC on U ′, ψ is an immersion on U ′. Hence Proposition 10.3 would

imply the theorem once we can show ψ−1ψ(z) ⊂ Z for all z ∈ Z.
Suppose ψ(z) = ψ(u) for z ∈ Z and u ∈ ZC − Z. Since πρC(u) =

πψ(u) = πψ(z) = πρC(z) = πρ(z) ∈ K we have u ∈ T . Since ψ is defined

over R and an immersion on U ′, after an analytic coordinate change over

R it becomes locally an injective linear map defined over R. Hence ψ takes

nonreal points of U ′ to nonreal points. So ψ(U ′ − Z) has no real points.

Therefore u ∈ T − U ′. If u ∈ U ∩ T − U ′ then:

ψ(u) ∼ ρC(u) + 2(b+ 1)α(u)v

where ∼ means close to. Notice v and α(u) are real and ρC(U − Z) has

no real points. Therefore ψ(u) is not real, a contradiction. So u ∈ T − U .

Then

ψ(u)− πρC(u) ∼ [〈ρC(u), v〉+ 2b+ 2]v

On the other hand

ψ(u)− πρC(u) = ψ(z)− πρC(z) ∼ 〈ρC(z), v〉v

This gives a contradiction, because |〈ρC(z), v〉| ≤ b. But

|〈ρC(u), v〉+ 2b+ 2| ≥ 2(b+ 1)− |〈ρC(z), v〉| ≥ b+ 1.

Therefore ψ−1ψ(z) ⊂ Z for all z ∈ Z.
As a special case of this theorem we obtain:
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Rm Cm

ψ
Y

X

Rn Cn

U

T

Figure 21. Making an immersion algebraic

Corollary 10.6. Any closed smooth submanifoldM ⊂ Rn is ε-isotopic

to the nonsingular points of an algebraic subset of Rn. In particular, M is

isotopic to a union of components of a real algebraic subset of Rn.

By applying the proof of Lemma 1.4 we get:

Corollary 10.7. Any closed smooth submanifold M ⊂ Rn is isotopic

to a nonsingular real algebraic subset of Rn+1.

We can try to generalize Theorem 10.5 by replacing Rn by any nonsin-

gular algebraic set V . Of course in this case we must have the bordism class

of f algebraic. Also we need the notion of projection V onto a hyperplane.

To be able to do this we replace V by V × R.

Theorem 10.8. Let f : M # V be an immersion of a closed smooth

manifold into a nonsingular algebraic set V such that the bordism class of

f is algebraic. Then f is ε-regularly homotopic to an immersion f ′ : M #
V ×R such that f ′(M) is the set of almost nonsingular points of an algebraic

set. Hence f ′(M) is a union of components of an algebraic subset of V ×R.

Proof: As before we apply Theorem 10.4 to the immersion f and get: an

algebraic set Z, a diffeomorphism h : M
≈→ NonsingZ, and a polynomial

ρ : Z → Rn satisfying the conclusions a), b), c) of Theorem 10.4.

LetK ⊂ V be a compact set containing a neighborhood of ρ(NonsingZ).

Then since ρC is proper the set T = ρ−1
C (K) is compact. Define g : T → C by

g(z) = 0 for all z ∈ NonsingZ, and g(z) = 2 for all z ∈ T −NonsingZ. By

Proposition 10.2 there is a polynomial γ : ZC → C defined over R such that

γ|T approximates g. Let ψ = (ρC, γ) : ZC → YC × C where YC = ρC(ZC).

Then ψ is proper, hence ψ(ZC) is a complex algebraic subset of YC × C.
Since ψ◦h is close to (f, 0), they are ε-regularly homotopic to ψ(NonsingZ).

To conclude the proof we apply Proposition 10.3. So we only have to check

c) of Proposition 10.3.

Let z ∈ NonsingZ. If ψ(z) = ψ(w) then ρC(z) = ρC(w), hence w ∈ T .
But if w ∈ T − NonsingZ, then γ(w) is near 2, but γ(z) is near 0, hence
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we can not have γ(z) = γ(w). Therefore w ∈ NonsingZ. Hence ϕ−1ϕ(z) ⊂
NonsingZ. We are done.

Again by applying the proof of Lemma 1.4 we get:

Corollary 10.9. If M ⊂ V is a smooth closed submanifold of a non-

singular algebraic set V and the bordism class of the inclusion f : M → V is

algebraic, then M is ε-isotopic to a nonsingular algebraic subset in V ×R2.

Finally we state without proof the following theorem which says that

the extra components of the algebraic set in the conclusion of Theorem 10.5

can be removed if they can be removed up to immersed cobordism:

Theorem 10.10. ([AK13]) Let f : M → Rn be a smooth immersion

of a smooth closed manifold M . Then f is ε-regularly homotopic to an

immersion onto an almost nonsingular real algebraic subset of Rn if and

only if f is immersion cobordant to a degree one immersion onto an almost

nonsingular real algebraic set in Rn.



CHAPTER 3

TICOS

In this chapter we study ticos which are the basic topological objects

underlying our work. Before defining them we will give a few results on

smooth functions.

1. Some Results about Smooth Functions

Lemma 1.1. Let f : (Rn,Rn1 ) → (R, 0) be a smooth function. Then

there is a smooth map g : Rn → R so that f (x) = x1g (x) for all x ∈ R.
Furthermore, the map f 7→ f/x1 from I∞ (Rn1 ) to C∞ (Rn) is continuous

in the C∞ topology.

Proof: The existence of g follows easily from Lemma 5.4. Suppose now

that fi ∈ I∞ (Rn1 ) is a sequence of smooth functions and fi → 0 in the C∞

topology. We have not explained which C∞ topology we are using, but the

Lemma is true for all the ones we know of. We will give a proof for the

weak topology which is sufficient for our needs. The proof is similar for

the strong topology where |Df (x) | < ε (x) for all D of order less than n,

ε : Rn → (0,∞) gives neighborhoods of 0. Let

gi (x) = fi (x) /x1 =

∫ 1

0

∂fi/∂x1 (tx1, x2, . . . , xn) dt.

We need to show that gi → 0. Pick a compactum K and an ε > 0 and an

n. We need to find an N so that |Dgi (x) | < ε for all x ∈ K, for all i > N

and all partial derivatives D of order less than or equal to n. Pick a ball B

with center at the origin so that K ⊂ B. Pick an N so that |Dfi (x) | < ε

for all i > N , all x ∈ B and all partial derivatives D of order ≤ n+1. Then

if i > N and D is a partial derivative of order ≤ n and x ∈ B we have

|Dgi (x) | =

∣∣∣∣∫ 1

0

tα
∂

∂x1
Dfi (tx1, x2, . . . , xn) dt

∣∣∣∣
≤

∫ 1

0

∣∣∣∣ ∂

∂x1
Dfi (tx1, . . . , xn)

∣∣∣∣ dt ≤ ∫ 1

0

ε dt = ε

where α is the number of ∂/∂x1’s in D.

The next lemma shows that for example, there is a smooth function

f : R3 → R so that f (x, y, 0) = sin
(
x+ y2

)
, f (x, 0, z) = sin (xez) and

97
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f (0, y, z) = yz2 + e−z sin
(
y2
)
. It is a special case of a more general result,

c.f., [L1].

Lemma 1.2. Let fi : Rni → R, i = 1, . . . , k be smooth functions which

agree on overlaps, i.e., so that fi|Rn
i ∩Rn

j
= fj |Rn

i ∩Rn
j
for all i, j = 1, . . . , k.

Then there is a smooth f : Rn → R so that f |Rn
i
= fi for all i = 1, . . . , k.

Proof: By induction on k there is an f ′ : Rn → R so that f ′| = fi for

i = 1, . . . , k − 1. Let g : Rnk → R be fk − f ′|. Then g|Rn
i ∩Rn

k
= 0 for

i = 1, . . . , k − 1. So by Lemma 1.1 we know that

g (x) =
(k−1∏
i=1

xi
)
h (x)

for some smooth h : Rnk → R. Let p : Rn → Rnk be orthogonal projection.

Now let

f (x) = f ′ (x) +
(k−1∏
i=1

xi
)
hp (x) .

Then f |Rn
i
= f ′| = fi for i < k and f |Rn

k
= f ′|+

∏k−1
i=1 xi · h = f ′|+ g = fk.

So we are done.

The next lemma shows that for example, if f : R2 → R and g : R2 → R
are somewhere zero smooth functions and fg = xy, then either f or g is

x times a nowhere zero function. We presume that this is a special case

of a more general result where the xi are replaced by arbitrary irreducible

analytic germs, but we do not know a reference. In any case, this Lemma

has an elementary proof.

Lemma 1.3. Suppose fi : Rn → R, i = 1, . . . ,m are smooth functions so

that
∏m
i=1 fi (x) =

∏n
j=1 x

aj
j for all x, where aj are non-negative integers.

Then there are non-negative integers bij and nowhere zero smooth functions

gi : Rn → R− 0 so that fi (x) =
∏n
j=1 x

bij
j gi (x) for all x and i.

Proof: It suffices to prove the case m = 2. Pick maximal exponents bij

so that fi (x) =
∏n
j=1 x

bij
j gi (x) for some smooth functions gi : Rn → R,

i = 1, 2. Suppose Rnj ⊂ g
−1
i (0) for some i, j. Then by Lemma 1.1, gi (x) =

xjg
′
i (x) for some smooth g′i which violates the maximality of the bij ’s. So

we may assume that Rnj 6⊂ g−1
i (0) for all i, j. Let cj = aj − b1j − b2j .

Then g1 (x) g2 (x) =
∏n
j=1 x

cj
j . If cj = 0 for all j then we are done since

g1 (x) g2 (x) = 1 so gi (Rn) ⊂ R − 0. We must also have cj ≥ 0 for all j,

otherwise g1 or g2 would approach ∞ near Rnj . So we may assume that

ck > 0 for some k. We will arrive at a contradiction and thus prove the

lemma.

Let b = (b1, . . . , bn) be an n-tuple of non-negative integers. Then let

Dbg denote the partial derivative ∂Σbig/∂xb11 ∂x
b2
2 · · · ∂xbnn . We claim that
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if z ∈ Rnk − g
−1
2 (0) and bk < ck then Dbg1 (z) = 0. To see this, note that

Db

(∏n
j=1 x

cj
j

)
is 0 at z, so

0 = Db (g1g2) (z) =
∑
d

CdbDdg1 (z)Db−dg2 (z)

for some non-zero constants Cdb =
∏(

bi
di

)
where d runs over all n-tuples

with 0 ≤ dj ≤ bj for all j. By induction we may assume that Ddg1 (z) = 0

for all such d except possibly d = b. Then we have 0 = CbbDbg1 (z) g2 (z).

So Dbg1 (z) = 0 as we wish. Similarly, Dbg2 (z) = 0 if z ∈ Rnk − g
−1
1 (0) and

bk < ck.

Suppose now that ck > 0 and z is in the frontier of Rnk − g
−1
2 (0), i.e.,

z ∈ Cl
(
Rnk − g

−1
2 (0)

)
∩ g−1

2 (0). By continuity we know that Dbg1 (z) = 0

for all b with bk < ck. Hence

ck!
n∏

1≤j 6=k

z
cj
j = ∂ckg1g2/∂x

ck
k (z) = g2 (z) ∂

ckg1/∂x
ck
k (z) = 0.

So zj = 0 for some j 6= k with cj > 0. So the frontier of Rnk − g
−1
2 (0) is

contained in a union of coordinate hyperplanes, hence Cl
(
Rnk − g

−1
2 (0)

)
is

a union of orthants. Since we are assuming that Rnk −g
−1
2 (0) is non-empty,

this implies that 0 ∈ Cl
(
Rnk − g

−1
2 (0)

)
. Similarly, 0 ∈ Cl

(
Rnk − g

−1
1 (0)

)
.

Consequently Dbgi (0) = 0 for all b with bk < ck for some k and all i = 1, 2.

So
n∏
j=1

cj ! = Dcg1g2 (0) =
∑
d

CdcDdg1 (0)Dc−dg2 (0) = 0,

a contradiction. So cj = 0 for all j and we are finished.

2. Ticos

The fundamental entity we will use is called a tico (an acronym for

transversally intersecting codimension one, also similar to the greek τoι̃χos

meaning wall). This section develops the fundamental properties of ticos

and tico maps.

Definitions 2.1. A tico A in a smooth manifold M is a finite collec-

tion of proper immersed codimension one smooth submanifolds in general

position. Let |A| =
⋃
A∈A A denote the union of all the immersed subman-

ifolds. We call |A| the realization of A. Notice that |A| is an immersed

submanifold and {|A|} is a tico also. Let
⋂
A denote

⋂
A∈A A. The ele-

ments of A are called sheets of the tico. For convenience we allow sheets to

be the empty submanifold.

Let us explain our terms proper and general position more carefully.

They are equivalent to the following. Take any z ∈ M . Then if z 6∈ ∂M
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Figure 1. A tico in the disc

we ask that there be a smooth coordinate chart ψ : (Rn, 0) → (M, z) so

that ψ−1 (|A|) =
⋃a
i=1 Rni for some a > 0. If z ∈ ∂M we ask that there

be a smooth chart ψ :
(
Rn−1 × [0, 1), 0

)
→ (M, z) so that ψ−1 (|A|) =⋃a

i=1 Rn−1
i × [0, 1). (We allow a = 0 in case z 6∈ |A|.) We call such a chart

a tico chart .

To simplify proofs, we will consistently ignore boundary points. If we

were to take them into account, it would only mean that whenever we refer

to a tico chart we would also have to consider the case of the half space tico

charts. Doing so would only clutter up the argument and help to obscure

the ideas in the proof. We only use boundaries in Chapter VII where we

must understand bordism.

IfA is a tico inM we will sometimes find it convenient to abuse notation

by saying (M,A) is a tico.

We have a naturally defined stratification of M , called the tico strat-

ification, where a codimension d stratum is connected and |A| is a union

of strata. In particular, let Id be the set of d-fold self intersections of |A|,
i.e., the set of q ∈M so that there is a tico chart ψ : (Rm, 0)→ (M, q) (or

ψ :
(
Rn−1 × [0, 1), 0

)
→ (M, q)) with ψ−1 (|A|) =

⋃d
i=1 Rmi (or ψ−1 (|A|) =⋃d

i=1 Rn−1
i × [0, 1)). Then the codimension d strata are the connected com-

ponents of Id. We should emphasize that all strata are connected. We

will sometimes use the phrase “connected stratum” to remind the reader

of this fact. Note that in the bounded case, the strata are manifolds with

boundary.

Definition 2.2. We say that a tico A is finite if this stratification has

only a finite number of strata. In other words, each Id has a finite number

of connected components d = 0, . . . ,m. Of course ifM is compact, any tico

in M is finite.

Definition 2.3. If S is a sheet of a tico A in M then the immersion

associated to S is the proper immersion h : S′ → M so that h(S′) = S

and the restriction h| : h−1(S −Q)→ S −Q is one to one where as above,

Q =
⋃∞
d=2 Id is the set of self intersections of |A|. Any other immersion
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with image S is just a covering of S′. Note that if S is embedded, S′ = S

and h is inclusion.

Definitions 2.4. A tico A is regular if each sheet of A is an embedded

submanifold. A tico A in M is algebraic if M is a nonsingular real Zopen

set, A is finite and each sheet A ∈ A is a nonsingular real Zclosed subset of

M .

Allowing nonregular ticos is merely a technical convenience (since local

constructions are then automatically global). One should really think of a

tico as being regular. Thus, if assuming regularity will make a definition or

result easier and we do not need the nonregular form, we will not hesitate

to assume regularity.

Note that any algebraic tico is regular by definition and also has empty

boundary. By Theorem 8.11, any regular tico in a closed manifold is iso-

morphic to an algebraic tico in a nonsingular Zopen set. In fact, one can

show that any regular tico (M,A) in a compact manifold with boundary

can be made algebraic in the sense that there is an algebraic tico B in a

nonsingular real algebraic set V isomorphic the interior of (M,A). Hence

for sufficiently large balls B we have (V ∩B,B∩B) isomorphic to (M,A).

Definition 2.5. If (M,A) and (N,B) are ticos then a smooth map

f : M → N is called a tico map if it satisfies the following property. Pick

any q ∈ M . Then we ask that there be tico charts ψ : (Rm, 0) → (M, q)

and θ : (Rn, 0)→ (N, f (q)) so that:

1) ψ−1 (|A|) =
⋃a
i=1 Rmi , θ−1 (|B|) =

⋃b
i=1 Rni and fψ (Rm) ⊂ θ (Rn).

2) Let κi (x) be the i-th coordinate of θ−1fψ (x), then there are non-

negative integers αij , 1 ≤ i ≤ b, 1 ≤ j ≤ a and smooth functions

ϕi : Rm → R so that ϕi (0) 6= 0 and κi (x) =
∏a
j=1 x

αij

j ϕi (x) for

all x near 0 and i = 1, . . . , b.

For example, letM = R3, N = R2, A = {R3
1,R3

2} and B = {R2
1}. Then

f (x, y, z) =
(
x3y, ex sin (y + z)

)
is a tico map. The only relevant fact to

check is that the first coordinate is x3y, a monomial. Other examples of

tico maps are
(
x3, 0

)
, (xyez, z) and

(
ln
(
1 + x2y2

)
, cos z

)
.

Lemma 2.1. Tico maps have the following properties:

a) Up to permutations of j = 1, . . . , a and i = 1, . . . , b the exponents

αij above depend only on the point q, not on ψ and θ. Further-

more, for any tico charts satisfying 1) above, κi will satisfy 2).

b) |A| ⊃ f−1 (|B|). In fact, if A is regular then f−1 (|B|) is a union

of components of sheets of A.
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c) Given any tico charts ψ and ϕ there is a unique smooth function

ϕi so that κi (x) =
∏a
j=1 x

αij

j ϕi (x) for all x ∈ Rm and so that

ϕ−1
i (0) is empty.

Proof: First let us prove a). Suppose we had other tico charts ψ′ : (Rm, 0)→
(M, q) and θ′ : (Rn, 0)→ (N, f (q)) so that ψ′−1

(|A|) =
⋃a′

i=1 Rmi , θ′
−1

(|B|) =⋃b′

i=1 Rni and fψ′ (Rm) ⊂ θ′ (Rn). Clearly a = a′ and b = b′. Also, after

permuting the coordinates we may as well assume that θ−1θ′ (Rni ) and

ψ−1ψ′ (Rmj )
are open subsets of Rni and Rmj respectively i = 1, . . . , b and

j = 1, . . . , a. Let λi (x) be the i-th coordinate of θ′
−1
θ (x) and let µj (x) be

the j-th coordinate of ψ−1ψ′ (x). Then since λi (Rni ) = 0 for i = 1, . . . , b and

µj
(
Rmj

)
= 0 for j = 1, . . . , a we know by Lemma 1.1 that λi (x) = xiλ

′
i (x)

for 0 ≤ i ≤ b and µj (x) = xjµ
′
j (x) for 0 ≤ j ≤ a for some smooth functions

λ′i and µ
′
j . Then the i-th coordinate of θ′

−1
fψ′ (x) is

λi
(
θ−1fψ′ (x)

)
= κi

(
ψ−1ψ′ (x)

)
· λ′iθ−1fψ′ (x)

=

a∏
j=1

µj (x)
αij · ϕiψ−1ψ′ (x) · λ′iθ−1fψ′ (x)

=
a∏
j=1

x
αij

j

a∏
j=1

µ′
j (x)

αij ϕiψ
−1ψ′ (x) · λ′iθ−1fψ′ (x) .

So we need to show that
a∏
j=1

µ′
j (0)

αij · ϕiψ−1ψ′ (0) · λ′iθ−1fψ′ (0) 6= 0.

But ϕiψ
−1ψ′ (0) = ϕi (0) 6= 0 and λ′iθ

−1fψ′ (0) = λ′iθ
−1f (q) = λ′i (0). So

we need only show that λ′i (0) 6= 0 and µ′
j (0) 6= 0 for all i and j. But the

Jacobian matrix of ψ−1ψ′ at 0 is of the form

(
D 0
∗ ∗

)
where D is an

a× a diagonal matrix with j-th diagonal entry µ′
j (0). Since this matrix is

nonsingular, we must have µ′
j (0) 6= 0 for j = 1, . . . , a. Likewise by looking

at the Jacobian matrix of θ−1θ′ we see that λ′i (0) 6= 0 for i = 1, . . . , b. So

the exponents αij are independent of ψ and θ.

Now we will prove part b). In fact we will show that if i ≤ b and A =

ψ−1f−1θ (Rni ) then A =
⋃
j∈J Rmj where J = { j | 1 ≤ j ≤ a and αij >

0 }. This will certainly imply part b).

Pick z ∈ A and let Bz = { j ∈ Z | 1 ≤ j ≤ a and zj = 0 }. Define

a chart ψz : (Rm, 0)→ (Rm, z) where the j-th coordinate of ψz (x) is xj if

j ∈ Bz, xj + zj if j > a and zj expxj otherwise. Then (ψψz)
−1

(|A|) =⋃
i∈Bz

Rni so ψψz is a tico chart centered at ψ(z). By a) and the definition of

tico map there are non-negative integers αzij , j ∈ Bz and smooth functions

ϕzi : Rm → R so that ϕzi (0) 6= 0 and the i-th coordinate of θ−1fψψz (x)



2. TICOS 103

is
∏
j∈Bz

x
αz

ij

j ϕzi (x) for x near 0 and i ≤ b. In particular, the functions

z 7→ αzij are continuous on A ∩ Rmj , since if we take z′ near z in A then

Bz′ ⊂ Bz and if z′ ∈ A ∩ Rmj then αz
′

ij = αzij and

ϕz
′

i (x) =
∏

j∈Bz−Bz′

(
z′j
)αz

ij exp
(
xjα

z
ij

)
ϕzi

(
ψ−1
z ψz′ (x)

)
.

Notice also that for some neighborhood U of z,

U ∩A = {x ∈ U | xj = 0 for some j ∈ Bz with αzij > 0 }.

Thus A ⊂
⋃a
j=1 Rmj . Also if we pick any j = 1, . . . , a then Rmj ∩A−

⋃
k 6=j Rmk

is an open subset of Rmj −
⋃
k 6=j Rmk . Hence it is a union of connected

components of Rmj −
⋃
k 6=j Rmk since A is closed. But every connected

component of Rmj −
⋃
k 6=j Rmk contains a point near 0. If αij > 0 then every

point of Rmj near 0 is in A, hence Rmj −
⋃
k 6=j Rmk ⊂ A so Rmj ⊂ A. If

αij = 0 then no point of Rmj −
⋃
k 6=j Rmk near 0 is in A so A ⊂

⋃
k 6=j Rmk .

Consequently A =
⋃
j∈J Rmj and b) is proven.

Now let us prove c). Since each A ∩ Rmj is connected and each αzij is

integer-valued and continuous in z, αzij is constant. So αzij = αij for all

z ∈ A ∩ Rmj .

Consequently, for every z ∈ A the function
∏a
j=1 x

−αij

j κi (x) is well-

defined, smooth and non-zero on a neighborhood of z since it is just∏
j 6∈Bz

x
−αij

j ϕzi
(
ψ−1
z (x)

)
.

But for x 6∈ A, we have
∏a
j=1 x

αij

j 6= 0 so
∏a
j=1 x

−αij

j κi (x) is also smooth

and non-zero. Hence we may take ϕi to be the unique function so that

ϕi (x) =
∏a
j=1 x

−αij

j κi (x) for x 6∈ A. Then ϕi is well-defined, smooth and

nowhere zero.

Definition 2.6. If A and B are regular ticos and f : (M,A)→ (N,B)

is a tico map then to each S ∈ A and T ∈ B we may assign a function

αST : S → Z as follows. Pick q ∈ S. If f (q) 6∈ T set αST (q) = 0. If f (q) ∈
T pick tico charts ψ : (Rm, 0)→ (M, q) and θ : (Rn, 0)→ (N, f (q)) so that

ψ−1 (|A|) =
⋃a
i=1 Rmi , ψ−1 (S) = Rm1 and θ−1 (T ) = Rn1 . Then we know

that the first coordinate of θ−1fψ (x) is
∏a
i=1 x

αi
i ϕ (x) where ϕ (0) 6= 0. We

then define αST (q) = α1. We call αST the local exponent map for f .

Note that if A is not regular (but B is), we still have a local exponent

map αST : S
′ → Z where h : S′ →M is the immersion associated to S. We

will avoid using it however.

The following Lemma is an easy consequence of Lemma 2.1.

Lemma 2.2. Let f : (M,A)→ (N,B) be a tico map where A and B are

regular. For sheets S ∈ A and T ∈ B let αST : S → Z be the local exponent
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map for f . Then αST is continuous, hence it is constant on any connected

component S′ of S. Also, f−1 (T ) =
⋃
S∈A α−1

ST (Z− 0).

In the algebraic case we get a stronger result below.

Lemma 2.3. Let f : (V,A) → (W,B) be an entire rational tico map

between algebraic ticos (i.e., f is both an entire rational function and a tico

map). For sheets S ∈ A and T ∈ B let αST : S → Z be the local exponent

map for f . Then αST is constant on any irreducible component S′ of S.

Proof: First suppose that f (S′) 6⊂ T . Then dim
(
S′ ∩ f−1 (T )

)
< dimS′

by Lemma 2.9. In particular, S′ − f−1 (T ) is dense in S′. But αST (x) = 0

for x ∈ S − f−1 (T ), so αST (x) = 0 for all x ∈ S′ by continuity.

Now suppose that f (S′) ⊂ T . Pick any x ∈ S′− |A−{S}|, i.e., x ∈ S′

is not a double point of |A|. Pick polynomials p : (V, S) → (R, 0) and

q : (W,T ) → (R, 0) so that x is a regular point of p and f (x) is a regular

point of q. We may pick tico charts ψ : (Rn, 0)→ (V, x) and θ : (Rm, 0)→
(W, f (x)) so that pψ (z) = z1 for all z ∈ Rn near 0 and qθ (z) = z1 for all

z ∈ Rm near 0. Since f is a tico map we have qf (y) = p (y)
α′
r′ (y) for

y near x where α′ = αST (x) and r′ is some smooth function defined on a

neighborhood of x with r′ (x) 6= 0. By repeated applications of Proposition

2.11 there is a Zopen neighborhood Z of x in V and an entire rational

function r : Z → R so that

qf (y) = p (y)
α
r (y)

for all y ∈ Z, and so that r does not vanish identically on S′ ∩ Z. By

Lemma 2.9, S′ ∩ r−1 (0) ∩ Z is nowhere dense in S′. But for y near x,

r (y) = p (y)
α′−α

r′ (y)

so α = α′ = αST (x) and r (x) 6= 0.

Let

Y = S′ ∩ Z −
(
r−1 (0) ∪ Σp ∪ f−1 (Σq) ∪ |A− {S}|

)
where Σp and Σq are the sets of critical points of p and q respectively. Then

Y is a Zopen neighborhood of x in S′ and dim (S′ − Y ) < dimS′ by Lemma

2.9. But αST (y) = α for all y ∈ Y since we may take local charts at y and

f (y) so that one of the coordinates in V is p and one of the coordinates in

W is q. Hence by continuity we know that αST (y) = α for all y ∈ S′.

Definitions 2.7. If the functions αST are constant on all of S for all

S ∈ A and T ∈ B we say that the map f has constant exponents. In this

case we say that the constant value of αST is the exponent of S in T for

the map f .



2. TICOS 105

One consequence of a map having constant exponents is that f (S) ⊂ T
if and only if the exponent of S in T is positive. This is because f−1 (T ) =⋃
S∈A α−1

ST (Z− 0) = |AT | where AT = {S ∈ A | αST > 0}.

Excercise 2.1. Show that ifA andB are regular ticos then f : (M,A)→
(N,B) is a tico map with constant exponents αST if and only if

f∗ (I∞N (T )) =
∏
S∈A

(I∞M (S))
αST

for all T ∈ B.

We now show that the composition of tico maps is a tico map, and the

exponents are given by matrix multiplication.

Lemma 2.4. Let f : (M,A) → (N,B) and g : (N,B) → (P,C) be tico

maps.

a) Then g ◦ f : (M,A)→ (P,C) is a tico map.

b) Suppose A, B and C are regular ticos. For A ∈ A, B ∈ B and

C ∈ C let αAB : A → Z, αBC : B → Z and αAC : A → Z be the

exponent maps for f, g and g◦f . Extend each αBC to any perhaps

discontinuous function on N . Then for all x ∈ A,

αAC (x) =
∑
B∈B

αAB (x) · αBC (f (x)) .

In particular, if f and g have constant exponents then g ◦ f has

constant exponents also.

Proof: Let us first prove part a). Pick any x ∈ M . As usual, pick tico

charts ψ : (Rm, 0) → (M,x), θ : (Rn, 0) → (N, f (x)) and ϕ : (Rp, 0) →
(P, gf (x)) so that fψ (Rm) ⊂ θ (Rn), gθ (Rn) ⊂ ϕ (Rp), ψ−1 (|A|) =⋃a
i=1 Rmi , θ−1 (|B|) =

⋃b
i=1 Rni and ψ−1 (|C|) =

⋃c
i=1 R

p
i . Let fi (y) be the

i-th coordinate of θ−1fψ (y), let gi (y) be the i-th coordinate of ϕ−1gθ (y)

and let hi (y) be the i-th coordinate of ϕ−1gfψ (y). Then we know fi (y) =∏a
j=1 y

βij

j ηi (y) and ηi (0) 6= 0 for i ≤ b. Also gi (y) =
∏b
j=1 y

γij
j λi (y) and

λi (0) 6= 0 for i ≤ c. Hence hi (y) =
∏a
j=1 y

εij
j µj (y) for i ≤ c where

the exponents εij are given by εij =
∑b
k=1 γikβkj and where µi (y) =

λi
(
θ−1fψ (y)

)∏b
j=1 ηj (y)

γij so µi (0) 6= 0. So we have shown that gf

is a tico map.

Now let us prove part b). Pick x ∈ A and let ψ, ϕ and θ be as above. Let

Ai ∈ A for i = 1, . . . , a, Bi ∈ B for i = 1, . . . , b and Ci ∈ C for i = 1, . . . , c

be such that ψ−1 (Ai) = Rmi , θ−1 (Bi) = Rni and ϕ−1 (Ci) = Rpi . Note

A is some Aj , say A1. Then βk1 = αABk
(x), γik = αBkCi (f (x)) and

εi1 = αACi (x). Also αAB (x) = 0 if B ∈ B − {B1, . . . , Bb} and αAC (x) =
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0 = αBiC (f (x)) if C ∈ C− {C1, . . . , Cc} by Lemma 2.2. So

αACi (x) = εi1 =
b∑

k=1

γikβk1 =
b∑

k=1

αBkCi (f (x))αABk
(x)

=
∑
B∈B

αAB (x)αBCi (f (x))

as we desire. If C ∈ C − {C1, . . . , Cc} then
∑
B∈B αAB (x)αBC (f (x)) =

0 = αAC (x) since if B ∈ B − {B1, . . . , Bb} then αAB (x) = 0 and if

B = Bi then αBiC (f (x)) = 0. So in either case αAC (x) =
∑
B∈B αAB (x)·

αBC (f (x)). This formula then implies that if f and g have constant expo-

nents then gf has constant exponents.

Except for the notion of a tico map having constant exponents (which

we need in Chapter V) and a submanifold being unskewed (defined later)

it does not really matter how we divide up |A| into sheets. For all other

purposes, if |A| = |B| the ticos A and B are interchangeable. For example

one consequence of Lemma 2.5 below is that the question of whether a map

is a tico map or not is independent of the sheet decomposition.

Lemma 2.5. Let f : (M,A)→ (N,B) be a tico map. Let D be a tico in

N with |D| ⊂ |B|. Then there is a tico C in M with |A| ⊃ |C| = f−1 (|D|).
Furthermore, if E is any tico in M with |E| ⊃ f−1 (|D|) we know that

f : (M,E)→ (N,D) is a tico map.

Proof: Pick any x ∈ M . We may choose tico charts ψ : (Rm, 0) →
(M,x) and θ : (Rn, 0)→ (N, f (x)) so that fψ (Rm) ⊂ θ (Rn), ψ−1 (|A|) =⋃a
i=1 Rmi , θ−1 (|B|) =

⋃b
i=1 Rni and θ−1 (|D|) =

⋃d
i=1 Rni . Let fi (z) be

the i-th coordinate of θ−1fψ (z). Then fi (z) =
∏a
j=1 z

αij

j ϕi (z) for some

smooth ϕi : Rm → R− 0, i = 1, . . . , b. Notice then that ψ−1
(
f−1 (|D|)

)
is⋃

j∈J Rmj where J = { j | j ≤ a and there is an i ≤ d so that αij > 0 }. So

{f−1 (|D|)} = C is a tico (with a single sheet).

After reordering we may assume that J = {1, . . . , c} for some c ≤ a.

Then we may take another chart η : (Rm, 0) → (M,x) so that η−1 (|E|) =⋃e
i=1 Rmi and the j-th coordinate of ψ−1η (z) is zj for all j ≤ c. Let gi (z) be

the i-th coordinate of θ−1fη (z). Then for i ≤ d, fi (z) =
∏c
j=1 z

αij

j ϕi (z)

so gi (z) =
∏c
j=1 z

αij

j ϕiψ
−1η (z). So f : (M,E)→ (N,D) is a tico map.

Lemma 2.6. Let f : (M,A) → (N,B) be a tico map. Let S be any

stratum of the tico stratification of M . Then for every stratum T of the

tico stratification of N either f (S) ⊂ T or f (S) ∩ T is empty. In other

words, f (S) ∩ T is empty for all but one stratum T of N .

Proof: Let T ′ be a stratum of N so that f (S) ∩ T ′ is nonempty and

furthermore T ′ has smallest dimension among strata intersecting f (S).
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Then f (S) ∩ T ′ = f (S) ∩ Cl (T ′) so S ∩ f−1 (T ′) = S ∩ f−1 (Cl (T ′)) is a

closed subset of S. We will show that S ∩ f−1 (T ′) is also open in S, hence

by connectivity of S we know that S ∩ f−1 (T ′) = S so our result follows.

Pick any q ∈ S ∩ f−1 (T ′). Pick tico charts ψ : (Rm, 0) → (M, q) and

θ : (Rn, 0) → (N, f (q)) so that fψ (Rm) ⊂ θ (Rn), ψ−1 (|A|) =
⋃a
i=1 Rmi

and θ−1 (|B|) =
⋃b
i=1 Rni . Then we know that ψ−1 (S) =

⋂a
i=1 Rmi and

θ−1 (T ′) =
⋂b
i=1 Rni . Let fi (x) be the i-th coordinate of θ−1fψ (x). Then

for some smooth ϕi : Rm → R− 0 we have fi (x) =
∏a
j=1 x

αij

j ϕi (x) for all

i ≤ b. Since θ−1fψ (0) = θ−1f (q) = 0 we know that fi (0) = 0 for all i,

hence for each i ≤ b there is a j ≤ a so that αij > 0. But then fi (x) = 0

for all x ∈
⋂a
j=1 Rmj = ψ−1 (S). So ψ (

⋂a
i=1 Rmi ) ⊂ f−1 (T ′). So our result

follows since ψ (
⋂a
i=1 Rmi ) is a neighborhood of q in S.

The following Lemma 2.7 is a bit surprising. Basically, it says the lifting

of a tico map must be a tico map. The similar statement, where f and h

are tico maps and you wish to conclude that g is a tico map, is false.

Lemma 2.7. Let (M,A), (N,B) and (P,C) be ticos. Let f : (M,A)→
(P,C) and g : (N,B)→ (P,C) be tico maps and let h : M → N be a smooth

map so that g ◦h = f . If g−1 (|C|) = |B| then h : (M,A)→ (N,B) is a tico

map.

(N,B)

h↗ ↓ g

(M,A)
f−→ (P,C)

Proof: Pick any q ∈ M and pick charts ψ : (Rm, 0) → (M, q) and

θ : (Rn, 0) → (N,h (q)) so that hψ (Rm) ⊂ θ (Rn), ψ−1 (|A|) =
⋃a
i=1 Rmi

and θ−1 (|B|) =
⋃b
i=1 Rni . After perhaps shrinking ψ and θ we may also

assume there is a chart η :
(
Rk, 0

)
→ (P, f (q)) so that gθ (Rn) ⊂ η

(
Rk

)
and η−1 (|C|) =

⋃c
i=1 Rki . Let fi (x), gi (x) and hi (x) be the i-th coordi-

nates of η−1fψ (x), η−1gθ (x) and θ−1hψ (x) respectively. Then we know

that fi (x) =
∏a
j=1 x

αij

j λi (x) and gi (x) =
∏b
k=1 x

βik

k µi (x) for some smooth

functions λi : Rm → R− 0 and µi : Rn → R− 0, for i ≤ c.
Since f = gh we know that

a∏
j=1

x
αij

j λi (x) =
b∏

k=1

hk (x)
βik µiθ

−1hψ (x)

so
a∏
j=1

x
αij

j =

b∏
k=1

hk (x)
βik µiθ

−1hψ (x) /λi (x) .
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So by Lemma 1.3 we know that if βik > 0 for some i then

hk (x) =
a∏
j=1

x
γkj

j ϕk (x)

for all x ∈ Rm and k = 1, . . . , b where ϕk : Rm → R−0 is some smooth func-

tion. But if βik = 0 for some k ≤ b and all i ≤ c then Rnk 6⊂
⋃c
i=1 g

−1
i (0) =

θ−1g−1 (|C|) = θ−1 (|B|) =
⋃b
i=1 Rni , a contradiction. So h is a tico map.

Definition 2.8. If A and B are ticos inM and N respectively we may

define the product tico A×N ∪M ×B in M ×N where A×N = {A×N |
A ∈ A } and M ×B = {M ×B | B ∈ B }.

Definition 2.9. A tico homotopy ft : (M,A) → (N,B), t ∈ I, is a

homotopy ft : M → N so that F : (M × I,A× I) → (N,B) is a tico map

where F (x, t) = ft (x).

Lemma 2.8. Let f : (M,A) → (N,B) be a tico map so that all local

exponents are either 0 or 1. Then any ε-homotopy of f rel |A| is a tico

homotopy. (An ε-homotopy just means a homotopy which is C∞ small.)

Proof: Let ft : M → N , t ∈ [0, 1] be an ε-homotopy rel |A| such that

f0 = f . Pick any v ∈ M and pick tico charts θ : (Rn, 0) → (M,v) and

ψ : (Rn, 0) → (N, f (v)) so that θ−1 (|A|) =
⋃a
i=1 Rni and ψ−1 (|B|) =⋃b

i=1 Rmi . Let κj (x, t) be the j-th coordinate of ψ−1ftθ (x). Then since

f is a tico map we know that for j ≤ b, κj (x, 0) =
∏
i∈Cj

xiϕj (x) where

Cj ⊂ {1, 2, . . . , a} and ϕj (x) is never 0. Now ft (x) = f (x) if x ∈ |A|
so κj (x, t) = 0 if xi = 0 for some i ∈ Cj . Consequently, κj (x, t) =∏
i∈Cj

xiλj (x, t) for some smooth λj (x, t) by Lemma 1.1. But since each ft
is close to f , Lemma 1.1 tells us that λj (x, t) is close to λj (x, 0) = ϕj (x) 6=
0. Hence λj (x, t) 6= 0 so ft is a tico homotopy.

3. Tico Blowups

If A is a tico in a manifold M it will be useful to have a good notion of

when some blowup of M is compatible with the tico. This is what we will

discuss in this section. The reader acquainted with Hironaka’s resolution

of singularities [H] will recognize that a tico blowup is just one where |A|
has only normal crossings with the center.

The important results of this section are Propositions 3.8 and 3.9.

Proposition 3.8 says you can blow up a tico to make it regular. Propo-

sition 3.9 says that tico blowups can be pulled back by tico maps. Because

of Proposition 3.8, when we state a theorem we need not hesitate to add

the hypothesis that a tico be regular if it will make the proof easier.
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Definitions 3.1. Let A be a tico in M and let f : N →M be a map.

We say that f intersects A cleanly if for any z ∈ N there is a neighborhood

U of z in N and a tico chart ψ : (Rm, 0)→ (M,f (z)) so that:

1) ψ−1 (|A|) =
⋃a
i=1 Rmi .

2) f (U) ⊂ ψ
(⋂a

i=b+1 Rmi
)
.

3) f is transverse to ψ
(⋂b

i=1 Rmi
)
at z.

We say that f is transverse to A if f is transverse to |A|, i.e., f intersects

A cleanly and we may take b = a above.

Thus if A is regular and N is connected, then f intersects A cleanly if

there is a B ⊂ A so that f (N) ⊂
⋂

B and f is transverse to A−B.

Definition 3.2. Let A be a tico in M and let f : N → M be a map

intersecting A cleanly. Then we have an induced tico f∗ (A) in N as follows.

Let S ∈ A be any sheet. We will define a sheet f∗ (S) ⊂ N and then let

f∗ (A) = { f∗ (S) | S ∈ A }. If S is embedded then f∗ (S) is easy to

describe. Let N ′ be a connected component of N . Then f∗ (S) ∩ N ′ =

f−1 (S) ∩N ′ if f |N ′ is transverse to S and f∗ (S) ∩N ′ = ∅ if f (N ′) ⊂ S.

(These are the only two possibilities.) If S is not embedded we just do the

same thing, only locally. Let g : S′ →M be the immersion associated to S.

Then f∗ (S) is the set of x ∈ N so that for some open V ⊂ S′, g|V is an

embedding, f is transverse to g (V ) at x and f (x) ∈ g (V ). In terms of our

local chart ψ above we thus have U ∩ |f∗ (A) | = U ∩ f−1ψ
(⋃b

i=1 Rmi
)
.

Lemma 3.1. Let A be a tico in M and suppose f : N → M intersects

A cleanly. Then f∗ (A) is a tico in N and f∗ (A) is regular if A is regular.

If C is any tico in M with |C| ⊂ |A| then f intersects C cleanly. If f

is transverse to A then f : (N, f∗ (A)) → (M,A) is a tico map. If f is

transverse to A and A is regular then f has constant exponents, αST = 1

if S = f∗ (T ) and αST = 0 if S 6= f∗ (T ).

Proof: Pick any z ∈ N . Pick a neighborhood U of z in N and a tico

chart ψ : (Rm, 0) → (M,f (z)) so that ψ−1 (|A|) =
⋃a
i=1 Rmi , f (U) ⊂

ψ
(⋂a

i>b Rmi
)
and f is transverse to ψ

(⋂b
i=1 Rmi

)
at z. Since ψ−1f is trans-

verse to
⋂b
i=1 Rmi , we may pick a chart η : (Rn, 0) → (U, z) so that the

i-th coordinate of ψ−1fη (z) is zi for all i ≤ b and all z near 0. Hence

η−1 (|f∗ (A) |) =
⋃b
i=1 Rni near 0 so f∗ (A) is a tico.

If A is regular then η−1 (f∗ (A)) = Rni if A ∈ A and ψ−1 (A) = Rmi
for some i ≤ b. Otherwise η−1 (f∗ (A)) = ∅. So f∗ (A) is an embedded

submanifold so f∗ (A) is regular.

If C is a tico with |C| ⊂ |A|, let J ⊂ {1, · · · , a} be the index subset so

that ψ−1 (|C|) =
⋃
i∈J Rmi . Then f (U) ⊂ ψ

(⋂
i∈J ′ Rmi

)
and f is transverse

to ψ
(⋂

i∈J ′′ Rmi
)
where J ′ = { i ∈ J | i > b } and J ′′ = J − J ′. Hence f

intersects C cleanly.
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If f is transverse to A then b = a so since the i-th coordinate of

ψ−1fη (a) is zi for all i ≤ a we know that f is a tico map. The expo-

nent αij = 0 for i 6= j and αii = 1 so if A is regular then the required

formulae for αST hold.

Lemma 3.2. Let A and C be ticos inM with A ⊂ C. Pick any S ∈ C−A
and let g : S′ →M be the immersion associated to S. Then g is transverse

to A. (Hence g : (S′, g∗ (A))→ (M,A) is a tico map by Lemma 3.1.)

Proof: Pick any x ∈ S′. Pick a tico chart ψ : (Rm, 0) → (M, g (x)) so

that ψ−1 (|A|) =
⋃a
i=1 Rmi and ψ−1 (|C|) =

⋃c
i=1 Rmi . Let d be such that

ψ−1g (U) = Rmd for some neighborhood U of x in S′. Since S 6∈ A we know

that d > a so ψ−1g|U is transverse to
⋂a
i=1 Rmi . Hence g is transverse to A.

Definitions 3.3. If A is a tico in M and L ⊂ M is a proper smooth

submanifold, we say that L intersects A cleanly if the embedding map L ↪→
M hits A cleanly, i.e., for each z ∈ L there is a chart ψ : (Rm, 0)→ (M, z)

so that ψ−1 (|A|) =
⋃a
i=1 Rmi and ψ−1 (L) =

⋂c
i=b Rmi . We say that L

is unobtrusive if L hits A cleanly and L ⊂ |A|, i.e., we can always take

b ≤ a in the above chart. We say that L is unskewed if for every connected

component L′ of L and every S ∈ A then L′ ⊂ S implies L ⊂ S. In other

words, either L ⊂ S or dim (L ∩ S) < dimL. We say that L is fat if it is

unskewed and it is a union of connected components of strata, (so, we can

always take c ≤ a in the above). For exampleM is fat but not unobtrusive.

If A is regular this means that L hits A cleanly if for each component

L′ of L there is a B ⊂ A so that L′ is transverse to |A−B| and L′ ⊂ ∩B. If

L is unskewed then B is independent of L′, i.e., L is transverse to |A−B|
and L ⊂ ∩B. If L is fat then L is a union of connected components of

⋂
B.

Lemma 3.3. Let (X,A) be an algebraic tico and suppose Y ⊂ X is

an irreducible nonsingular Zclosed subset of X which intersects A cleanly.

Then Y is unskewed.

Proof: Suppose K is some connected component of Y and S is some sheet

of A. If K ⊂ S then dimY ∩S = dimY . Hence Y ∩S = Y by irreducibility

of Y and Lemma 2.9. So Y ⊂ S, thus Y is unskewed.

Definition 3.4. If L is any submanifold of M such that the inclusion

map i : L → M hits A cleanly we let A ∩ L or L ∩ A denote i∗ (A). It is

worth emphasizing the case where L is an open subset of M . Then the

inclusion i : L→M always hits A cleanly (in fact it is transverse to A) and

L ∩ A = {L ∩ A | A ∈ A }. Also, if A is regular and S ∈ A then S ∩ A is

the tico {S ∩ T | T ∈ A, T 6= S }.
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Definitions 3.5. We say that π : (M ′,A′)→ (M,A) is a tico blowup

with center L if L is a proper smooth submanifold of M , L intersects A

cleanly,M ′ = B (M,L) is the blowup ofM with center L, π = π (M,L) : M ′ →
M is the blowup map and A′ is the tico

A′ = {π−1 (L)} ∪ {Cl
(
π−1 (A− L)

)
| A ∈ A }.

Lemma 3.4 below will show that A′ is a tico and π is a tico map. We call

A′ the total transform of A and we call {Cl
(
π−1 (A− L)

)
| A ∈ A } the

strict transform of A. We sometimes use the notation A′ = B (A, L). We

say π : (M ′,A′) → (M,A) is a tico multiblowup if there is a sequence of

tico blowups πi : (Mi,Ai)→ (Mi−1,Ai−1) with centers Li ⊂ Mi−1 for i =

1, . . . , n so that (M0,A0) = (M,A), (Mn,An) = (M ′,A′) and π = π1 ◦ · · · ◦
πn. We say the centers of π lie over a subset K ⊂M if π1π2 · · ·πi−1 (Li) ⊂
K for all i = 1, . . . , n. We say π is a fat multiblowup, an unobtrusive

multiblowup or an unskewed multiblowup if each center Li is respectively

fat, unobtrusive or unskewed. We say that A′ is the total transform of A.

If A is a sheet of A then the strict preimage or strict transform of A is

a sheet An ∈ A′ where A0 = A and Ai is the strict preimage of Ai−1 for

i = 1, . . . , n. The strict transform of A is the set of strict preimages of

sheets A ∈ A. By Lemmas 2.4 and 3.4, a tico multiblowup is a tico map.

Definition 3.6. If (X,A) is an algebraic tico then an algebraic tico

multiblowup is a tico multiblowup π : (X ′,A′)→ (X,A) where each center

is a nonsingular Zclosed subset. (In particular, (X ′,A′) is an algebraic tico

also.)

Lemma 3.4. Let π : (M ′,A′)→ (M,A) be a tico blowup with center L.

Then A′ is a tico, π is a tico map and |A′| = π−1 (|A| ∪ L). Furthermore,

if A is regular then A′ is regular and the exponent map αST : S → Z for

S ∈ A′, T ∈ A is as follows:

αST (z) =


1 if S = B (T, T ∩ L)
0 if S = B (T ′, T ′ ∩ L), T 6= T ′

1 if S = π−1 (L) and Lz ⊂ T where Lz
is the component of L containing π (z)

0 if S = π−1 (L) and Lz 6⊂ T

In particular, if L is unskewed then π has constant exponents.

Proof: Let E = π−1 (L). We know that π| : M ′ − E → M − L is a

diffeomorphism and A′ ∩ (M ′ − E) = (π|)∗ (A)∪{∅}. Hence the restriction

map

π| : (M ′ − E, A′ ∩ (M ′ − E))→ (M − L, A ∩ (M − L))
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is a tico map by Lemmas 3.1 and 2.5. If A is regular, S = B (T ′, T ′ ∩ L)
and z ∈ S − E we may apply Lemma 3.1 to π| and obtain:

αST (z) =

{
1 if T = T ′

0 if T 6= T ′

Since S − E is dense in S, the above formulae hold for all z ∈ S. Conse-

quently, we only need to show that π is a tico map at points of E and the

αST formulae for S = E hold if A is regular.

So pick any z ∈ E. Pick a chart θ : (Rm, 0) → (M,π (z)) so that

θ−1 (|A|) =
⋃a
i=1 Rmi and θ−1 (L) =

⋂c
i=b Rmi . By Lemma 5.1 we have

charts ψj : Rm → M ′, j = b, . . . , c covering π−1θ (Rm) so that if λji (y) is

the i-th coordinate of θ−1πψj (y) then λji (y) = yi for i < b or i > c or

i = j and λji (y) = yiyj for b ≤ i ≤ c, i 6= j.

Choose some j so that z ∈ ψj (Rm). Notice ψ−1
j (E) = Rmj . For any

A ∈ A let JA = { i ∈ Z | 1 ≤ i ≤ a and θ (Rmi ) ⊂ A }. (In the regular case,

of course JA has at most one element). Then

ψ−1
j (B (A,A ∩ L)) = ψ−1

j

(
Cl

(
π−1 (A− L)

))
= Cl {y ∈ Rm | λji (y) = 0 for some i ∈ JA

and λji (y) 6= 0 for some i ∈ {b, . . . , c}}
= Cl { y ∈ Rm − Rmj | yi = 0 for some i ∈ JA }

=
⋃

i∈JA−j

Rmi .

So A′ is a tico and ψ−1
j (|A′|) =

⋃a
i=1 Rmi ∪ Rmj = ψ−1

j π−1 (|A| ∪ L), so
|A′| = π−1 (|A| ∪ L). Furthermore since the λji maps are all monomials we

know that π is a tico map.

Now suppose A is regular. Let T1, . . . , Ta ∈ A be the sheets so that

θ−1 (Ti) = Rmi . Let Si = B (Ti, Ti ∩ L). Then ψ−1
j (Si) = Rmi if i 6= j,

ψ−1
j (E) = Rmj and ψ−1

j (S) is empty for all S ∈ A′ with S 6= E and

S 6= Si, 1 ≤ i ≤ a, i 6= j. Suppose z ∈ E ∩ ψj (Rm). Then looking

at the exponents of λji (y) we see that αET (z) = 1 if T = Ti for some

i ∈ {b, . . . , a} and αET (z) = 0 otherwise. So our exponent map is just

what we wish for z ∈ E = π−1 (L). So we are done.

Lemma 3.5. Let π : (N ′,B′)→ (N,B) be a tico blowup with fat center

L and let f : (M,A) → (N,B) be a tico map. Suppose there is a map

g : M → N ′ so that πg = f . Then g : (M,A)→ (N ′,B′) is a tico map.

Furthermore, if A and B are regular, L is an intersection of sheets of

B and f has constant exponents then g has constant exponents also. In

particular, if S ∈ A and T ∈ B let αST be the exponent of S in T . Let σS
be the minimum of αST over all T ∈ B with L ⊂ T . Then the exponents
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βSU of g are as follows.

βSU =

 αST if U = B (T, T ∩ L) and L 6⊂ T
αST − σS if U = B (T,L) and L ⊂ T
σS if U = π−1 (L)

Proof: Lemmas 2.7 and 3.4 imply g is a tico map since |B′| = π−1 (|B|) by
Lemma 3.4. (Note either L ⊂ |B| or else dimL = dimN so π−1 (L) = ∅.)

Now suppose A and B are regular, L = ∩L for some L ⊂ B and f has

constant exponents. Let αST , βSU and γUT be the exponent maps of f , g

and π respectively. Notice αST is constant and γST is constant by Lemma

3.4. But by Lemma 2.4 we know that αST =
∑
U∈B′ βSU (x) · γUT for any

x ∈ S. By Lemma 3.4 we know that γUT = 1 if U = B (T, T ∩ L) or if

U = π−1 (L) and T ∈ L. Otherwise γUT = 0. Hence αST = βST ′ (x) if

T 6∈ L and T ′ = B (T, T ∩ L). Also αST = βST ′ (x) + βSE (x) if T ∈ L,

T ′ = B (T,L) and E denotes π−1 (L). So we only need show βSE (x) = σS
for all S and x ∈ S.

Suppose that f (S′) 6⊂ L for some component S′ of a sheet S ∈ A. Then

by Lemma 2.2 we know that αST ′′ = 0 for some T ′′ ∈ L, hence σS = 0

and f (S′′) 6⊂ L for all components S′′ of S. But then we must also have

g (S′′) 6⊂ E for all components S′′ of S. Hence by Lemma 2.2 we must have

βSE (x) = 0 = σS for all x ∈ S.
Now suppose that f (S′) ⊂ L for some component S′ of S ∈ A. Then

by Lemma 2.2 we know that αST > 0 for all T ∈ L and hence f (S) ⊂ L

and σS > 0. Suppose that βSE (x) < σS for some x ∈ S. Then βST ′ (x) > 0

for all T ′ in the strict transform L′ of L since βST ′ (x) = αST − βSE (x).

Hence g (x) ∈
⋂
T∈L B (T, L) = B (∩L, L) = B (L,L) = ∅, a contradiction.

So βSE (x) ≥ σS for all x ∈ S. But if βSE (x) > σS then pick T ∈ L

with σS = αST and let T ′ = B (T, L). Then βST ′ (x) = αST − βSE (x) =

σS−βSE (x) < 0, contradicting the positivity of βST ′ . Hence βSE (x) = σS
for all x ∈ S.

If π : (M ′,A′) → (M,A) is a tico multiblowup, then π is a tico map

by Lemma 3.4. Hence Lemma 2.6 implies that if T ′ is a stratum of M ′,

then π (T ′) is contained in a stratum of M . A fat tico multiblowup has a

stronger property as the next lemma shows.

Lemma 3.6. Let π : (M ′,A′) → (M,A) be a fat tico multiblowup. Let

T ′ be any stratum of the tico stratification of M ′ and let T be the stratum

of M such that π (T ′) ⊂ T . Then π| : T ′ → T is a locally trivial fibration

(in fact the fibre is a disjoint union of Euclidean spaces, so T ′ is a vector

bundle over a finite cover of T ). In particular dimT ′ ≥ dimT .

Proof: It suffices to consider the case where π is a single blowup with

center L. If T 6⊂ L then T ∩ L = ∅. So π| : T ′ → T is a diffeomorphism,
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hence a fibration. On the other hand, if T ⊂ L then π| : π−1 (T ) → T is a

fibration with projective space fiber.

Furthermore, the stratification on π−1 (T ) is obtained by taking the

fiber RPk−1, taking k codimension one linear subspaces in RPk−1 in gen-

eral position, taking the resulting tico stratification and then forming some

bundle over T . Here k is the codimension of L and the linear subspaces are

the tangent directions in the various sheets containing L. Hence π| : T ′ → T

is a fibration with fiber diffeomorphic to a disjoint union of Euclidean spaces

Rn, since it is easy to see that each stratum of RPk−1 is diffeomorphic to

some Euclidean space.

For an example of this lemma, suppose dimM = 3 and L is a circle

with trivial normal bundle. Suppose also that L is a stratum, i.e., there

are no triple points of |A| on L. Then a neighborhood of L in |A| is an X
bundle over L where X is taken literally, i.e., it is two lines with midpoints

identified. Suppose this bundle is nontrivial and as you go around L once,

X rotates 90◦. Then π−1 (L) is L×RP1 = S1×S1. Now π−1 (L) intersected

with the strict transform of |A| is a curve which runs twice around the torus

π−1 (L). This stratum of M ′ double covers L. The other stratum over L

has fiber RP1 with two points deleted, i.e., two copies of R.

Lemma 3.7. Let π : (M ′,A′) → (M,A) be a fat tico multiblowup with

A regular and suppose B is a tico inM such that |A| ⊂ |B| and each sheet of

A is unskewed in B. Then π : (M ′,B′)→ (M,B) is a fat tico multiblowup,

i.e., all the centers are fat with respect to B and the total transforms of B.

Proof: We will prove this by induction on the number of blowups in π.

Suppose π = π′′ ◦ π′ where π′′ : (M ′′,A′′) → (M,A) is a tico blowup with

fat center L. For each z ∈ L, pick a chart ψ : (Rm, 0) → (M, z) so that

ψ−1 (|A|) =
⋃a
i=1 Rmi and ψ−1 (|B|) =

⋃b
i=1 Rmi . Since |B| ⊃ |A| we know

that b ≥ a. Since L is fat (with respect to A), ψ−1 (L) =
⋂
i∈C Rmi for

some C ⊂ {1, . . . , a}. Hence L is a union of strata (with respect to the B

stratification).

So we must show that L is unskewed (with respect to B). Take a

connected component L′ of L. Suppose L′ ⊂ B ∈ B. By the above local

analysis there is a sheet A ∈ A so that L′ ⊂ A. But then L ⊂ A by

unskewedness of L in A. Let A′ be the component of A containing L′.

Then A′ ⊂ B so A ⊂ B by unskewedness. So L ⊂ A ⊂ B so L is unskewed

in B.

So if B′′ is the total transform of B we must show |A′′| ⊂ |B′′| and each

sheet of A′′ is unskewed in B′′. But |B′′| = π′′−1
(|B|) ⊃ π′′−1

(|A|) = |A′′|.
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Also

B′′ = {B (B,B ∩ L) | B ∈ B } ∪ {π′′−1
(L)} and

A′′ = {B (A,A ∩ L) | A ∈ A } ∪ {π′′−1
(L)}.

Certainly π′′−1
(L) is unskewed in B′′. A component of B (A,A ∩ L) for

A ∈ A is B (A′, A′ ∩ L) for some component A′ of A (with A′ 6⊂ L). If

B (A′, A′ ∩ L) ⊂ B (B,B ∩ L) for B ∈ B then A′ ⊂ B so A ⊂ B so

B (A,A ∩ L) is unskewed.
By induction, π′ : (M ′,B′)→ (M ′′,B (B, L)) is a fat tico multiblowup

so we are done.

Proposition 3.8. Let (M,A) be a tico. Then there is a tico multi-

blowup π : (M ′,A′) → (M,A) with fat unobtrusive centers so that A′ is

regular.

Proof: For example letM = R2 and |A| = a figure eight. After blowing up

the double point of the figure eight we see M ′ is a Möbius strip, π−1 (L) is

the center circle and the strict transform of the figure eight is an embedded

circle intersecting π−1 (L) in two points.

We now prove the proposition. For any S ∈ A let β (S) be the depth

of S, i.e., the maximum number of self intersections of S. Let d (A) =

maxS∈A β (S) and let e (A) be the number of sheets S ∈ A with β (S) =

d (A). Our proof will be by induction on (d (A) , e (A)) with lexicographical

order. Let d = d (A). Notice that if d = 1 we are done, since all sheets

are then embedded. So assume d > 1. Pick S0 ∈ A with β (S0) = d and

let T ⊂ S0 be the points where S0 has d-fold self intersection. Then T

is a fat unobtrusive proper submanifold of M (with codimension d). Let

N = B (M,T ), p = π (M,T ) and let B be the total transform of A. Then if

S ∈ A, S 6= S0 and S′ is the strict preimage of S we see that β (S′) = β (S).

If S′
0 is the strict preimage of S0 then β (S′

0) = d− 1. Also β
(
p−1 (T )

)
= 1

since p−1 (T ) is embedded. Hence if e (A) > 1 we have d (B) = d (A) and

e (B) = e (A)− 1. If e (A) = 1 we have d (B) = d (A)− 1. So by induction

we are done (c.f., Lemma 2.3 of [AK8]).

The next result, Proposition 3.9, is very important since it allows us

to lift a tico map to a multiblowup. Actually one can weaken the fatness

hypothesis, but it does make the proof easier.

Proposition 3.9. Let f : (M,A) → (N,B) be a tico map where A is

a finite tico and let π : (N ′,B′) → (N,B) be a fat tico multiblowup with

centers lying over some Z ⊂ N . Then there is a fat tico multiblowup

p : (M ′,A′) → (M,A) and a tico map g : (M ′,A′) → (N ′,B′) so that

πg = fp and the centers of p lie over f−1(Z).

If the multiblowup p is unobtrusive we may guarantee that the centers of

p are unobtrusive. If (M,A), (N,B) and π are algebraic and f is an entire
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rational function, we may guarantee that p is an algebraic tico multiblowup

and g is an entire rational function.

Proof: It suffices to consider the case where π consists of a single blowup

with fat center L and L = Z. The general result then follows by repeated

applications of the single blowup case.

First suppose that L is not unobtrusive. Then L is a union of compo-

nents of N and N ′ = N − L. We just let K = f−1(L), then K is a union

of components of M and we may let M ′ =M −K = B(M,K).

So we may as well assume that L is unobtrusive. Recall that by Lemma

5.8 our goal is to make p∗f∗I∞ (L) locally principal.

Before doing the general proof, we will give an example. We let M =

R4, A = {R4
1,R4

2,R4
3,R4

4}, N = R2, B = {R2
1,R2

2}, L = (0, 0) and f(x) =

(x33x4, x1x
2
2x3x

2
4). Let Ai = R4

i .

Now f does not lift to the blowup because

f∗(I(L)) = 〈x33x4, x1x22x3x24〉 = x3x4〈x23, x1x22x4〉

is not locally principal at 0. We describe the map f by the following data:

1234 0
1
0
2
3
1
1
2 4 1

The 1234 means that the center of this chart is the point intersection A1 ∩
A2 ∩ A3 ∩ A4. The next entry gives the exponents of f on the chart. The

next two entries give γ(D) and λ(D) for D = {1, 2, 3, 4} where γ and λ

are as in the proof below. To see where γ(D) comes from, look at the

ideal 〈x23, x1x22x4〉 which is the reduced form of f∗(I(L)) and note that the

highest exponent in the first coordinate is x23 and the highest exponent in

the second is x22, then γ(D) = 2+ 2 is the sum of the exponents. The next

entry λ(D) is the number of pairs which give γ(D), in this case only the

one pair (3, 2).

We now blow up A2 ∩A3 because the pair (3, 2) gave the largest γ(D).

In the blowup, the tico transform of A has five sheets, the strict transforms

of Ai for i = 1, 2, 3, 4 (which we just call Ai again) and the inverse image

of the center which we call A5. We describe the map f on the blowup by

the following data:

1245 0
1
0
2
1
2
3
3 ∗

1345 0
1
3
1
1
2
3
3 3 2

The ∗ indicates that on the first chart the pullback of the ideal has be-

come locally principal, it is just 〈x4x35〉. So we can ignore this chart and

concentrate on the chart 1345, i.e., the chart with center A1∩A3∩A4∩A5.

Now either (3, 1) or (3, 4) gives the maximal γ, we choose one of them

for our blowup, say (3, 4). So we blow up A3∩A4. Then f can be described

by:
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1356 0
1
3
1
3
3
4
3 3 1

1456 0
1
1
2
3
3
4
3 2 2

We ignore the blowup of the chart 1245, since f will lift on that chart.

Next we blow up A1 ∩ A3 since that pair gives the maximal γ. We

obtain:

1567 0
1
3
3
4
3
3
2 2 2

3567 3
1
3
3
4
3
3
2 ∗

1456 0
1
1
2
3
3
4
3 2 2

Next we blow up A1 ∩A6 and obtain:

5678 3
3
4
3
3
2
4
4 ∗

1578 0
1
3
3
3
2
4
4 2 1

4568 1
2
3
3
4
3
4
4 2 1

1458 0
1
1
2
3
3
4
4 ∗

Next we blow up A1 ∩A7 to obtain:

5789 3
3
3
2
4
4
3
3 ∗

1589 0
1
3
3
4
4
3
3 ∗

4568 1
2
3
3
4
3
4
4 2 1

Finally we blow up A4 ∩A6 to obtain:

5680 3
3
4
3
4
4
5
5 ∗

4580 1
2
3
3
4
4
5
5 ∗

So at last we know f will lift everywhere on the blowup.

The preceeding example gives the main idea behind this proof, we must

just exercise a certain amount of care to make sure everything works. We

now give the proof.

Assertion 3.9.1 After perhaps replacing (M,A) with some tico multi-

blowup, we may as well assume that f−1(L) = |C| for some regular tico C.

Furthermore, for each sheet S ∈ C there is a regular tico AS in S so that

|AS | = |S ∩A|.
Proof: If A is regular, this is easy since f−1(L) is a finite union of fat

submanifolds of M . After blowing these up one by one f−1(L) becomes a

finite union of codimension one fat submanifolds, i.e., the realization of a

regular tico. The second part follows by taking AS = S ∩A.

The nonregular case is similar, but now f−1(L) is a finite union of things

which are like fat submanifolds, only immersed. So you turn them into

embedded fat submanifolds by first blowing up their d-fold self intersections

as we did in Proposition 3.8. Then you blow them up one by one as above

and get f−1(L) to be the realization of a regular tico. Now for any sheet

S, the tico (S, S ∩ A) may not be regular but by Proposition 3.8 there is
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a fat unobtrusive tico multiblowup of S which makes it regular. Using the

same centers, you obtain a fat unobtrusive tico multiblowup of M . Do this

for each sheet in f−1(L) and eventually the required condition is reached.

The reader dissatisfied with this proof outline could alternatively first

blow up (M,A) using Proposition 3.8 to make it regular, then proceed as

in the above regular case. We lose the conclusion that the centers lie over

f−1(L), but they still lie over |A| ∪ f−1(L) which is all we need in the

applications in this book. �

Assume that the conclusions of Assertion 3.3.9.1 hold. Let U(f) denote

the set of points at which the ideal f∗I∞(L) is locally principal.

Assertion 3.9.2 U(f) is open and is a union of strata ofM . If π : M ′ →M

is any multiblowup then π−1(U(f)) ⊂ U(fπ).

Proof: Pick any y ∈ U(f). As usual, pick tico charts θ : (Rn, 0)→ (N, f(y))

and ψ : (Rm, 0) → (M,y) so that θ−1(L) =
⋂c
i=1 Rni , θ−1(|B|) =

⋃b
i=1 Rni ,

c ≤ b, ψ−1(|A|) =
⋃a
j=1 Rmj and so that fψ(Rm) ⊂ θ(Rn). Let fi(x)

be the i-th coordinate of θ−1fψ(x). Then fi(x) =
∏a
j=1 x

αij

j ϕi(x) and

ϕi(0) 6= 0 for i ≤ b. Notice that ψ∗f∗I∞(L) is the ideal with the c generators∏a
j=1 x

αij

j for i = 1, . . . , c. Now f∗I∞(L) is locally principal at y if and

only if ψ∗f∗I∞(L) is locally principal at 0, i.e., for some i0 ≤ c, we have

ai0j ≤ aij for all i = 1, . . . , c and j = 1, . . . , a. But then ψ∗f∗I∞(L)

is principal so ψ(Rm) ⊂ U(f). We also see that any stratum containing a

point of ψ(Rm) must be in U(f) since the exponents αij are locally constant.

Finally, if π is a multiblowup (or indeed any map) and π(x) ∈ U(f)

then locally near x, we know (fπ)∗I∞(L) = 〈g ◦ π〉 if f∗I∞(L) = 〈g〉 near
π(x). So π−1(U(f)) ⊂ U(fπ). �

If B were a regular tico then the following proof could be simplified a

bit since we could talk about the exponent map for f . But we need to apply

this in the situation where B is not regular, so we only have the exponents

locally, which entails a more complicated proof. In particular the proof will

proceed by taking a stratum T1 ofM , then finding a multiblowup π1 : M1 →
M so that π−1

1 (T1) ⊂ U(fπ1). We then pick another stratum T2 and find

a multiblowup π2 : M2 → M1 so that π−1
2 π−1

1 (T2) ⊂ U(fπ1π2). Since A is

finite this process eventually terminates. By Lemma 3.6 we know that πi
maps each stratum onto its target stratum. So to show that π−1

2 π−1
1 (T2) ⊂

U(fπ1π2) for example, we only need to show that π−1
2 π−1

1 (y) ⊂ U(fπ1π2)

for some point y ∈ T2. Thus we essentially reduce to a local question.

So we may suppose we are in the following situation. We have a fat

unobtrusive tico multiblowup π1 : (M1,A1)→ (M,A) so that all centers of

π1 are allowable. We will define what an allowable center is below. Pick a

stratum T ofM and a point y ∈ T . Then we want to find a fat unobtrusive
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tico multiblowup π2 : (M2,A2) → (M1,A1) so that all centers of π1 are

allowable and so that for each stratum T ′ of M2 with π1π2(T
′) ⊂ T we

have T ′ ∩ π−1
2 π−1

1 (y) ⊂ U(fπ1π2). If we can do this we have proven our

Proposition. So let us try to find this multiblowup π2.

First we say what we mean for a center L′ to be allowable. Of course

L′ must be fat and unobtrusive and lie over f−1(L). In addition, let C1

be the tico transform of C and let S be a sheet of C1 which contains the

center L′. We know that |S ∩ A1| = |AS1| for some regular tico AS1 in S.

Then, unless we are in the algebraic case, we ask that L′ be a connected

component of a sheet of AS1. In the algebraic case we ask that L′ be an

irreducible component of a sheet of AS1. In particular L′ has codimension

2 and is unskewed.

Now pick tico charts θ and ψ exactly as we did in the proof of Assertion

3.3.9.2. Let the exponents αij for i ≤ c and j ≤ a be as in the proof also.

After reordering the coordinates we may assume that ψ−1(|C|) =
⋃a
j=dRmj .

So for each j < d we must have αij = 0 for some i ≤ c, otherwise we would

have Rmj ⊂ ψ−1f−1(L) = ψ−1(|C|). Likewise, for each j ≥ d we must have

αij > 0 for all i ≤ c.
Let V = ψ(Rm), V1 = π−1

1 (V ) and W = θ(Rn). Let Ai = ψ(Rmi )

for i = 1, . . . , a and Bi = θ(Rni ) for i = 1, . . . , c. Then A′ = {Ai} and

B′ = {Bi} are ticos in V and W respectively. Note that |V ∩ A| = |A′|.
Suppose that the multiblowup π1 consists of s blowups. Then the total

transform of A′ is a tico A′
1 in V1 where A′

1 = {A′
1, . . . , A

′
a+s} and A′

i is

the strict transform of Ai for i ≤ a and A′
a+i is the strict transform of the

inverse image of the i-th blowup for i = 1, . . . , s.

The restriction f | : (V,A′) → (W,B′) is a tico map with constant ex-

ponents. Hence by Lemmas 2.4 and 3.4 we know that fπ1| : (V1,A′
1) →

(W,B′) has constant exponents. Let αji be the exponent of A′
i in Bj .

Lemmas 2.4 and 3.4 imply that this agrees with our earlier notation when

i ≤ a.
Let

D(π1) =
{
D ⊂ {1, . . . , a+ s} |

⋂
i∈D

A′
i 6= ∅ and D 6⊂ {1, . . . , d− 1}

}
D′(π1) = {D ∈ D(π1) |

⋂
i∈D

A′
i ∩ U(fπ1) = ∅ }

Thus D(π1) parameterizes the fat submanifolds of V1 which are contained

in π−1
1 f−1(L). The following result shows that in fact, D(π1) also param-

eterizes components of fat submanifolds in π−1
1 f−1(L) which hit V1.

Assertion 3.9.3 Suppose D ∈ D(π1). Then there is a unique fat subman-

ifold K ⊂ M1 so that K ∩ V1 =
⋂
i∈D A

′
i and so that K is connected (or

irreducible in the algebraic case).
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Proof: We prove this by induction on the number of blowups in π1. If there

are no blowups, let S ∈ C be a sheet so that S∩V = Ai for some i ∈ D with

i ≥ d. Now (S,AS) is a regular tico. Let D′ = D−{i}. For each j ∈ D′ let

Ej ∈ AS be the sheet so that Ej ∩ V = S ∩ Aj . Then we must have K be

the connected (or irreducible) component of
⋂
j∈D′ Ej which contains y.

Now suppose that the assertion is true for π1. Let L′ be an allowable

center and let π′ = π(M1, L
′) andM ′ = B(M1, L

′). Pick anyD′ ∈ D(π1π
′).

Let D = D′ − {a + s + 1}. Then D ∈ D(π1). Let K ⊂ M1 be the unique

fat submanifold so that K ∩ V1 =
⋂
i∈D A

′
i and so that K is connected (or

irreducible in the algebraic case).

If D′ = D we set K ′ = B(K,K ∩ L′). If D′ 6= D then set K ′ =

B(K,K ∩L′)∩π′−1(L′). Then K ′ ∩π′−1(V1) =
⋂
i∈D′ A′′

i , where A
′′
i is the

strict transform of A′
i for i ≤ a+ s and A′′

a+s+1 = π′−1(L′ ∩ V1). �

Assertion 3.9.4 Suppose D ∈ D(π1). Then for some i ≤ c we have

αij = 0 for all j ∈ D with j < d.

Proof: If not, then by Lemma 2.2, ∅ 6=
⋂j<d
j∈D A

′
j ⊂ (fπ1)

−1(L) which

contradicts the fact that π−1
1 f−1(L) ∩ V1 =

⋃a+s
i=d A

′
i. �

Let c denote the set {1, 2, . . . , c}. Pick any D ∈ D(π1). Let

C(D) = { i ∈ c | αij = 0 for all j ∈ D with j < d }.

By Assertion 3.3.9.4 we know that C(D) is nonempty. Let

B(D) = { (i, i′) ∈ C(D)×c | αij > αi′j and αij′ < αi′j′ for some j, j′ ∈ D }.

The significance of B(D) comes from the following:

Assertion 3.3.9.5 Suppose D ∈ D(π1) and either B(D) = ∅ or D 6∈
D′(π1). Then

⋂
i∈D A

′
i −

⋃
i 6∈D A

′
i ⊂ U(fπ1). Hence B(D) 6= ∅ for all

D ∈ D′(π1). Also, if D′(π1) = ∅ then V1 ⊂ U(fπ1).

Proof: Pick any y ∈
⋂
i∈D A

′
i −

⋃
i 6∈D A

′
i. Pick a tico chart ψ′ : (Rm, 0) →

(V1, y) so that ψ′−1(|A′
1|) =

⋃e
i=1 Rmi . For i = 1, . . . , e let β(i) ∈ D be

defined by Rmi = ψ′−1(A′
β(i)). So β is a bijection of {1, . . . , e} with D.

Then

(fπ1ψ
′)∗I∞(L) = 〈

e∏
j=1

x
α1β(j)

j , . . . ,
e∏
j=1

x
αcβ(j)

j 〉.

If D 6∈ D′(π1) then by openness of U(fπ1) we could have picked y ∈
U(fπ1), in which case we see that the only way for (fπ1ψ

′)∗I∞(L) to be

locally principal is to have some i′ so that αi′j ≤ αij for all 1 ≤ i ≤ c and

j ∈ D. But the exponents αij do not depend on the point y so this implies

that
⋂
i∈D A

′
i −

⋃
i 6∈D A

′
i ⊂ U(fπ1).

Now suppose B(D) = ∅. Pick some i′ ∈ C(D) such that in lexico-

graphical order we have (αi′β(1), . . . , αi′β(e)) ≤ (αiβ(1), . . . , αiβ(e)) for all
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i ∈ C(D). Pick any i ∈ c. If
∏e
j=1 x

αiβ(j)

j is not a multiple of
∏e
j=1 x

αi′β(j)

j

then we may pick the smallest j so that αi′β(j) > αiβ(j). If i 6∈ C(D) then

αij′ > 0 for some j′ ∈ D with j′ < d. But αi′j′ = 0 so (i′, i) ∈ B(D), contra-

dicting the fact that B(D) = ∅. So we must have i ∈ C(D), but then there

is a first j′ so that αi′β(j′) < αiβ(j′) and we again get (i′, i) ∈ B(D) = ∅.
So (fπ1ψ

′)∗I∞(L) = 〈
∏e
j=1 x

αi′β(j)

i 〉 and thus y ∈ U(fπ1). �

In light of Assertion 3.3.9.5 we may as well assume that D′(π1) 6= ∅.
We now assign a complexity η1(D) to any D ∈ D′(π1). Let e be

the number of elements in D and let e′ be the number of elements in

D ∩ {1, . . . , d − 1}. We let (i, i′) be the lexicographical maximum of all

elements of B(D) and we let η1(D) = (e, e′, i, i′). We order the complexities

η1(D) using lexicographical order.

Let L′ ⊂ M1 be an allowable center. Let π′ be the blowup map

π(M1, L
′). If L′ ∩ V1 = ∅ then D(π1) = D(π1π

′). For D ∈ D(π1) and

D′ ∈ D(π1π
′) we say in this case that D′ → D if D′ = D.

If L′∩V1 6= ∅ then by Assertion 3.3.9.3 there are k and k′ with L′∩V1 =

A′
k ∩ A′

k′ and k ≥ d. The total transform of A′
1 is the tico {A′′

j } for

j = 1, . . . , a + s + 1 where A′′
j = B(A′

j , L
′ ∩ A′

j} for j = 1, . . . , a + s and

A′′
a+s+1 = π′−1(L′). By Lemmas 2.4b and 3.4 we know that the exponent

for A′′
j in B` is α`j for j 6= a + s + 1 and is α`,a+s+1 = α`k + α`k′ for

j = a+ s+ 1. Thus we see that D(π1π
′) = D0 ∪D1 ∪D2 ∪D3 where

D0 = {D ∈ D(π1) | {k, k′} 6⊂ D}
D1 = {(D − {k}) ∪ {a+ s+ 1} | D ∈ D(π1)−D0}
D2 = {(D − {k′}) ∪ {a+ s+ 1} | D ∈ D(π1)−D0}
D3 = {(D − {k, k′}) ∪ {a+ s+ 1} | D ∈ D(π1)−D0}

Suppose D ∈ D(π1) and D′ ∈ D(π1π
′). Then we say that D′ → D if

either D′ = D ∈ D0 or a+s+1 ∈ D′ and D−{k, k′} = D′−{k, k′, a+s+1}.
Note that D′ → D means π′ maps

⋂
j∈D′ A′′

j onto
⋂
j∈D A

′
j .

Assertion 3.3.9.6 Let L′ be an allowable center. Let π′ be the blowup

map π(M1, L
′). Pick any D′ ∈ D′(π1π

′). Then D′ → D for some unique

D ∈ D(π1) and we must have η1(D
′) ≤ η1(D).

Proof: By definition, there is a unique D ∈ D(π1) with D′ → D. By

Assertion 3.3.9.2 and Lemma 3.6 we know that D ∈ D′(π1).

If L′ ∩ V1 = ∅ then the assertion is trivial so we may assume that

L′ ∩ V1 6= ∅. Let k, k′ and Di be as above.

If D′ ∈ D0 then D = D′ and the complexity is the same. If D′ ∈ D3

then D′ has fewer elements than D so the complexity decreases. So we may

assume D′ ∈ D1 ∪D2. If k
′ < d and D′ ∈ D2 then D′ ∩ {1, . . . , d− 1} has



122 3. TICOS

one less element than D∩{1, . . . , d−1} so the complexity decreases. Hence

by symmetry we need only consider the case D′ ∈ D1.

Note that the first two coordinates of η1(D) and η1(D
′) are the same,

so it suffices to prove that B(D′) ⊂ B(D). We have C(D′) = C(D) so

letting D′′ = D′ − {a+ s+ 1} = D − {k} we have:

B(D′) = { (i, i′) ∈ C(D)× c | αij > αi′j and αij′ < αi′j′

for some j, j′ ∈ D′ }
= B1 ∪B2 ∪B3

where

B1 = { (i, i′) | αij > αi′j and αij′ < αi′j′ for some j, j′ ∈ D′′ }
B2 = { (i, i′) | αik + αik′ > αi′k + αi′k′ and αij′ < αi′j′ for some j′ ∈ D′′ }
B3 = { (i, i′) | αij > αi′j and αik + αik′ < αi′k + αi′k′ for some j ∈ D′′ }

The sets B2 and B3 correspond to setting j = a+ s+ 1 and j′ = a+ s+ 1

respectively.

Note that B1 ⊂ B(D). To see that B2 ⊂ B(D), pick any (i, i′) ∈ B2.

Then either αik > αi′k or αik′ > αi′k′ so setting j = k or k′ we see that

(i, i′) ∈ B(D). Likewise B3 ⊂ B(D). Hence B(D′) ⊂ B(D). �

We need finer invariants than just η1 however. Let (e, e′, i, i′) be the

lexicographical maximum of η1(D) over all D ∈ D′(π1). Let δjj′ = αij +

αi′j′ − αi′j − αij′ . If (i, i′) ∈ B(D) let

γ(D) = max{ δjj′ | αij > αi′j and αij′ < αi′j′ with j, j′ ∈ D }.

Let λ(D) be the number of pairs (j, j′) ∈ D × D so that αij > αi′j′ ,

αij′ < αi′j′ and δjj′ = γ(D). If (i, i′) 6∈ B(D) set γ(D) = λ(D) = 0.

We define η2(D) = (η1(D), γ(D), λ(D)). Let (e, e′, i, i′, γ, λ) be the

lexicographical maximum of η2(D) over all D ∈ D′(π1). Let µ be the

number of D ∈ D′(π1) with η2(D) = (e, e′, i, i′, γ, λ). Finally define an

invariant of the multiblowup, η(π1) = (e, e′, i, i′, γ, λ, µ).

Pick some D∗ ∈ D′(π1) so that η2(D
∗) = (e, e′, i, i′, γ, λ). Pick k, k′ ∈

D∗ so that αik > αi′k, αik′ < αi′k′ and δkk′ = γ. Note that αik > 0 and

i ∈ C(D∗) so we must have k ≥ d. Let L′ ⊂M1 be the allowable center so

that L′ ∩ V1 = A′
k ∩A′

k′ . Let π
′ : M ′ →M1 be the blowup with center L′.

Assertion 3.3.9.7 If D′ ∈ D′(π1π
′), D′ → D and η1(D) = (e, e′, i, i′)

then η2(D
′) ≤ η2(D). If η2(D

′) = η2(D) then D′ = D 6= D∗.

Proof: If D = D′ then D 6= D∗ and η2(D
′) = η2(D). So assume D 6= D′.

From the proof of Assertion 3.3.9.6 we may assume that D′ ∈ D1. We

may also assume that (i, i′) ∈ B(D′), otherwise η1(D
′) < η1(D). So if
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D′′ = D′ − {a+ s+ 1} = D − {k} we have:

γ(D′) = max{ δjj′ | αij > αi′j and αij′ < αi′j′ with j, j′ ∈ D′ }
= max({ δjj′ | j, j′ ∈ D′′ and αij > αi′j′ and αij′ < αi′j′ }
∪ {δkj′ + αik′ − αi′k′ | j′ ∈ D′′,

αik + αik′ > αi′k + αi′k′ and αij′ < αi′j′}
∪ {δjk′ + αi′k − αik | j ∈ D′′,

αij > αi′j and αik + αik′ < αi′k + αi′k′}).

But αik′ − αi′k′ < 0 and αi′k − αik < 0. So

γ(D′) = max{ δjj′ | j, j′ ∈ D′′ and αij > αi′j′ and αij′ < αi′j′ }.

So γ(D′) ≤ γ(D) and if γ(D) = γ(D′) we must have λ(D) < λ(D′) since

{ (j, j′) ∈ D′ ×D′ | αij > αij′ , αi′j < αij′ and δjj′ = γ(D′) }

⊂ { (j, j′) ∈ D ×D | αij > αij′ , αi′j < αij′ and δjj′ = γ(D) } − {(k, k′)}.
�

It is now easy to finish the proof, since from Assertion 3.3.9.7 we see

that either D′(π1π
′) = ∅ or η(π1π′) < η(π1). So there is a multiblowup π2

with D′(π1π2) = ∅. Now Assertion 3.3.9.5 implies that we are done.

One could also go about this proof in a slightly different way which

some readers might prefer. First of all, it suffices to only consider D with

cardinality a. To see this, note that any stratum in V1 with codimension

< a has in its frontier a stratum of codimension a. So if we know all

the codimension a strata of V1 are in U(f) then we know all strata of

V1 are in U(fπ1). This is what we did in our example above, we only

considered codimension 4 strata. Thus one could proceed by taking any

pair (i, i′) ∈ c × c and blowing up until (i, i′) 6∈ B(D) (i.e., γ(D) = 0) for

all D ∈ D′(π1), just as we did in the example. Do this for all pairs (i, i′)

and eventually you are done.

Next we have an algebraic analogue of Lemma 1.2.

Lemma 3.10. Let (V,A) be an algebraic tico and let K and L be Zclosed

subsets of V which are unions of strata. Let r : K → R and s : L → R be

entire rational functions so that r|K∩L = s|. Suppose L is nonsingular and

K ∩ L = |L ∩A|. Then r ∪ s : K ∪ L→ R is an entire rational function.

Proof: Extend r to an entire rational function r : V → R. Define t : K ∪
L → R by t|K = 0 and t|L = s − r. Then r + t|K = r|K and r + t|L = s

and we are done if t is an entire rational function. It suffices to show t is

entire rational in a neighborhood of K ∩ L.
So pick any y ∈ K ∩ L. Let

{A1, . . . , Ak} = {A ∈ A | y ∈ A and L t A at y }.
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Let ui : (V,Ai) → (R, 0), i = 1, . . . , k be polynomials so that dui has rank

1 at y. But K ∩ L = |A ∩ L| so U ∩ L ∩ K = U ∩ L ∩
⋃k
i=1Ai = U ∩

L ∩
⋃k
i=1 u

−1
i (0) for some neighborhood U of y. Also s − r|L∩K = 0,

so repeated applications of Proposition 2.11 show that there is a Zopen

neighborhood U of y in L and an entire rational function v : U → R so that

s (x) − r (x) =
(∏k

i=1 ui (x)
)
v (x) for all x ∈ U . Extend v to any entire

rational function v : U ′ → R where U ′ is a Zopen neighborhood of y in

K ∪ L. Then t =
(∏k

i=1 ui (x)
)
v (x) for all x in some Zopen neighborhood

of y in K ∪ L. So t is entire rational.

Finally, the following lemma shows that under mild conditions, restrict-

ing to fat submanifolds preserves ticoness of a map.

Lemma 3.11. Let f : (M,A) → (N,B) be a tico map between regular

ticos. Let S ⊂ M be a fat submanifold and let T ⊂ N be the smallest fat

submanifold of N so that f (S) ⊂ T . Suppose that either

1) S is connected or

2) f has constant exponents or

3) M and N are algebraic, f is an entire rational function and S is

irreducible.

Then f | : (S, S ∩A)→ (T, T ∩B) is a tico map.

Proof: For any sheets A ∈ A and B ∈ B let αAB : A→ Z be the exponent

map of A in B for f . Let S = {A ∈ A | S ⊂ A }. Then S is a union of

connected components of ∩S. Let C = {B ∈ B | αAB (x) > 0 for some

A ∈ S and for some x ∈ S }. Either of conditions 1,2 or 3 guarantee that

each αAB is constant on S. Hence

C = {B ∈ B | αAB (x) > 0 for some A ∈ S and all x ∈ S }.

Assertion 3.3.11.1 T is a union of connected components of ∩C.
Proof: By Lemma 2.2, f (S) ⊂ ∩C. On the other hand, if dimT < dim (∩C)
then there is a B ∈ B− C so that T ⊂ ∩C ∩B, hence f (S) ⊂ B. But then

by Lemma 2.2 we must have αAB (x) > 0 for some x ∈ S, A ∈ S. So B ∈ C,

a contradiction. So dimT = dim (∩C), so T is a union of components of

∩C. �

Now take any z ∈ S. Pick tico charts ψ : (Rm, 0) → (M, z) and

θ : (Rn, 0)→ (N, f (z)) so fψ (Rm) ⊂ θ (Rn), ψ−1 (|A|) =
⋃a
i=1 Rmi , ψ−1 (|S|) =⋃d

i=1 Rmi , θ−1 (|B|) =
⋃b
i=1 Rni and θ−1 (|C|) =

⋃c
i=1 Rni . Let fi (x) be the

i-th coordinate of θ−1fψ (x). Then there are nowhere 0 functions ϕi so

that fi (x) =
∏a
j=1 x

αij

j ϕi (x) for all i ≤ b. For each c < i ≤ b we must

have αij = 0 for all j ≤ d, otherwise Rni would be in θ−1 (|C|). Hence

fi (x) =
∏a
j>d x

αij

j ϕi (x) for all c < i ≤ b. So by considering the charts

ψ|0×Rm−d and θ|0×Rn−c we see that f |S is a tico map.
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4. Full Ticos

Definitions 4.1. Recall a manifoldM is full if all of its Z/2Z homology

is generated by embedded smooth submanifolds (see 2.9). A tico (M,A)

is full if it is regular and if M , all sheets of A and all intersections of

sheets of A are full manifolds. That is, ∩D is full for all D ⊂ A. A tico

blowup π : (M ′,A′) → (M,A) with center L is full if (L,L ∩A) is a full

tico. Likewise a tico multiblowup is full if each of its blowups is full.

Lemma 4.1. Let π : (Y,B) → (X,A) be a full tico multiblowup of a

regular tico A in a closed manifold X.

a) Suppose B ∈ B is such that (B,B ∩B) is not full. Then B is the

strict preimage of some A ∈ A so that (A,A ∩A) is not full.

b) If (X,A) is full then (Y,B) is full.

Proof: It suffices to prove this in the case where π is a single blowup. Let

the center of π be L. Since π is full we know (L,A ∩ L) is full.
If B is the strict preimage of some A ∈ A then B ∩ B is the total

transform of A ∩ A under the full tico blowup with center A ∩ L. Hence

by induction on dimension we cannot have (A,A ∩A) full since b) would

imply that (B,B ∩B) is full.

The only other case is where B = π−1 (L). Let L′ be a connected

component of L and B′ = π−1 (L′). It suffices to show that (B′, B′ ∩B) is

full since B′ is just a connected component of B.

For each A ∈ A let A′ ∈ B be the strict preimage of A. Let C = {A ∈
A | L′ ⊂ A }. We need to show that (B′,B ∩B′) is full. The sheets of B∩B′

are just A′ ∩B′ for sheets A ∈ A. So pick any D ⊂ B ∩ B′. Let E ⊂ A be

such that D = {A′∩B′ | A ∈ E }. Then
⋂
D = π−1 (L′)∩B (

⋂
E,

⋂
E ∩ L)

is the projectivized normal bundle of L′∩ (
⋂
E) in

⋂
E. By Lemma 9.2 and

the fact that L′ ∩ (
⋂
E) is full, we know that

⋂
D is full. So (B′,B ∩B′) is

full.

To finish off the proof we must show that if (X,A) is full, then (Y,B)

is full. By a) we know that ∩D is full for all non-empty D ⊂ B so we must

only show that Y is full. But this follows from fullness of L and Lemma

9.3c.

Lemma 4.2. Let π : (Y,B) → (X,A) be a tico multiblowup. Suppose

that X is closed and full and B is full for every B ∈ B. Then Y is full.

Proof: Let the multiblowup be

(Y,B) = (Xn,An)
πn−→ (Xn−1,An−1) −→ · · ·

π1−→ (X0,A0) = (X,A)

where πi is the blowup with center Li ⊂ Xi−1. Let ρi : Xn → Xi be the

composition πi+1 ◦ πi+2 ◦ · · · ◦ πn. For any manifold Z, recall Himb
∗ (Z) be
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the subgroup of the homology H∗ (Z) generated by embedded submanifolds

of Z (all homology is with Z/2Z coefficients).

Suppose H∗ (Y ) 6= Himb
∗ (Y ). Then take α ∈ H∗ (Y ) − Himb

∗ (Y ). By

Proposition 9.1b we know that π∗
(
Himb

∗ (Y )
)
⊃ Himb

∗ (X). ButHimb
∗ (X) =

H∗ (X). Hence there is a β ∈ Himb
∗ (Y ) so that π∗ (α− β) = 0. Note π = ρ0

so there is some smallest i > 0 so that (ρi)∗ (α− γ) 6= 0 in H∗ (Xi) for all

γ ∈ Himb
∗ (Y ). Then there is some γ ∈ Himb

∗ (Y ) with ρi−1∗ (α− γ) = 0.

Let δ = ρi∗ (α− γ), then πi∗ (δ) = 0. So by Lemma 9.3d, δ ∈ j∗ (H∗ (P ))

where P is π−1
i (Li) and j : P ↪→ Xi is inclusion.

Let B be the strict transform of P under the multiblowup ρi : Xn →
Xi. We know (ρi|B)∗ : H∗ (B) → H∗ (P ) is onto by Proposition 9.1a. So

δ = ρi∗ (ε) for some ε in the image H∗ (B) → H∗ (Y ). But H∗ (B) =

Himb
∗ (B) since B ∈ B so ε ∈ Himb

∗ (Y ) and ρi∗ (α− (γ + ε)) = 0 which is

a contradiction. So H∗ (Y ) = Himb
∗ (Y ), i.e., Y is full.

5. Type N Tico Maps

We will need tico maps with certain stability properties. Submersive

tico maps are very stable; this is shown in Chapter V. At the moment,

however, we do not know how to transform an entire rational function into

a submersive tico map except in low dimensions. Thus we take what we

can do and call it type N.

Definition 5.1. Let f : (M,A) → (N,B) be a tico map. Then f

has type N if for every z ∈ M there are charts ψ : Z → M , θ : (Rn, 0) →
(N, f (z)) so that

1) Z is an open subset of Rm.

2) ψ (Z) is neighborhood of x.

3) fψ (Z) ⊂ θ (Rn).
4) ψ−1 (|A|) =

⋃a
i=1 Rmi ∩ Z.

5) θ−1 (|B|) =
⋃b
i=1 Rni .

6) fi (x) =
∏c
j=1 x

αij

j for all x ∈ Z and i ≤ b where fi (x) is the i-th
coordinate of θ−1fψ (x) and c ≥ a.

7) The b× c matrix α = (αij) is onto, i.e., has rank b.

The basic idea is that the ϕi’s in the definition of tico map are pure

monomials
∏c
j=a+1 x

αij

j and the matrix of exponents is onto.

Definition 5.2. The map f above is submersive if in addition m−c ≥
n− b and fi (x) = xi−n+m for all i > b and all x ∈ Z.

At the moment the difference between submersive and type N is the

only thing which stands in the way of a complete topological classification

of real algebraic sets in all dimensions. This is explained in Chapter V and

Chapter VI.
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The goal for this section is Proposition 5.3 which says that by doing

fat unobtrusive blowups we may transform any tico map to a tico map of

type N. Before proving this, we introduce some notation.

Let (M,A) be a regular tico and let S be a stratum of M . Then we

may associate to S the vector space ZAS where AS = {A ∈ A | S ⊂ A }.
Note that the dimension of this vector space is the codimension of S in M .

For convenience, if σ =
∑
A∈AS

σA ·A ∈ ZAS and A ∈ A we define σ ·A to

be σA if S ⊂ A and 0 otherwise.

Now let f : (M,A) → (N,B) be a tico map with A and B regular. If

T is a stratum of M let S be the stratum of N so that f (T ) ⊂ S. Then

we may define a linear map µf,T : ZBS → ZAT by

µf,T
( ∑
B∈BS

σB ·B
)
=

∑
A∈AT

∑
B∈BS

αAB (T )σB ·A.

Here αAB (T ) is the local exponent for f of A in B at points of T . This is

well defined by Lemma 2.2 since T is connected. We could interpret ZBS

and ZAT as being the space of monomial maps in tico coordinates for S

and T and then µf,T is just the pullback map f∗.

If f is as above, define U (f) to be the maximal open subset of M so

that f | : (U (f) ,A ∩ U (f))→ (N,B) has type N. For each stratum S of N ,

let C (f, S) be the set of strata T of M so that T 6⊂ U (f) and f (T ) ⊂ S.

Define K (f, T ) to be the kernel of µf,T .

Lemma 5.1. Suppose f : (M,A)→ (N,B) is a tico map with A and B

regular. Suppose T and S are strata so that f (T ) ⊂ S. Then:

a) If g : (N,B)→ (P,C) is a tico map (with C regular), then µgf,T =

µf,T ◦ µg,S
b) Suppose µf,T is injective, i.e., K (f, T ) = {0}. Then T ⊂ U (f).

c) If f is a fat unobtrusive multiblowup then µf,T is onto. Conse-

quently, if dimT = dimS we know that µf,T is an isomorphism.

d) Suppose f is a fat unobtrusive multiblowup, T ′ is a stratum of M ,

T ′ ⊂ A ∈ AT , f (T
′) ⊂ S and dimT ′ = dimT . Then µf,T (σ)·A =

µf,T ′ (σ) ·A for all σ ∈ ZBS .

Proof: Note that by Lemma 2.2 if A ∈ AT then αAB = 0 for allB ∈ B−BS .
Hence a) follows from Lemma 2.4.

Now let us prove b). Pick any x ∈ T . Pick standard tico charts

ψ : (Rm, 0) → (M,x) and θ : (Rn, 0) → (N, f (x)) for f . So fψ (Rm) ⊂
θ (Rn), ψ−1 (|A|) =

⋃a
i=1 Rmi and θ−1 (|B|) =

⋃b
i=1 Rni . Let Ai ∈ A,

i = 1, . . . , a and Bi ∈ B, i = 1, . . . , b be such that ψ−1 (Ai) = Rmi and

θ−1 (Bi) = Rni . Notice ψ−1 (T ) =
⋂a
i=1 Rmi , θ−1 (S) =

⋂b
i=1 Rni , BS =

{B1, . . . , Bb} and AT = {A1, . . . , Aa}.
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Let fi (z) be the i-th coordinate of θ−1fψ (z). Then we know that

fi (z) =
∏a
j=1 z

αij

j ϕi (z) if i ≤ b where ϕi (Rn) ⊂ R−0 and αij = αAjBi (T ).

After composing θ with reflections through Rni we may also suppose that

ϕi (Rm) ⊂ (0,∞). Now since the matrix (αij) of µf,T is injective, its

transpose is surjective after tensoring with Q. So there are γjk ∈ Q, j =

1, . . . , a, k = 1, . . . , b so that
∑a
j=1 αijγjk = δik, the Kronecker delta.

Define κ : Rn → Rn by letting the j-th coordinate of κ (z) be zj if j > a

and zj
∏b
k=1 ϕk (z)

γjk if j ≤ a. The Jacobian matrix of κ at 0 is diagonal

with positive entries so there is a neighborhood U of 0 in Rm on which κ−1

is defined. We claim that for i ≤ b, the i-th coordinate of θ−1fψκ−1 (z) is∏a
j=1 z

aij
j . Hence x ∈ U (f) so T ⊂ U (f).

To prove the claim, let κ−1 (z) = y. Then θ−1fψκ−1 (z) = θ−1fψ (y)

whose i-th coordinate is
∏a
j=1 y

αij

j ϕi (y). But z = κ (y) so

a∏
j=1

z
αij

j =

a∏
j=1

y
αij

j

a∏
j=1

b∏
k=1

ϕk (y)
γjkαij

=
a∏
j=1

y
αij

j

b∏
k=1

ϕk (y)
δik =

a∏
j=1

y
αij

j ϕi (y) .

Now let us prove c). By part a) and Lemma 3.6 it suffices to consider

the case where f is a single blowup with fat unobtrusive center L. If

f (T ) 6⊂ L then AT = {B (B,B ∩ L) | B ∈ BS } so µf,T is an isomorphism

by Lemma 3.4. In fact we have µf,T (
∑
σB ·B) =

∑
σB ·B (B,B ∩ L). Now

suppose f (T ) ⊂ L. Let L ⊂ B be such that L is a union of components

of
⋂

L. Let D ⊂ B be such that AT = {f−1 (L)} ∪ {B (B,B ∩ L) |
B ∈ D }. Then D ∪ L ⊂ BS . Note that L 6= D ∩ L since otherwise,

T ⊂ f−1(L)∩
⋂
B∈L B (B,L) = f−1(L)∩B (

⋂
L, L) = ∅. Take B0 ∈ L−D.

Then by Lemma 3.4 µf,T (B0) = f−1 (L), µf,T (B −B0) = B (B,L) for

B ∈ D∩L and µf,T (B) = B (B,B ∩ L) for B ∈ D−L. So µf,T is onto. If

dimT = dimS then µf,T is injective because ZAT and ZBS have the same

rank.

Now let us prove d). Suppose we have two fat unobtrusive multiblowups

π : (M,A) → (N ′,B′) and π′ : (N ′,B′) → (N,B) so that f = π′π and π

consists of a single blowup with fat unobtrusive center L. Let Q and Q′ be

the strata of N ′ with π (T ) ⊂ Q and π (T ′) ⊂ Q′.

First suppose A = π−1 (L). Let L ⊂ B′ be the sheets of B′ which

contain L. Then π (T ′) ⊂ L and π (T ) ⊂ L so we know that Q ∪ Q′ ⊂ C

for each C ∈ L. Hence µπ′,Q (σ) ·C = µπ′,Q′ (σ) ·C for all C ∈ L, σ ∈ ZBS
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by induction. But by Lemma 3.4 and part a),

µf,T (σ) ·A = µπ,Tµπ′,Q (σ) ·A

=
∑
C∈L

µπ′,Q (σ) · C

=
∑
C∈L

µπ′,Q′ (σ) · C = µf,T ′ (σ) ·A.

So d) is true in this case. Now suppose A = B (C,C ∩ L) for some C ∈ B′.

Then Q ∪Q′ ⊂ C so

µf,T (σ)·A = µπ,Tµπ′,Q (σ)·A = µπ′,Q (σ)·C = µπ′,Q′ (σ)·C = µf,T ′ (σ)·A.

So d) is true in all cases.

Lemma 5.2. Let f : (M,A) → (N,B) be a tico map. Suppose that we

have fat unobtrusive tico multiblowups ρ : (M ′,A′)→ (M,A) and π : (N ′,B′)→
(N,B) and suppose f ′ : M ′ → N ′ is a smooth function so that πf ′ = fρ.

(Note f ′ is a tico map by Lemma 2.7.) Suppose also that A and B are

regular. Then

a) U (f ′) ⊃ ρ−1 (U (f)), i.e., if f is locally type N at ρ(x) then f ′ is

locally type N at x.

b) Suppose S, S′, T and T ′ are strata for N,N ′,M and M ′ respec-

tively and π (S′) ⊂ S, ρ (T ′) ⊂ T and T ′ ∈ C (f ′, S′). Then

T ∈ C (f, S).

c) Suppose S and S′ are strata of N and N ′ respectively and π (S′) ⊂
S. Suppose T and T ′ are strata ofM andM ′ respectively, dimT =

dimT ′, ρ (T ′) ⊂ T , and f ′ (T ′) ⊂ S′. Then K (f ′, T ′) = µπ,S′K (f, T ).

Proof: Let us prove a). It suffices to consider the cases where one of

ρ or π is the identity and the other is a single blowup with fat unob-

trusive center L. First suppose that π = identity. Since the restriction

ρ| : ρ−1 (U (f)− L) → U (f) − L is a tico isomorphism and f ′ = fρ we

easily see that ρ−1 (U (f)− L) ⊂ U (f ′). So pick x ∈ U (f) ∩ L. We

may pick coordinate charts ψ : Z → M and θ : (Rn, 0) → (N, f (x)) so

that fψ (Z) ⊂ θ (Zn), Z ⊂ Rm is open, ψ (Z) is a neighborhood of x,

ψ−1 (|A|) =
⋃a
i=1 Rmi ∩ Z, θ−1 (|B|) =

⋃b
i=1 Rni and if fi (z) is the i-th co-

ordinate of θ−1fψ (z) then fi (z) =
∏d
j=1 z

αij

j for all i ≤ b and some d ≥ a.
We may also assume after reordering that ψ−1 (L) =

⋂c
i=1 Rmi ∩Z for some

c ≤ a. By Lemma 5.1 we have charts ψk : Zk → M ′, k = 1, . . . , c so that

the j-th coordinate of ψ−1ρψk (z) is zj if j > c or j = k and is zkzj if j ≤ c
and j 6= k. Also these charts cover a neighborhood of ρ−1 (x). Then the

i-th coordinate of θ−1f ′ψk (z) is
∏d
j=1 z

αk
ij

j for all i ≤ b where αkij = αij for

j 6= k and αkik =
∑c
j=1 αij . So ρ

−1 (x) ⊂ U (f ′). So ρ−1 (U (f)) ⊂ U (f ′).
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Now suppose ρ = identity and π is a single blowup with center L. Since

π−1| : N−L→ N ′−π−1 (L) is a tico isomorphism and f ′| : M−f−1 (L)→
N ′ − π−1 (L) is π−1f we know that U (f) − f−1 (L) ⊂ U (f ′). So pick

x ∈ U (f) ∩ f−1 (L). Pick ψ and θ as above, only now we have θ−1 (L) =⋂c
i=1 Rni for some c ≤ b. We have charts θk : Rn → N ′, k = 1, . . . , c covering

π−1θ (Rn) so that the j-th coordinate of θ−1πθk (z) is zj if j > c or j = k

and zkzj if j ≤ c and j 6= k. Then the i-th coordinate of θ−1
k f ′ψ (z) is∏a

j=1 z
αk

ij

j for all i ≤ b where αkij = αij if i > c or i = k and αkij = αij−αkj
if i ≤ c and i 6= k. Since θ−1

k (|B′|) =
⋃b
i=1 Rni we have thus shown that

U (f ′) ⊃ U (f). So a) is proven.

Let us now prove b). Pick T ′ ∈ C (f ′, S′). Now f (T ) ⊃ fρ (T ′) =

πf ′ (T ′) and πf ′ (T ′) ⊂ π (S′) ⊂ S. Hence f (T ) intersects S, so f (T ) ⊂ S
by Lemma 2.6. Also ∅ 6= T ′−U (f ′) ⊂ T ′−ρ−1U (f). So ∅ 6= ρ

(
T ′ − ρ−1 (U (f))

)
=

ρ (T ′)− U (f) ⊂ T − U (f). So T 6⊂ U (f) so T ∈ C (f, S).

We will now prove c). By Lemma 5.1 we know that µρ,T ′ is an iso-

morphism, µπ,S′ is onto and µf ′,T ′µπ,S′ = µρ,T ′µf,T . Consequently, c) is

true.

Proposition 5.3 below shows that a tico map may be made type N by

blowing up. Before proving this we will show this for two examples which

help illustrate the ideas of the proof.

The first example is the map f : M → N where M = R2, N = R2 and

f is given by f (x, y) =
(
x2y, x2y

(
1 + y2

))
. We have the ticos {A1, A2}

and {B1, B2} in M and N respectively where Ai = R2
i and Bi = R2

i . So

A1 = {x = 0}, A2 = {y = 0}, etc. Then U (f) = R2 −A2. To see this note

that if y 6= 0 the coordinate change x′ = x|y|1/2, y′ = 1 + y2 in the source

makes the map
(
±x′2,±x′2y′

)
. The ± sign may be eliminated by doing

reflections in the target.

Excercise 5.1. If y = 0, show that f is not locally of type N.

There are four types of strata, the connected components of R2− (A1∪
A2), A1−A2, A2−A1 and A1 ∩A2. If T is a component of R2− (A1 ∪A2)

then K (f, T ) = 0. Otherwise, K (f, T ) is generated by B1 − B2. We now

blow up the point 0 in N . This gives two charts N1 and N2 above N , both

diffeomorphic to R2. The blowup maps π : N1 → N and π : N2 → N are

given by (x, y) 7→ (x, xy) and (x, y)→ (xy, y) respectively. The map f lifts

to a map to either chart. The map to N1 is
(
x2y, 1 + y2

)
. Thus the lifted

f is type N since it maps to a codimension one stratum.

The next example is the map f : M → N with M = N = R3 and

f (x, y, z) =
(
x2, y2z2, xyz

(
1 + z2

))
. We have ticos {Ai} and {Bi} where

Ai = R3
i and Bi = R3

i for i = 1, 2, 3.

Excercise 5.2. Show that U (f) = R3−{z = 0, x = 0} =M−A3∩A1.
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Excercise 5.3. Show that K (f, T ) = 0 if T is a component of the big

stratum M − (A1 ∪A2 ∪A3), K (f, T ) = (B1 − 2B3) for T a component

of A1 − (A2 ∪A3), K (f, T ) = (B2 − 2B3) for T a component of A3 − A1,

A2 − A1 or A2 ∩ A3 − A1 and K (f, T ) = (B1 +B2 − 2B3) for all other

strata T .

Notice that K (f, T ) 6= 0 even for some T ’s where f has type N.

We will want to blow up the line B2 ∩ B3 in N . We choose B2 ∩ B3

since for T a stratum in A3 ∩A1, the coefficients of B2 and B3 in K (f, T )

have opposite sign and largest magnitude. The map f does not lift to

the blowup since f∗ (I (B2 ∩B3)) = 〈y2z2, xyz〉 is not locally principal.

So we must blow up the source as in Proposition 3.9. We first blow up

A1 ∩A2 = {x = y = 0}. This gives us two charts M1 and M2 with blowup

maps (x, xy, z) and (xy, y, z) respectively. The maps from Mi to N are

given by:

M1 → N
(
x2, x2y2z2, x2yz

(
1 + z2

))
M2 → N

(
x2y2, y2z2, xy2z

(
1 + z2

))
The map fromM1 lifts but the map fromM2 does not, since the pullback of

the ideal is y2z〈x, z〉. So we blow up x = z = 0 in M2 obtaining two charts

M3 and M4 with projection maps (x, y, xz) and (xz, y, z) respectively. The

maps from Mi to N for i = 3, 4 are given by:

M3 → N
(
x2y2, x2y2z2, x2y2z

(
1 + x2z2

))
M2 → N

(
x2y2z2, y2z2, xy2z2

(
1 + z2

))
Both of these maps now lift.

Let us look more carefully at the lifted maps. We have charts N1 and

N2 in the blowup of N with blowup maps given by (x, y, yz) and (x, yz, z)

respectively. The tico in the blowup of N has four sheets. Three of them

are the strict transforms of B1, B2 and B3; we will just call them B1, B2

and B3 also and hope no confusion will ensue. The fourth sheet B4 is the

inverse image of the center. The sheets B1, B4 and B3 are in N1 and B1, B2

and B4 are in N2. The liftings of the maps from the Mi’s to the Nj ’s are

given as follows. The last column gives generators for K of the zero stratum

in Mi.

M1 → N2

(
x2, yz/

(
1 + z2

)
, x2yz

(
1 + z2

))
B1 +B2 −B4

M3 → N2

(
x2y2, z/

(
1 + x2z2

)
, x2y2z

(
1 + x2z2

))
B1 +B2 −B4

M4 → N1

(
x2y2z2, y2z2, x

(
1 + x2

))
B1 −B4 − 2B3

We now blow up B1 ∩ B3 which only lies in N1 and misses N2. Thus

N1 is replaced by two charts N3 and N4. Meanwhile, N2 remains the same.

The blowup map from N3 and N4 to N1 is given by (x, y, zx) and (xz, y, z)

respectively. The map from M4 lifts to N4 and becomes the map

M4 → N4

(
xy2z2/

(
1 + z2

)
, y2z2, x

(
1 + z2

))
B1 −B4 −B5
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where B5 is the new sheet, the inverse image of the center.

We now blow up B1∩B4 which lies in both charts N2 and N4. We thus

replace N2 and N4 with two charts each. However, as with N3 above, we

only need one of the charts over each and can ignore the other two. Let N5

be the chart over N2 with blowup map (x, y, xz) and let N6 be the chart

over N4 with blowup map (xy, y, z). Our lifted maps are now as follows:

M1 → N5

(
x2, yz/

(
1 + z2

)
, yz

(
1 + z2

))
B2 −B4

M3 → N5

(
x2y2, z/

(
1 + x2z2

)
, z

(
1 + x2z2

))
B2 −B4

M4 → N6

(
x/

(
1 + z2

)
, y2z2, x

(
1 + z2

))
B1 −B5

We now blow up B2 ∩ B4. Let N7 be the chart over N5 with blowup

map (x, y, yz). Then the maps from M1 and M3 both lift and now have

type N (and K = 0).

M1 → N7

(
x2, yz/

(
1 + z2

)
,
(
1 + z2

)2)
M3 → N7

(
x2y2, z/

(
1 + x2z2

)
,
(
1 + x2z2

)2)
Note they now map to a neighborhood of the codimension two stratum

B6 ∩B7, since the last coordinate is never zero.

To finish off, we blow up B1 ∩ B5. Let N8 be the chart over N6 with

blowup map (x, y, xz). Then the map M4 → N8 is given by

M4 → N8

(
x/

(
1 + z2

)
, y2z2,

(
1 + z2

)2)
which is type N (and has K = 0).

Now that we have seen some examples, let us prove this result in gen-

eral.

Proposition 5.3. Let f : (M,A)→ (N,B) be a tico map with A and B

finite. Then there are tico multiblowups π : N ′ → N and ρ : M ′ → M with

fat unobtrusive centers and a tico map g : M ′ → N ′ so that fρ = πg and g

has type N. Furthermore, if A is regular we may guarantee that the centers

of ρ lie over f−1 (|B|). If M , N , A and B are algebraic and f is entire

rational we may also guarantee that π and ρ are algebraic multiblowups and

g is entire rational.

Proof: By Propositions 3.8 and 3.9 we may as well assume that A and

B are regular. Let Mc and Nc denote the union of all strata of M and

N with dimension ≤ c. Suppose we know that for some integers a and b,

U (f) ⊃ Ma−1 ∪
(
Ma ∩ f−1 (Nb−1)

)
. What we will do is show that there

are tico multiblowups ρ : M ′ → M and π : N ′ → N with fat unobtrusive

centers so that the centers of ρ lie over f−1 (|B|), there is a smooth map

f ′ : M ′ → N ′ with πf ′ = fρ and so that U (f ′) ⊃M ′
a−1 ∪

(
M ′
a∩f ′

−1
(N ′

b)
)
.

Then by induction we will be done.
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Assertion 5.3.1 If ρ : M ′ →M and π : N ′ → N are any tico multiblowups

with fat unobtrusive centers and there is a smooth f ′ : M ′ → N ′ with

πf ′ = fρ then U (f ′) ⊃M ′
a−1 ∪

(
M ′
a∩f ′

−1 (
N ′
b−1

))
.

Proof: Let T ′ be a stratum of M ′ with dimension < a. Let T be the

stratum of M with ρ (T ′) ⊂ T . Then dimT ≤ dimT ′ < a by Lemma 3.6 so

T ⊂ U (f) so T ′ ⊂ ρ−1U (f) ⊂ U (f ′) by Lemma 5.2. HenceM ′
a−1 ⊂ U (f ′).

Now suppose T ′ is a stratum of M ′ with dimension a and S′ is the stratum

of N ′ with f ′ (T ′) ⊂ S′ and dimS′ < b. Let T and S be the strata of M

and N with ρ (T ′) ⊂ T and π (S′) ⊂ S. Now dimT ≤ dimT ′ = a and

dimS ≤ dimS′ < b and f (T ) ⊂ S so T ⊂ Ma ∩ f−1 (Nb−1) ⊂ U (f).

Hence T ′ ⊂ ρ−1 (T ) ⊂ ρ−1U (f) ⊂ U (f ′). So we have shown U (f ′) ⊃
M ′
a−1 ∪

(
M ′
a∩f ′

−1 (
N ′
b−1

))
. �

Thus if we find π, ρ and f ′ with U (f ′) ⊃
(
M ′
a −M ′

a−1

)
∩f ′−1 (

N ′
b −N ′

b−1

)
,

the rest is automatic.

So suppose we have tico multiblowups ρ : M ′ → M and π : N ′ → N

with fat unobtrusive centers, the centers of ρ lie over f−1 (|B|) and there

is a smooth map g : M ′ → N ′ with πg = fρ. Let A′ and B′ be the total

transforms of A and B respectively. For each stratum S of N ′ let

D (g, S) = {T ∈ C (g, S) | T has dimension a }.

So D (g, S) is the set of a dimensional strata T of g−1 (S) which contain

points where g is not locally of type N. Let

J (g, S) = {K (g, T ) | T ∈ D (g, S) }.

Note that by taking ρ and π to be identities, we have defined D (f,R) and

J (f,R) for any stratum R of N .

For each dimension b stratum R ofN let E (g,R) be the set of dimension

b strata S of N ′ so that π (S) ⊂ R and D (g, S) 6= ∅, i.e., g (M ′
a − U (g)) ∩

S 6= ∅.
Let R be a dimension b stratum of N and suppose J (f,R) 6= ∅. Define

γ (g,R) to be the number of K ∈ J (f,R) so that µπ,S (K) ∈ J (g, S) for

some S ∈ E (g,R).

Suppose π is factored as π′′π′ and ρ is factored as ρ′′ρ′ where the

maps π′′ : (N ′′,B′′) → (N,B), π′ : (N ′,B′) → (N ′′,B′′), ρ′′ : (M ′′,A′′) →
(M,A) and ρ′ : (M ′,A′)→ (M ′′,A′′) are fat unobtrusive multiblowups and

there is a map f ′ : (M ′′,A′′)→ (N ′′,B′′) so π′′f ′ = fπ′′ and π′g = f ′ρ′.

Assertion 5.3.2 For all S ∈ E (g,R)

J (g, S) ⊂ {µπ′,S (K) | K ∈ J (f ′, S′) }

where S′ is the stratum of N ′′ such that S′ ⊃ π′ (S).

Proof: Suppose K (g, T ′) ∈ J (g, S) with T ′ ∈ D (g, S). Let T be the stra-

tum of M containing ρ (T ′) and let T ′′ be the stratum of M ′′ containing
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ρ′ (T ′). If dimT < dimT ′ = a then T ⊂Ma−1 ⊂ U (f) so T ′ ⊂ U (g), a con-

tradiction. So dimT = dimT ′′ = dimT ′ = a so K (g, T ′) = µπ′,SK (f ′, T ′′)

by Lemma 5.2c. But T ′′ 6⊂ U (f ′) (otherwise T ′ ⊂ U (g)) and f ′ (T ′′) ⊂ S′.

Then T ′′ ∈ D (f ′, S′) so K (f ′, T ′′) ∈ J (f ′, S′). �

As a consequence of Assertion 3.5.3.2 and Lemma 5.1a and c, we see

that as we blow up more and more then γ (g,R) cannot increase. We will

show below that if γ (g,R) > 0 then we may choose multiblowups so that

γ (g,R) decreases. Consequently we may as well assume that all γ (g,R)’s

are 0, in other words each J (g, S) is empty. But that means each D (g, S) is

empty so
(
M ′
a −M ′

a−1

)
∩ g−1

(
N ′
b −N ′

b−1

)
⊂ U (g) which is all we needed

to prove.

So it only remains to prove the claim that we can make γ (g,R) de-

crease. So suppose γ (g,R) > 0. Then we may pick K0 ∈ J (f,R) so that

µπ,S (K0) ∈ J (g, S) for some S ∈ E (g,R). Notice K0 6= 0 by Lemma 5.1b.

So we may pick σ ∈ K0 − 0. For each S ∈ E (g,R) let σS denote µπ,S (σ)

and KS = µπ,S (K0). For each B0, B1 ∈ B′ define

λ (g,R, S,B0, B1) =

 σS ·B0 − σS ·B1 if S ⊂ B0 ∩B1

and σS ·B0 > 0 > σS ·B1

0 otherwise

Note that λ (g,R, S,B0, B1) is independent of S as long as S ⊂ B0 ∩ B1,

S ∈ E (g,R) andKS ∈ J (g, S). This is because if S′ ⊂ B0∩B1, S
′ ∈ E (g,R)

and KS′ ∈ J (g, S′) then by Lemma 5.1d:

σS′ ·Bi = µπ,S′ (σ) ·Bi = µπ,S (σ) ·Bi = σS ·Bi for i = 0, 1.

So we can define λ (g,R,B0, B1) = λ (g,R, S,B0, B1) if there is an S ∈
E (g,R) with S ⊂ B0 ∩ B1, KS ∈ J (g, S) and σS · B0 > 0 > σS · B1. If no

such S exists we set λ (g,R,B0, B1) = 0. Now let

λ (g,R) = max{λ (g,R,B0, B1) | Bi ∈ B′ } and

η (g,R) = the number of pairs (B0, B1) ∈ B′ ×B′

such that λ (g,R,B0, B1) = λ (g,R) .

Suppose λ (g,R) > 0. Pick L0, L1 ∈ B′ so that λ (g,R, L0, L1) =

λ (g,R). Let π′ : N ′′ → N ′ be the blowup with center L0 ∩ L1. By Propo-

sition 3.9 there is a tico multiblowup ρ′ : M ′′ → M ′ with fat unobtrusive

centers lying over g−1 (|B′|) so that there is a smooth g′ : M ′′ → N ′′ with

π′g′ = gρ′. Note that g−1 (|B′|) = g−1π−1 (|B|) = ρ−1f−1 (|B|) so the

centers of ρρ′ lie over f−1 (|B|).
Assertion 5.3.3 (λ (g′, R) , η (g′, R)) < (λ (g,R) , η (g,R)) with lexicograph-

ical ordering.

Proof: Let us calculate λ (g′, R). Take S′ ∈ E (g′, R) with KS′ ∈ J (g′, S′).

Let S be the stratum of N ′ containing π′ (S′). Pick T ′ ∈ D (g′, S′) so
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that KS′ = K (g′, T ′). Let T be the stratum of M ′ with ρ′ (T ′) ⊂ T . If

dimT < dimT ′ = a then T ⊂ U (g) so T ′ ⊂ U (g′), contradiction. So

dimT = a. Hence K (g′, T ′) = µπ′,S′K (g, T ) by Lemma 5.2. If dimS < b

then T ⊂ U (g) so T ′ ⊂ U (g′), a contradiction. So dimS = b so µπ′,S′ is

injective by Lemma 5.1c. But

K (g′, T ′) = KS′ = µππ′,S′ (K0) = µπ′,S′ (µπ,S (K0)) = µπ′,S′ (KS)

so K (g, T ) = KS by the injectivity of µπ′,S′ . Because KS′ = µπ′,S′ (KS),

we have σS′ ·B (B,B ∩ L) = σS ·B for all B ∈ B′ with S′ ⊂ B (B,B ∩ L).
Also σS′ · π′−1

(L) = σS · L0 + σS · L1 if S ⊂ L and σS′ · π′−1
(L) = 0 if

S 6⊂ L.
Now suppose η (g,R) = 1. Then λ (g,R,B0, B1) < λ (g,R) unless

B0 = L0 and B1 = L1. Suppose λ (g
′, R,B′

0, B
′
1) > 0 for B′

i in the transform

B′′ of B′. Then there is an S′ ∈ E (g′, R) with S′ ⊂ B′
0∩B′

1, KS′ ∈ J (g′, S′)

and σS′ ·B′
0 > 0 > σS′ ·B′

1. Let S be the stratum containing π′ (S′). First

suppose that B′
i = B (Bi, Bi ∩ L) for some Bi ∈ B′, i = 0, 1. Note we

cannot have Bi = Li, i = 0, 1 since we would have S′ ⊂ B′
0 ∩ B′

1 =

B (B0 ∩B1, L) = B (L,L) = ∅. We have seen above that σS′ ·B′
i = σS ·Bi.

Hence

λ (g′, R,B′
0, B

′
1) = σS ·B0 − σS ·B1 = λ (g,R,B0, B1) < λ (g,R) .

Now suppose B′
0 = π′−1

(L) and B′
1 = B (B1, B1 ∩ L). Then

λ (g′, R,B′
0, B

′
1) = σS · L0 + σS · L1 − σS ·B1

< σS · L0 − σS ·B1

= λ (g,R, L0, B1) ≤ λ (g,R) .

Likewise λ (g′, R,B′
0, B

′
1) < λ (g,R,B0, L1) ≤ λ (g,R) ifB′

0 = B (B0, B0 ∩ L)
and B′

1 = π′−1
(L). In any case we have seen λ (g′, R) < λ (g,R).

If η (g,R) > 1 then the above calculations show that λ (g′, R) ≤ λ (g,R)
but η (g′, R) < η (g,R) if λ (g′, R) = λ (g,R), since λ (g′, R,B′

0, B
′
1) =

λ (g,R) impliesB′
i = B (Bi, Bi ∩ L), λ (g,R,B0, B1) = λ (g,R) and (B0, B1) 6=

(L0, L1). �

By Assertion 3.5.3.3, we may as well assume that λ (g,R) = 0. Then

for each S ∈ E (g,R) either KS 6∈ J (g, S) or σS · B ≥ 0 for all B ∈ B′ or

σS ·B ≤ 0 for all B ∈ B′. (Recall that σS ·B = 0 if S 6⊂ B.)

If A ∈ A′ and B ∈ B′ let αAB be the exponent of A in B for g.

Suppose KS ∈ J (g, S) and σS · B ≤ 0 for all B ∈ B′. Pick any T ∈
D (g, S) with K (g, T ) = KS . In particular, σS ∈ K (g, T ). If T ⊂ A ∈ A′

then µg,T (σS) =
∑
B∈B′ (σS ·B)αAB (T ) = 0 so since αAB (T ) ≥ 0 for

all B and σS · B ≤ 0 for all B we must have (σS ·B)αAB (T ) = 0 for

each B ∈ B′. By Lemma 5.1c, µπ,S is injective so σS 6= 0. So we must

have σS · B < 0 for some B ∈ B′. But then we know g (T ) ⊂ S ⊂ B.
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Hence αAB (T ) > 0 for some A ∈ A′ with T ⊂ A by Lemma 2.2. This is a

contradiction since (σS ·B)αAB (T ) = 0.

Likewise we cannot have KS ∈ J (g, S) and σS · B ≥ 0 for all B ∈ B′.

Consequently we must have KS 6∈ J (g, S) for each S ∈ E (g,R). If we do

this for each K0 ∈ J (f,R) we are finished since then J (g, S) = ∅ for each

S ∈ E (g,R).

6. Submersive Tico Maps

Let us recall the definition of submersive tico map in a slightly different

form; in particular we leave out the assumption of surjection of the matrix

(βij). However we prove in Lemma 6.1 that this property will hold anyway,

so our definitions are equivalent.

Definition 6.1. A tico map f : (M,A) → (N,B) is submersive if for

each q ∈M there are charts ψ : Z →M and θ : (Rn, 0)→ (N, f (q)) where

Z is an open subset of Rm so that

1) ψ (Z) is a neighborhood of q.

2) fψ (Z) ⊂ θ (Rn).
3) ψ−1 (|A|) =

⋃m
j>c Rmj ∩ Z.

4) θ−1 (|B|) =
⋃n
i>d Rni , d ≤ c.

5) If fi (x) is the i-th coordinate of θ−1fψ (x) then fi (x) = xi for

i ≤ d.
6) For some nonnegative integers βij , fi (x) =

∏m
j>d x

βij

j for i > d

and for all x ∈ Z.

We should emphasize the case where f (q) 6∈ |B|, for instance when

q 6∈ |A|. Then f is locally a submersion. So f | : M − f−1 (|B|) → N − |B|
is a smooth submersion.

The basic idea is that by 5), f submerses each stratum ofM to its target

stratum and by 6) the ϕi’s in the definition of tico map have a particularly

simple form. Recall, since f is a tico map, fi (x) =
∏m
j>c x

βji

j ϕi (x) (with

ϕi nowhere zero). So ϕi (x) =
∏c
j>d x

bij
j . In particular, we must have

xj 6= 0 for j = d+ 1, . . . , c and x near ψ−1 (q).

Lemma 6.1. The matrix (βij) formed by the exponents in 6) is onto.

Proof: Take the Jacobian matrix of θ−1fψ (x) at some point x with xj 6= 0

for all j. This matrix is onto since x ∈ ψ−1 (M − |A|) so θ−1fψ is a

submersion at x. Multiply each j-th column by xj . Divide each i-th row

by fi. The resulting matrix is still onto. It is

(
I 0
0 β

)
. So β = (βij) is

onto.

Notice that the integers d and c are independent of all choices of θ and

ψ since n− d is the number of local sheets of B containing f (q) and m− c
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is the number of local sheets of A containing q. However the next lemma

shows that there are essentially no restrictions on θ, since if θ satisfies 4)

we may find a ψ so that 1)-6) are satisfied after perhaps composing θ with

some hyperplane reflections.

Lemma 6.2. Let f : (M,A) → (N,B) be a submersive tico map. Pick

any q ∈ M and any chart θ : (Rn, 0) → (N, f (q)) so that θ−1 (|B|) =⋃n
i>d Rni . Then we may pick a chart ψ : Z → M so that 1)-5) in the

definition of submersive tico map hold. In addition a slightly weakened 6)

holds, we have fi (x) = ±
∏m
j>d x

βij

j for i > d.

Proof: Since this is a local result, we may as well assume that M is an

open subset of Rm, N = Rn, |A| =
⋃m
j>c Rmj ∩M , |B| =

⋃n
i>d Rmi and

f (x) =
(
x1, . . . , xd,

m∏
j>d

x
βd+1,j

j , . . . ,
m∏
j>d

x
βnj

j

)
.

By permuting coordinates we may as well assume that θ−1 (Rni ) = Rni
for all i > d. It suffices to find a coordinate chart ψ : Z →M with Z ⊂ Rm
so that q ∈ ψ (Z), ψ−1

(
Rmj

)
= Rmj ∩ Z for all j > c and θf = fψ.

Let θi (x) and ψi (x) denote the i-th coordinates of θ (x) and ψ (x)

respectively. Since θ (Rni ) ⊂ Rni for i > d we know θi (Rni ) = 0 so by

Lemma 3.1.1, θi (x) = xiθ
′
i (x) for some smooth function θ′i, i > d. Notice

that the i-th row of the Jacobian of θ is (0, 0, . . . , θ′i (x) , . . . , 0) at any point

x ∈ Rni . Hence θ′i (x) 6= 0 for all x ∈ Rni . But Rni = θ−1 (Rni ) = θ−1
i (0) =

Rni ∪ θ′
−1
i (0) so θ′i is nowhere zero for i > d. After composing θ with

reflections about the hyperplane Rni we may as well assume that each θ′i is

positive, i > d. (This is the source of the ± signs.)

We wish to solve θf = fψ. In other words,

i) θif (x) = ψi (x) for i ≤ d.
ii) θif (x) =

∏m
j>d ψj (x)

βij for i > d.

So equation i) defines ψi (x) for i ≤ d. For ii) we know that if i > d

then θi (f (x)) =
∏m
j>d x

βij

j θ′i (f (x)). By Lemma 6.1 the matrix (βij) is

onto so we can find rational numbers γjk, d < j ≤ m, d < k ≤ n so that∑m
j>d βijγjk = δik, the Kronecker delta.

Given this, observe that ψj (x) = xj
∏n
k>d θ

′
k (f (x))

γjk will solve equa-

tion ii). So we have a solution ψ to θf = fψ, we must only show that ψ

is a local diffeomorphism. But by computing the Jacobian we can see that

it is. In particular, the Jacobian of ψ at q is of the form
(
A 0 B
C D E
0 0 F

)
where

D and F are diagonal with nonzero i-th entry
∏n
k>d θ

′
k (f (q))

γik and A is

nonsingular since the Jacobian of θ at f (q) is of the form (A G
0 H ) and is

nonsingular.
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Finally, we have the following result about submersive tico maps. Its

proof is very similar to the proof of Lemma 5.2a, so we leave it as an

exercise.

Lemma 6.3. Suppose ρ : (M ′,A′)→ (M,A) and π : (N ′,B′)→ (N,B)

are fat unobtrusive tico multiblowups and f : (M,A)→ (N,B) is a submer-

sive tico map. Suppose f ′ : M ′ → N ′ is a smooth map so that πf ′ = fρ.

Then f ′ is a submersive tico map.

7. Micos

We will need some notion of a tico map which is defined on only part

of a manifold.

Definition 7.1. Let (M,A) and (N,B) be ticos and suppose C ⊂ A.

We say f : |C| → N is a mico if f is the restriction of a tico map, i.e., there is

a neighborhood U of |C| inM and a tico map f ′ : (U,U ∩ (A− C))→ (N,B)

so that f = f ′|. We say the mico has type N if the extension f ′ can be

taken so that f ′ : (U,U∩A)→ (N,B) has type N . Likewise f is submersive

if f ′ : (U,U ∩A)→ (N,B) is submersive.

Lemma 7.1. Let (M,A) and (N,B) be ticos. Suppose C ⊂ A and

f : |C| → N is a smooth map. For every S ∈ C let gS : S
′ → M be the

immersion associated to S. Then

a) f is a mico if and only if fgS : (S′, g∗S (A− C))→ (N,B) is a tico

map for each S ∈ C.

b) If f is a mico then f is a mico of type N if fgS : (S′, g∗S (A)) →
(N,B) has type N for all S ∈ C.

c) If f is a mico then f is a submersive mico if fgS : (S′, g∗S (A))→
(N,B) is submersive for all S ∈ C.

Proof: Suppose that f is a mico. Then f extends to a tico map f ′ on

a neighborhood U of |C|. Pick any sheet S ∈ C, let gS : S
′ → M be the

immersion associated to S. By Lemma 3.2 we know that gS : (S
′, g∗S(A −

C))→ (U,U ∩ (A− C)) is a tico map and hence fgS is a tico map also.

Now suppose that fgS : (S′, g∗S (A− C)) → (N,B) is a tico map for

each S ∈ C. Pick any z ∈ |C|. Pick tico charts ψ : (Rm, 0) → (M, z) and

θ : (Rn, 0)→ (N, f (z)) so that ψ−1 (|A|) =
⋃a
i=1 Rmi , ψ−1 (|C|) =

⋃c
i=1 Rmi ,

fψ (Rm) ⊂ θ (Rn) and θ−1 (|B|) =
⋃b
i=1 Rni . For y ∈ ψ−1 (|C|) let λi (y) be

the i-th coordinate of θ−1fψ (y).

Since fgS : (S′, g∗S (A− C)) → (N,B) is a tico map for each S ∈ C we

know that there are integers αkij and smooth functions ϕki : Rmk → R − 0

for 1 ≤ k ≤ c, 1 ≤ i ≤ b and c < j ≤ a so that λi (y) =
∏a
j=c+1 y

αk
ij

j ϕki (y)

for all y ∈ Rmk . But if y ∈ Rmk ∩ Rm` , we have
∏a
j=c+1 y

αk
ij

j ϕki (y) =
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∏a
j=c+1 y

α`
ij

j ϕ`i (y). Consequently, we know that αkij = α`ij for all i =

1, . . . , b, j = c+1, . . . , a and ϕki (y) = ϕ`i (y) for all i = 1, . . . , b, y ∈ Rmk ∩Rm` .

Hence by Lemma 1.2 we may find smooth functions ϕi : Rm → R so that

ϕi|Rm
k
= ϕki for all i = 1, . . . , b and k = 1, . . . , c.

Now we may extend each λi to Rm by letting

λi (y) =
a∏

j=c+1

y
α1

ij

j ϕi (y)

for i ≤ b and taking any extension we please for i > b. So we can extend f

to U = ψ
(
Rm −

⋃b
i=1 ϕ

−1
i (0)

)
by setting

f ′ (x) = θ
(
λ1ψ

−1 (x) , . . . , λnψ
−1 (x)

)
.

Furthermore, there is a relative version. Suppose we already have a tico

map f ′′ : (U ′, (A− C) ∩ U ′)→ (N,B) so that f ′′|U ′∩|C| = f | and U ′ is some

open set. Let K ⊂ U ′ be closed. Then we claim there is a neighborhood

U ′′ of (|C| ∩ ψ (Rm))∪K and a tico map f ′′′ : (U ′′, (A− C) ∩ U ′′)→ (N,B)

so that f ′′′|U ′′∩|C| = f | and f ′′′|K = f ′′|K .

To see this relative version, note that on ψ−1 (U ′) we already have an

extension of the λi’s and the ϕi’s. So we need only pick our extensions of

the λi’s and ϕi’s to Rm so that they agree with the previous extensions on

ψ−1 (K ′) for some closed neighborhood K ′ of K in U ′. We may then let

U ′′ = Int(K ′ ∪U) and let f ′′′|IntK′ = f ′′| and f ′′′|U = f ′. Since f ′′ and f ′

agree on the open set U ∩ IntK ′, we know that f ′′′ is smooth and is clearly

a tico map.

Now that we have the relative version we easily get the compact global

version. More specifically, let L ⊂M be compact and suppose f ′ : (U ′, (A− C) ∩ U ′)→
(N,B) is an extension where U ′ is open and K ⊂ U ′ is closed. Then there

is a closed neighborhood U ′′ of K ∪ (L ∩ |C|) and an extension f ′′ so that

f ′′|K = f ′|. We prove this by covering L ∩ |C| with a finite number of

charts and applying the above relative version a finite number of times. In

particular, if M is compact we may set L = M , U ′ = ∅ and the lemma is

proven.

So suppose M is not compact. Pick a sequence of open sets Wi ⊂ M

so that for each i, Cl(Wi) is compact, Cl(Wi) ⊂ Wi+1 and
⋃∞
i=1 Wi = M .

Let W0 = ∅. Since Cl(Wi) is compact for all i we know that for each

i = 0, 1, . . . there is a neighborhood Ui of Cl(W4i+3) ∩ |C| and a tico map

fi : (Ui, (A− C) ∩ Ui) → (N,B) extending f |. Pick closed neighborhoods

Ki of Cl(W4i+3) ∩ |C| in Ui. We know that for each i = 0, 1, . . . there is a

neighborhood U ′
i of Cl(W4i+6)∩|C| and a tico map f ′i : (U ′

i , (A− C) ∩ U ′
i)→

(N,B) extending f | so that

i) f ′i agrees with fi on Ki ∩ U ′
i ∩W4i+3.
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ii) f ′i agrees with fi+1 on Ki+1 ∩ U ′
i −W4i+4.

Let

U =
∞⋃
i=0

(IntKi ∩ (W4i+3 − Cl(W4i))) ∪ (U ′
i ∩ (W4i+5 − Cl(W4i+2))) .

Then certainly U is a neighborhood of |C|. We define f ′ : U → N as

follows. If x ∈ IntKi ∩ (W4i+3 − Cl(W4i)) let f ′ (x) = fi (x). If x ∈
U ′
i ∩ (W4i+5 − Cl(W4i+2)) let f (x) = f ′i (x). This is well defined by i) and

ii). It is certainly a tico map since it is locally either fi or f
′
i . Hence the

lemma is proven, since f ′ : (U, (A− C) ∩ U) → (N,B) being a tico map

implies that f ′ : (U,A ∩ U)→ (N,B) is a tico map also by Lemma 2.5.

Now suppose that f is a mico and fgS : (S′, g∗S (A))→ (N,B) has type

N for all S ∈ C. Pick any z ∈ |C|. Pick S ∈ C so that z ∈ S. We may pick

charts ψ′ : Z ′ → S′ and θ : (Rn, 0) → (N, f (z)) where Z ′ is a connected

open subset of Rm1 , ψ′ (Z ′) is a neighborhood of some point z′ ∈ g−1
S (z),

fgSψ
′ (Z) ⊂ θ (Rn), ψ′−1

(|g∗S (A) |) =
⋃a
i=2 Rmi ∩Z ′, θ−1 (|B|) =

⋃b
i=1 Rni ,

fi (x) =
∏c
j=2 x

αij

j for i ≤ b and the matrix (αij) is onto, where fi (x) is

the i-th coordinate of θ−1fgSψ
′ (x). We may also assume Z ′∩Rmi is empty

for a < i ≤ c.
Pick any chart ψ : Z → M where Z is some connected neighborhood

of Z ′ in Rm so that Z ∩ Rm1 = Z ′, gSψ
′ = ψ|, ψ−1 (|A|) =

⋃a
i=1 Rmi ∩ Z

and Z ∩Rmi is empty for all a < i ≤ c. Let hi (x) be the i-th coordinate of

θ−1f ′ψ (x) where f ′ is any extension of f to a tico map on a neighborhood

of x. Then for i ≤ b, we have hi (x) =
∏a
j=1 x

βij

j ϕi (x) for some smooth

maps ϕi : Z → R − 0. Since hi|Z′ = fi we know that βi1 = 0 for all i ≤ b,

βij = αij for all i ≤ b, 1 < j ≤ a and ϕi (x) =
∏c
j>a x

αij

j for x ∈ Z ′.

Since (αij) is onto we may pick rational numbers γjk for 2 ≤ j ≤
c, 1 ≤ k ≤ b so that

∑c
j=2 αijγjk = δik, the Kronecker delta. Define

µj : Z → R for 1 ≤ j ≤ m by letting µj (x) = xj if j = 1, or j > c and

µj (x) = xj
∏b
k=1

(
ϕk (x)

∏c
i>a x

−αki
i

)γjk
for 2 ≤ j ≤ c. Define µ : Z → Rm

by µ (x) = (µ1 (x) , . . . , µm (x)). Note that µ|Z′ is the identity. Then the

Jacobian matrix of µ at any point of Z ′ is the identity (except for some

garbage in the first columns of rows 2 to c). Hence there is a neighborhood

Z ′′ of ψ−1 (z) in Z on which µ−1 is well defined.

Let gi (x) be the i-th coordinate of θ−1f ′ψµ−1 (x) for x ∈ Z ′′. We

claim that gi (x) =
∏c
j=2 x

αij

j for all i ≤ b. To see this, let y = µ−1 (x).
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Then gi (x) = hi (y) =
∏a
j=2 y

αij

j ϕi (y). But

c∏
j=2

x
αij

j =
c∏
j=2

µj (y)
αij

=
c∏
j=2

y
αij

j

c∏
j=2

b∏
k=1

(
ϕk (y)

c∏
d>a

y−αkd

d

)γjkαij

=
c∏
j=2

y
αij

j

b∏
k=1

(
ϕk (y)

c∏
d>a

y−αkd

d

)δik
=

c∏
j=2

y
αij

j ϕi (y)
c∏

d>a

y−αid

d =
a∏
j=2

y
αij

j ϕi (y) = gi (x) .

So f ′ has type N . The proof for submersive micos is similar to the above

type N proof.





CHAPTER 4

RESOLUTION TOWERS

1. Definition of Resolution Towers

Finally we are in a position to define resolution towers. The main result

of this chapter is Theorem 2.8 which says that once we have a resolution

tower, we can blow it up to make it nicer.

Definition 1.1. A resolution tower T = {Vi,Ai, pi}I is a partially

ordered index set I, a collection of ticos (Vi,Ai), i ∈ I and collections of

proper maps pi = {pji}j<i where pji : Vji → Vj so that for each j < i,

Vji = |Aji| for some Aji ⊂ Ai and:

I. If Vji ∩ Vki 6= ∅ then either j < k or k < j or k = j. Moreover,

pji (Vji ∩ Vki) ⊂ Vkj if k < j < i.

II. pkj ◦ pji| = pki|Vji∩Vki
if k < j < i.

III. p−1
ji

(⋃
k<m Vkj

)
=

⋃
k<m Vki ∩ Vji if m ≤ j < i.

IV. Ai is the disjoint union
⋃
j<i Aji.

V. p−1
ji (∂Vj) = ∂Vi ∩ Vji if j < i.

Note that although Aji ∩ Aki is empty if j 6= k, |Aji| ∩ |Aki| is not

usually empty.

We normally take the index set I to be {0, . . . , n}, indeed if there are

n + 1 elements of I there is a one to one order preserving map of I onto

{0, . . . , n} so we might as well do so. However we will sometimes find it

convenient to use other indexing sets.

Definitions 1.2. A subset I′ ⊂ I is called an upper index subset if

i < j and i ∈ I′ implies j ∈ I′. A subset I′ ⊂ I is called a lower index subset

if i > j and i ∈ I′ implies j ∈ I′.

Definition 1.3. A resolution tower is finite if each tico (Vi,Ai) is

finite.

To make a resolution tower useful we will usually need some additional

properties. The ones we will use here are:

R - Each tico Ai is regular

M - Each pji is a mico

143
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E - Each tico Ai is regular and also each pji is a mico

with constant exponents

S - Each pji is a submersive mico

N - Each pji has type N

F - Each (Vi,Ai) is full

U - pji|S is a submersion for every stratum S of (Vi,Ai)

with S ⊂ Vji −
⋃
k<j Vki

We can combine these properties. Thus a resolution tower for which

properties R and M hold is said to be of type RM (or type MR). A

resolution tower of type E is automatically of type MR.

Definition 1.4. If T = {Vi,Ai, pi}I is a resolution tower, then ∂T is

the tower {V ′
i ,A

′
i, p

′
i}I where V ′

i = ∂Vi, Aji = Aji ∩ ∂Vi and p′ji = pji|V ′
ji
.

Excercise 1.1. ∂T is a resolution tower.

As for the case of ticos, we will tend to ignore boundary points in

proofs. Taking them into account would only complicate the proofs and

obscure the ideas.

Definition 1.5. If T = {Vi,Ai, pi}I is a resolution tower and I′ ⊂ I is a

lower index subset then the truncated resolution tower T[I′] is {Vi,Ai, pi}I′ .
In other words we just forget Vi, Ai and pi for i 6∈ I′. In case I = {0, . . . , n}
we make the convention that T[m] = T[{0, 1, . . . ,m}].

Definition 1.6. If T = {Vi,Ai, pi}I is a resolution tower then |T|
denotes the realization of T. This is the quotient space obtained from the

disjoint union
⋃
i∈I Vi by identifying every x ∈ Vji with pji (x) ∈ Vj .

Excercise 1.2. |T| is a locally compact Hausdorff space. (Hint: you

need the properness of the pi’s).

Notice that |T| is a stratified set with strata Vi−|Ai|. The reader should
think of Vi as being a resolution of the singularities of the i-skeleton of |T|
and think of Vji ⊂ Vi as the closure of the inverse image of the j strata.

The maps pji glue all these different resolutions together. We normally

think of Vi as having dimension i but for convenience we do not actually

require this.

For example, if n = 1, V1 is a circle, A01 is 3 points, V0 is 2 points and

p01 (|A01|) is one point in V0, then the realization will be as in Figure 1, a

three-leaf rose union a point.

The following gives another example of a resolution tower. Consider

the resolution tower T = {Vi,Ai, pi}2i=0 where V2 = S1 × S1, A02 = {S1 ×
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Figure 1. A realization of a resolution tower

a, S1 × b}, A12 = {a × S1}, V1 = S1, A01 = {a, b} where a 6= b are

points on S1, V0 = S0 = {a′, b′}, p02 collapses S1 × a and S1 × b to a′

and b′ respectively, p01 takes a, b to a′, b′ respectively, p12 is the obvious

homeomorphism a× S1 → S1 induced by projection. This tower is shown

in Figure 2. The realization of this resolution tower is the suspension of

S1a ×

S1× a S1× b a b
a' b'

V0

V1V2

Figure 2. A resolution tower

two circles shown in Figure 3.

Figure 3. The realization of the resolution tower

Throughout this book, when we mention a resolution tower T then

unless we state otherwise, we automatically mean that T = {Vi,Ai, pi}I,
for some I, pji is an element of the collection pi, Vji is the domain of pji and

Aji ⊂ Ai is such that Vji = |Aji|. Likewise if we have another resolution

tower T′ we will mean that T′ = {V ′
i ,A

′
i, p

′
i}I′ , p′ji will be an element of

the collection p′j , V
′
ji will be the domain of p′ji and |A′

ji| = V ′
ji. A similar
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convention holds for T′′ etc. Thus, naming T automatically names each

Vi, Ai, pi, Vji, Aji and pji and we may begin using these symbols without

explicitly defining them. By default, unless we state otherwise, the index

set I will be {0, . . . , n}.

Definition 1.7. We call a resolution tower T = {Vi,Ai, pi}I an alge-

braic resolution tower if each (Vi,Ai) is an algebraic tico and all pji are

entire rational functions. In particular all algebraic resolution towers are

of type R. Sometimes to emphasize the fact that resolution towers are

topological objects we will call them topological resolution towers.

Definitions 1.8. Let T = {Vi,Ai, pi}I and T′ = {V ′
i ,A

′
i, p

′
i}I′ be

resolution towers. Let α : I → I′ be an order preserving map and let f =

{fi}I be a collection of smooth maps fi : Vi → V ′
α(i). Then we say that

f : T→ T′ is a tower morphism if

1) fi (|Aji|) ⊂ |A′
α(j)α(i)| for all j < i.

2) f−1
i

(⋃
j≤b |A′

jα(i)|
)
=

⋃
α(k)≤b |Aki| for all b < α(i).

3) p′α(j)α(i)fi||Aji| = fjpji for all j < i.

We say that f is a tico tower morphism if in addition, each fi : (Vi,Ai)→
(V ′
i ,A

′
i) is a tico map. If T and T′ are algebraic, each fi is an entire rational

function and {fi}I is a tower morphism we say that {fi}I is a rational tower

morphism.

Definition 1.9. An isomorphism h = (hi)I between two resolution

towers T = {Vi,Ai, pi}I and T′ = {V ′
i ,A

′
i, p

′
i}I′ is an invertible tower mor-

phism. In other words, it is an isomorphism α : I→ I′ of ordered sets and

a set of diffeomorphisms hi : Vi → V ′
α(i), i ∈ I, so that h∗iA

′
α(j)α(i) = Aji for

all j < i and hjpji = p′α(j)α(i)hi| for all j < i.

Definition 1.10. In Chapter VII we will find a weaker notion use-

ful. A weak isomorphism h = (hi)I between two resolution towers T =

{Vi,Ai, pi}I and T′ = {V ′
i ,A

′
i, p

′
i}I′ is an isomorphism α : I → I′ of or-

dered sets and a set of homeomorphisms hi : Vi → V ′
α(i), i ∈ I, so that

h∗iA
′
α(j)α(i) = Aji for all j < i and hjpji = p′α(j)α(i)hi| for all j < i and

so that each hi restricts to a diffeomorphism of Vi − |Ai| to V ′
α(i) − |A

′
α(i)|.

Notice that a weak isomorphism induces an isomorphism of stratified sets

from the realization |T| to |T′|.

We often will say that a collection of functions {fi}i∈I is a tower mor-

phism, tico tower morphism, etc., without mentioning the map α since α

can be recovered from {fi}i∈I anyway. But sometimes it is convenient to

mention α.
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Let TR and AR be the set of all topological and algebraic resolution

towers respectively. When we put subscripts R,M,E, S,N, F, U to TR or

AR they will denote the subsets of TR or AR of that type. For example,

TRRM is the set of resolution towers of type RM . Clearly we can map

AR → TR by the forgetful map. Notice TRS ⊂ TRNU ⊂ TRMU , ARS ⊂
ARNU ⊂ ARMU and AR = ARR.

Let us make the convention that if D is any subset of TR or AR then

|D| = { | T| | T ∈ D }. We think of |D| as lying in the collection of smooth

stratified sets up to P.L. isomorphism, i.e., we identify two stratified sets if

they have isomorphic refinements.

Theorem 2.8 and Proposition 2.7 below have the following corollary.

Theorem 1.1. |TR| = |TRR| and |TRM | = |TRERN |. In fact |AR∗M | =
|AR∗ERN |, |TR∗| = |TR∗R| and |TR∗M | = |TR∗ERN | where ∗ is any string

of symbols from {F,U,N, S}.

Let us now prove some results about resolution towers.

Lemma 1.2. Let T = {Vi,Ai, pi}I be a resolution tower of typeM . Pick

any extension p′ji of pji to a neighborhood U of Vij so that p′ji : (U,U ∩Ai)→
(Vj ,Aj) is a tico map. Then for any m, there is a neighborhood U ′ of Vji
so that

p′ji :
(
U ′, U ′ ∩

⋃
k≤m

Aki
)
→

(
Vj ,

⋃
k≤m

Akj
)

is a tico map.

Proof: By Lemma 2.5 we may as well assume that m < j. We know that

p′ji
−1( ⋃

k≤m

Vkj
)
∩ Vji = p−1

ji

( ⋃
k≤m

Vkj
)
= Vji ∩

⋃
k≤m

Vki.

Since p′ji
−1

(
⋃
k≤m Vkj) ⊂ |U ∩ Ai|, Lemma 2.2 implies that we can find a

neighborhood U ′ of Vji so that U ′ ∩ p′ji
−1

(
⋃
k≤m Vkj) = U ′ ∩

⋃
k≤m Vki.

The result now follows from Lemma 2.5.

Definition 1.11. A resolution tower T = {Vi,Ai, pi}ni=a is called well

indexed with bias m if dimVi = i+m for all i = a, . . . , n. It is simply called

well indexed if it is well indexed with some bias.

Proposition 1.3. Suppose T = {Vi,Ai, pi}I is a resolution tower and

dimVj < dimVi whenever Vji 6= ∅. Then there is a canonical way of

changing T into a well indexed resolution tower T′ = {V ′
i ,A

′
i, p

′
i}mi=0 with

bias 0 so that |T| = |T′|. Furthermore, if T is of type R, M, E, S, N, F or

U or is algebraic, so is T′.

Proof: Let m = maxdimVi and let Dk = { i ∈ I | dimVi = k }. Let V ′
k =⋃

i∈Dk
Vi, A

′
k =

⋃
i∈Dk

Ai and A′
bk =

⋃
j∈Db

⋃
i∈Dk

Aji. Our hypothesis

implies that:
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Assertion 1.3.1 A′
k =

⋃
b<k A

′
bk.

We also know that:

Assertion 1.3.2 Vji ∩ Vki = ∅ if k < j and dimVj ≤ dimVk.

Proof: Suppose not. Then ∅ 6= pji(Vji ∩ Vki) ⊂ Vkj . So dimVk < dimVj , a

contradiction. �

So we may define p′bc : |A′
bc| → V ′

b by p′bc|Aji = pji if j ∈ Db and i ∈ Dc.

By Assertion 4.1.2.2, this is well defined since if k 6= j and dimVj = dimVk
we must have Vji ∩ Vki = ∅.
Assertion 1.3.3 T′ is a resolution tower.

Proof: Note that Assertion 4.1.2.1 implies condition IV in the definition of

resolution tower. The first part of condition I is trivial. For the last part

of condition I, if 0 ≤ a < b < c ≤ m then

p′bc(V
′
bc∩V ′

ac) = p′bc
( ⋃
k∈Da

⋃
j∈Db

⋃
i∈Dc

(Vki∩Vji)
)
=

⋃
k∈Da

⋃
j∈Db

⋃
i∈Dc

pji(Vki∩Vji).

But by Assertion 4.1.2.2, Vki∩Vji 6= ∅ for k ∈ Da and j ∈ Db implies k < j

so

p′bc(V
′
bc ∩ V ′

ac) =
⋃
j∈Db

⋃
i∈Dc

k<j⋃
k∈Da

pji(Vki ∩ Vji) ⊂
⋃
k∈Da

⋃
j∈Db

Vkj = |A′
ab|.

Now condition II is immediate from condition I and the definition of p′bc.

For condition III, pick integers d ≤ b < c then by condition I we know that

p′bc
−1

(⋃
a<d

V ′
ab

)
⊃

⋃
a<d

(V ′
ac ∩ V ′

bc).

So take any x ∈ p′bc
−1

(⋃
a<d V

′
ab

)
. Then x ∈ p−1

ji (Vkj) for some i ∈ Dc,

j ∈ Db, k ∈ Da with k < j < i and a < d. Choose a minimal m so that

k < m ≤ j. Then by condition III we know that x ∈ V`i ∩ Vji for some

` < m. Then pji(x) ∈ V`j∩Vkj so we know from condition I that either ` < k

or ` > k or ` = k. We can not have ` > k since the minimality of m would

be violated. So ` ≤ k and thus by Assertion 4.1.2 dimV` ≤ dimVk < d so

x ∈ V`i ∩ Vji ⊂
⋃
a<d(V

′
ac ∩ V ′

bc). �

We leave the verification that the types don’t change as an exercise.

Lemma 1.4. Suppose T = {Vi,Ai, pi}I is a resolution tower of type U.

Then dimVj < dimVi whenever Vji 6= ∅.

Proof: Pick i and j so Vji 6= ∅. Pick a stratum S of Vi so that S ⊂ Vji −⋃
b<j Vbi. Then pji|S submerses S to Vj . Hence dimVj ≤ dimS < dimVi.
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2. Blowing up Resolution Towers

We need to develop a notion of blowing up resolution towers. The first

step is to blow up a single level of a resolution tower.

Definition 2.1. Let T = {Vi,Ai, pi}I be a resolution tower and let

π : (V ′
k,A

′
k)→ (Vk,Ak) be a tico multiblowup with unobtrusive, unskewed

centers. We will define the tower transforms A′
jk, p

′
jk and p′k of Ajk, pjk

and pk with A′
jk ⊂ A′

k, p
′
jk : |A′

jk| → Vj and p
′
k = {p′jk}j<k. Factor π into a

composition of a single blowup π′ : (V ′
k,A

′
k)→ (V ′′

k ,A
′′
k) with center L and

a multiblowup π′′ : (V ′′
k ,A

′′
k)→ (Vk,Ak). We may suppose we have already

defined the tower transforms A′′
jk of Ajk, 0 ≤ j < k (via the multiblowup

π′′), so that A′′
k is the disjoint union

⋃
j<k A′′

jk and so that A′′
jk = Ajk in

case π′′ is the identity. Let m be the smallest index with L ⊂ |A′′
mk|. We

define A′
jk to be the strict transform of A′′

jk (via the blowup π′) if j 6= m

and let A′
mk be the total transform of A′′

mk. Let p′jk : |A′
jk| → Vj be pjkπ|

and let p′k = {p′jk}j<k.

Lemma 2.1. With the notation as above,

π (|A′
ik|) = |Aik| and

π−1
(⋃
j≤i

|Ajk|
)
=

⋃
j≤i

|A′
jk|

for all i < k.

Proof: Wemay assume π is a single blowup with center L. That π (|A′
ik|) =

|Aik| follows from the definition of strict transform and the fact that L is

nowhere dense in |Aik| if i 6= m. As usual, let V ′
jk denote |A′

jk|. Pick

any x ∈ π−1 (Vjk) with j ≤ i. Then either x ∈ V ′
jk or π (x) ∈ L. If

π (x) ∈ L suppose first that L is transverse to Vjk at π (x). Then V ′
jk

coincides with π−1 (Vjk) near x so x ∈ V ′
jk. If L is not transverse, then

L ⊂ Vjk so π−1 (L) ∈ A′
mk for some m ≤ j. So in any case x ∈

⋃
b≤j V

′
bk.

So π−1(Vjk) ⊂
⋃
b≤j V

′
bk. But π(V

′
jk) ⊂ Vjk, so we are done.

In order for a blowup of a single level to fit into the resolution tower,

we need liftings of maps from all the higher levels. The liftings may not

exist but the following lemma says that if they do, a resolution tower is

obtained.

Lemma 2.2. Let T = {Vi,Ai, pi}I be a resolution tower and suppose

that π : (V ′
k,A

′
k) → (Vk,Ak) is a tico blowup with unobtrusive, unskewed

center L. Suppose further that there are maps p′ki : Vki → V ′
k for all i > k

so that πp′ki = pki. Let A′
jk, p

′
k, p

′
jk be the tower transforms of Ajk, pk

and pjk, j < k. For i 6= k let V ′
i = Vi, A

′
i = Ai and p

′
i = {p′ji}j<i where

p′ji = pji for i 6= k 6= j. Then T′ = {V ′
i ,A

′
i, p

′
i}I is a resolution tower.
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Also T′ has type U if T has type U and if pjk| submerses all strata of

L ∩ Vjk −
⋃
m<j Vmk for all j < k.

Proof: First let us show that the maps p′ji are proper. This is trivial for

j 6= k 6= i since p′ji = pji. Now p′jk = pjkπ which is proper since pjk and

π are. So let us consider p′ki. Take a compact set K ⊂ V ′
k. Then π (K)

is compact so p−1
ki π (K) is compact by properness of pki. But p′ki

−1
(K) is

a closed subset of p′ki
−1
π−1π (K) = p−1

ki π (K) which is compact. So p′ki is

proper.

Let us prove condition I in the definition of resolution tower. If V ′
jk ∩

V ′
ik 6= ∅ then ∅ 6= π(V ′

jk ∩ V ′
ik) ⊂ Vjk ∩ Vik so either i < j, j < i or i = j.

Next, if j < i < k, then

p′ik(V
′
ik ∩ V ′

jk) = pikπ(V
′
ik ∩ V ′

jk) ⊂ pik(Vik ∩ Vjk) ⊂ Vji = V ′
ji.

If j < k < i then pick any x ∈ Vki ∩ Vji −
⋃
m<j Vmi. Then

p′ki (x) ∈ π−1pki (x) ⊂ π−1
(
Vjk −

⋃
m<j

Vmk
)
= V ′

jk −
⋃
m<j

V ′
mk

by Lemma 2.1. So p′ki (Vji ∩ Vki) ⊂ V ′
jk by continuity. So condition I is

true.

The only nontrivial case in condition II is to show that if k < j < i then

p′ki (x) = p′kjpji (x) for all x ∈ Vji∩Vki. First take x ∈ Vji∩Vki−
⋃
m<k Vmi.

Then pki (x) ∈ Vk − |Ak| ⊂ Vk − L. But π| : V ′
k − π−1 (L) → Vk − L is a

diffeomorphism. So p′ki (x) = π−1pki (x) = π−1pkjpji (x) = p′kjpji (x).

Since
⋃
m<k Vmi is nowhere dense in Vji ∩ Vki we know that p′ki (x) =

p′kjpji (x) for all x ∈ Vji ∩ Vki by continuity.

To see condition III, note that if m ≤ i < k then

p′ik
−1( ⋃

j<m

Vji
)

= V ′
ik ∩ π−1p−1

ik

( ⋃
j<m

Vji
)

= V ′
ik ∩ π−1

(
Vik ∩

⋃
j<m

Vjk
)
= V ′

ik ∩
⋃
j<m

V ′
jk

by Lemma 2.1. If m ≤ k < i then

p′ki
−1( ⋃

j<m

V ′
jk

)
= p′ki

−1
π−1

( ⋃
j<m

Vjk
)
= p−1

ki

( ⋃
j<m

Vjk
)
= Vki ∩

⋃
j<m

Vji

So III is shown. Condition IV is immediate, and condition V follows since

π preserves the boundary. Hence T′ is a resolution tower.

Now suppose that T is of type U . We must show that T′ is of type

U also. Pick a stratum T of Vki −
⋃
j<k Vji. Since pki| : T → Vk − |Ak|

is a submersion and π−1| : Vk − |Ak| → V ′
k − |A′

k| is a diffeomorphism,

we know that p′ki| = π−1pki| : T → V ′
k − |A′

k| is submersion. Now pick a

connected component S of a stratum of V ′
ik −

⋃
j<i V

′
jk. If π (S) 6⊂ L then

π (S)∩L is empty so π|S is an embedding onto an open subset of a stratum
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of Vik −
⋃
j<i Vjk. Hence p′ik|S = pikπ|S is a submersion. If π (S) ⊂ L

then π| : S → S′ is a bundle over a stratum S′ of L ∩ Vik −
⋃
j<i Vjk. By

assumption, pik| : S′ → Vi is a submersion. Hence p′ik|S is a submersion.

So T′ is of type U .

We can now blow up a resolution tower.

Definition 2.2. A multiblowup of a resolution tower T = {Vi,Ai, pi}I
is a collection {πi}I of unobtrusive unskewed tico multiblowups

πi : (V ′
i ,A

′
i)→ (Vi,Ai)

and maps

p′ji : |A′
ji| → V ′

j

where each A′
ji is the tower transform of Aji so that

πjp
′
ji = pjiπi|.

Lemma 2.3 below shows that T′ = {V ′
i ,A

′
i, p

′
i}I is a resolution tower.

Lemma 2.3. If {πi}I : T′ → T is a multiblowup then:

a) T′ is a resolution tower.

b) |T′| = |T|.

Proof: Note that Lemma 2.2 implies that a) is true if all but one of the πi’s

are the identity. We may as well assume that I = {0, . . . , n}. But {πi}ni=0

may be factored into n + 1 such multiblowups, first do {id, id, . . . , id, πn}
then {id, id, . . . , πn−1, id} and so forth.

To prove b), note that {πi}ni=0 induces a continuous proper map π : |T′| →
|T|. By unobtrusiveness of each πi, π restricts to a diffeomorphism on each

stratum since πi| : V ′
i −|A′

i| → Vi−|Ai| is a diffeomorphism. So π is one to

one and onto. Hence π−1 exists since |T′| and |T| are both locally compact

Hausdorff.

Excercise 2.1. Any multiblowup is a tico tower morphism.

Lemma 2.4. Let {πi}I : T′ → T be a multiblowup and let {fi}I′′ : T′′ →
T, α : I′′ → I be a tower morphism. Suppose for each i ∈ I′′, we have a

map gi : V
′′
i → V ′

α(i) so that πα(i)gi = fi. Then {gi}I′′ : T′′ → T′ is a tower

morphism. If {fi}I′′ is a tico tower morphism then {gi}I′′ is a tico tower

morphism also.

Proof: Let T = {Vi,Ai, pi}I, let T′ = {V ′
i ,A

′
i, p

′
i}I and let T′′ = {V ′′

i ,A
′′
i , p

′′
i }I′′ .

Then Lemma 2.7 implies that gi : (V ′′
i ,A

′′
i )→

(
V ′
α(i),A

′
α(i)

)
is a tico map
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if fi : (V ′′
i ,A

′′
i )→

(
Vα(i),Aα(i)

)
is a tico map. So we must only show that

gi
(
|A′′
ji|
)
⊂ |A′

α(j)α(i)|

g−1
i

(⋃
d≤b

|A′
dα(i)|

)
=

⋃
α(c)≤b

|A′′
ci| and

gjp
′′
ji = p′α(j)α(i)gi|

for all j < i and b < α(i).

It suffices to consider the case where for some k, πi = identity for i 6= k

and πk is a single blowup with center L. This is because, as in Lemma 2.3,

we may factorize the multiblowup into such simple multiblowups.

If α(i) 6= k then gi = fi. Hence for all i ∈ α−1(k), we only need show

that:

gi
(
|A′′
ji|
)
⊂ |A′

α(j)k| for all j < i

g−1
i

(⋃
d≤b

|A′
dk|

)
=

⋃
α(c)≤b

|A′′
ci| for all b < k

gjp
′′
ji = p′α(j)kgi| for all j < i

gip
′′
ij = p′kα(j)gj for all j > i

Pick the smallest m so that L ⊂ |Amk|. Pick any i ∈ α−1(k). By

definition of the tower transform, we know that π−1
k (|Ajk|) = |A′

jk| for all
j ≤ m. Hence if j < i and α(j) ≤ m,

gi
(
|A′′
ji|
)
⊂ π−1

k fi
(
|A′′
ji|
)
⊂ π−1

k

(
|Aα(j)k|

)
= |A′

α(j)k|.

If j < i and α(j) > m then take any x ∈ |A′′
ji| −

⋃
b<j |A′′

bi|. Then

fi (x) ∈ |Aα(j)k| −
⋃

b<α(j)

|Abk| ⊂ |Aα(j)k| − L.

But π−1
k

(
|Aα(j)k| − L

)
= |A′

α(j)k| − π−1
k (L) so gi (x) ∈ |A′

α(j)k|. So by

continuity, gi
(
|A′′
ji|
)
⊂ |A′

α(j)k|.
We also know that for any b < k,

⋃
d≤b |A′

dk| = π−1
k

(⋃
d≤b |Adk|

)
by

Lemma 2.1 so

g−1
i

(⋃
d≤b

|A′
dk|

)
= f−1

i

(⋃
d≤b

|Adk|
)
=

⋃
α(c)≤b

|A′′
ci|.

Next, for x ∈ |A′′
ji| we know that

p′α(j)kgi (x) = pα(j)kπkgi (x) = pα(j)kfi (x) = fjp
′′
ji (x) = gjp

′′
ji (x) .

Finally, for any j > i, pick any x ∈ |A′′
ij | −

⋃
b<i |A′′

bj |. Then

πkp
′
kα(j)gj (x) = pkα(j)fj (x) = fip

′′
ij (x) = πkgip

′′
ij (x) .
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But p′′ij (x) ∈ V ′′
i − |A′′

i | so fip′′ij (x) ∈ Vi − |Ai| ⊂ Vi − L. Consequently

πkp
′
kα(j)gj (x) = πkgip

′′
ij (x) ∈ Vk − L means that p′kα(j)gj (x) = gip

′′
ij (x).

Since |A′′
ij |−

⋃
b<i |A′′

bj | is dense in |A′′
ij | we know by continuity that gip

′′
ij =

p′kα(j)gj |. So we are finished.

The following technical lemma allows one to lift a map - something you

must do if you wish to construct multiblowups of resolution towers.

Lemma 2.5. Let T = {Vi,Ai, pi}I be a finite resolution tower of type

M . Let (N,B) be a tico and let ρ : (N ′,B′)→ (N,B) be a fat unobtrusive

tico multiblowup. Let q : Vji → N be a mico. Suppose that Ai is a regular

tico and for some k ≤ j, q| :
(
S, S ∩

(⋃
m<k Ami

))
→ (N,B) is a tico

map for all S ∈ Aji. Then there is a fat unobtrusive tico multiblowup

π : (V ′
i ,A

′
i) → (Vi,Ai) with centers lying over

⋃
m<k Vmi and there is a

mico r : |A′
ji| → N ′ so that ρr = qπ| where A′

ji is the tower transform of

Aji.

Furthermore, in the algebraic case where T, (N,B), (N ′,B) and ρ are

algebraic and q is an entire rational function, we may guarantee that π is

an algebraic multiblowup and r is an entire rational function.

Proof: Suppose we have a mico f : |C| → N ′ so that ρf = q| for some

C ⊂ Aji. Furthermore, suppose f is an entire rational function if we are in

the algebraic case. If C = Aji we are done, so we may as well assume that

C 6= Aji.

Pick S ∈ Aji − C. By Proposition 3.9 there is a fat unobtrusive tico

multiblowup π : (S′,E)→
(
S, S ∩

(⋃
m<k Ami

))
and a tico map g : (S′,E)→

(N ′,B′) so that ρg = fπ. By Lemma 3.7, π gives a fat unobtrusive tico

multiblowup of (S, S ∩Ai). This induces a fat unobtrusive tico multiblowup

π : (V ′
i ,A

′
i)→ (Vi,Ai) with the same centers so that S′ ⊂ V ′

i . Notice that

the centers of π all lie over
⋃
m<k Vmi, hence the tower transform of Ami

is the strict transform of Ami for all m ≥ k, in particular for m = j. Let

C′ be the strict transform of C and let A′
mi be the tower transform of each

Ami.

Assertion 2.5.1 g|S′∩|C′| = fπ|S′∩|C′|.

Proof: Since S ∩ |C| ∩
⋃
m<k Vmi is nowhere dense in S ∩ |C|, S′ ∩ |C′| ∩⋃

m<k |A′
mi| is nowhere dense in S′ ∩ |C′|. Hence if g| 6= fπ| there is an

x ∈ S′ ∩ |C′| −
⋃
m<k |A′

mi| such that g (x) 6= fπ (x). But then π (x) ∈
S∩|C|−

⋃
m<k Vmi so qπ (x) ∈ N−|B|. But ρ−1 is single valued on N−|B|

so g (x) = fπ (x) since ρg (x) = qπ (x) = ρfπ (x). So g| = fπ|. �

By Lemma 1.2 there is a smooth h : S′ ∪ |C′| → N ′ so that h|S′ = g

and h||C′| = fπ|. By Lemma 3.11, h is an entire rational function in the

algebraic case.

Assertion 2.5.2 h is a mico.
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Proof: Pick any T ′ ∈ C′ ∪{S′}. Pick T ∈ Aji so T
′ ⊂ V ′

i is the strict trans-

form of T . We know that π| :
(
T ′, T ′ ∩

⋃
m<k A

′
mi

)
→

(
T, T ∩

⋃
m<k Ami

)
is a tico map by Lemmas 2.5, 2.1 and 3.4. Hence by Lemma 2.4 we know

ρh| = qπ| :
(
T ′, T ′ ∩

⋃
m<k A

′
mk

)
→ (N,B) is a tico map. Then Lemma

2.7 implies that h| :
(
T ′, T ′ ∩

⋃
m≤k A

′
mi

)
→ (N ′,B′) is a tico map. But

then Lemmas 7.1 and 2.5 imply that h is a mico. �

So we may as well replace Vi by V
′
i , C by C′ ∪ {S′} and f by h. But

then Aji − C has fewer elements so eventually we are finished.

Definition 2.3. Let T = {Vi,Ai, pi}I be a resolution tower and let

π : V ′
j → Vj be a tico multiblowup. Then we say that π extends to a

multiblowup {πi}I : T′ → T if πj = π, V ′
i = Vi and πi = the identity unless

i ≥ j. Note that in particular, π must have unobtrusive, unskewed centers.

Proposition 2.6. Let T = {Vi,Ai, pi}I be a finite resolution tower

of type M and let π : (V ′
k,A

′
k) → (Vk,Ak) be a tico multiblowup with fat

unobtrusive centers. Then π extends to a multiblowup {πi}I : T′ → T with

fat unobtrusive centers. Furthermore, if T is of type R and the centers of

π lie over
⋃
j≤m Vjk we may guarantee that the centers of each πi lie over⋃

j≤m Vji. In addition, if T and π are algebraic we may guarantee that

each multiblowup πi is algebraic also.

Proof: We will prove this by induction on the number of indices i with

i ≥ k. If k is a maximal element of I then we may take πi = the identity

for i 6= k and πk = π. So we may assume that k is not maximal.

Pick a maximal b > k so that for all k < i < b there is a map p′ki : Vki →
V ′
k such that πp′ki = pki. Furthermore, suppose p′ki is entire rational in the

algebraic case. By Proposition 3.8 there is a tico multiblowup λ : V ′
b → Vb

with fat unobtrusive centers so that the total transform of Ab is regular. By

induction λ extends to a multiblowup, hence we may as well assume that Ab
is regular. Notice that for every sheet S ∈ Akb, pkb| :

(
S, S ∩

⋃
j≤m Ajb

)
→(

Vk,
⋃
j≤m Ajk

)
is a tico map by Lemmas 3.2 and 2.5.

So by Lemma 2.5 there is a fat unobtrusive tico multiblowup µ : V ′
b →

Vb and a mico r : |A′
kb| → V ′

k so that πr = pkbµ| where A′
kb is the tower

transform of Akb. Furthermore, µ is algebraic and r is entire rational in

the algebraic case. Also the centers of µ lie over
⋃
j≤m Vjb. By induction

we may extend µ to a multiblowup. Hence we may as well assume there is

a mico r : Vkb → V ′
k so that πr = pkb. But then setting r = p′kb we have

improved matters. So we may as well assume that for all i > k there is a

map p′ki : Vki → V ′
k such that πp′ki = pki.

But then this proposition is implied by Lemma 2.3 and the multiblowup

{πi}I where πi = the identity for i 6= k and πk = π.
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Proposition 2.7. Let T′ → T be a multiblowup of resolution towers.

Then T′ has type R if T has type R and T′ has type M if T has type M . If

the centers of the multiblowup are all fat, then T′ has type N if T has type

N , T′ has type F if T is compact and has type F , T has type U if T has

type U and T′ has type S if T has type S.

Proof: We may as well assume that V ′
i = Vi for i 6= m and π : V ′

m → Vm
is a single blowup with unobtrusive unskewed center L.

If T has type R then T′ has type R by Lemma 3.3. Now suppose T has

type M . We must show that p′mi : Vmi → V ′
m is a mico for all i > m and

p′im = pimπ| : V ′
im → Vi is a mico for all i < m.

Pick any S ∈ Ami for i > m. Let g : S′ → Vi be the immersion associ-

ated to S. We know that pmig : (S′, g∗ (Ai −Ami)) → (Vm,Am) is a tico

map by Lemmas 3.2, 1.2, 2.4 and 2.5. But then p′mig : (S′, g∗ (Ai −Ami))→
(V ′
m,A

′
m) is a tico map by Lemma 2.7. Hence by Lemma 7.1 we know that

p′mi is a mico. Notice that if T has type N then each pmig : (S′, g∗ (Ai))→
(Vm,Am) has typeN . But then if L is fat, we know that p′mig : (S′, g∗ (Ai))→
(V ′
m,A

′
m) has type N by Lemma 5.2a. So Lemma 7.1 implies that p′mi is a

mico of type N .

For i < m pick a neighborhood U of Vim and pick an extension of pim to

a tico map p′′im : (U,U ∩ (Am −Aim)) → (Vi,Ai). Since V ′
im ⊂ π−1 (Vim)

we may find a neighborhood U ′ of V ′
im in V ′

m so that π (U ′) ⊂ U . Then

by Lemmas 2.4 and 3.4, p′′imπ|U ′ is a tico map. Hence p′im = p′′imπ|V ′
im

is a mico. If T is of type N and the centers are fat, we may assume

p′′im : (U,U ∩ Am) → (Vi,Ai) has type N so p′′imπ|U ′ will have type N by

Lemma 5.2a. So T′ has type N .

The proof that T′ has type S if T has type S is very similar to the

proof for type N , using Lemma 6.3 in place of Lemma 5.2a.

If T has type F and L is fat then (L,L ∩Am) is a full tico, so (V ′
m,A

′
m)

is full by Lemma 4.1. So T′ has type F .

If T has type U and L is fat, then each stratum of L∩Vim−
⋃
j<i Vjm

is a stratum of Vim −
⋃
j<i Vjm. Hence T′ has type U by Lemma 2.2.

Theorem 2.8. Let T be a finite resolution tower. Then there is a

multiblowup T′ → T with fat centers so that T′ is of type R. Moreover, if T

is of type M we may also guarantee that T′ is of type NE. If T is algebraic

then we can take the multiblowup to be algebraic also.

Proof: Suppose some Ai is not regular. By Proposition 3.8 there is a tico

multiblowup πi : V
′
i → Vi with fat unobtrusive centers so that the total

transform of Ai is regular. By Proposition 2.6 we may extend πi to a

multiblowup of T with fat unobtrusive centers. Continuing in this way, we

have a multiblowup T′ → T with fat unobtrusive centers so that T′ has

type R.
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Now suppose T is of type M . We know by Proposition 2.7 that T′ is

still of type M . We will blow up some more to make it type N . We will

then blow up even more to make it type E also.

For convenience, we may as well assume that I = {0, . . . , n}. Let

N′
ji ⊂ A′

ji be the set of S ∈ A′
ji such that p′ji| : (S, S ∩A′

i) →
(
V ′
j ,A

′
j

)
is

a tico map of type N . If N′
ji = A′

ji for all j < i then Lemma 7.1 implies

that each p′ji is a mico of type N , hence T′ has type N . So if T′ is not of

type N we may pick k and m so that N′
ji = A′

ji if i < m or i = m and

j > k but N′
km 6= A′

km. Pick S′ ∈ A′
km − N′

km. By Proposition 5.3 there

are fat unobtrusive tico multiblowups π : V ′′
k → V ′

k and ρ : S′′ → S′ and a

tico map g : S′′ → V ′′
k so that p′kmρ = πg, g has type N and the centers of

ρ lie over S′ ∩ p′km
−1

(|A′
k|) = S′ ∩

⋃
j<k V

′
jm. The multiblowup ρ induces a

fat unobtrusive multiblowup ρ′ : V ′′
m → V ′

m with the same centers as ρ (so

S′′ ⊂ V ′′
m and ρ = ρ′|). By Proposition 2.6, ρ′ extends to a multiblowup

{π′
i} : T′′ → T′ and then π extends to a multiblowup {π′′

i } : T′′′ → T′′.

Furthermore, each π′
i and π

′′
i has fat unobtrusive centers and the centers of

π′′
i all lie over

⋃
j<k V

′′
ji.

Recall T′[m − 1] is the truncated tower {V ′
i ,A

′
i, p

′
i}
m−1
i=0 . Note that

T′[m−1] = T′′′[m−1]. By Lemma 7.1 we know that T′[m−1] has type N ,

then Proposition 2.7 implies that T′′′[m−1] has type N . Thus N′′′
ji = A′′′

ji for

all 0 ≤ j < i < m where N′′′
ji is defined similarly to N′

ji. Since the centers of

π′′
m lie over

⋃
j<k V

′′
jm and the centers of π′

m = ρ′ lie over
⋃
j<k V

′
jm we know

that A′′′
jm is the strict transform of A′′

jm and A′′
jm is the strict transform of

A′
jm for all j ≥ k.

Assertion 2.8.1 N′′′
jm = A′′′

jm for all k < j < m. Also, N′′′
km contains the

strict transform of N′
km ∪ {S′}.

Proof: Pick any T ′′′ ∈ A′′′
jm for j ≥ k. Then T ′′′ is the strict transform

of some T ′ ∈ A′
jm. If T ′ ∈ N′

jm then p′jm| : (T ′, T ′ ∩A′
m) →

(
V ′
j ,A

′
j

)
is a

tico map of type N . Hence by Lemma 5.2a, p′′′jm| : (T ′′′,E) →
(
V ′′′
j ,A′′′

j

)
is a tico map of type N where E is the total transform of T ′ ∩A′

m via the

multiblowup on T ′ induced by π′
mπ

′′
m. But E = T ′′′ ∩A′′′

m so T ′′′ ∈ N′′′
jm. If

T ′ = S′ then T ′′′ is the strict transform of S′′ (via π′′
m). So again Lemma

5.2 implies that T ′′′ ∈ N′′′
jm. �

By Assertion 4.2.8.1 we have improved matters, so by induction we

may as well assume that N′′′
ji = A′′′

ji for all 0 ≤ j < i ≤ n. But then Lemma

7.1 implies that T′′′ has type N .

So we have proven that we may as well assume that T′ has type RN.

We will now blow up some more to get type E. By Proposition 2.7 T′ will

still remain type RN after blowing up, so we will be finished.

Pick 0 ≤ k < m ≤ n so that p′ji : V
′
ji → V ′

j has constant exponents

for all j and i satisfying 0 ≤ j < i < m or k < j < i = m. What
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we will do is find a tico multiblowup π : V ′′
m → V ′

m with fat unobtrusive

connected centers so that p′jmπ| : |A′′
jm| → V ′

j has constant exponents, for

all k ≤ j < m, where A′′
jm is the tower transform of A′

jm. By Proposition

2.6 we may extend π to a multiblowup of T′ with fat unobtrusive centers.

Hence by induction we eventually find a multiblowup of type E. So let us

find the promised multiblowup π. For T ∈ A′
im with i < k let

β (T ) = the number of connected components of T ∩ V ′
km

γ (T ) =
∑

S∈A′
km

(the number of connected components of S ∩ T )

β = max{β (T ) | T ∈
⋃
i<k

A′
im }

γ = max{ γ (T ) | T ∈
⋃
i<k

A′
im and β (T ) = β }

λ = ]{T ∈
⋃
i<k

A′
im | β (T ) = β and γ (T ) = γ }

where ] means ‘the cardinality of ’.

If β = 1 then T ∩ V ′
km is connected for all T ∈ A′

im with i < k.

Consequently the exponent of T in any sheet U ∈ A′
k for p′km is constant

by continuity. But if T ∈ A′
im with i ≥ k the exponent of T in any sheet

U ∈ A′
k is zero by Lemmas 1.2 and 2.2 hence it is constant. So p′km has

constant exponents and no blowup is necessary, we are done.

So suppose β > 1. Pick T ∈ A′
im for some i < k so that β (T ) = β

and γ (T ) = γ. Pick S ∈ A′
km so that S ∩ T 6= ∅ and let L be a connected

component of S ∩ T .

Assertion 2.8.2 After blowing up V ′
m with center L the corresponding

triple (β, γ, λ) is smaller (with lexicographical order).

Proof: Let π : V ′′
m → V ′

m be the blowup with center L. Let A′′
jm be the

tower transform of A′
jm. So A′′

jm is the strict transform of A′
jm if j 6= i and

A′′
im is the total transform of A′

im. Let β′, γ′ and λ′ be the analogues of

β, γ and λ for this blowup. Let us calculate β′, γ′ and λ′.

Pick a sheet T ′′ ∈ A′′
jm with j < k. First suppose T ′′ 6= π−1 (L). Then

there is a T ′ ∈ A′
jm so that T ′′ = B (T ′, T ′ ∩ L) = the strict transform of T ′.

If T ′ 6= T then L is transverse to T ′ so it is easy to see that β′ (T ′′) = β (T ′)

and γ′ (T ′′) = γ (T ′). If T ′ = T then L ⊂ T ′. If L is an isolated component

of T ∩ V ′
km then β′ (T ′′) = β (T ′) − 1. Otherwise, β′ (T ′′) = β (T ′) and

γ′ (T ′′) = γ (T ′) − 1. Now suppose T ′′ = π−1 (L). Notice π| : T ′′ → L is a

circle bundle. Now L intersects |A′
km − S| transversally and L ⊂ S so

T ′′ ∩ |A′′
km| = π−1 (|A′

km ∩ L|) ∪ (B (S,L) ∩ π−1 (L)).
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So T ′′ ∩ |A′′
km| is the section B (S,L) ∩ π−1 (L) union a bunch of circle

fibers. So T ′′∩|A′′
km| is connected since L is connected. Hence β′ (T ′′) = 1.

Consequently we have (β′, γ′, λ′) < (β, γ, λ). �

By Assertion 4.2.8.2, after a multiblowup π′ : V ′′′
m → V ′

m we reach the

stage where β = 1. But then p′kmπ
′| has constant exponents. For i > k

let Ui be a neighborhood of V ′
im so that there is an extension of p′im to

qim : (Ui, Ui ∩A′
m) → (V ′

i ,A
′
i), a tico map with constant exponents. Let

U ′
i = π′−1

(Ui), then the tico map qimπ
′| : (U ′

i , U
′
i ∩A′′′

m) → (V ′
i ,A

′
i) has

constant exponents by Lemmas 2.4 and 3.4. Hence p′imπ
′| has constant

exponents for all i ≥ k and so we are done by induction.

The algebraic case is proven in the analogous way. For the most part,

one just substitutes ‘irreducible component’ for ‘connected component’.

The only exception is in the definition of β (T ). We put an equivalence rela-

tion on the connected components of T ∩V ′
km, the one generated by saying

two connected components K1 and K2 are equivalent if for all U ∈ A′
k,

αTU |K1
= αTU |K2

where αTU is the exponent for T in U for p′km. Then

we let β (T ) be the number of equivalence classes. This will guarantee that

β′ (π−1 (L)
)
= 1, using Lemmas 2.3, 2.4, 3.3 and 3.4.

3. Realizations of Resolution Towers

In this section we make a detailed study of the topology of the realiza-

tion of a resolution tower of type UM. It turns out that the stratified set

we obtain has some nice properties, it is not only locally conelike, but each

stratum has a sort of tubular neighborhood and the various tubular neigh-

borhoods are compatible. Furthermore, the link of any stratum is itself the

realization of a resolution tower. First some definitions.

Definitions 3.1. A Thom stratified set is a smooth stratified set X

such that for each stratum U of X there is a neighborhood XU of U in X

and continuous maps πU : XU → U and ρU : XU → [0,∞) so that:

1) πU (x) = x for all x ∈ U .

2) ρ−1
U (0) = U .

3) For each stratum V of X − U , (πU , ρU )| : XU ∩ V → U × (0,∞)

is a smooth submersion.

4) If V is a stratum of X with U ∩ClV 6= ∅ then πU (x) = πU ◦πV (x)
and ρU (x) = ρU ◦ πV (x) for all x ∈ XU ∩XV .

The maps πU : XU → U and ρU : XU → [0,∞) are called tubular data for

X.

Definition 3.2. A stratified cone bundle π : E → X is a fibre bundle

over a smooth manifold X with fibre the cone on a stratified set. More

precisely, E is a smooth stratified set and there is a smooth stratified set L
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(called the link of the cone bundle) and there are stratified set isomorphisms

hU : U×cL→ π−1(U) for certain open subsets U of X so that the U ’s cover

X and so if U ∩V 6= ∅ then h−1
V hU | : (U ∩V )× cL→ (U ∩V )× cL is given

by h−1
V hU (x, (y, t)) = (x, (gxUV (y), t)) where gxUV is a family of stratified

isomorphisms of L. In other words, E is the open mapping cylinder of a

fibre bundle over X with fibre L.

Proposition 3.1. (Tubular neighborhood theorem) Let X be a locally

compact Thom stratified set with tubular data πU : XU → U and ρU : XU →
[0,∞). For each connected component T of a stratum U pick a point x ∈ T
and a sufficiently small ε > 0 and let LT = π−1

U (x) ∩ ρ−1
U (ε). Then there

is a stratified cone bundle θT : ET → T with link LT , a neighborhood E′
T of

its zero section and an embedding hT : E
′
T → XU so that:

a) hT is the identity on the zero section.

b) πUhT = θT |.
c) Cone levels go to ρU levels.

Proof: This is the usual controlled vector field argument, c.f., [GWPL].

They assume that X is realized as a Whitney stratified set, but this is not

really needed.

One consequence of Proposition 3.1 is that for each connected compo-

nent T of a stratum U there is a canonical link of T obtained by taking

any x ∈ T and small enough ε > 0 and taking the link π−1
U (x) ∩ ρ−1

U (ε).

Proposition 3.1 implies that up to isomorphism, this link is independent of

the choice of x and ε. We call it the canonical link . Note that by restric-

tion the canonical link inherits a Thom stratification. In particular, for any

stratum V of L = π−1
U (x)∩ρ−1

U (ε) there is a unique stratumW of X so that

V =W ∩ L. We then let LV = L ∩XW , πV = πW |LV
and ρV = ρW |LV

.

Excercise 3.1. Check that LV , πV and ρV are tubular data. (Note

that π−1
W (L) = LV .)

We will now show that the realization of any resolution tower of type

UM has a Thom stratification. It all comes from the following Lemma.

Lemma 3.2. Let T = {Vi,Ai, pi}I be a resolution tower of type UM. For

each i ∈ I, let Wi = Vi−|Ai| and for each j < i, let Wji = Vji−
⋃
m<j Vmi.

Then for each j < i there is a neighborhood Uji of Wji in Vi, a smooth

submersion πji : Uji →Wj and a smooth map ρji : Uji → [0,∞) so that:

a) πji(x) = pji(x) for all x ∈Wji.

b) ρ−1
ji (0) =Wji.

c) (πji, ρji)| : Uji −Wji →Wj × (0,∞) is a smooth submersion.

d) If k < j < i then Uji ∩ Uki = π−1
ji (Ukj) and for all x ∈ Uji ∩ Uki,

πkj ◦ πji(x) = πki(x) and ρkj ◦ πji(x) = ρki(x).
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Proof: Pick some n ∈ I so that dimVn ≥ dimVi for all i ∈ I. By induction

on the size of I we may apply the Lemma to the truncation T[I − {n}]
and obtain πji : Uji → Wj and ρji : Uji → [0,∞) satisfying a)-d) for all

j < i 6= n. Furthermore, we ask that condition e) below be satisfied.

e) Let θ : Ra → Uji be a tico chart with θ(0) ∈Wji. Let θ
−1(Vki) =⋃

t∈Bk
Rat . Let J = { k ∈ I | Bk 6= ∅ }. Note that J is linearly

ordered. For k ∈ J let Ck =
⋃
`≤k B`. Then we ask that for x in

a neighborhood of 0,

ρjiθ(x) =
∑
k∈J

∏
s∈Ck

x2αks
s λk(x)

where the λk are smooth functions with λk(0) > 0 and where the

positive integers αks are determined in some locally constant way

from J and the sheet containing θ(Ras). (It actually turns out that

αks = 1 if k is a maximal element of J and αks = the sum of the

exponents of Ras in sheets of Ak` for p`iθ where ` is the smallest

element of J which is bigger than k).

Pick a maximal lower index subset I′ ⊂ I so that for all j < i with

j ∈ I′ or i 6= n we have πji : Uji → Wj and ρji : Uji → [0,∞) satisfying

a)-e) and in addition, if k < j < n and k ∈ I′ then for all x ∈ Vjn ∩ Ukn,
πkj ◦ pjn(x) = πkn(x) and ρkj ◦ pjn(x) = ρkn(x). After shrinking the Uji’s

if necessary we may assume that Uji ∩ Uki 6= ∅ implies that Vji ∩ Vki 6= ∅.
If I′ = I we are done, so choose a minimal element m of I− I′.

Assertion 3.2.1 Wemay pick a neighborhood U ofWmn in Vn−
⋃
k<m Vkn

and a smooth map π : U →Wm so that:

i) π(x) = pmn(x) for all x ∈Wmn.

ii) If m < i < n then pin(U ∩ Vin) ⊂ Umi.
iii) If m < i < n then π(x) = πmi ◦ pin(x) for all x ∈ U ∩Win.

iv) For each stratum S of the tico stratification of Vn, π| : U∩S →Wm

is a smooth submersion.

Proof: Note that if m < i < n then pin(Wmn ∩ Vin) ⊂ Wmi, so any

sufficiently small U will satisfy ii). Also note that since T has type U, iii)

and i) imply iv) except when S has codimension 0. But since the smaller

strata are submersed, π will certainly be a submersion nearby, so a small

enough U will satisfy iv).

Pick a proper embedding of Wm in some Ra. Let λ : O → Wm be the

closest point map, λ(x) is the closest point to x inWm, O is a neighborhood

of Wm in Ra. Then λ is smooth if O is sufficiently small. We may pick

a smooth map µ : U ′ → Ra from some neighborhood U ′ of Wmn so that

µ(x) = pmn(x) for all x ∈Wmn and if m < i < n then pin(U
′∩Win) ⊂ Umi

and µ(x) = πmi ◦ pin(x) for all x ∈ U ∩Win. (Just extend locally and piece
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together with a partition of unity). Now let U = U ′ ∩ µ−1(O) and π = λµ.

�

Now pick a maximal upper index subset I′′ ⊂ I′ so that there exists

a π : U → Wm satisfying i)-iv) above so that in addition for each i ∈ I′′

with i < m there is a neighborhood U ′
in of Win in Uin so that for all

x ∈ π−1(Uim) ∩ U ′
in, πim ◦ π(x) = πin(x) and ρim ◦ π(x) = ρin(x).

Assertion 3.2.2 If I′′ = I′ we have a contradiction to the maximality of

I′.

Proof: Set Umn = U and πmn = π. We must now define ρmn. To have

ρmn satisfy conditions b),d) and e) it suffices to find ρmn locally and piece

together with a partition of unity. We will then show that e) implies c).

So let us construct ρmn locally. Pick any tico chart θ : Ra → U so

θ(0) ∈ Wmn. Let J, Bk and Ck be as in condition e). If J = {m} then

we may just let ρmnθ(x) =
∏
s∈Bm

x2s. If J 6= {m}, we know we want

ρmkpknθ(x) = ρmnθ(x) for all k ∈ J − {m}. But by condition e) and the

fact that pkn is a mico we know that

ρmkpknθ(x) =

`<k∑
`∈J

∏
s∈C`

x2α`s
s λ`(x)

=
∑
`∈J

∏
s∈C`

x2α`s
s λ`(x)

for all x ∈ θ−1(Vkn) where λ`(0) > 0. So to define ρmn locally, we just

extend each λ` defined on θ−1
(⋃`<k

k∈J Vkn
)
to a neighborhood of 0 in Ra and

add in the term
∑
s∈C`

x2s for the maximal ` ∈ J.

Now after perhaps shrinking Umn we may piece these local expressions

together with a partition of unity to obtain ρmn. We will now show that

(πmn, ρmn) satisfies c), after perhaps shrinking Umn some more.

Take a chart θ as above. Let ψ : (Rb, 0)→ (Vm, pmnθ(0)) be a smooth

chart. Then by type U and the inverse function theorem we may pick θ so

that ψ−1πmnθ(x) = (x1, . . . , xb) for all x and also s 6∈ Bk for any s ≤ b and
k ∈ J. Then the Jacobian matrix of (ψ−1πmnθ(x), ρmnθ(x)) has maximal

rank b + 1 if and only if the vector (∂ρmnθ(x)/∂xb+1, . . . , ∂ρmnθ(x)/∂xa)

is nonzero. But if t ∈ Bm and x 6∈ θ−1(Wmn) =
⋃
s∈Bm

Ras , then

∂ρmn ◦ θ/∂xt(x) = (1/xt)
∑
`∈J

∏
s∈C`

x2α`s
s (2α`tλ`(x) + xt∂λ`/∂xt(x)) .

We know that 2α`tλ`(x) + xt∂λ`/∂xt(x) > 0 for x near 0, so we only need

find some ` so that
∏
s∈C`

x2α`s
s 6= 0. But since ρmn(x) > 0 we know that

such an ` exists. So ∂ρmn ◦ θ/∂xt(x) 6= 0 for x near 0. So after perhaps

shrinking Umn, c) is satisfied.
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Now we just shrink the Uji’s so that Uji∩Uki = π−1
ji (Ukj) and see that

the maximality of I′ is violated. �

So we may pick a maximal element k of I′− I′′. Pick a smooth β : U →
[0, 1] so that Cl(β−1((0, 1]) ⊂ Ukn and for some neighborhood U ′

kn of Wkn

in Ukn, β(x) = 1 for all x ∈ U ∩ U ′
kn.

Assertion 3.2.3 For some open neighborhood Z of the graph G of the

restriction (πkm, ρkm)|Ukm−Wkm
in (Ukm − Wkm) × Wk × (0,∞) there is

a smooth map µ : Z × [0, 1] → Ukm − Wkm so that µ(x, y, t, 0) = x,

πkmµ(x, y, t, 1) = y, ρkmµ(x, y, t, 1) = t and µ(x, πkm(x), ρkm(x), s) = x.

Proof: Put a Riemannian metric on Ukm (or optionally embed it prop-

erly in some Euclidean space). Define λ : Z → Ukm − Wkm for a small

neighborhood Z of G by letting λ(x, y, t) be the closest point to x in the

submanifold π−1
km(y)∩ρ−1

km(t). Now let µ(x, y, t, s) be the point which is s of

the way along the geodesic from x to λ(x, y, t) (or optionally µ(x, y, t, s) =

κ((1 − s)x + sλ(x, y, t)) where κ is the closest point map for Ukm ⊂ Rb).
�

Define π′ : U →Wm by

π′(x) =

{
π(x) if x ∈ U − Ukn
µ(π(x), πkn(x), ρkn(x), β(x)) if x ∈ U ∩ Ukn

Let us show that after perhaps shrinking U , π′ : U → Wm satisfies

conditions i)-iv) above. If x ∈Wmn ∩ Ukn then

π′(x) = µ(π(x), πkn(x), ρkn(x), β(x))

= µ(pmn(x), πkmpmn(x), ρkmpmn(x), β(x)) = pmn(x).

(This also shows that after perhaps shrinking U , π′ is defined.) Ifm < i < n

and x ∈ U ∩Win ∩ Ukn then

π′(x) = µ(π(x), πkn(x), ρkn(x), β(x))

= µ(πmipin(x), πkmπmipin(x), ρkmπmipin(x), β(x))

= πmipin(x).

So after perhaps shrinking U to satisfy iv), π′ satisfies conditions i)-iv).

Now pick i ∈ I′′ with i < m. Pick any x ∈ U ∩ π′−1(Uim) ∩ U ′
in ∩ Ukn.

If U is small enough, we know that π(x) ∈ Uim since π′ approximates π.

Now since Uin ∩ Ukn 6= ∅ we know that k < i. Then

π′(x) = µ(π(x), πkn(x), ρkn(x), β(x))

= µ(π(x), πkiπin(x), ρkiπin(x), β(x))

= µ(π(x), πkiπimπ(x), ρkiπimπ(x), β(x))

= µ(π(x), πkmπ(x), ρkmπ(x), β(x))

= π(x).
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Consequently, πim ◦ π′(x) = πim ◦ π(x) = πin(x) and ρim ◦ π′(x) = ρim ◦
π(x) = ρin(x). But if x ∈ U ∩ π′−1(Ukm) ∩ U ′

in,

πkm ◦ π′(x) = πkm ◦ µ(π(x), πkn(x), ρkn(x), 1) = πkn(x)

ρkm ◦ π′(x) = ρkm ◦ µ(π(x), πkn(x), ρkn(x), 1) = ρkn(x).

So we have a contradiction to the maximality of I′′.

The functions in the preceding Lemma give rise to tubular data on |T|.
For simplicity, we only bother with the unbounded case.

Proposition 3.3. Let T be a resolution tower of type UM without

boundary. Then |T| is a Thom stratified set.

Proof: Let Wi = Vi − |Ai| and let πji : Uji → Wj and ρji : Uji → [0,∞)

satisfy the conclusions of Lemma 3.2. Note that the strata of |T| are exactly
the Wi’s. Let Ui ⊂ |T| be Wi ∪

⋃
j>i Uij . Define πi : Ui → Wi by πi(x) =

πij(x) if x ∈ Uij and πi(x) = x if x ∈ Wi. This is well defined since

the equivalence relation on |T| is generated by x ∼ pkj(x) for all x ∈ Vkj
and if x ∈ Uij ∩ Vkj then i ≤ k and πij(x) = πik ◦ pkj(x) if i < k and

πij(x) = pkj(x) if i = k. Likewise define ρi : Ui → [0,∞) by ρi(x) = ρij(x)

if x ∈ Uij and ρi(x) = 0 if x ∈Wi.

Proposition 3.4. Let S be a connected component of a stratum of |T|
for a resolution tower T of type UM. Then there are compact resolution

towers T′ and T′′ of type UM so that |T′| is a link of S, |T′′| = c|T′| and
T′ = ∂T′′. Furthermore, if T has type R,N,E,S or any combination thereof,

so do T′ and T′′.

Proof: Let Wi = Vi − |Ai| and let πji : Uji → Wj and ρji : Uji → [0,∞)

satisfy the conclusions of Lemma 3.2. Let πi : Ui →Wi and ρi → [0,∞) be

the tubular data for |T| constructed as in Proposition 3.3. Let k be such

that S is a connected component of Wk. Pick any x ∈ S, let X = π−1
k (x)

and pick a compact neighborhood K of x in X. Let δ > 0 be the minimum

of ρk on the frontier of K. Pick any ε with 0 < ε < δ. Let L = X ∩ ρ−1
k (ε).

Then L is a canonical link of S.

We claim that L = |T′| and cL = |T′′| for some T′ and T′′. In particular,

let I′ = { i ∈ I | i > k } and I′′ = { i ∈ I | i ≥ k }. For any i > k let

V ′
i = π−1

ki (x)∩ρ
−1
ki (ε) and A′

i = Ai∩V ′
i . For any i > j > k let A′

ji = Aji∩V ′
i ,

V ′
ji = Vji ∩ V ′

i and p′ji = pji|. For any i ≥ k let V ′′
i = π−1

ki (x) ∩ ρ
−1
ki ([0, ε])

and A′′
i = Ai ∩ V ′′

i . For any i > j ≥ k let A′′
ji = Aji ∩ V ′′

i , V
′′
ji = Vji ∩ V ′′

i

and p′′ji = pji|.
Assertion 3.4.1 T′ and T′′ are resolution towers.

Proof: We will prove that T′′ is a resolution tower, then note that T′ = ∂T′′

must be a resolution tower. First of all, if y ∈ V ′′
ji then πkjpji(y) = πki(y) =

x and ρkjpji(y) = ρki(y) ∈ [0, ε] so p′′ji(V
′′
ji) ⊂ V ′′

j .
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To see I, note that

p′′ji(V
′′
ji ∩ V ′′

`i) = pji(V
′′
ji ∩ V ′′

`i) ⊂ pji(Vji ∩ V`i) ∩ V ′′
j ⊂ V`j ∩ V ′′

j = V ′′
`k.

Condition II, III and IV are now immediate. To see condition V, note that

∂V ′′
i = V ′

i . So if p′′ji(y) ∈ ∂V ′′
j we have ρkjp

′′
ji(y) = ε so ρki(y) = ε so

y ∈ ∂V ′′
i . �

Assertion 3.4.2 |T′| = L and |T′′| = cL.

Proof: Let hi : Vi → |T| be the quotient map. Let L′ = X ∩ ρ−1
k ([0, e]). By

Proposition 3.1, L′ = cL. But V ′
i = h−1

i (L) and V ′′
i = h−1

i (L′) and p′ji and

p′′ji are the restrictions of pji. So the maps hi induce isomorphisms from

|T′| and |T′′| to L and L′. �

Assertion 3.4.3 T′ and T′′ have type UM and also have type R, N, S or

E if T does.

Proof: We will just do T′′, the result for T′ follows since T′ = ∂T′′.

Pick any stratum S of (V ′′
i ,A

′′
i ) with S ⊂Wji. To see that T′′ has type

U we must show that p′′ji|S is a submersion. Let S′ be the stratum of Vi
which contains S. We know that pji|S′ is a submersion and (πkj , ρkj) : Ukj−
Wkj →Wk×R is a submersion. Also πkjpji|S = πki|S and ρkjpji|S = ρki|S .
Hence the restriction of pji to S = S′ ∩ V ′′

ji is a submersion to V ′′
j .

Now let us see that T′′ has type M. Pick any point y ∈ V ′′
ji. Pick any

chart µ : (Ra, 0) → (Vk, πki(y)). By the inverse function theorem, we may

pick tico charts θ : (Rc, 0) → (Vj , pji(y)) and ψ : (Rb, 0) → (Vi, y) so that

ρkjθ(z) = ρki(y) + zc−a for all z near 0, ρkiψ(z) = ρki(y) + zb−a for all z

near 0, the `-th coordinate of µ−1πkjθ(z) is zc−`+1 and the `-th coordinate

of µ−1πkiψ(z) is zb−`+1. But then θ|Rc−a and ψ|Rb−a give tico charts for T′′

and show that p′′ji is a mico.

In a similar manner, we show that T′′ has type S, N or E if T does. It

is trivial to show that T′′ has type R if T does. �

Note that the above assertions prove the Proposition.

We find the following result convenient. For various reasons this was

proven in several places, see [G], [J] or [V] for a history. We do not require

the axiom of the frontier in our stratified sets, but this is not really essential.

Proposition 3.5. Any compact Thom stratified set is homeomorphic

to a polyhedron in such a way that each open simplex is a smooth subman-

ifold of a stratum.



CHAPTER 5

ALGEBRAIC STRUCTURES ON
RESOLUTION TOWERS

The main consequence of this chapter is

Theorem 0.6. If T is any compact resolution tower of type SF then

the realization |T| is homeomorphic to a real algebraic set. In fact |T|
is isomorphic as a stratified set to the singular stratification of some real

algebraic set.

Proof: By Theorem 2.8 and Proposition 2.7 we may as well assume T is

of type RESF . But then we may assume T is quasialgebraic by Theorem

5.4.1 below. But then Theorem 3.1 and Corollary 3.3 will imply this result.

In this chapter, all ticos will be regular.

1. Making Tico Maps Algebraic

We start out with a relative version of Theorem 8.10, which says that

if a map is homotopic to an entire rational function and is already rational

on a tico, then it can be made algebraic.

Lemma 1.1. Suppose (V,A) is a compact algebraic tico, W is a nonsin-

gular real Zopen set and f : V →W is a smooth map so that f ||A| is entire

rational and f is homotopic to an entire rational function. Then there are

a nonsingular real Zopen set V ′, a rational diffeomorphism h : V ′ → V and

an entire rational function g : V ′ → W so that |A| ⊂ V ′, h||A| = identity

and so that f is ε homotopic rel |A| to gh−1. (More precisely given any

neighborhood U of f in the C∞ topology, there are h, V ′ and g as above so

that gh−1 and all maps in the homotopy are in U .

Proof: There is a smooth function p : V × S1 → W so that if a and b are

certain distinct points of S1 then p (x, a) = f (x) for all x ∈ V and so that

p|V×b is an entire rational function (just take the double of some homotopy

of f to an entire rational function). By Theorem 8.4 (with T := U := V :=

V × S1, f := p and P := L := V × b ∪ |A| × a) there is a Zclosed subset

Z ⊂ V × S1 × Rk for some k and an entire rational function q : Z → W

and a Z0 ⊂ NonsingZ so that Z0 is a union of connected components of

165
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Z, V × b × 0 ⊂ Z0, |A| × a × 0 ⊂ Z0, q (x, b, 0) = p (x, b) for all x ∈ V ,

q (x, a, 0) = f (x) for all x ∈ |A|, π : Z0 → V × S1 is a diffeomorphism

where π is induced by projection V ×S1×Rk → V ×S1 and q|Z0 is a close

approximation to pπ. By Theorem 8.2 there is a nonsingular real algebraic

set V ′ ⊂ Z so that V ′ is isotopic to π−1 (V × a) by a small isotopy and

|A| × a × 0 ⊂ V ′. Then projection V × S1 × Rk → V induces an entire

rational function h : V ′ → V which is a diffeomorphism since V ′ is close to

V × a × 0. Also g = q|V ′ is a close approximation to pπ|, hence it closely

approximates fh. So g is ε-homotopic to fh rel |A| × a× 0.

If f is a tico map we can strengthen Lemma 1.1 to the following propo-

sition, to make the approximation ε-tico homotopic to f .

Proposition 1.2. Let (V,A) and (W,B) be compact algebraic ticos

and let f : (V,A)→ (W,B) be a tico map so that f ||A| is an entire rational

function and f is homotopic to an entire rational function. Then there is

a nonsingular real Zopen set V ′ and a rational diffeomorphism h : V ′ → V

and an entire rational function g : V ′ →W so that |A| ⊂ V ′ and so that f

and gh−1 are ε-tico homotopic rel |A|.

Proof: By replacing A with the collection of irreducible components of

|A| we may as well assume f has constant exponents by Lemma 2.3. For

convenience let A = {V1, . . . , Vm} and B = {W1, . . . ,Wk}. Let αji denote

the exponent of Vi in Wj . The proof will be by induction on the quantity

β (f) =
∑m
i=1

∑k
j=1 max (0, αji − 1).

First suppose β (f) = 0. By Lemma 1.1 we may find a rational diffeo-

morphism h : V ′ → V and an entire rational function g : V ′ → W so that

|A| ⊂ V ′, h||A| = identity and f is ε-homotopic to gh−1 rel |A|. But since

each αji is 1 or 0, any ε-homotopy rel |A| automatically is a tico homotopy,

so this case is done by Lemma 2.8.

Now assume β (f) > 0. After renumbering we may assume that α11 >

1. In particular we know that f (V1) ⊂ W1 by Lemma 2.2. Let f ′ : V →
W ×V be f ′ (x) = (f (x) , x). We have the product tico C = B×V ∪W ×A

inW ×V . Notice that f ′ : (V,A)→ (W × V,C) is a tico map with constant

exponents, the exponent of Vi in Wj × V is αji and the exponent of Vi in

W × Vj is δji the Kronecker delta. Consequently, β (f ′) = β (f).

Let π : (W ′′,D)→ (W × V,C) be the tico blow-up with centerW1×V1.
Note that this center is fat; in fact it is the intersection of two sheets

W1×V and W ×V1. Since f ′ hits W1×V1 cleanly and f ′
−1

(W1 × V1) has
codimension one, we know by Lemmas 5.9 and 5.6 that there is a unique

smooth map f ′′ : V → W ′′ so that πf ′′ = f ′. Alternatively, this is true

because f ′
∗
I∞ (W1 × V1) = I∞ (V1) which is locally principal.

But then Lemma 3.5 implies that f ′′ is a tico map with constant expo-

nents. In particular, let Di be the strict preimage of Wi × V , let Ei be the
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strict preimage of W × Vi and let P = π−1 (W1 × V1). Then

D = {Di | i = 1, . . . , k } ∪ {Ei | i = 1, . . . ,m } ∪ {P}.

By Lemma 3.5 the exponent of Vi in Dj is αji if i 6= 1 or j 6= 1 and it

is α11 − 1 if i = j = 1. The exponent of Vi in Ej is δij if j 6= 1 and

it is 0 if j = 1. Finally, the exponent of Vi in P is δi1. Consequently,

β (f ′′) = β (f ′)− 1 = β (f)− 1 so we will be able to apply induction to f ′′.

First we show that f ′′ is homotopic to an entire rational function. By

Lemma 1.1 we have a homotopy H : V × I → W so that H (x, 0) = f (x)

for all x and H|V×1 is entire rational and H (x, t) = f (x) for all x ∈ |A|.
Now H × id hits W1 × V1 cleanly and (H × id)−1

(W1 × V1) = V1 × I

which has codimension one. Hence H × id lifts to H ′ : V × I → W ′′. But

H ′ (x, 0) = f ′′ (x) for all x ∈ V by uniqueness of lifting and H ′|V×1 is

entire rational, i.e., f ′′ is homotopic to an entire rational function. Also

since H|Vj×I is entire rational and Vj × I ∩H−1 (W1 × V1) = (Vj ∩ V1)× I
we know that H ′|Vj×I is entire rational for j 6= 1, in particular we know

that f ′′|Vj is entire rational for j 6= 1. We now show f ′′|V1 is entire rational.

Since the exponent of V1 in D1 is α11 − 1 > 0 we know that f ′′ (V1) ⊂ D1.

But π| : D1 →W1×V is a birational isomorphism since the center W1×V1
has codimension one in W1×V . Let λ : W1×V → D1 be the inverse of π|.
Then we must have f ′′|V1 = λf ′|V1 so f ′′|V1 is entire rational.

Now since β (f ′′) < β (f ′) = β (f) we can by induction find a rational

diffeomorphism h : V ′ → V and an entire rational g′ : V ′ →W ′′ so that f ′′

and g′h−1 are ε tico homotopic rel |A|. But f = π1πf
′′ where π1 : W×V →

W is projection and π1 and π are tico maps. So f and π1πg
′h−1 are ε tico

homotopic rel |A|. So setting g = π1πg
′ we are done.

Proposition 1.3. Let (V,A) be a compact nonsingular Zopen set with

an algebraic tico and let W be a totally algebraic nonsingular Zopen set.

Let f : V →W be a smooth map such that f ||A| is an entire rational func-

tion. Then there is a nonsingular Zopen set V ′ with |A| ⊂ V ′ and a dif-

feomorphism θ : V ′ → V with θ||A| = id and an entire rational function

g : V ′ →W such that g is ε-close to f ◦ θ and g||A| = f ||A|.

Proof: By Lemma 1.1 we only need find a nonsingular algebraic set V ′ with

|A| ⊂ V ′ and a diffeomorphism θ : V ′ → V with θ||A| = identity so that

fθ is homotopic to an entire rational function. This follows from Theorem

8.6, (with M := V , P := |A|, L := |A| and S := Rn).

2. Nice Charts on Resolution Towers

The following technical lemma is essentially the generalization of Lemma

6.2 to resolution towers.
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Lemma 2.1. Let T = {Vi,Ai, pi}I be a resolution tower of type S. Pick

any z ∈
⋂
j∈I′ Vjn for some indices n and I′ ⊂ I− {n}. Let I′′ = I′ ∪ {n}.

Assume for simplicity of notation that the index n is an integer and I′′ =

{0, . . . , n}. Then there are charts ψk : Zk → Vk for k ∈ I′′, so that

a) Zk is an open subset of Rak with ak = dimVk for k ∈ I′′.

b) ψk (Zk) is a neighborhood of pkn(z) for all k ∈ I′ and ψn (Zn) is

a neighborhood of z.

c) There are integers ak0 < ak1 < · · · < akk = ak, k ∈ I′′ so that

ψ−1
k (Vjk) = Zk ∩

⋃akj+1

s>akj
Raks , for all j < k.

d) pjk (ψk (Zk) ∩ Vjk) ⊂ ψj (Zj) for all j, k ∈ I′′ with j < k.

e) For j < k, t ≤ ak and x ∈ ψ−1
k (Vjk), let κjkt (x) be the t-th

coordinate of ψ−1
j pjkψk (x). Then κjkt (x) = xt for t ≤ aj0.

f) If t > aj0 then κjkt (x) =
∏ak
s>aj0

x
βjkts
s for some integers βjkts.

Also, βjkts = 0 if t ≤ aji and s > aki for some i.

g) For any i, j, k ∈ I′′ with i < j < k, βikts = βijts for ai0 < s ≤ aj0
and βikts =

∑aj
u>aj0

βijtuβjkus for s > aj0.

Proof: We reduce to the case of finding ψk’s satisfying a)-e) and the weaker

f ′) below.

Assertion 2.1.1 Condition g) follows from e) and f).

Proof: We know that pikψk (x) = pijpjkψk (x) for x ∈ ψ−1
k (Vik ∩ Vjk).

Hence for t > ai0,

κikt (x) =

aj∏
u>ai0

κjku (x)
βijtu =

aj0∏
u>ai0

xβijtu
u

aj∏
u>aj0

ak∏
s>aj0

x
βjkusβijtu
s .

Hence g) follows since κikt (x) is not identically 0 for x ∈ ψ−1
k (Vik ∩ Vjk).

�

Assertion 2.1.2 It suffices to prove a weaker version of f), namely:

f ′) If t > aj0 then κjkt (x) = ±
∏ak
s>aj0

x
βjkts
s for some integers βjkts.

Proof: Suppose we can pick ψk : Zk → Vk for k = 0, . . . , n satisfying a)-e)

and f ′). First let us show that βjkts = 0 if t ≤ aji and s > aki for some i.

Suppose that βjkts 6= 0 for some t ≤ aji and s > aki. Then

pjk(ψk(Raks ) ∩ Vjk) ⊂ Rajt ⊂
⋃
`<i

V`j .

But this violates condition III in the definition of resolution tower since

ψk(Raks ) ∩ Vjk −
⋃
`<i V`k 6= ∅.

We now get rid of the minus signs in f ′). What we will do is to modify

the ψk’s by composing them with reflections until f) is satisfied. The first

step is to compose each ψk with a reflection about Rakt for each t ≤ ak0
such that the t-th coordinate zt of ψ

−1
n (z) is negative. Then a)-e) and f ′)
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are still satisfied, but we now have zt ≥ 0 for each t. We also know by e)

that the t-th coordinate of ψ−1
k pkn(z) is nonnegative if t ≤ ak0.

Suppose that after composing the ψk’s with reflections about some

hyperplanes Rakt with t > ak0 that f) holds for all k < m. We now compose

each ψk for k < m with a reflection about Rakt for each t > ak0 such that

κkmt (x) = −
∏am
s>ak0

xβkmts
s . With these new ψk’s we will have κkmt (x) =∏am

s>ak0
xβkmts
s . So f) holds for k = m, we must only check that f) still

holds for k < m.

So suppose that κjkt (x) = −
∏ak
u>aj0

x
βjktu
u for some 0 ≤ j < k < m

and t > aj0. Then for x ∈ ψ−1
m (Vjm ∩ Vkm) we have

am∏
s>aj0

xβjmts
s = κjmt (x)

= −
ak∏

u>aj0

κkmu (x)
βjktu

= −
ak0∏
u>aj0

x
βjktu
u

ak∏
u>ak0

am∏
s>ak0

x
βkmusβjktu
s .

Since ψ−1
m pmn(z) has s-th coordinates nonnegative for s ≤ am0 and 0 for

s > am0 we may pick an x ∈ ψ−1
m (Vjm ∩ Vkm) so that xs > 0 for all s ≤ amj

and xs ≥ 0 for all s > amj . But we showed above that βjmts = 0 for all

s > amj , so the left hand side above is positive and the right hand side is

nonpositive, a contradiction. So in fact there are no sign changes and f)

still holds for j < k < m.

So by induction on m we are done. �

So let us proceed to find ψk’s satisfying a)-e) and f ′). By induction

on n we may assume we have ψk : Zk → Vk for k = 0, . . . , n − 1 satisfying

a)-e) and f ′). By definition of submersive mico we may extend pn−1,n to

a submersive tico map p′n−1,n defined on a neighborhood of Vn−1,n. Then

by Lemma 6.2 applied to p′n−1,n we may pick some chart ψn : Zn → Vn
satisfying a)-e) and also satisfying f ′) for j = n − 1 and k = n. Suppose

that for some d ≥ 0, f ′) holds for all j > d. We will show that after

perturbing ψn a bit, f ′) will hold for all j ≥ d. Hence by induction we will

be done.

So suppose that for some d ≥ 0, f ′) holds for all j > d. We may suppose

d < n − 1. Let us look at κdnt (x). If x ∈ ψ−1
n (Vjn ∩ Vdn) for some j > d

then

κdnt (x) = κdjt
(
ψ−1
j pjnψn (x)

)
.



170 5. ALGEBRAIC STRUCTURES ON RESOLUTION TOWERS

So if t ≤ ad0, κdnt (x) = κjnt (x) = xt since aj0 ≥ ad0. Likewise if ad0 < t,

we have

κdnt (x) = ±
aj∏

s>ad0

κjns (x)
βdjts = ±

aj0∏
s>ad0

x
βdjts
s

aj∏
s>aj0

an∏
u>aj0

x
βjnsuβdjts
u .

Define βdnts =
∑aj
u>aj0

βjnusβdjtu for aj0 < s and define βdnts = βdjts for

ad0 < s ≤ aj0. Then

κdnt (x) = ±
an∏

s>ad0

xβdnts
s for x ∈ ψ−1

n (Vjn ∩ Vdn) .

At first glance, βdnts seems to depend on the choice of j. Let β′
dnts be

defined using some j′ instead of j.

Then for x ∈ ψ−1
n (Vjn ∩ Vj′n ∩ Vdn),

±
and∏
s>ad0

xβdnts
s = κdnt (x) = ±

and∏
s>ad0

x
β′
dnts
s .

But for a generic point of ψ−1
n (Vjn ∩ Vj′n ∩ Vdn) we know xs 6= 0 for s <

and. So the exponents are equal, so βdnts = β′
dnts for all t > ad0 and

s > ad0.

We can define λt : ψ
−1
n (Vdn)→ R by the equation

κdnt (x) = ±
an∏

s>ad0

xβdnts
s λt (x)

for x ∈ ψ−1
n (Vdn) and for ad0 < t where the ± sign is chosen so that

λt ◦ ψ−1
n (z) > 0. Then we just showed that λt (x) = 1 for x ∈ ψ−1

n

(
Vdn ∩⋃

j>d Vjn
)
. By Lemma 6.1, we know there are γsu for ad0 < s ≤ an and

ad0 < u ≤ ad so that
∑an
s>ad0

βdntsγsu = δtu the Kronecker delta, for

ad0 < t. For ad0 ≥ t define µt : Zn → R to be some extension of κdnt so

that µt (x) = xt if x ∈ ψ−1
n

(⋃
j>d Vjn

)
. Likewise for s > ad0, extend λs to

Zn so that λs = 1 on ψ−1
n

(⋃
j>d Vjn

)
. Define µt (x) = xt

∏ad
s>ad0

λs (x)
γts

for t > ad0. Define µ : Zn → Ran by µ (x) = (µ1 (x) , . . . , µan (x)). Then µ

is the identity on ψ−1
n

(⋃
j>d Vjn

)
.

It is easy to check that the Jacobian matrix of µ is the identity at

ψ−1
n (z). Hence µ−1 : Z ′

n → Zn is defined for some neighborhood Z ′
n of

µψ−1
n (z). But for x ∈ µψ−1

n (Vdn) we have

κdntµ
−1 (x) =

{
xt for t ≤ ad0

±
∏an
s>ad0

xβdnts
s for t > ad0

Also κjntµ
−1 (x) = κjnt (x) for all x ∈ µψ−1

n (Vjn), j > d. So by replacing

ψn by ψnµ
−1 we can make f ′) be satisfied for all j ≥ d. Therefore we are

through by induction.
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Lemma 2.2. Let T = {Vi,Ai, pi}ni=0 be a resolution tower of type RS.

Let S ⊂ |An| be a connected fat submanifold of Vn and let k be the largest

index so that S ⊂ Vkn. Let T be the smallest fat submanifold of Vk so

that pkn (S) ⊂ T . Let Gt : (S, S ∩An) → (T, T ∩Ak), t ∈ I be an ε-

tico homotopy rel |S ∩ An| with G0 = pkn|. Then there is an ε isotopy

Ht : Vn → Vn, t ∈ I so that:

a) H0 is the identity.

b) Ht (A) = A for all A ∈ An.

c) Gt = pknHt|S.
d) pinHt|A = pin|A for all sheets A ∈ Ain with S 6⊂ A.

Proof: We will find a smooth vector field (ω (x, t) , 1) on Vn × I so that:

i. ω (x, t) is small.

ii. ω (x, t) is tangent to each A ∈ An.

iii. dpkn (ω (x, t)) = ∂Gt/∂t for x ∈ S.
iv. dpin (ω (x, t)) = 0 for x ∈ A where A is any sheet in Ain with

S 6⊂ A.
Then integrating this vector field will give us the desired isotopy Ht. Notice

that it suffices to find ω locally and piece together with a partition of unity.

So take any z ∈ Vn. If z 6∈ S we may as well take ω = 0 locally and

our conditions will be satisfied. Now suppose z ∈ S − |S ∩An|. Then since

pkn| : S−|S∩An| → T is a submersion we may pick a small family of small

vector fields ω (x, t) on S, tangent to S so that dpknω (x, t) = ∂Gt (x) /∂t.

Now just extend ω (x, t) to a neighborhood of z in Vn so that ω is tangent

to each A ∈ An and all our conditions will be met. (Note that any sheet A

with S 6⊂ A must have S ∩A ⊂ |S ∩An|, so A is far from z.)

So the remaining case is where z ∈ |S ∩ An|. Pick j0 < j1 < · · · <
jm−1 < jm = n so that z = Vjn if and only if j = ji for some i =

0, . . . ,m − 1. By Lemma 2.1 we may find charts ψi : Zi → Vji for i =

0, . . . ,m satisfying the conclusions of Lemma 2.1. In particular:

1) Zi is an open subset of Rai
2) ψm (Zm) is a neighborhood of z

3) pjbji (ψi (Zi) ∩ Vjbji) ⊂ ψb (Zb)
4) If κbiq (x) is the q

th coordinate of ψ−1
b pjbjiψi (x) for x ∈ ψ

−1
i (Vjbji)

then

κbiq (x) =

{
xq for q ≤ ab0∏ai

s>ab0
x
βbiqs
s for q > ab0

Let Q ⊂ {1, . . . , am} be the index subset so that ψ−1
m (S) = {x ∈ Zm |

xs = 0 for all s ∈ Q }. Let d be such that k = jd. Let λq (x, t) be the qth

coordinate of ψ−1
d Gtψm (x) for x ∈ ψ−1

m (S).
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Suppose q > ad0 is such that ψ−1
d (T ) 6⊂ Radq . Then λq is not identically

0 on ψ−1
m (S) × I, so we have λq (x, t) =

∏am
s>ad0

x
βdmqs
s ηq (x, t) for some

smooth ηq. Note that ηq (x, 0) = 1. By repeated applications of Lemma 1.1

we know that ηq (x, t) ≈ 1, since λq (x, t) ≈ λq (x, 0). We may extend λq to

all of Zm×I by ignoring the coordinates xs with s ∈ Q, i.e., first you project

to
⋂
s∈Q Rams × I, then apply λq. For q > ad0 with ψ−1

d (T ) ⊂ Radq we may

set ηq (x, t) = 1. Note that λq (x, t) = κdmq (x) for all t if x ∈ Zm ∩ Rams
with s > am0 and s 6∈ Q since Gt is a homotopy rel |S ∩Ak|.

What we need is a family of vector fields v (x, t) on Zm, x ∈ Zm, t ∈ I
so that:

i. v (x, t) is small.

ii. v (x, t) is tangent to each Rams for s > am0.

iii. dκdmq (v (x, t)) = ∂λq(x, t)/∂t for all q and x ∈ ψ−1
m (S)

iv. dκbmq (v (x, t)) = 0 for x ∈ Zm∩Rams , s 6∈ Q and amb < s ≤ amb+1.

Then letting ω (x, t) = dψmv (x, t) we will be done.

Let vs (x, t) denote the sth coordinate of v (x, t). By Lemma 6.1 we

may pick γsr, ad0 < s ≤ am, ad0 < r ≤ ad so that
∑am
s>ad0

βdmqsγsr = δqr
the Kronecker δ. Define

vs (x, t) =

{
xs

∑ad
r>ad0

γsr∂ηr (x, t) /∂t for s > ad0

∂λs (x, t) /∂t for s ≤ ad0

Clearly vs (x, t) is small and it is tangent to each Rams for s > am0 since

am0 ≥ ad0.
For q ≤ ad0 and x ∈ ψ−1

m (S),

dκdmq (v (x, t)) = vq (x, t) = ∂λq(x, t)/∂t.

For q > ad0 and x ∈ ψ−1
m (S),

dκdmq (v (x, t)) =

am∑
s>ad0

vs (x, t) ∂κdmq (x) /∂xs

=

am∑
s>ad0

ad∑
r>ad0

xsγsr ∂ηr/∂t βdmqsκdmq (x) /xs

= κdmq (x)

ad∑
r>ad0

(
∂ηr/∂t

am∑
s>ad0

βdmqsγsr
)

= κdmq (x) ∂ηq (x, t) /∂t = ∂λq (x, t) /∂t.

So it remains to show that if we pick s0 6∈ Q with amb < s0 ≤ amb+1

then dκbmqv (x, t) = 0 for all q and all x ∈ Zm ∩ Rams0 . So pick such an s0.

If b > d then we know βdmqs0 = 0 for all q > ad0 by Lemma 2.1f. Hence

ηq (x, t) = λq (x, t) /κdmq (x) is defined on a dense subset of Zm∩Rams0 . But
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λq (x, t) = κdmq (x) for x ∈ Zm ∩Rams0 so ηq (x, t) = 1 on Zm ∩Rams0 . Hence

∂ηq/∂t = 0 so v (x, t) = 0 for x ∈ Zm ∩ Rams0 .

If b = d we have already seen that dκdmq (v (x, t)) = ∂λq (x, t) /∂t but

for x ∈ Rams0 ∩Zm, λq (x, t) = κdmq (x) is independent of t so dκdmq (v (x, t)) =

0 for x ∈ Rams0 ∩ Zm.

Now suppose b < d. Then for q ≤ ab0,

dκbmqv (x, t) = vq (x, t) = ∂λq (x, t) /∂t = 0

for x ∈ Rams0 ∩ Zm. For q > ab0,

dκbmqv (x, t) =

am∑
s>ab0

vs (x, t)βbmqsκbmq (x) /xs

=

ad0∑
s>ab0

∂λs (x, t) /∂t βbmqsκbmq (x) /xs

+

am∑
s>ad0

ad∑
r>ad0

γsr∂ηr (x, t) /∂t βbmqsκbmq (x)

=

ad0∑
s>ab0

∂λs(x, t)/∂t βbmqsκbmq (x) /xs

+

am∑
s>ad0

ad∑
r>ad0

ad∑
u>ad0

γsr ∂ηr(x, t)/∂t βbdquβdmusκbmq(x)

=

ad0∑
s>ab0

∂λs(x, t)/∂t βbmqsκbmq(x)/xs

+

ad∑
r>ad0

∂ηr(x, t)/∂t βbdqrκbmq(x).

But for x ∈ Zm ∩ Rams0 we know that ∂λs (x, t) /∂t = 0 so

dκbmqv (x, t) =

ad∑
r>ad0

∂ηr(x, t)/∂r βbdqrκbmq(x).

Suppose that r > ad0 is such that βbdqr 6= 0. Then βbdqr > 0. If

βdmrs0 > 0 then βbmqs0 = βbdqrβdmrs0+ nonnegative stuff so βbmqs0 > 0.

Hence κbmq (x) = 0 for all x ∈ Zm ∩ Rams0 . If βdmrs0 = 0 then ηr (x, t) =

λr (x, t) /κdmr (x) and κdmr (x) is nonzero on a dense subset of Zm ∩ Rams0 .

But λr (x, t) = κdmr (x) for x ∈ Zm ∩Rams0 so ηr (x, t) = 1 on Zm ∩Rams0 . So

for any r > ad0 we have ∂ηr (x, t) /∂t βbdqrκbmq (x) = 0 for x ∈ Zm ∩ Rams0 .

Hence dκbmqv (x, t) = 0 for x ∈ Zm ∩ Rams0 and we are finished.
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3. Quasialgebraic Towers are Algebraic

Definition 3.1. A resolution tower T = {Vi,Ai, pi}I is quasialgebraic

if each (Vi,Ai) is an algebraic tico and the following is true. Suppose

S ⊂ Vji is any fat nonsingular Zclosed subset. Let T be the smallest

fat nonsingular Zclosed subset of Vj with pji (S) ⊂ T . Then we require

that pji| : S → T be homotopic to an entire rational function. Hence, a

resolution tower is algebraic if it is quasialgebraic and each pji : Vji → Vj
is an entire rational function.

Theorem 3.1. Any quasialgebraic resolution tower of type RSE is iso-

morphic to an algebraic resolution tower.

Proof: Let T = {Vi,Ai, pi}I be a quasialgebraic resolution tower of type

RSE. What we will show is that there are rational diffeomorphisms ρi : V
′
i →

Vi and ε-automorphisms hi : Vi → Vi so that:

1) hi (P ) = P for all sheets P ∈ Ai with i ∈ I.

2) p′ji : V
′
ji → V ′

j is an entire rational function where V ′
ji = ρ−1

i (Vji)

and p′ji = ρ−1
j h−1

j pjihiρi|V ′
ji
.

Then the diffeomorphisms hiρi : V
′
i → Vi, i ∈ I give an isomorphism from

an algebraic resolution tower to our quasialgebraic resolution tower.

Pick a maximal index n ∈ I. By induction we may assume that there

are rational diffeomorphisms ρi : V
′
i → Vi, i 6= n and ε-automorphisms

hi : Vi → Vi so that 1) and 2) above hold for i 6= n. We will now induct on

the number of strata in the subset K defined below.

Suppose that there are a Zclosed subset K of Vn, a rational diffeomor-

phism ρn : V
′
n → Vn and an ε-automorphism hn : Vn → Vn so that:

i) hn (P ) = P for each sheet P ∈ An.

ii) p′jn|V ′
jn∩ρ

−1
n (K) is an entire rational function for each j < n where

V ′
jn = ρ−1

n (Vjn) and p
′
jn = ρ−1

j h−1
j pjnhnρn|V ′

jn
.

iii) K is a union of strata.

If K = Vn we are done, so suppose that K 6= Vn.

Assertion 3.1.1 There is a fat nonsingular irreducible Zclosed subset S

of Vn so that S ∩K = |S ∩An|.

Proof: Let k ≥ 0 be such that all fat nonsingular Zclosed subsets of di-

mension < k are contained in K, but some k-dimensional fat nonsingular

Zclosed subsets are not. Now let S be any irreducible k-dimensional fat

nonsingular Zclosed subset not contained in K. Since |S ∩A| is a union of

fat nonsingular Zclosed subsets of dimension < k we know |S∩A| = S∩K.

�
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So pick an S as in Assertion 5.3.1.1. We will show that there is a

rational diffeomorphism r : V ′′
n → V ′

n and an ε-automorphism h : Vn → Vn
so that:

i′) h (P ) = P for each sheet P ∈ An.

ii′) p′′jn|S′′ is an entire rational function for each j with S ⊂ Vjn where

p′′jn = ρ−1
j h−1

j pjnhnhρnr and S′′ = r−1ρ−1
n (S).

iii′) pinhnh (x) = pinhn (x) for all i < n and x ∈ K ∩ Vin.
Then by Lemma 3.10 and induction on the number of strata of K we will

be done, since we may replace ρn by ρnr and replace hn by hnh and replace

K by K ∪ S.
So let us try to find this r. Pick the largest j so that S ⊂ Vjn and let

T be the smallest fat nonsingular Zclosed subset of Vj so that ρjn (S) ⊂ T .
Note that by Lemma 3.11 we know that ρjn| : (S, S ∩An)→ (T, T ∩Aj) is

a tico map. First we shall find a rational diffeomorphism r′ : S′ → ρ−1
n (S)

so that p′jnr
′ : S′ → ρ−1

j (T ) is homotopic to an entire rational function.

This is easy; just take the pullback of the maps qρn and ρj where q : S → T

is an entire rational function homotopic to pjn| : S → T .

S′ q′−→ ρ−1
j (T )

r′ ↓ ↓ ρj

ρ−1
n (S)

ρn−→ S
q−→ T

Notice that since hj and hn are ε-automorphisms they are isotopic to the

identity so q is also homotopic to h−1
j pjnhn. Hence the entire rational

function q′ is homotopic to ρ−1
j h−1

j pjnhnρnr
′ = p′jnr

′.

Let K ′′ = (ρnr
′)
−1

(K) ∩ S′. Since p′jnr
′|K′′ is entire rational we know

by Proposition 1.2 that there is a rational diffeomorphism r′′ : S′′ → S′

and an entire rational function q′′ : S′′ → ρ−1
j (T ) so that K ′′ ⊂ S′′, the

restriction r′′|K′′ is the identity and so that q′′ and p′jnr
′r′′ are ε tico ho-

motopic rel K ′′. By Theorem 8.9 we may find a rational diffeomorphism

r : V ′′
n → V ′

n so that S′′ ⊂ V ′′
n and r|S′′ is r′r′′.

Let V ′′
in = r−1 (V ′

in) and K ′ = r−1ρ−1
n (K). By Lemma 2.2 there is

an ε-isotopy Ht : V
′′
n → V ′′

n so that H0 is the identity, Htr
−1ρ−1

n (P ) =

r−1ρ−1
n (P ) for all P ∈ An, p

′
jnrH1|S′′ = q′′ and p′inrHt (x) = p′inr (x)

for all x ∈ V ′′
in ∩ K ′. Now define an ε-automorphism h : Vn → Vn by

h = ρnrH1r
−1ρ−1

n . Define p′′in : V
′′
in → V ′

i by

p′′in = ρ−1
i h−1

i pinhnhρnr|V ′′
in

= p′inrH1|V ′′
in
.

Then p′′in|K′∩V ′′
in

= p′inr|K′∩V ′′
in

which is entire rational.

If S ⊂ Vin then we must have i ≤ j. If i = j we have already seen

that p′′in|S′′ is entire rational. If i < j then p′′in|S′′ = p′ijp
′′
jn|S′′ . So p′′in|S′′

is the composition of entire rational functions and so is entire rational. So
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by Lemma 3.10, p′′in|r−1ρ−1
n ((K∪S)∩Vin)

is entire rational for all i, and we are

done.

Theorem 3.2. If T is any compact algebraic resolution tower then

|T| is homeomorphic to a real algebraic set Y . In fact if T is such that

dimVi < dimVj for all i < j, then |T| is isomorphic as a stratified set to

the singular stratification of Y .

Proof: Let T = {Vi,Ai, pi}I. If dimVi < dimVj for all i < j, we may

assume by Proposition 1.3 that T is well indexed with bias 0. Pick a

maximal n ∈ I. Let I′ = I − {n} and let T′ = T[I′] be the truncation of

T, T′ = {Vi,Ai, pi}I′ . We may assume by induction that there is a real

algebraic set W and entire rational functions qi : Vi → W , i ∈ I′ and a

homeomorphism h : W → |T′| so that for each i, the map hqi : Vi → |T′|
is just the quotient map Vi ⊂

⋃
j∈I′ Vi → |T′| and so each qi (Vi) is an

algebraic set. Furthermore, in case dimVi < dimVj for all i < j we also

assume by induction that qi (Vi) ⊃ Sing qi+1 (Vi+1), i = 0, . . . , n − 2 and

Sing q0 (V0) = ∅.
Suppose x ∈ Vin ∩ Vjn with j < i < n. Then pjipin (x) = pjn (x)

so pin(x) and pjn(x) are equivalent in |T′|. So hqjpjn (x) = hqipin (x)

so qjpjn (x) = qipin (x). Hence if W ⊂ Rm, by repeated applications of

Lemma 3.10 we may find an entire rational function r : Vn → Rm so that

r||Ain
| = qipin. Pick some polynomial s : Vn → R so that s−1 (0) = |An|.

Let p : Vn → Rm × R be defined by p (x) = (r (x) , s (x)). By Proposition

6.1 there are an algebraic set Y , entire rational functions f : Vn → Y and

g : W → Y and a homeomorphism h′ : Y → X where X is the quotient

space Vn ∪W/ ∼ and ∼ is the equivalence relation generated by x ∼ y for

x ∈ Vn and y ∈ W with p (x) = (y, 0). Furthermore g : W → g (W ) is a

birational isomorphism and if dimVn > dimW then g (W ) ⊃ SingY . In

particular, each gqi (Vi) is an algebraic set, and if dimVi < dimVj , all i < j,

then gqi (Vi) ⊃ Sing gqi+1 (Vi+1) for i = 0, . . . , n− 1 and Sing gq0 (V0) = ∅.
Define a map ϕ :

⋃
i∈I Vi → Y as follows. Let ϕ|Vn = f and let ϕ|Vi =

gqi for i 6= n. First of all ϕ is onto. To see this, pick any y ∈ Y . Then

either y = f (x) = ϕ (x) for some x ∈ Vn or y = g (w) for some w ∈ W .

If y = g (w) then w = qi (x) for some x ∈ Vi for some i, so y = ϕ (x).

It is easy to see that if ϕ (x) = ϕ (x′) for x ∈ Vi, x
′ ∈ Vj , j ≤ i, then

either x = x′, pji (x) = x′ or pki (x) = pkj (x
′) for some k < j. Hence

we know that |T| is homeomorphic to Y . But now if dimVi < dimVj for

all i < j then Proposition 2.16 implies that after perhaps modifying Y a

bit we may assume that ϕ (Vi) = Sing (ϕ (Vi+1)) for i = 0, . . . , n − 1 and

Singϕ (V0) = ∅. So we are done.

Now Lemma 1.4 gives the following:
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Corollary 3.3. Let T be any compact algebraic resolution tower of

type U . Then |T| is isomorphic to the singular stratification of some real

algebraic set.

4. RF Towers are Quasialgebraic

In this section we will show that any topological resolution tower of

type RF is quasialgebraic.

Theorem 4.1. Let T be a topological resolution tower of type RF .

Then T is isomorphic to a quasialgebraic resolution tower.

Proof: First we make a few temporary definitions. Let A be a tico in

V . Let σ (A) be the set of connected fat submanifolds of V . We will call

B ⊂ σ (A) admissible if for every S ∈ B and T ∈ σ (A) then S ⊃ T implies

T ∈ B, in other words if S ∈ B then any connected fat submanifold of S is

also in B.

Let |B| denote
⋃
T∈B T . We call B ⊂ σ (A) algebraic if V is a non-

singular real Zopen set and each S ∈ B is a nonsingular Zclosed subset of

V . We call B ⊂ σ (A) totally algebraic if B is algebraic and furthermore V

and each S ∈ B has totally algebraic homology.

We now start the proof. For convenience, change the indexing set

so that T = {Vi,Ai, pi}ni=0. Recall that for each k < n, T[k] denotes

the truncation T[k] = {Vi,Ai, pi}ki=0. Since each Vi is full we may as well

assume each Vi is a nonsingular totally algebraic set by Corollary 8.13. This

will in fact imply that each connected component of each Vi is irreducible

and totally algebraic, but in any case by applying Corollary 8.13 to each

component separately we can arrange this.

We say a resolution tower T satisfies C (k,B) if:

1) The truncation T[k− 1] is a quasialgebraic resolution tower. Fur-

thermore, σ (Ai) is totally algebraic for all i < k.

2) B ⊂ σ (Ak) is admissible and totally algebraic.

3) For each i < k and fat submanifold T ⊂ Vi, the map pik| : |B| ∩
p−1
ik (T )→ T is homotopic to an entire rational function.

4) For each S ∈ σ (Ak) − B there is a nonsingular totally algebraic

set WS and a diffeomorphism λS : S →WS so that

a) If S is a component of Vk then WS = S and λS = identity.

b) λS ||B|∩S is an entire rational function.

Assertion 4.1.1 If the resolution tower T satisfies C (k, σ (Ak)) then it

satisfies C (k + 1, ∅).
Proof: Conditions 1), 2) and 3) are immediate. So we must only show

that for each S ∈ σ (Ak+1) there is a nonsingular totally algebraic set WS

diffeomorphic to S. This follows from Corollary 8.13. �
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Assertion 4.1.2 If T satisfies C (k,B) with B 6= σ (Ak) then T is isomor-

phic to some T′′ satisfying C (k,B′′) for some B′′ bigger than B.

Proof: Pick some S ∈ σ (Ak)−B of smallest dimension. Then if U ∈ σ (Ak)
and U ⊂ S we must have either U = S or U ∈ B. Hence B ∪ {S} is

admissible.

Suppose first that dimS = dimVk, i.e., S is a component of Vk. Then

|B| ⊃ |Ak| so T satisfies C (k, σ (Ak)) and we are done.

Now suppose that dimS < dimVk, so S ⊂ |Ak|. Let

D = {T ∈ σ (Ai) | i < k and S ⊂ p−1
ik (T ) } and

C = {U ∈ σ (Ak) | S ⊂ U }.

By 3), for each T ∈ σ (Ai) with i < k, pik| : p−1
ik (T )→ T is homotopic to a

map fT so that fT restricted to |B| ∩ p−1
ik (T ) is an entire rational function

rT . Consider the embedding h : S →
∏
T∈D T×

∏
U∈C WU given by πT ◦h =

fT |S and πU ◦h = λU |S where πT and πU are the projections to T and WU

respectively. Notice |S ∩ Ak| = S ∩ |B| and h||S∩Ak| is an entire rational

function. Let A′
k denote S ∩Ak. By Proposition 1.3 there is a nonsingular

algebraic set S′ with |A′
k| ⊂ S′ and a diffeomorphism θ : S′ → S with

θ||A′
k| = id and an entire rational function g : S′ →

∏
T∈D T ×

∏
U∈C WU

such that g||A′
k| = h||A′

k| and g is a ε-close to h◦θ. In particular, if V ′ is the

component of Vk containing S, then πV ′ ◦ g is an embedding. By Theorem

8.9 there is a nonsingular algebraic set V k and a rational diffeomorphism

µ : V k → Vk so that τ = µ−1 ◦ πV ′ ◦ g is a birational isomorphism of S′

to a nonsingular S′′ ⊂ V k. Since h ◦ θ is ε-close to g and πS ◦ h ◦ θ is a

diffeomorphism we know that πS ◦ g is a rational diffeomorphism. Hence

S′ is totally algebraic by Lemma 7.2. So S′′ is totally algebraic also. The

embeddings S′ → Vk given by x 7→ θ (x) and x 7→ πV ′ ◦ g are ε-close and

they agree on |A′
k| since θ(x) = πV ′ ◦ h ◦ θ(x). Hence these embeddings are

isotopic rel |A′
k|. We may cover this isotopy with an isotopy ψt : Vk → Vk,

t ∈ I rel |B| so that ψ0 = identity and ψ1 ◦ πV ′ ◦ g = θ (x) for all x ∈ S′.

Now define a resolution tower T′′ = {V ′′
i ,A

′′
i , p

′′
i }ni=0 which is isomor-

phic to T by replacing V ′′
k with V k. To be precise, let

i. V ′′
k = V k and V ′′

i = Vi if i 6= k

ii. A′′
k = (ψ1 ◦ µ)∗ Ak and A′′

i = Ai if i 6= k.

iii. p′′jk = pjk◦ψ1◦µ, p′′ki = (ψ1 ◦ µ)−1◦pki and p′′ji = pji for i 6= k 6= j.

The diffeomorphism ψ1 ◦µ : V k → Vk gives an identification of σ (Ak) with

σ (A′′
k). Let B′ = {µ−1 (U) | U ∈ B} ⊂ σ (A′′

k). Let B′′ = B′ ∪ {S′′} ⊂
σ (A′′

k).

We claim T′′ satisfies C (k,B′′). Condition 1) is immediate. Condition

2) follows from Lemma 7.2. To see condition 3), pick any fat submanifold
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T ⊂ Vi with i < k. First suppose that T 6∈ D. Then

|B′′|∩p′′−1
ik (T ) = µ−1

(
|B| ∩ p−1

ik (T )
)

so the restriction of p′′ik is pik ◦ µ| which is homotopic to the entire rational

function rT ◦ µ|. Now suppose that T ∈ D, so pik (S) ⊂ T . We denote

K = |B′′|∩p′′−1
ik (T ) = S′′ ∪ µ−1

(
|B| ∩ p−1

ik (T )
)
.

Recall that p′′ik|K = pik ◦ ψ1 ◦ µ|, so our first step is to homotop p′′ik|K to

fT ◦ ψ1 ◦ µ|K . On µ−1
(
|B| ∩ p−1

ik (T )
)
we know that fT ◦ ψ1 ◦ µ is just

the entire rational function rT ◦ µ|. Hence by Lemma 3.10 we only need to

homotop fT ◦ψ1 ◦µ|S′′ rel S′′∩µ−1 (|B|) to an entire rational function and

we will be done showing 3). But

fT ◦ ψ1 ◦ µ|S′′ = fT ◦ ψ1 ◦ πV ′ ◦ g ◦ τ−1 = fT ◦ θ ◦ τ−1

which is ε-close to the entire rational function πT ◦ g ◦ τ−1 and agrees with

it on S′′ ∩ µ−1 (|B|). Hence they are homotopic rel S′′ ∩ µ−1 (|B|) and 3)

is verified.

So we must only show condition 4). So pick any U ∈ σ(A′′
k) − B′′.

If dimU = dimVk we let WU = U and λU = identity. Otherwise, let

U ′ = ψ1µ (U) ∈ σ (Ak) and let WU =WU ′ . If S 6⊂ U ′ we let λU = λU ′ψ1µ.

If S ⊂ U ′ then U ′ ∈ C, so the embedding S′ θ→ S ↪→ U ′ is close to λ−1
U ′ πU ′g.

Hence there is an ε-isotopy ψUt : U ′ → U ′ rel |B| ∩U ′ so that ψU0 = identity

and ψU1 ◦ θ = λ−1
U ′ πU ′g. Define λU = λU ′ψU1 ψ1µ. We must now only check

condition 4b). First we will do the case when S 6⊂ U ′. Then for x ∈ |B′|∩U ,

λU (x) = λU ′ψ1µ (x) = λU ′µ (x) = λU ′ ||B|∩U ′ ◦ µ (x)

which is an entire rational function. But since dim (S′′ ∩ U) < dimS′′ we

know that S′′ ∩ U ⊂ |B′|, so |B′| ∩ U = |B′′| ∩ U so this case is proven.

Now suppose S ⊂ U ′. For x ∈ |B′| ∩ U ,

λU (x) = λU ′ψU1 ψ1µ (x) = λU ′µ (x)

which is an entire rational function. For x ∈ S′′ ∩ U = S′′,

λU (x) = λU ′ψU1 ψ1µ (x) = λU ′ψU1 θτ
−1 (x) = πU ′gτ−1 (x)

which is also an entire rational function. Hence by Lemma 3.10 λU ||B′′|∩U
is entire rational. So C (k,B′′) is satisfied. �

We have already shown we may as well assume T satisfies C (0, ∅). By
induction and Assertion 5.4.1.1 and 5.4.1.2, we find that T is isomorphic to

a tower satisfying C (n+ 1, ∅), i.e., a quasialgebraic resolution tower.

Corollary 4.2. If (V,A) is a closed smooth manifold with a regular

tico such that (V,A) is full then there exists a nonsingular algebraic set

with an algebraic tico (V ′,A′) which is totally algebraic such that there is a
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diffeomorphism ϕ : V → V ′ with ϕ∗A′ = A. In fact, each fat submanifold

S of V ′ has H∗ (S,Z/2Z) generated by nonsingular algebraic subsets.



CHAPTER 6

RESOLUTION TOWER STRUCTURES ON
ALGEBRAIC SETS

In this chapter we show that any compact real algebraic set is home-

omorphic to the realization of a (real algebraic) resolution tower of type

REFUN . This homeomorphism is an isomorphism of stratified sets for

some algebraic stratification of the algebraic set. In combination with the

results in Chapter V it brings us much closer to classifying real algebraic

sets in all dimensions since we showed there that any resolution tower of

type REFS is isomorphic to an algebraic resolution tower. Thus the only

obstruction to our classifying all real algebraic sets is the difference be-

tween type UN and type S. We presume that there is an as yet unproven

resolution of singularities theorem for rational functions which bridges this

difference. In Section 4 of Chapter VII we prove this in low dimensions.

We should mention that although we only explicitly talk about the real

algebraic case, the proof will work for complex varieties also. In particular,

the following theorem is true.

Theorem 0.3. Any complex algebraic set is homeomorphic to the real-

ization of a (complex algebraic) resolution tower of type UNE. This home-

omorphism is an isomorphism of complex stratified sets for some algebraic

stratification of the algebraic set.

The definition of a complex resolution tower is exactly analogous to

the definition of a resolution tower, except that one uses complex manifolds

instead of smooth manifolds. We define complex ticos and tico maps below

in section 2.

Excercise 0.1. Prove Theorem 0.3 while reading through this chapter.

This is a good exercise since the proof is the same as the real case except

that it is easier since some steps are unnecessary. In particular, all references

to type F are ignored and of course one need not resort to complexifying.

1. Uzunblowups and Fullness

In Chapter II we introduced the notion of an uzunblowup, which is a

topological multiblowup which relaxes the idea of an algebraic multiblowup

181



182 6. TOWERS FOR ALGEBRAIC SETS

by allowing rational diffeomorphisms. In a similar way, we wish to extend

the notion of a tico multiblowup to an algebraic setting.

Definition 1.1. We say that π : (X ′,A′) → (X,A) is a tico uzun-

blowup if π = π1 ◦ · · · ◦ πn, πi : (XiAi)→ (Xi−1,Ai−1), (X,A) = (X0,A0),

(X ′,A′) = (Xn,An) and each πi is either a tico blowup with nonsingu-

lar algebraic center or a rational diffeomorphism. In case πi is a rational

diffeomorphism then Ai = {π−1
i (A) | A ∈ Ai−1 } = π∗

i (Ai−1).

Thus any algebraic tico multiblowup is a tico uzunblowup. Although

any tico uzunblowup is a tico multiblowup, it might not be an algebraic

tico multiblowup.

Definitions 1.2. We say that a tico uzunblowup π1 ◦ · · · ◦πn as above

is full if each blowup πi is full. We say that it is unobtrusive if each πi is

unobtrusive. We say that it is unskewed if each πi is unskewed.

The following lemma shows that an uzunblowup of a clean submanifold

will induce an uzunblowup of the whole. This induced uzunblowup may

not be unique. However, one can show that it will be unique up to rational

diffeomorphism.

Lemma 1.1. Let (V,A) be an algebraic tico and letW ⊂ V be a compact

nonsingular Zclosed subset of V which intersects A cleanly. Let

(Wn,Bn)
πn→ (Wn−1,Bn−1)→ · · ·

π1→ (W0,B0) = (W,W ∩A)

be any tico uzunblowup. Then there is a tico uzunblowup

(Vn,An)
ρn→ (Vn−1,An−1)→ · · ·

ρn→ (V0,A0) = (V,A)

with the same centers. In other words, if W ′
i ⊂ Vi is the strict transform

of W then there are birational isomorphisms hi : Wi →W ′
i so that

a) W ′
i intersects Ai cleanly.

b) h∗i (W
′
i ∩Ai) = Bi.

c) ρihi = hi−1πi.

d) h0 = identity.

e) ρi is a rational diffeomorphism if πi is a rational diffeomorphism.

f) If πi is the blowup with center Li ⊂ Wi−1 then ρi is the blowup

with center hi−1 (Li).

Furthermore, if each πi is an algebraic tico blowup (i.e., we have an alge-

braic tico multiblowup) this lemma remains true even if W is not compact.

Proof: We may as well assume n = 1. If π1 is a rational diffeomorphism,

then by Theorem 8.9, there is a rational diffeomorphism ρ1 : V1 → V so

that W1 ⊂ V1 and ρ1| = π1. If π1 is a blowup with center L, just let

V1 = B (V, L) and ρ1 = π (V, L). Then L intersects A cleanly since L

intersects W ∩A cleanly. Hence ρ1 is a tico blowup so the results follow.
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Proposition 1.2. Let (X,A) be an algebraic tico with X compact.

Then there is a full algebraic tico uzunblowup π : (Y,B) → (X,A) so that

(Y,B) is full. Furthermore, all the centers of π are irreducible and have

dimension less than dimX.

Proof: We first find a nondegenerate full tico uzunblowup ρ : (X ′,A′) →
(X,A) with irreducible centers so that X ′ is full. The proof that we can

do this is identical to the proof of Theorem 9.5 except that we require all

uzunblowups we construct to be full tico uzunblowups.

So we may as well assume that X is full. Let

C = {A ∈ A | (A,A ∩A) is not a full tico }.

If C is empty we are done, so pick C ∈ C. By induction on dimension, we

know that there is a nondegenerate full tico uzunblowup with irreducible

centers π : (C ′,E) → (C,C ∩A) so that (C ′,E) is full. By Lemma 1.1, π

induces a nondegenerate full tico uzunblowup π′ : (X ′′,A′′)→ (X,A) with

the same centers so that C ′ ⊂ X ′′, E = C ′ ∩ A′′ and π′ |= π. By Lemma

4.1 we know that if

C′ = {A ∈ A′′ | (A,A ∩A′′) is not a full tico }

then C′ is contained in the strict transform of C − {C}. So C′ has fewer

members than C so after a finite number of steps we are done.

Proposition 1.3. Let (X,A) be a full algebraic tico with X compact.

Let π : (Y,B) → (X,A) be an algebraic tico uzunblowup with centers ly-

ing over some W ⊂ X. Then there is a full algebraic tico uzunblowup

π′ : (Z,C) → (Y,B) with all centers irreducible and lying over π−1 (W ) so

that (Z,C) is full.

Proof: We will prove this by induction on the dimension of X and the

number of B ∈ B so that the tico (B,B ∩B) is not full. To start off, notice

that if (B,B ∩B) is full for all B ∈ B, then Y is full by Lemma 4.2. Hence

(Y,B) is full.

Now assume (B,B ∩B) is not full for some B ∈ B.

Assertion 1.3.1 There is a full tico uzunblowup π′′ : (B′,B′)→ (B,B ∩B)

with irreducible centers lying over π−1 (W ) ∩B so that (B′,B′) is full.

Proof: First suppose that B is the strict transform of some A ∈ A. Then

π| : (B,B ∩B) → (A,A ∩A) is an algebraic tico uzunblowup. The asser-

tion then follows from this Proposition by induction on dimX.

Now suppose that B is not the strict transform of some A ∈ A. Then

π (B) ⊂ W . By Proposition 1.2 there is a full algebraic tico uzunblowup

π′′ : (B′,B′) → (B,B ∩B) with irreducible centers so that (B′,B′) is full.

Since B ⊂ π−1 (W ) we know that all centers lie over π−1 (W ) ∩ B = B.

�
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So take a full uzunblowup π′′ as in Assertion 6.1.3.1. By Lemma 1.1

the uzunblowup π′′ induces a full tico uzunblowup π′′′ : (Y ′,B′′) → (Y,B)

with irreducible centers lying over π−1 (W ) ∩ B with B′ ⊂ Y ′ the strict

transform of B. By Lemma 4.1 we know that B′′ has fewer sheets B′′ so

that (B′′, B′′ ∩B′′) is not full. So by induction we are done.

2. Complex Ticos and Complexifications

Definitions 2.1. We may define complex ticos in a way similar to

our definition of ticos. A complex tico A in a complex manifold M is a

collection of immersed complex codimension 1 proper submanifolds of M

in general position. A complex tico is regular if all its sheets are embedded.

A complex tico is algebraic if it is regular, if M is a nonsingular complex

Zopen set and each sheet of A is a nonsingular complex Zclosed subset of

M .

Definition 2.2. Let (V,A) and (W,B) be complex ticos. Then a

complex analytic function f : V → W is a complex tico map if f−1 (|B|) ⊂
|A|.

Let us see why this gives the local expression analogous to real tico

maps. Let Cni denote { (z1, . . . , zn) ∈ Cn | zi = 0 }. Pick x ∈ V and pick

analytic coordinates ψ : (U, 0)→ (V, x) and θ : (U ′, 0)→ (W,f (x)) with U

and U ′ neighborhoods of 0 in Cm and Cn so that ψ−1 (|A|) =
⋃a
i=1 Cmi ∩U ,

θ−1 (|B|) =
⋃b
i=1 Cni ∩ U ′, and fψ (U) ⊂ θ (U ′). Let λi : U → C be the

i-th coordinate of θ−1fψ. Since f−1 (|B|) ⊂ |A| we know that λ−1
i (0) ⊂

U ∩
⋃a
j=1 Cmj for i ≤ b. Hence by Lemma 2.1 below we know that λi (z) =∏a

j=1 z
aij
j ϕi (z) for some analytic ϕi with ϕi (0) 6= 0. So we get the same

local expression as in the real case.

Lemma 2.1. Let f : U → C be a complex analytic map where U is some

ball around the origin in Cm. Suppose f−1 (0) ⊂
⋃k
i=1 Cmi . Then f (z) =∏k

i=1 z
αi
i g (z) for some integers αi and some analytic g with g (0) 6= 0.

Proof: Pick maximal αi’s so that f (z) =
∏k
i=0 z

αi
i g (z) for some ana-

lytic g. If g (0) 6= 0 we are done. So suppose g (0) = 0. Notice g−1 (0) ⊂
f−1 (0) ⊂

⋃k
i=1 Cmi . But every irreducible component of g−1 (0) must have

codimension one. Since each Cmi is irreducible and g−1 (0) ⊂
⋃k
i=1 Cmi ,

this means that each irreducible component K of g−1 (0) must be Cmi ∩
U for some i ≤ k. But then g (z) = zih (z) for the analytic h (z) =∫ 1

0
∂g/∂zi (z1, . . . , tzi, . . . , . . . , zn) dt which contradicts the maximality of

the αi’s.

Lemma 2.2. Let f : V → W be an analytic function between real ana-

lytic manifolds. Let A and B be analytic ticos in V and W respectively (i.e.,
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they are regular ticos and each sheet is an analytic submanifold). Suppose

that complexifications exist and for some complexifications, fC : (VC,AC)→
(WC,BC) is a complex tico map. Then f : (V,A)→ (W,B) is a tico map.

Proof: It suffices to prove this locally. So we may assume that V andW are

open sets around the origin in Rn and Rm respectively, A is {Rni ∩V }ki=1 and

B is {Rmi ∩W}
p
i=1. But then AC is {Cni ∩VC}ki=1 and BC is {Cmi ∩WC}pi=1.

Let fi denote the i-th coordinate of f . Then f−1
iC

(0) ⊂
⋃
Cnj ∩ VC if i ≤ p

so Lemma 2.1 implies that fiC (z) =
∏
z
αj

j g (z) for some integers αj and

analytic g with g (0) 6= 0. Plugging in z real gives us the desired result.

At some point in this chapter we will need to use Hironaka’s resolution

of singularities (Theorem 5.11) To understand his paper we must have some

understanding of schemes. What follows is a dictionary which will allow

the reader unfamiliar with schemes to translate the language in [H] to the

more accessible language of complex algebraic sets. For the purposes of this

chapter, the reader may consider an affine algebraic scheme X over R to be

a complex Zopen set X which is invariant under complex conjugation. Let

σ denote the complex conjugation involution. The scheme is irreducible

if X = X ′ ∪ σ (X ′) for some irreducible complex Zopen set X ′ and it is

nonsingular if X is a nonsingular complex Zopen set. A (reduced) sub-

scheme Y of X is a complex Zclosed subset Y of X which is also invariant

under complex conjugation. A morphism f : X → Y between schemes is

an equivariant rational function, in other words a rational function whose

coefficients are real (perhaps not defined on all of X).

If D ⊂ X is a nonsingular subscheme of a scheme X then the monoidal

transformation of X with center D is just the blowup of X with center

D. A subscheme E of a nonsingular scheme X has only normal crossings

if and only if E = |A| for some complex algebraic tico A in X so that

each sheet of A is invariant under complex conjugation, i.e., each sheet is

a nonsingular subscheme. If E has only normal crossings and D ⊂ X is

a nonsingular subscheme then E has only normal crossings with D if and

only if D intersects the above A cleanly.

Notice that if an algebraic scheme over R is nonsingular and irreducible

and if X is the complex variety associated to it, then either X has no real

points or X is irreducible. This is because X = X ′ ∪ σ (X ′) with X ′

irreducible. But the intersection of two different irreducible components of

an algebraic set is always contained in the singularity set by Proposition

2.6. Hence either X ′ ∩ σ (X ′) = X ′ or X ′ ∩ σ (X ′) = ∅. But the real

points of X are contained in the fixed point set of σ which is contained in

X ′ ∩ σ (X ′). So if X has real points we must have X ′ = σ (X ′) = X so X

is irreducible.
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If V ⊂ Rn is a real algebraic set we may associate to V an algebraic

scheme over R, namely Spec (R[x1, . . . , xn]/I (V )). The complex variety we

identify with this scheme turns out to be VC, the complexification of V .

For example, let X = {(x, y) ∈ C2 | x2 + y2 + 1 = 0}. Then X is

a nonsingular irreducible complex algebraic set invariant under complex

conjugation. It represents a nonsingular scheme over R with no real points.

The scheme is Spec
(
R[x, y]/〈x2 + y2 + 1〉

)
.

For another example, let X = { (x, y) ∈ C2 |
(
x2 + y2

)2
+ 1 = 0 }.

Then X is a nonsingular complex algebraic set invariant under complex

conjugation, but it is reducible. Its two components are

X± = {(x, y) ∈ C2 | x2 + y2 ±
√
−1 = 0}.

Notice σ (X+) = X− and σ (X−) = X+. It represents an irreducible nonsin-

gular scheme over R with no real points, namely Spec
(
R[x, y]/〈

(
x2 + y2

)2
+ 1〉

)
.

For a nonsingular scheme with real points, let X = {(x, y) ∈ C2 | x2 +
y2 − 1 = 0}. Then X is a nonsingular irreducible complex algebraic set in-

variant under complex conjugation. The scheme is Spec
(
R[x, y]/〈x2 + y2 − 1〉

)
.

Lemma 2.3. Let (X,A) be a complex algebraic tico and let W ⊂ X

be a complex Zclosed subset. Suppose that W , X and each S ∈ A are all

invariant under complex conjugation. Then there is a complex algebraic tico

multiblowup π : (X ′,A′)→ (X,A) so that the strict transform W ′ of W is

nonsingular and W ′ intersects A′ cleanly. Furthermore, all the centers of

the multiblowup are invariant under complex conjugation, have irreducible

real points and lie over the algebraic set Z where Z = Z ′ ∪ SingW and

Z ′ = { y ∈ NonsingW |W does not intersect A cleanly near y }.

Proof: This is just an interpretation of Hironaka’s resolution theorem in

[H]. First of all we may as well assume that X is either irreducible or the

disjoint union of an irreducible algebraic set and its complex conjugate.

Now think of X as being a nonsingular irreducible algebraic scheme over R.
Think of W , Z and the sheets of A as being reduced subschemes. Then in

the terminology of [H], ((|A|; ;W ) ,W − Z) is a resolution datum of type

R
N,n
I with open restriction on X, where N = dimCX and n = dimCW . By

Theorem IN,n2 of [H] there is a finite succession of monoidal transformations

f = {fi : Xi+1 → Xi}, 0 ≤ i < m and X0 = X which is permissible for

((|A|; ;W ) ,W − Z) such that f∗ ((|A|; ;W )) is resolved everywhere. Let

Bi be the center of fi and let Ri = ((Ei; ;Wi) , Ui) for 0 ≤ i ≤ m be the

resolution data on Xi which is the transform of ((|A|; ;W ) ,W − Z). Since
f is permissible we know that each Bi is irreducible and nonsingular, Ei
has only normal crossings with Bi and Bi ⊃ Wi − Ui. By definition of

the transform in [H] we know that E0 = |A|, W0 = W , U0 = W − Z,
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Ei+1 = f−1
i (Ei ∪Bi) = f−1

i (Bi)∪ the strict transform of Ei. Also Wi+1

is the strict transform of Wi and Ui+1 = f−1
i (Ui). Since f∗ ((|A|; ;W )) =

(Em; ;Wm) is resolved everywhere we know that Wm is nonsingular and

Em has only normal crossings with Wm. Since Ui+1 = f−1
i (Ui) for all i we

know that each center Bi lies over Z.

We claim that f actually gives a complex tico multiblowup and if Ai
is the tico in Xi which is the total transform of A, then |Ai| = Ei. This is

because |Ai+1| = f−1
i (|Ai| ∪Bi) = f−1

i (Ei ∪Bi) = Ei+1 if |Ai| = Ei and

fi is a tico blowup since Ei has only normal crossings with Bi, hence Bi
intersects Ai cleanly.

Lemma 2.4. Let π : (X ′,A′) → (XC,AC) be a complex algebraic tico

multiblowup of a complexification of a real algebraic tico (X,A). Suppose

that the centers are all invariant under complex conjugation. Then there is

a real algebraic tico multiblowup ρ : (X ′′,A′′) → (X,A) so that (X ′′,A′′)

is the real points of (X ′,A′) and the centers of ρ are the real points of the

centers of π.

Proof: Depending on ones point of view, this result is either tautological

or easy. Our official point of view for this book is that real algebraic sets are

all affine. This simplifies things and keeps the results on a concrete, down

to earth level. However, as we pointed out in Chapter II, we cannot do the

same with complex algebraic sets because the blowup of an affine complex

algebraic set is not affine. However, if we replace all the blowups in the

multiblowup π with the semiblowups of Chapter II we get this lemma.

From Lemma 2.3 we can derive the following consequence for real al-

gebraic sets.

Lemma 2.5. Let (X,A) be an algebraic tico and suppose W ⊂ X is a

Zclosed subset. Then there is an algebraic tico multiblowup π : (Y,B) →
(X,A) whose centers are irreducible and lie over W so that π−1 (W ) = |B′|
for some B′ ⊂ B.

Proof: First consider the real case. Let (XC,AC) be a complexification of

(X,A). LetWC ⊂ XC be the complexification ofW . By Lemma 2.3 there is

an equivariant complex algebraic tico multiblowup π′ : (X ′,A′)→ (XC,AC)

so that the centers all lie over WC and have irreducible real points and so

that the strict transformW ′ ofWC is nonsingular and intersects A′ cleanly.

By Lemma 2.4 this induces a real tico multiblowup π′′ : (X ′′,A′′)→ (X,A)

with all centers irreducible and lying over W so that the strict transform

W ′′ of W is nonsingular and intersects A′′ cleanly. Note that π−1(W ) =

W ′′ ∪ |B′′| for some B′′ ⊂ A′′ since π−1(W ) contains the strict transform

of the inverse image of all centers of the multiblowup. In particular, B′′ =

A′′ − { strict transforms of A ∈ A}. Let (Y,B) → (X ′′,A′′) be the tico
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multiblowup which blows up the irreducible components ofW ′′ one by one.

Then the composition (Y,B)→ (X ′′,A′′)→ (X,A) satisfies the conclusions

of our lemma.

The complex version is done similarly only of course it is not necessary

to complexify.

Lemma 2.6. Suppose f : V → W is an entire rational function be-

tween two nonsingular real algebraic sets and suppose A and B are algebraic

ticos in V and W respectively. Then there is an algebraic tico multiblowup

π : V ′ → V with irreducible centers so that if A′ is the total transform of A

then fπ : (V ′,A′)→ (W,B) is a tico map.

Furthermore, if Z ⊂ V is a closed subset so that the restriction

f | : (V − Z, (V − Z) ∩A)→ (W,B)

is a tico map then we may assume the centers of π all lie over Z.

Proof: Let (VC,AC) be a complexification of (V,A) and let (WC,BC) be a

complexification of (W,B). Let fC be the complexification of f . Then after

perhaps shrinking VC a bit we may assume that fC : VC → WC is defined

on all of VC. Let Y ⊂ VC be the Zariski closure of f−1
C (|BC|)− |AC|.

Assertion 2.6.1 f is locally a tico map at y ∈ V if and only if y ∈ V −Y .

In particular, Z contains the real points of Y .

Proof: Notice that

fC| : (VC − Y, (VC − Y ) ∩AC)→ (WC,BC)

is a complex tico map since

f−1
C (|BC|) ∩ (VC − Y ) ⊂ |AC|.

Hence by Lemma 2.2,

f | : (V − Y, (V − Y ) ∩A)→ (W,B)

is a real tico map. So one direction is proven. Now suppose f is locally a

tico map at y ∈ V . Pick integers a and b and pick polynomials pi : V → R,
i = 1, . . . , a and qi : W → R, i = 1, . . . , b so that |A|∩U =

⋃a
i=1 p

−1
i (0)∩U

and |B| ∩ U ′ =
⋃b
i=1 q

−1
i (0) ∩ U ′ for some neighborhood U of y in V and

U ′ of f (y) in W and so that (p1, . . . , pa) = V → Ra has rank a at y and

(q1, . . . , qb) : W → Rb has rank b at f (y). After shrinking U a bit, we know

from the fact that f |U is a tico map that qif (x) =
∏a
j=1 pj (x)

αij ri (x) for

some nonzero smooth functions ri : U → R−0. By repeated applications of

Proposition 2.11 we see that ri is an entire rational function, and U may be

taken to be Zariski open. Notice that qiCfC (x) =
∏a
j=1 pjC (x)

αij riC (x)
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and riC (y) 6= 0. Hence

U ′′ ∩ f−1
C (|BC|) ⊂ U ′′ ∩

a⋃
j=1

p−1
jC (0) ⊂ U ′′ ∩ |AC|

for some Zariski open neighborhood U ′′ of y in VC. So Y ⊂ VC − U ′′ so

y ∈ V − Y . �

By Lemma 2.3 there is an equivariant complex algebraic tico multi-

blowup π′ : (V ′′,A′′) → (VC,AC) so that all centers lie over Y and have

irreducible real points, the strict transform Y ′′ of Y is nonsingular and

Y ′′ intersects A′′ cleanly. After further blowups with centers the irre-

ducible components of Y ′′ we may as well assume that Y ′′ is empty. Let

π : (V ′,A′)→ (V,A) be the corresponding real algebraic tico multiblowup

obtained from Lemma 2.4. Its centers lie over the real points of Y , hence

over Z. Also V ′′ is a complexification of V ′, A′′ minus the complexification

A′
C of A′ is a collection of sheets with no real points and π′ is the complex-

ification of π. Notice that π′−1
f−1
C (|BC|) ⊂ π′−1

(Y ∪ |AC|) = |A′′|. Hence

fCπ
′ : (V ′′,A′′) → (WC,BC) is a complex tico map, so fπ : (V ′,A′) →

(W,B) is a tico map by Lemma 2.2.

Proposition 2.7. Let f : X → Y be an entire rational function be-

tween real Zopen sets X and Y . Suppose X is nonsingular and A is an

algebraic tico in X. Let π : Y ′ → Y be an uzunblowup with centers lying

over Z ⊂ Y .

Then there is a tico uzunblowup µ : X ′ → X and an entire rational

function g : X ′ → Y ′ so that πg = fµ and all the centers of µ are irre-

ducible and lie over f−1 (Z). Furthermore, if Y ′ is nonsingular and D′ is

an algebraic tico in Y ′ with π (|D′|) ⊂ Z we may guarantee that g is a tico

map.

Proof: We will prove only the first part. The second part, that g can be

taken to be a tico map, will then follow from Lemma 2.6.

It suffices to consider the case where π is a single rational diffeomor-

phism or blowup. If π is a rational diffeomorphism then Y must be non-

singular so we may just take the pullback.

X ′ g→ Y ′

µ ↓ ↓ π

X
f→ Y

More explicitly, X ′ = { (x, y) ∈ X × Y ′ | π (y) = f (x) }, g (x, y) = y and

µ (x, y) = x. Then µ is a rational diffeomorphism, µ−1 (x) =
(
x, π−1f (x)

)
.

If π is a blowup, this Lemma follows from Chapter 0, Section 5 of

[H] using the same translation between schemes and real algebraic sets
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we used in Lemma 2.3. It is amusing to note that we can also prove this

using Proposition 3.9 and resolution of singularities. Suppose the center

of π is L and I(L) = 〈h1, . . . , hn〉. Think of X as a scheme over R or

equivalently, take its complexification and do everything equivariantly. By a

Sard’s theorem argument, there is a linear transformation A : Rn → Rn and

an algebraic tico C in X−f−1(L) so that |A|−f−1(L) ⊂ |C| and so f ′ : (X−
f−1(L),C)→ (Rn,E) is a tico map where f ′ = A(h1◦f, . . . , hn◦f) and E =

{Rni }ni=1. By Lemma 2.5, we may assume after doing a tico multiblowup

of the tico (X,A) that f−1(L) is a tico. After further multiblowups with

centers lying over f−1(L), we may assume that C extends to a tico on X.

But now Proposition 3.9 says that after further multiblowups, the map

f lifts. A more careful argument could show that in fact the centers of

blowups not only lie over f−1(L), but lie over the set of points at which

f∗(I(L)) is not locally principal. Of course the the proof of resolution of

singularities in [H] is entwined with the proof that such lifts exist, so strictly

speaking this proof is circular. But there are other proofs of resolution of

singularities, c.f., [BM].

Proposition 2.8. Let X and Y be real Zopen sets. Suppose X is

nonsingular and A is an algebraic tico in X. Let f : |B| → Y be an entire

rational function for some B ⊂ A. Suppose λ : Y ′ → Y is an uzunblowup

with centers lying over some Z ⊂ Y and suppose W ⊂ X is a Zclosed subset

containing f−1 (Z). Then there is a tico uzunblowup π : (X ′,A′)→ (X,A)

and an entire rational function h : |B′| → Y ′ where B′ is the strict transform

of B so that

a) The centers of π are all irreducible and lie over W .

b) λh = fπ|.
c) π−1 (W ) = |E| for some algebraic tico E ⊂ A′.

d) If Y ′ is nonsingular and D is an algebraic tico in Y ′ with λ (|D|) ⊂
Z then h is a mico.

e) If (X,A) is full, then (X ′,A′) is full also.

Proof: Suppose that for some C ⊂ B (possibly empty) there is an entire

rational function g : |C| → Y ′ so that λg = f |. Furthermore, if the condi-

tions of d) are met, then suppose g| : (T, T ∩ (A−B)) → (Y ′,D) is a tico

map for all T ∈ C. If C 6= B, pick any S ∈ B − C. By Proposition 2.7 we

know there is an algebraic tico uzunblowup µ : (S′,E′)→ (S, S ∩A) and an

entire rational function r : S′ → Y ′ so that the centers of µ are irreducible

and lie over S∩W , so that λr = fµ and so that if the conditions of d) hold,

r : (S′,E′) → (Y ′,D) is a tico map. Let E′′ ⊂ E′ be the strict transform

of S ∩ B. For reasons which will become apparent later, we would like to

have µ (L′) 6⊂ W for each irreducible component L′ of each sheet L ∈ E′′.

This is easy to arrange after further blowups since if µ (L′) ⊂ W we may
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just blow up S′ with center L′. Since L′ has codimension one, this blowup

map is just the identity. However, the strict transform of L is L − L′ so

we have improved matters. So we may as well assume that µ (L′) 6⊂W for

each irreducible component of L′ of each sheet L ∈ E′′. The reader may

well be puzzled as to why we bother to blow up L′ since the blowup map is

just the identity. The reason is that we will eventually extend the blowup

to all of X, then this blowup will become meaningful.

Assertion 2.8.1 Let K be the strict transform of S ∩ |C|. Then r|K =

gµ|K .

Proof: Pick any x ∈ K. Then x ∈ L for some strict transform L of a sheet

of S ∩C. Let L′ be the irreducible component of L which contains x. Since

µ (L′) 6⊂ W we know dim
(
µ−1 (W ) ∩ L′) < dimL′ by Lemma 2.9. So we

may take x′ ∈ L′ − µ−1 (W ) with x′ close to x. But fµ (x′) 6∈ Z, hence

λ−1fµ (x′) has just one point so r (x′) = gµ (x′) since λr (x′) = fµ (x′) =

λgµ (x′). So r (x) = gµ (x) by continuity. �

By Lemma 1.1 we have an extension µ : (X ′′,A′′) → (X,A) of µ to a

tico uzunblowup with the same centers so S′ ⊂ X ′′ and E′ = S′ ∩A′′. Note

then that if C′ ⊂ A′′ is the strict transform of C then S′ ∩ |C′| = K. By

Lemma 3.11 there is an entire rational function g′ : S′ ∪ |C′| → Y ′ so that

g′|S′ = r and g′||C′| = gµ|. But then λg′ = fµ.

Assertion 2.8.2 If the conditions of d) are satisfied then for T ′ = S′ and

for all T ′ ∈ C′, g′ : (T ′, T ′ ∩ (A′′ −B′′))→ (Y ′,D) is a tico map where B′′

is the strict transform of B.

Proof: Take T ′ ∈ C′ which is the strict transform of some T ∈ C. We know

that the restriction g| : (T, T ∩ (A−B))→ (Y ′,D) is a tico map. But then

g′| : (T ′, T ′ ∩ (A′′ −B′′))→ (Y ′,D) is a tico map by Lemmas 2.4 and 3.4.

So now consider T ′ = S′. We know that g′| = r : (S′, S′ ∩A′′) → (Y ′,D)

is a tico map since E′ = S′ ∩ A′′. Take any irreducible component L′ of

any sheet L ∈ E′′ = S′ ∩ B′′. If r (L′) ⊂ |D| then fµ (L′) = λr (L′) ⊂
λ (|D|) ⊂ Z so µ (L′) ⊂ f−1 (Z) ⊂ W , a contradiction. So r (L′) 6⊂ |D|, so
dim

(
L′ ∩ r−1 (|D|)

)
< dimL by Lemma 2.9. Hence r−1 (|D|) ⊂ |E′ − E′′|

so r : (S′,E′ − E′′) → (Y ′,D) is a tico map by Lemma 2.5. But E′ − E′′ =

S′ ∩ (A′′ −B′′). �

So after replacing (X,A) by (X ′′,A′′), f by fµ, W by µ−1 (W ), B by

B′′, g by g′ and C by C′ ∪ {S′} we see we have enlarged C. Hence we may

as well assume that C = B. By Lemma 2.5 we may as well assume that

W is the realization of an algebraic tico E ⊂ A. By Proposition 1.3, if our

original (X,A) was full we can blow up further so that (X ′,A′) will be full.

So we have proven a), b), c) and e). But d) follows from Lemma 7.1.
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3. Extending Algebraic Resolution Towers

Definition 3.1. An uzunblowup of an algebraic resolution tower T =

{Vi,Ai, pi}I is an algebraic resolution tower T′ = {V ′
i ,A

′
i, p

′
i}I and an un-

obtrusive, unskewed tico uzunblowup πi : (V ′
i ,A

′
i)→ (Vi,Ai) for each i ∈ I

so that the uzunblowups πi are compatible with the maps in pi and p′i.

More precisely, A′
ji is the tower transform of Aji and πjp

′
ji (x) = pjiπi (x)

for all x ∈ |A′
ji|.

In other words, by forgetting the algebraic structure the uzunblowups

πi become multiblowups and we ask that {πi} be a multiblowup of T.

We first show that an uzunblowup of part of a resolution tower can be

extended to the whole tower.

Proposition 3.1. Let T be an algebraic resolution tower and let {πi}I′ : T′ →
T[I′] be an uzunblowup of the truncation T[I′] for some lower index subset

I′ ⊂ I. Then there is an uzunblowup {π′
i}I : T′′ → T so that T′′[I′] = T′

and π′
i = πi for all i ∈ I′. Furthermore, if the centers of each πi lie over

some Zi ⊂ Vi for all i ∈ I′ then the centers of each π′
i lie over Z ′

i where

Z ′
i = Zi ∩ |Ai| for all i ∈ I′ and Z ′

i =
⋃
j<i p

−1
ji (Z

′
j) if i ∈ I− I′. Addition-

ally, if T and T′ are both type F, we may may require that T′′ have type F

also.

Proof: Let T = {Vi,Ai, pi}I and T′ = {V ′
i ,A

′
i, p

′
i}I′ . It suffices to prove the

case I′ = I− {n} for some maximal index n ∈ I. By repeated applications

of Proposition 2.8 (with B := Ajn, Y := Vj , f := pjn and Y ′ := V ′
j for j <

n), there is a tico uzunblowup πn : (V ′
n,A

′
n) → (Vn,An) with unobtrusive

unskewed centers so that if A′
jn is the tower transform of Ajn then there are

entire rational functions p′jn : |A′
jn| → V ′

j so that πjp
′
jn = pjnπn|, 0 ≤ j < n

and so that the centers lie over Z ′
n. By Proposition 2.8e or 1.3 we may also

assume that (V ′
n,A

′
n) is full if (Vn,An) is full. Now the Proposition follows

from Lemma 2.3, setting V ′′
i = V ′

i , A
′′
ji = A′

ji and p
′′
ji = p′ji for j < i ≤ n.

Lemma 3.2. Let T = {Vi,Ai, pi}I be a compact algebraic resolution

tower and suppose that for each i ∈ I we have a subtico Bi ⊂ Ai and an

entire rational function qi : |Bi| → Y to some algebraic set Y . Suppose also

that the maps qi are compatible with each other. In other words, qjpji (x) =

qi (x) for all x ∈ |Bi| ∩ p−1
ji (|Bj |) if j < i.

|Bi|
↗ ↘qi

p−1
ji (|Bj |) ∩ |Bi| Y

pji↘ ↗qj
|Bj |



3. EXTENDING ALGEBRAIC RESOLUTION TOWERS 193

Let Z ⊂ Y and Zi ⊂ |Ai| be algebraic sets so that Zi ⊃ q−1
i (Z) for all i ∈ I

and Zi ⊃ p−1
ji (Zj) for all j < i. Suppose λ : Y ′ → Y is an uzunblowup with

centers lying over Z. Then there is an uzunblowup {πi}I : T′ → T so that:

a) The centers of πi all lie over Zi.

b) Let B′
i be the strict transform Bi. Then there are entire rational

functions hi : |B′
i| → Y ′ so that λhi = qiπi|.

c) Each π−1
i (Zi) is the realization of an algebraic tico Ei.

d) If Y ′ is nonsingular and D is an algebraic tico in Y ′ with λ (|D|) ⊃
Z then each hi is a mico.

e) If T has type F then T′ also has type F .

|Ei| ↪→ V ′
i ←↩ |B′

i|
hi−→ Y ′

↓ ↓ πi ↓ ↓ λ
Zi ↪→ Vi ←↩ |Bi|

qi−→ Y
∪ ∪ ∪

q−1
i (Z) = q−1

i (Z) −→ Z

Proof: Let n be a maximal index in I and let I∗ = I− {n}. By induction

on the size of I, there is an uzunblowup {π∗
i }I∗ : T∗ → T[I∗] satisfying a)-e).

By Proposition 3.1 we may extend this to an uzunblowup {π′′
i }I : T′′ → T

so that T′′[I∗] = T∗, π′′
i = π∗

i for all i ∈ I∗ and the centers of π′′
n lie over⋃

i<n p
−1
in (Zi) ⊂ Zn. Let B′′

n and A′′
n be the strict transforms of Bn and

An over π′′
n. By Proposition 2.8 there is a tico uzunblowup π′

n : (V
′
n,A

′
n)→

(V ′′
n ,A

′′
n) and an entire rational function hn : |B′

n| → Y ′ where B′
n is the

strict transform of B′′
n so that a)-e) hold. Let (V ′

i ,A
′
i) = (V ′′

i ,A
′′
i ) and

π′
i = the identity for i 6= n. Then by Lemma 2.3, {π′

i}I : T′ → T′′ is an

uzunblowup, so setting πi = π′′
i ◦ π′

i we are done.

The following does two things, it lifts a rational tower morphism to a

blowup and makes it a tico tower morphism as well.

Proposition 3.3. Let π : T′ → T be an uzunblowup of algebraic reso-

lution towers and let f : T′′ → T be a rational tower morphism of algebraic

resolution towers. Then there is an uzunblowup µ : T′′′ → T′′ and a rational

tico tower morphism g : T′′′ → T′ so that the following commutes.

T′′′ g→ T′

↓ µ ↓ π

T′′ f→ T

Proof: Let T = {Vi,Ai, pi}I, let T′ = {V ′
i ,A

′
i, p

′
i}I and let T′′ = {V ′′

i ,A
′′
i , p

′′
i }I′′ .

Let n ∈ I be a maximal index. Let α : I′′ → I be the index map for f and

let J = I − {n} and J′′ = α−1(J). By induction we may assume there

is an uzunblowup µ′ : T∗ → T′′[J′′] and a rational tico tower morphism

g′ : T∗ → T′[J] so that πg′ = fµ′. By Proposition 3.1 we may assume there
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is an uzunblowup µ′′ : T∗∗ → T′′ so that T∗ = T∗∗[J′′] and µ′ = µ′′|T∗ . Let

T∗∗ = {V ∗∗
i ,A∗∗

i , p
∗∗
i }I′′ .

Let πn : V
′
n → Vn be the blowup given by π. Then the centers of πn lie

over |An| since πn is unobtrusive.

If α(i) = n, let fiµ
′′
i : V

∗∗
i → Vn be the map given by fµ′′ : T∗∗ →

T. Then by Proposition 2.8, there is a tico uzunblowup λi : (V ′′′
i ,A′′′

i ) →
(V ∗∗
i ,A∗∗

i ) and an entire rational tico map gi : (V ′′′
i ,A′′′

i ) → (V ′
n,A

′
n) so

that πngi = fiµ
′′
i λi and all the centers of λi are irreducible and lie over

(fiµ
′′
i )

−1
(|An|). But f−1

i (|An|) = |A∗
i | since f is a tower morphism and

µ′′−1
i (|A∗

i |) = |A∗∗
i | by Lemma 2.1. So (fiµ

′′
i )

−1
(|An|) = |A∗∗

i | and so the

centers of λi lie over |A∗∗
i |, hence the centers are unobtrusive. But the

centers are also unskewed by Lemma 3.3. Also, since α is order preserving,

if α(i) = n then i is maximal in I′′. Hence the λi induce an uzunblowup

{λi}I′′ : T′′′ → T∗∗ where T′′′[J′′] = T∗∗[J′′] = T∗ and λi = identity for

α(i) 6= n. Define g : T′′′ → T′ by g|T∗ = g′ and let gi : V
′′′
i → V ′

n be as

above if α(i) = n. Then g is a tico tower morphism by Lemma 2.4. So

letting µ = {λi}I′′ ◦ µ′′ we are done.

4. Resolution Towers for Algebraic Sets

Definition 4.1. A partial resolution of an algebraic set X is a nested

collection of algebraic subsets Xm ⊂ Xm+1 ⊂ · · · ⊂ Xn = X, proper entire

rational functions qi : Vi → Xi for i = m+ 1, . . . , n and a resolution tower

{Vi,Ai, pi}ni=m so that:

1) dimXi−1 < dimXi for m+ 1 ≤ i ≤ n.
2) Xi−1 ⊃ SingXi for m+ 1 ≤ i ≤ n.
3) q−1

i (Xj) =
⋃
k≤j Vki for m ≤ j < i ≤ n.

4) qjpji = qi|Vji
for m+ 1 ≤ j < i ≤ n.

5) qi| : Vi− |Ai| → Xi−Xi−1 is a diffeomorphism for m+1 ≤ i ≤ n.
We call n−m the height of the partial resolution.

Notice that the maps qi induce a homeomorphism from the realization

of the tower minus Vm to X − Xm. The stratification of the realization

corresponds to the stratification of X − Xm with strata Xi − Xi−1. This

indicates the source of the term partial resolution since it resolves X−Xm.

Any real algebraic set has a partial resolution, for example, with n = m,

X = Xm and Vm = a point.

Proposition 4.1. Suppose T = {Vi,Ai, pi}ni=m, qi : Vi → Xi, i > m is

a partial resolution of X with height n−m and X is compact. Then there

is a partial resolution of X with height n−m+ 1.

Furthermore, if T is of type F,M or U (or any combination), we may

suppose the new partial resolution is of type F,M or U also.
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Proof: We may assume, by collapsing Vm to a point, that dimVm = 0 and

Am = ∅. It is easy to see that T still remains a resolution tower and it is

still of type F,M or U if it was originally so.

By [H] and Theorem 9.5 there is an uzunblowup g′ : X ′
m → Xm so that

all of its centers have dimension less than dimXm and X ′
m is nonsingular

and full. Let A be the union of the projection of the centers of g′ to

Xm. Then A is a semialgebraic set of dimension less than dimXm. Also

A ⊃ SingXm since X ′
m is nonsingular. Let Ai be the union of the critical

values of qi| : S − q−1
i (SingXm) → Xm − SingXm for all strata S of the

tico stratification of Vi with S ⊂ Vmi. Then each Ai is a semialgebraic set

and dimAi < dimXm by Sard’s theorem.

Let Xm−1 be the Zariski closure of A∪
⋃n
i=m+1 Ai. Then dimXm−1 <

dimXm and Xm−1 ⊃ SingXm.

By Lemma 2.5 and Proposition 1.3 (applied with A empty) there is an

uzunblowup g′′ : X ′′
m → X ′

m with centers lying over g′
−1

(Xm−1) so that

g′′
−1
g′

−1
(Xm−1) = |A′′

m| where (X ′′
m,A

′′
m) is a full algebraic tico. Let

g : X ′′
m → Xm be g′g′′.

Notice that

p−1
ji q

−1
j (Xm−1) = Vji ∩ q−1

i (Xm−1) ⊂ q−1
i (Xm−1) .

Hence by Lemma 3.2 (with Zi := q−1
i (Xm−1), Z := Xm−1, Y := Xm, Y ′ :=

X ′′
m, Bi := Ami and qi := qi|Vmi) there is an uzunblowup {πi}ni=m : T′ → T

with T′ = {V ′
i ,A

′
i, p

′
i}ni=m so that the centers of each πi lie over q

−1
i (Xm−1),

π−1
i q−1

i (Xm−1) = |Ei| for some Ei ⊂ A′
i and there are entire rational micos

hi : |B′
i| → X ′′

m so that ghi = qiπi| for i = m + 1, . . . , n where B′
i is the

strict transform of Ami for i = m+ 1, . . . , n. Furthermore, T′ is of type F

if T is of type F .

|Ei| ↪→ V ′
i ←↩ |B′

i|
hi−→ X ′′

m = V ′′
m

↓πi ↓ ↓g
↓ Vi ←↩ |Ami|

qi|−→ Xm

∪ ∪
q−1
i (Xm−1) = q−1

i (Xm−1) −→ Xm−1

Let V ′′
i = V ′

i for i = m + 1, . . . , n, let V ′′
m = X ′′

m and V ′′
m−1 = a point.

Let A′′
i = A′

i for m + 1 ≤ i ≤ n, let A′′
ji = A′

ji for m + 1 ≤ j < i ≤ n and

let A′′
m−1i = Ei. Let A′′

mi = A′
mi − Ei for m + 1 ≤ i ≤ n. (Recall that by

convention, A′
ji is the tower transform of Aji). We have already defined

A′′
m−1,m = A′′

m above, recall |A′′
m| = g−1(Xm−1).

Notice B′
i ⊃ A′′

mi. Define p′′ji : |A′′
ji| → V ′′

j as follows. If j ≥ m + 1

let p′′ji = p′ji. If j = m, p′′mi = hi|. If j = m− 1, p′′m−1i is the unique

map to V ′′
m−1 = a point. Let p′′i = {p′′ji}ni=m−1. Define q′′i : V

′′
i → Xi for
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i = m, . . . , n by q′′i = qiπi if i ≥ m + 1 and q′′m = g. Then we claim that

T′′ = {V ′′
i ,A

′′
i , p

′′
i }ni=m−1, q

′′
i : V

′′
i → Xi, i = m, . . . , n is a partial resolution

of X.

First we must show that T′′ is a resolution tower. Let us prove condition

I.

Assertion 4.1.1 p′′ji
(
V ′′
ji ∩ V ′′

ki

)
⊂ V ′′

kj for m− 1 ≤ k < j < i ≤ n.
Proof: Since T′ is a resolution tower, we know this for k > m.

If k = m− 1 and j > m then

qjπjp
′′
ji

(
V ′′
ji ∩ V ′′

m−1,i

)
= qjpjiπi

(
V ′′
ji ∩ V ′′

m−1,i

)
⊂ qjpji

(
Vji ∩ q−1

i (Xm−1)
)
= qi

(
Vji ∩ q−1

i (Xm−1)
)
⊂ Xm−1.

So p′′ji
(
V ′′
ji ∩ V ′′

m−1,i

)
⊂ π−1

j q−1
j (Xm−1) = V ′′

m−1,j .

If k = m− 1 and j = m then gp′′mi = qiπi| so

gp′′mi
(
V ′′
mi ∩ V ′′

m−1,i

)
= qiπi

(
V ′′
mi ∩ V ′′

m−1,i

)
⊂ qiπi

(
V ′′
m−1,i

)
⊂ Xm−1.

So p′′mi
(
V ′′
mi ∩ V ′′

m−1,i

)
⊂ g−1 (Xm−1) = V ′′

m−1,m.

If k = m then

qjπjp
′′
ji

(
V ′′
ji ∩ V ′′

mi − V ′′
m−1i

)
= qjpjiπi

(
V ′′
ji ∩ V ′′

mi − V ′′
m−1i

)
⊂ qjpji

(
Vji ∩ Vmi − q−1

i (Xm−1)
)
= qi

(
Vji ∩ Vmi − q−1

i (Xm−1)
)

⊂ qi (Vji ∩ Vmi)−Xm−1 ⊂ Xm −Xm−1.

Hence p′′ji
(
V ′′
ji ∩ V ′′

mi − V ′′
m−1,i

)
∩ V ′′

m−1j is empty. But V ′′
mi ⊂ V ′

mi so

p′′ji
(
V ′′
ji ∩ V ′′

mi

)
⊂ p′ji

(
V ′
ji ∩ V ′

mi

)
⊂ V ′

mj = V ′′
mj ∪ V ′′

m−1j

So by continuity, p′′ji
(
V ′′
ji ∩ V ′′

mi

)
⊂ V ′′

mj . �

Let us now prove condition III.

Assertion 4.1.2 p′′
−1
ji

(⋃
k<` V

′′
kj

)
= V ′′

ji ∩
(⋃

k<` V
′′
ki

)
if m ≤ ` ≤ j < i ≤

n

Proof: If ` > m then

p′′
−1
ji

(⋃
k<`

V ′′
kj

)
= p′

−1
ji

(⋃
k<`

V ′
kj

)
= V ′

ji ∩
(⋃
k<`

V ′
ki

)
= V ′′

ji ∩
(⋃
k<`

V ′′
ki

)
.

If j > ` = m then

p′′
−1
ji

( ⋃
k<m

V ′′
kj

)
= p′′

−1
ji π

−1
j q−1

j (Xm−1) = V ′′
ji ∩ π−1

i p−1
ji q

−1
j (Xm−1)

= V ′′
ji ∩ π−1

i q−1
i (Xm−1) = V ′′

ji ∩
⋃
k<m

V ′′
ki.

If j = ` = m then

p′′
−1
mi

( ⋃
k<m

V ′′
km

)
= V ′′

mi ∩ h−1
i g−1 (Xm−1)
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= V ′′
mi ∩ π−1

i q−1
i (Xm−1) = V ′′

mi ∩
⋃
k<m

V ′′
ki.

�

Assertion 4.1.3 p′′kjp
′′
ji (x) = p′′ki (x) for all x ∈ V ′′

ji ∩ V ′′
ki, m− 1 ≤ k <

j < i ≤ n.
Proof: This is trivial if k 6= m so assume k = m. Suppose x ∈ V ′′

ji ∩ V ′′
mi −

V ′′
m−1i. Then p

′′
mjp

′′
ji (x) = hjp

′
ji (x) and p

′′
ki (x) = hi (x). But

ghjp
′
ji (x) = qjπjp

′
ji (x) = qjpjiπi (x) = qiπi (x) = ghi (x) .

Also

ghi (x) = qiπi (x) ∈ qi
(
Vji ∩ Vmi − q−1

i (Xm−1)
)
⊂ Xm −Xm−1

and g is one to one on X ′′
m − g−1 (Xm−1) so hjp

′
ji (x) = hi (x). Hence

p′′mjp
′′
ji| = p′′mi| on V ′′

ji ∩ V ′′
mi by continuity. �

So T′′ is a resolution tower. To see that it gives a partial resolution, we

have already shown that Xm−1 ⊃ SingXm and dimXm−1 < dimXm. But

q′′i
−1

(Xj) = π−1
i q−1

i (Xj) = π−1
i

(⋃
k≤j

Vki
)
=

⋃
k≤j

V ′′
ki if j ≥ m.

q′′i
−1

(Xm−1) = π−1
i q−1

i (Xm−1) = V ′′
m−1i if j = m− 1 and m < i.

q′′m
−1

(Xm−1) = g−1 (Xm−1) = V ′′
m−1m if j = m− 1 and i = m.

It is trivial that q′′j p
′′
ji = q′′i | for m ≤ j < i ≤ n. So we have a partial

resolution of X since:

Assertion 4.1.4 For i ≥ m, q′′i | : V ′′
i − |A′′

i | → Xi −Xi−1 is a diffeomor-

phism.

Proof: For i ≥ m+ 1, q′′i | is the composition of πi| : V ′′
i − |A′′

i | → Vi − |Ai|
(which is a diffeomorphism since the centers of πi lie over q−1

i (Xm−1) ⊂
|Ai|) and qi| : Vi−|Ai| → Xi−Xi−1 which is a diffeomorphism by assump-

tion. Hence q′′i | is a diffeomorphism. Likewise q′′m| is the map g| : X ′′
m −

g−1 (Xm−1)→ Xm −Xm−1 which is a diffeomorphism since the centers of

g lie over Xm−1. �

Assertion 4.1.5 If T is of type M , then T′′ if of type M also.

Proof: Proposition 2.7 implies that T′ has type M . So we know that

p′′ji : V
′′
ji → V ′′

j is a mico for j ≥ m + 1 since it is just p′ji : V
′
ji → V ′

j . But

p′′mi : V
′′
mi → V ′′

m is a mico since it is a restriction of the mico hi : |B′
i| → X ′′

m.

So T′′ is of type M . �

Assertion 4.1.6 If T is of type F , then T′′ if of type F also.

Proof: If T is of type F , we know that T′ is of type F , hence (V ′′
i ,A

′′
i ) is

full for all i > m+ 1. But (V ′′
m,A

′′
m) = (X ′′

m,A
′′
m) which is full. Also V ′′

m−1

is a point which is full. Hence T′′ is of type F . �
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Assertion 4.1.7 If T is of type U , then T′′ if of type U also.

Proof: We claim that T′ has type U also. To see this, note that the centers

of πi lie over q−1
i (Xm−1) and q−1

i (Xm−1) ⊂ q−1
i (Xm) = Vmi. Hence for

j > m any stratum S of V ′
ji−

⋃
k<j V

′
ki is mapped diffeomorphically by πi to

a stratum of Vji−
⋃
k<j Vki which is submersed by pji to Vj−|Aj | which is

mapped diffeomorphically to V ′
j−|A′

j | by π
−1
j . Since p′ji|S = π−1

j pjiπi|S this

means that p′ji submerses S. But if T is any stratum of V ′
mi, p

′
mi| : T → V ′

m

is certainly a submersion since dimV ′
m = 0.

So to show that T′′ has type U we only need to show that p′′mi| : V ′′
mi −

V ′′
m−1i → V ′′

m−V ′′
m−1m = X ′′

m−g−1 (Xm−1) is a submersion on each stratum.

But g| : X ′′
m − g−1 (Xm+1) → Xm −Xm−1 is a diffeomorphism so we only

need to show that gp′′mi| = ghi| : V ′′
mi − V ′′

m−1i → Xm − Xm−1 submerses

each stratum. But ghi| = qiπi| and πi| : V ′′
mi − V ′′

m−1i → Vmi − q−1
i (Xm−1)

is a diffeomorphism on each stratum so that result follows from the fact

that qi : Vmi − q−1
i (Xm−1)→ Xm −Xm−1 submerses each stratum.

Theorem 4.2. Let X be a real algebraic set. Then there is an (alge-

braic) resolution tower T of type UNE so that |T| is homeomorphic to X,

in fact the stratification of |T| corresponds to an algebraic stratification of

X, i.e., one for which all skeleta are Zclosed subsets. Furthermore, T can

be type F if X is compact.

Proof: By Proposition 2.7 and Theorem 2.8 it suffices to find T of type

FUM with |T| = X since we may then find a multiblowup T′ of T so

that T′ has type FUNE. But |T| = |T′| since all the multiblowups are

unobtrusive.

If X is noncompact we may find by Lemma 6.2 an algebraic set Y

homeomorphic to the one point compactification of X. Suppose we can find

a resolution tower T = {Vi,Ai, pi}I of type UNE and a homeomorphism

h : |T| → Y . Let x ∈ Y be such that Y − x is homeomorphic to X. Let

gi : Vi → |T| be the canonical quotient map. Let V ′
i = Vi − g−1

i h−1 (x),

let A′
i = V ′

i ∩ Ai and let p′i be the collection of the restrictions of pji to

Vji ∩ V ′
i . Then T′ = {V ′

i ,A
′
i, p

′
i}I is a resolution tower of type UNE and

|T′| = |T| − h−1 (x) = X.

Actually with a bit of work, one can get T′ to be type F also, but it

does not seem worth it in the noncompact case.

So it suffices to consider the case where X is compact. Pick any n >

dimX. Now X has a trivial partial resolution of height 0, T′′ = {V ′′
n , ∅, ∅}

with V ′′
n = a point. Notice T′′ has type FUM. But then repeated ap-

plications of Proposition 4.1 show that X must have a partial resolution

T′ = {V ′
i ,A

′
i, p

′
i}ni=0, X0 ⊂ X1 ⊂ · · · ⊂ Xn = X, qi : V

′
i → Xi, i = 1, . . . , n

where T′ has type FUM. But since n > dimX and dimX0 ≤ dimX−n we

must have X0 empty. But then q−1
i (X0) = |A′

0i| = V ′
0i is empty for all i.
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Let Vi = V ′
i for i > 0. Let Ai = A′

i and pi = p′i. Then T = {Vi,Ai, pi}ni=1 is

a resolution tower of type FUM and the maps qi induce a homeomorphism

from |T| to X.





CHAPTER 7

THE CHARACTERIZATION OF THREE
DIMENSIONAL ALGEBRAIC SETS

In this chapter we give a simple method for determining whether a 3 -

dimensional stratified set is homeomorphic to a real algebraic set. We also

give a method for determining whether 3 - dimensional stratified sets are

isomorphic to the singular stratification of a real algebraic set.

In contrast to the rest of this book, we will be interested in the case

where resolution towers have boundary.

Definitions 0.2. We will call a resolution tower closed if it is compact

without boundary. Let TRm and ARm be the closed m-dimensional towers

in TRUM and ARUM respectively. A TR structure T on a stratified set X

is a T ∈ TRUM such that X is isomorphic to the realization |T|. We call a

stratified set a TR space if it has a TR structure.

Definitions 0.3. Define an Euler space to be a topological space such

that each point has a neighborhood homeomorphic to the cone on a compact

set with even Euler characteristic. We define an Euler polyhedron to be a

polyhedron X so that X and each skeleton of X is an Euler space. An Euler

stratified set is a locally conelike stratified set X so that X and all skeleta

of X are Euler spaces. An Euler Thom stratified set is a Thom stratified

set X so that X and all skeleta of X are Euler spaces.

Excercise 0.1. Show that a polyhedron or locally conelike stratified

set is an Euler space if the link of each simplex or stratum has even Euler

characteristic.

Excercise 0.2. Show that a TR space is an Euler Thom stratified set.

It is well known that algebraic sets are triangulable stratified sets [L2].

In fact any algebraic stratification is an Euler stratified set [Su1]. Fur-

thermore, any algebraic stratification can be refined to satisfy the Whitney

conditions and it will then be a Euler Thom stratified set, [Wa], [GWPL].

201
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Real algebraic sets of dimension ≤ 2 are easily classified by these struc-

tures [AK4], [AK6] and [BD2] in fact up to homeomorphism:{
Compact real algebraic
sets of dimension ≤ 2

}
≡

{
Compact TR spaces
of dimension ≤ 2

}
≡

{
Compact triangulable Euler
spaces of dimension ≤ 2

}
The goal of this chapter is to generalize this theorem to dimension 3.

However this does not generalize directly. This is because dimension 3 is

the first dimension where there are exotic Euler spaces; that is there are 3-

dimensional Euler spaces which cannot be homeomorphic to real algebraic

sets. So we encounter new topological invariants of algebraic sets in this

dimension. To be more specific let X be a triangulable 3-dimensional Euler

space and X0 be the set of vertices of some triangulation of X. Then

for each x ∈ X0 there are four invariants θi(x) ∈ Z/2Z so that up to

homeomorphism ([AK17]):{
Compact real algebraic
sets of dimension 3

}
≡

{
Compact TR spaces

of dimension 3

}
≡

{
Compact 3 dimensional triangulable Euler spaces X
so that θi (x) = 0 for all x ∈ X0 and i = 0, 1, 2, 3

}
In the notation of section 1 below, θi(x) is the Euler characteristic of the

link of x in Zi(X).

These obstructions can be obtained by other means, see [CK]. This

paper [CK] also has other interesting results, for example that if V ⊂ X

are Zopen sets and V is irreducible, then there is a proper Zclosed subset

Y ⊂ V so that the mod 4 Euler characteristic of the link of V − Y in X is

constant.

Excercise 0.3. Prove this result using resolution towers. Hint: use

Propositions 3.2 and 3.4 and Theorem 4.2.

The argument in Chapter VI can be used to show that if X is an

analytic set of dimension < 4 and x ∈ X then there is a neighborhood U

of x in X which has a TR structure. Hence the local conditions θi = 0 are

met, so we have the following:

Corollary 0.3. Every compact real analytic set of dimension less than

four is homeomorphic to a real algebraic set.

The next question to ask is whether we can get a classification of the

singular stratifications of algebraic sets up to stratified set isomorphism, not

just homeomorphism. Here we must be careful, since the process of finding

a resolution tower for an algebraic set involved refining the stratification.
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If we do not allow such refinement, we will give an example which shows

that at the moment this is not a reasonable problem in general dimensions.

Take any polynomial p : Rk → R and define a polynomial map αp : R2×
Rk → R by αp(x, y, z) = xy(x− y)(x− p(z)y). Let

Vp = { (u, v, x, y, z) ∈ R4 × Rk | u2 + v4 − v2αp(x, y, z) = 0 }.

Then SingVp = W = { (u, v, x, y, z) ∈ R4 × Rk | u = v = 0 }. Since

SingW = ∅, the singular stratification of Vp has two strata, Vp −W and

W .

Note that if αp(x0, y0, z0) > 0 then Vp ∩ {(u, v, x0, y0, z0)} is a figure 8

and if αp(x0, y0, z0) ≤ 0 it is a point. Thus the set

Zp = { (u, v, x, y, z) ∈ R4 × Rk | u = v = 0, αp(x, y, z) = 0 }

is topologically distinguished as the frontier in W of W ∩ Cl(NonsingVp)

(unless p is the constant 0 or 1, we will assume it is not).

We now show that the local description of the singular stratification of

Vp is very complicated, and in fact to classify all such involves classifying

up to diffeomorphism the local behavior of all polynomials p.

Suppose h : U → U ′ is an isomorphism from an open neighborhood U

of 0 ∈ Vp to an open subset U ′ of Vq for some polynomials p and q. Let

Y = {(0, 0, 0, 0, z)}. Now since h is an isomorphism of stratified sets, we

know that h(U ∩ W ) = U ′ ∩ W and h restricts to a diffeomorphism of

U ∩W to U ′ ∩W . Since Zp is topologically determined, we also know that

h(Zp ∩ U) = Zq ∩ U ′. But points of Y are topologically distinguished as

the points of intersection of the four hypersurfaces x = 0, y = 0, x = y and

x = p(z)y which make up Zp. Hence h(Y ∩ U) = Y ∩ U ′. But now the

tangent spaces of the four hypersurfaces have a cross ratio which must be

preserved by h. This cross ratio is p(z). Consequently, if we define the germ

h′ : Rk → Rk by h(0, 0, 0, 0, z) = (0, 0, 0, 0, h′(z)) then we know that qh′(z)

is either p(z), 1−p(z), 1/p(z), 1/(1−p(z)), p(z)/(p(z)−1) or 1−1/p(z). As

a result, the germs of p and q must be equivalent after a smooth change of

coordinates. Consequently, classifying singular stratifications of algebraic

sets requires as a minimum classifying germs of polynomials.

Notice that if we refine the stratification of Vp so that Zp − Y is a

stratum then all these problems disappear since h|W need not be a diffeo-

morphism so the cross ratio need not be preserved.

1. Obstructions

In this section we identify the obstructions for a compact three di-

mensional polyhedron to be homeomorphic to a real algebraic set. These

obstructions are topological invariants, local and easy to compute.
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Theorem 1.1. Let X be a compact 3-dimensional triangulable topolog-

ical space. Then there are closed one dimensional subspaces Zi (X) of X

for i = 0, 1, 2, 3 so that:

a) X is homeomorphic to a real algebraic set if and only if X and

each Zi (X) for i = 0, 1, 2, 3 are Euler spaces.

b) The subsets Zi (X) do not depend on the triangulation of X.

c) The subsets Zi (X) are locally defined, i.e., the germ of Zi (X) at

a point x is determined by the germ of X at x.

Furthermore, if we give X any particular Euler Thom stratification and

X is homeomorphic to a real algebraic set then a refinement of the given

stratification is isomorphic to the singular stratification of a real algebraic

set.

Theorem 1.2. Let X be a compact three-dimensional Euler Thom

stratified set. Then there are closed one-dimensional subspaces Zi (X) of X

for i = 4, 5, . . . , 11 so that:

a) If all normal bundles of strata of X are trivial, then X is iso-

morphic to the singular stratification of a real algebraic set if and

only if Zi (X), i = 0, . . . , 11 are all Euler spaces. (Here Zi (X) for

i = 0, 1, 2, 3 are as in Theorem 1.1).

b) The sets Zi (X) may depend on the stratification of X.

c) The sets Zi (X) are locally defined, i.e., the germ of Zi (X) at a

point x is determined by the germ of the stratified set X at x.

One implication of these results is that the obstructions to an Euler

Thom stratified set X being algebraic are all concentrated on the 0-skeleton

X0. At each point ofX0 we assign 12 elements of Z/2Z. If the first four are 0
at all points ofX0 thenX is homeomorphic (in fact PL isomorphic) to a real

algebraic set. If all 12 are zero at each point of X0 and the normal bundles

of all strata are trivial then X is isomorphic to the singular stratification

of a real algebraic set. It is possible to say much more than Theorem

1.2 does about when a stratified set is isomorphic to a real algebraic set,

however it does not seem worthwhile to do so. As the example at the end

of the previous section showed, a classification of algebraic stratifications of

real algebraic sets would be exceedingly complicated so to have any hope of

understanding them at all, one should be allowed to refine the stratification.

But then you end up in the situation of Theorem 1.1 anyway.

We will delay until section 3 the proofs of Theorems 1.1 and 1.2. We

will define the Zi’s in this section, but first we define some intermediate

subspaces.

Definitions 1.1. Let X be a locally conelike stratified set. For every

component U of the codimension one stratum of X we have an integer
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κ (U) which is the number of points in the link of U . For i = 0, . . . , 7

let Ki (X) be the union of the components U so that κ (U) ≡ i mod 8.

For every component W of the codimension two stratum of X and any

i = 0, . . . , 7 let αi (W ) be the number of vertices v in the link of W so

that κ (v) ≡ i mod 8. (Notice v is codimension one in the link so κ (v)

is defined.) Another way of thinking of αi (W ) is that it is the unsigned

multiplicity of W in the boundary of Ki (X). Now for a, b, c, d = 0, 1 define

Eabcd (X) to be the closure of the union of all the components W of the

codimension two stratum of X so that

α0 (W ) ≡ a mod 2,

α6 (W ) ≡ b mod 2,

α0 (W ) + α4 (W ) ≡ 2c mod 4,

α2 (W ) + α6 (W ) ≡ 2d mod 4.

We shall define the subspaces Zi (X) as follows.

1) Z0 (X) = E1110 (X) ∪ E1111 (X)

2) For i = 1, 2, 3, we set Zi (X) = Eab00 (X) ∪ Eab01 (X), where ab is

the binary representation of i with leading zeros, i.e.,

Z1 (X) = E0100 (X) ∪ E0101 (X)

Z2 (X) = E1000 (X) ∪ E1001 (X)

Z3 (X) = E1100 (X) ∪ E1101 (X)

3) For i = 4, . . . , 11, we set Zi (X) = Eabc1 (X) where abc is the

binary representation of i− 4 with leading zeroes. So

Z4 (X) = E0001 (X)

Z5 (X) = E0011 (X)

Z6 (X) = E0101 (X)

Z7 (X) = E0111 (X)

Z8 (X) = E1001 (X)

Z9 (X) = E1011 (X)

Z10 (X) = E1101 (X)

Z11 (X) = E1111 (X)

Definition 1.2. We call these Zi (X)’s the characteristic subsets of

X.

Let us look at some examples. Let Y0 be the two-dimensional space of

Figure 1 obtained by taking the suspension of a three leaf rose, joining it to

the suspension of the union of a point and a figure eight at one suspension

point and joining a circle to the other. We refine the stratification by
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0111 1111

1010

Figure 1. Y0

putting a one stratum on the suspension of the three leaf rose, thus making

it an Euler stratified set.

The numbers 0111, 1111, 0010 and 1010 give the mod 2 values of α0, α6,

(α0 + α4) /2 and (α2 + α6) /2 for the indicated vertices. Suppose Z0 is the

suspension of Y0. Then Z0 (Z0) is the suspension of the point marked 1111

and all the other Zi (Z0)’s are empty, i = 1, 2, 3. So Z0 is not homeomorphic

to a real algebraic set since Z0 (X) is an interval and so it is not an Euler

space.

The next example is Y1. It is obtained by taking the suspension of a

three leaf rose and attaching a figure eight. Again we refine the stratification

by putting a one stratum on the suspension of the three leaf rose, making

it an Euler stratified set. If Z1 is the suspension of Y1 then Z1 (Z1) is the

suspension of the point marked 0101 and all the other Zi (Z1)’s are empty.

0101

0111 0000

Figure 2. Y1

We let Y2 be the space obtained by taking the suspension of the figure

eight and joining it to an interval and the suspension of three points. If Z2

is the suspension of Y2 then Z2 (Z2) is the suspension of the point marked

1000. All other Zi (Z2)’s are empty.

The final example is Y3, obtained from Y0 by attaching two lines. Again

we refine the stratification, making it an Euler stratified set. Let Z3 be the

suspension of Y3. Then Z3 (Z3) is the suspension of the point marked 1101,

and Z0 (Z3), Z1 (Z3) and Z2 (Z3) are empty.

The above examples show that there is no redundancy in the obstruc-

tions Zi, i = 0, 1, 2, 3. The spaces Zi have the property that Zi (Zi) is
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1010

1000

0000

Figure 3. Y2

0111 1101

1010

0000

Figure 4. Y3

not an Euler space but Zj (Zi) is empty for j 6= i. In fact Y4 = RP2 and

Yi, i = 0, 1, 2, 3 form a basis for two-dimensional stratification independent

bordism of resolvable stratified sets. In other words, given any compact

polyhedron X of dimension ≤ 2 there is a resolution tower with boundary

T so that the realization of ∂T is homeomorphic to the disjoint union of

X and some of the Yi’s, i = 0, . . . , 4. It is also easy to determine which

of the Yi’s will appear. If X has odd Euler characteristic then Y4 = RP2

will appear and if Zi(X) has an odd number of points then Yi will appear,

i = 0, 1, 2, 3.

Although the stratifications of Yi and Zi were not presented as Euler

stratified sets, we could refine them to be such and the sets Zi(Zj) would

be unchanged for i = 0, 1, 2, 3.

Let us do another example. Let Y be the disjoint union of RP2 and a

point. Let Z be the suspension of Y . Then Zi (Z) is empty, i = 0, 1, 2, 3 so

Z is homeomorphic to a real algebraic set. We can make Z into an Euler

space by letting the 0 stratum of Y be a point p in RP2 union the isolated

point q of Y , letting the 1 stratum be empty and letting the 2 stratum be

RP2 − p. Suspend this to get an Euler stratification of Z. Then Eabcd (Z)

is empty unless abcd = 0000 when E0000 (Z) is the suspension of {p, q}. So
Zi (Z) is empty for i = 0, . . . , 11 so this stratification of Z is isomorphic to

the singular stratification of some algebraic set.

Excercise 1.1. Using Lemma 1.6 below, show that for any Euler strat-

ification of the suspension Z =
∑

(RP2 ∪ q), then each Eabcd(Z) is an Euler
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space. Thus if all normal bundles are trivial, Theorem 1.2 says this strati-

fication can be made algebraic.

We will delay the proofs of Theorems 1.1 and 1.2 until section 3. Mean-

while we will prove some useful Lemmas.

Lemma 1.3. Let X be an Euler stratified set and let L be a link of some

stratum Y . Then:

a) L is an Euler stratified set.

b) Each skeleton of L has even Euler characteristic.

c) The 1-stratum of L has an even number of components homeo-

morphic to R.
Furthermore, if X is an Euler polyhedron then:

d) L is an Euler polyhedron.

e) L has an even number of i-simplices for each i.

Proof: The links of L are links of corresponding strata of X so they have

even Euler characteristic so a) and d) are true. The skeleta of L are links

of Y in the skeleta of X so they all have even Euler characteristics so b) is

true. If X is a polyhedron then

χ
(
Li

)
− χ

(
Li−1

)
=

i∑
j=0

(−1)jmj −
i−1∑
j=0

(−1)jmj = (−1)imi

where mi is the number of i-simplices and Lj is the j-skeleton of L. But

χ
(
Li

)
and χ

(
Li−1

)
are both even so mi is even, so e) is true.

To prove c) note that the components of the 1-stratum of L which are

not homeomorphic to R are circles and so do not contribute to χ
(
L1

)
. So

the number of components of the one stratum of L homeomorphic to R is

χ
(
L0

)
− χ

(
L1

)
which is even.

Lemma 1.4. Let L be a link of a codimension two stratum W of an

Euler stratified set X. Then the number e of components of the 1-stratum

of L homeomorphic to R is congruent to α2 (W )+2α4 (W )+3α6 (W ) mod 4.

Proof: Each such component has two ends. So if L0 is the 0-skeleton of L

we know that 2e =
∑
v∈L0 κ (v). By Lemma 1.3a, L is an Euler stratified

set so αi (W ) ≡ 0 for i odd. So mod 8 we have

2e =
∑
v∈L0

κ (v) ≡
7∑
i=0

∑
v∈Ki(L)

i =

7∑
i=0

iαi (W ) =

3∑
i=0

2iα2i (W ) .

The lemma follows.

Lemma 1.5. If X is an Euler stratified set then every component W of

the codimension two stratum of X is contained in a unique Eabcd (X).
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Proof: It is immediate from the definition that W is contained in at

most one Eabcd (X). So we must only show that α0 (W ) + α4 (W ) and

α2 (W ) + α6 (W ) are both even. Let L be the link of W . Let e be the

number of components of the 1-stratum of L which are homeomorphic to

R. Then by Lemma 1.3c we know e is even. By Lemma 1.4 we know

e ≡ α2 (W ) + 2α4 (W ) + 3α6 (W ) mod 4 so 0 ≡ α2 (W ) + α6 (W ) mod 2.

But
∑3
i=0 α2i (W ) is the number of points in L0. This is even so α0 (W )+

α4 (W ) is even also.

Lemma 1.6. Let L be the link of a codimension three stratum of an

Euler stratified set. For a, b, c, d = 0, 1 let nabcd be the number of points in

Eabcd (L). Then

a)
∑1
c=0

∑1
d=0 (n11cd + nabcd) is even for any a, b = 0, 1.

b)
∑1
a=0

∑1
b=0 (nab00 + nab11) is even.

Proof: Let ei be the number of components of Ki (L) which are homeo-

morphic to R. We have 2ei =
∑
w∈L0 αi (w) so

e0 + e4 =
1

2

∑
w∈L0

α0 (w) + α4 (w)

≡
∑

a,b,d=0,1

∑
w∈Eab1d(L)

1 mod 2

=
∑

a,b,d=0,1

nab1d.

Likewise e2 + e6 =
∑
a,b,c=0,1 nabc1. But then mod 2 we have

0 ≡ χ
(
L1

)
=

∑
a,b,c,d

nabcd −
3∑
i=0

e2i ≡
∑

a,b=0,1

nab00 − nab11

and b) follows.

Now let us prove a). We have

0 ≡ 2e0 =
∑
v∈L0

α0 (v) ≡
∑

b,c,d=0,1

n1bcd mod 2.

Likewise 0 ≡ 2e6 ≡
∑
a,c,d=0,1 na1cd mod 2. Hence a) is true except possi-

bly in the case a = b = 0. But
∑
a,b,c,d nabcd is even since it is the number

of points in the zero stratum of L by Lemma 1.5. So∑
c,d

(n11cd − n00cd) =
∑
b,c,d

n1bcd +
∑
a,c,d

na1cd −
∑
a,b,c,d

nabcd

is even. So a) is true.

Proposition 1.7. The characteristic subsets Zi (X) for i = 0, 1, 2, 3

are topological invariants of a three dimensional locally conelike stratifiable
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set X. Furthermore the germ of Zi (X) at a point x depends only on the

germ of X at x.

Proof: First we show that Cl (Ki (X)) is independent of the stratification

if i 6= 2. Pick a stratification of X. Let X∗ be the intrinsic stratification of

X, the coarsest topological stratification you can put on X, see [K1], [Si].

In particular, the i skeleton of X∗ consists of points x so that there is a y in

the i skeleton of X and a homeomorphism h : (U, x)→ (V, y) where U and

V are neighborhoods of x and y in X. This X∗ is a topological invariant

of X. Note that for each i, the i skeleton of X∗ is a union of components

of strata of X. Since dimX ≤ 3, X∗ is necessarily a smooth stratification.

Every component U of the 2-stratum of X is either a submanifold

of the 3-stratum of X∗ (so κ (U) = 2) or it is an open subset of some

component U ′ of the two stratum of X∗ (so κ (U) = κ (U ′)). But the

closure of any component of the two stratum of X∗ is a union of closures

of some components of the two stratum of X. Hence

Cl (Ki (X)) = Cl (Ki (X
∗)) if i 6= 2.

Now take a component W of the one stratum of X. Suppose that

W ⊂ Zi (X) for some i = 0, 1, 2, 3. Then either

1) W is in the three stratum of X∗ or

2) W is in some component U ′ of the two stratum of X∗ or

3) W is in the one stratum of X∗.

In case 1), αi (W ) = 0 if i 6= 2 since W is not in Cl (Ki (X)) =

Cl (Ki (X
∗)). So W is in some E000d (X). Consequently W is not in Zi (X)

for i = 0, 1, 2, 3, a contradiction.

In case 2), there are two vertices in the link of W which correspond to

the link of W in U ′. All the rest of the vertices have κ = 2, so αj (W ) = 0

if j 6= 2 and j 6≡ κ (U ′) mod 8 and αj (W ) = 2 if 2 6= j ≡ κ (U ′) mod 8.

Again α0 and α6 are even so W is not in Zi (X) for i = 0, 1, 2, 3.

So case 3) must hold, W is in a component W ′ of the one stratum of

X∗. Then αi (W ) = αi (W
′) for i 6= 2.

Consequently Z0 (X) is the closure of the union of all components W ′

of the 1-skeleton of X∗ so that α0 (W
′) ≡ 1 mod 2, α6 (W

′) ≡ 1 mod 2

and α0(W
′) + α4(W

′) ≡ 2 mod 4. Likewise Zi (X) is the closure of the

union of all components W ′ of the 1-skeleton of X∗ so that α0 (W
′) ≡

a mod 2, α6 (W
′) ≡ b mod 2 and α0 (W

′) + α4 (W
′) ≡ 0 mod 4 where

i = 1, 2, 3 and ab = 01, 10, 11 respectively. Since this depends only on the

intrinsic stratification X∗ which is a topological invariant, we know Zi (X)

is a topological invariant for i = 0, 1, 2, 3. Clearly the above description of

Zi (X) is purely local.
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Proposition 1.8. Let X be a compact three dimensional Euler polyhe-

dron so that the characteristic subsets Zi (X) for i = 0, 1, 2, 3 are all Euler

spaces. Let X ′ be the first barycentric subdivision of X. Then X ′ is an

Euler polyhedron and Zi(X
′) is an Euler space for i = 0, . . . , 11.

Proof: Let X ′
i = Zi (X

′) for i = 0, . . . , 11 be the characteristic subsets in

X ′.

Assertion 1.8.1 X ′
5, X

′
10 and X ′

11 are empty. X ′
i = Eabc0 (X)∪ Eabc1 (X)

for i = 6, 7, 8, 9 and abc = 010, 011, 100, 101 respectively. X ′
4 is the union

of the 1-simplices of X ′ which go from barycenters of 3-simplices of X

to barycenters of 2-simplices or vertices of X. So Eabcd (X
′) = Eabc0 (X) ∪

Eabc1 (X) if d ≡ a+b mod 2 and either a or b is nonzero. Likewise Eabcd (X
′)

is empty if d 6≡ a+ b mod 2 and either a, b or c is nonzero.

Proof: First let us look at 1-simplices of X ′ which lie in open 3-simplices

of X. By examining the barycentric subdivision of the tetrahedron we see

that those going from the barycenter of the 3-simplex to the barycenter of

a 2-simple or a vertex have αi = 0 for i 6= 2 and α2 = 6. Hence they are in

E0001 (X
′) = X ′

4. Those going to a barycenter of a 1-simplex have αi = 0

for i 6= 2 and α2 = 4. Hence they are in E0000 (X
′) so they are in no X ′

i.

Now we shall look at those 1-simplices of X ′ which lie in an open 2-

simplex U of X. Let i = κ (U). Then each of these 1-simplices is a face

of 2 + i of the 2-simplices of X ′. Of these, 2 are in U and the other i lie

inside the i 3-simplices of X which touch U . So if i 6≡ 2 mod 8 we have

α2 = i and αi = 2 and we have αj = 0 for j 6= 2, i. If i ≡ 2 mod 8 we have

α2 = i + 2 and αj = 0 for j 6= 2. So if i ≡ 0 mod 4 these one simplices lie

in E0010 (X
′) and if i ≡ 2 mod 4 they lie in E0000 (X

′). In any case they are

in no X ′
i.

Finally let us look at 1-simplices W ′ of X ′ which lie in an open 1-

simplexW of X. The link L′ ofW ′ in X ′ is the first barycentric subdivision

of the link L of W in X. Then αi (W
′) = αi (W ) if i 6= 2 and α2 (W

′) =

α2 (W ) + g where g is the number of edges in L. So α0 (W ) = α0 (W
′),

α6 (W ) = α6 (W
′) and α0 (W ) + α4 (W ) = α0 (W

′) + α4 (W
′). But by

Lemma 1.4,

g ≡ α2 (W ) + 2α4 (W ) + 3α6 (W ) mod 4.

So mod 4 we have

α2 (W
′) + α6 (W

′) ≡ α2 (W ) + g + α6 (W )

≡ 2 (α2 (W ) + α4 (W ))

≡ 2 (α6 (W ) + α0 (W ))

Consequently, if W ⊂ Eabcd (X) then W ′ ⊂ Eabcd′ (X
′) where d′ ≡ a +

b mod 2. �
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We know by Proposition 1.7 that X ′
i = Zi (X) for i = 0, 1, 2, 3 so they

are all Euler spaces. We also have X ′
6 = X ′

1 = Z1 (X) and X ′
8 = X ′

2 =

Z2 (X) so these are both Euler spaces. By Lemma 1.6a and the fact that

X ′
0 and X ′

3 are Euler spaces, we know that
⋃
c,d Eabcd(X

′) is an Euler space

for each a, b = 0, 1. Taking ab = 01 and 10, by Assertion 7.1.8.1 we then get

X ′
6 ∪X ′

7 and X ′
8 ∪X ′

9 are both Euler spaces. So X ′
7 and X ′

9 are both Euler

spaces. The only one left is X ′
4. Take a vertex v of X. Then by Assertion

7.1.8.1 there is one branch of X ′
4 coming into v for each 2-simplex in the

link of v in X. But this is an even number of branches by Lemma 1.3e.

Now take a barycenter v of a 2-simplex W of X. There is one branch of

X ′
4 coming into v for each 3-simplex containing W , i.e., there are κ (W )

branches but κ (W ) is even. Finally consider a barycenter v of a 3-simplex

of X. There is one branch of X ′
4 coming into v for each 0 or 2-simplex in

the boundary of the 3-simplex, i.e. there are 8 branches. So X ′
4 is an Euler

space.

Lemma 1.9. Let X be a polyhedron which is also an Euler space. Then

the first barycentric subdivision X ′ of X is an Euler polyhedron.

Proof: The link of an open i simplex A of X ′ in X ′ is the join of the

first barycentric subdivision of the boundary of a j-simplex in X with the

first barycentric subdivision L′ of L. Here A is contained in an open i+ j

simplex of X whose link in X is L.

The first claim is that all the strata of L′ have even Euler characteristic.

This is because for k > 0 the number of open k simplices in the first

barycentric subdivision of the n simplex 4n which are in the interior of

4n is even. Hence L′ has an even number of simplices in each dimension

> 0. But the mod 2 Euler characteristic of L′ is 0 and is also the number of

simplices in L′. Hence L′ also has an even number of 0-simplices. Since it

has an even number of simplices in each dimension, each skeleton of L′ has

even Euler characteristic. The result now follows from Lemma 1.10 below.

Lemma 1.10. If K and L are compact polyhedra so that each skeleton

of K and of L has even Euler characteristic, then each skeleton of the join

K ∗ L has even Euler characteristic.

Proof: The property that each skeleton have even Euler characteristic is

equivalent to there being an even number of simplices of each dimension.

The result then follows from the observation that the i-simplices of K ∗ J
are either i-simplices of K, i-simplices of J or joins of j simplices of J and

i − j − 1 simplices of K. There are an even number of simplices of each

type. Hence J ∗K has an even number of simplices in each dimension.
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2. The Cobordism Groups

In order to prove Theorems 1.1 and 1.2 it turns out we need to under-

stand when a resolution tower with dimension ≤ 2 bounds. It is possible to

define the relevant bordism groups and compute them in these low dimen-

sions, but the groups tend to get complicated. For example, bordism of

two dimensional towers is Z/2Z∞. Therefore it is more practical to make

some simplifications. As an exercise the reader can try to figure out the

more general cobordism groups, the calculations are similar to those given

below only there is more stuff to keep track of.

The first simplification we make is to assume all our towers are well

indexed. By Proposition 1.3 and Lemma 1.4 there is no reason not to do

so. The next simplification we make is to just calculate when a tower is a

weak boundary as defined below, in other words we ignore the given sheet

decomposition Aji of each Vji. (Equivalently we could assume each Aji has

at most one nonempty sheet.)

Definition 2.1. We say that T = {Vi,Ai, pi}I is a weak boundary of

the resolution tower T′ = {V ′
i ,A

′
i, p

′
i}I′ if I ⊂ I′, Vi = ∂V ′

i for all i ∈ I,

∂V ′
i = ∅ if i ∈ I′ − I and Vji = ∂V ′

ji and pji = p′ij | if j < i.

By Theorem 2.8, there is no reason not to just look at when a tower is

a weak boundary. After all, the actual sheet decomposition of Vji is unim-

portant, what is important is Vji itself. This simplifies things quite a bit,

but at this point we would still have infinitely generated two dimensional

bordism. The final simplification is to limit the exponents of the pji’s to

be ≤ 2. In particular:

Definition 2.2. We say a resolution tower T = {Vi,Ai, pi}I of type

M has exponents ≤ k if for each mico pji, all the local exponents are ≤ k.

In these low dimensions anyway, limiting the exponents to be ≤ 2 is no

problem since there are only two topological types of monomial maps from

R to R, and these are given by the monomials x and x2.

Definition 2.3. Let TR′
n denote the set of closed, n dimensional, well

indexed resolution towers of type UM which have all exponents ≤ 2. As-

sume the bias is 0 also.

If T is a compact well indexed resolution tower of type UM, bias 0

and dimension n for n = 0, 1, 2 we will define below an additive invariant

ρn(T) ∈ Z/2Zan for an = 1, 2, 67 so that the following is true:

Theorem 2.1. If T ∈ TRn is a weak boundary of a compact resolution

tower of type UM for n = 0, 1, 2 then ρn(T) = 0. The maps ρ0|TR′
0
and

ρ1|TR′
1
are onto. Furthermore, the following are equivalent:
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a) T ∈ TR′
n is a weak boundary of a compact resolution tower of type

UM.

b) ρn(T) = 0.

c) T ∈ TR′
n is a weak boundary of a compact resolution tower T′

of type S so that |T′| is the cone on |T| and so that T′ has all

exponents ≤ 2.

When we say the ρn are additive we mean that ρn of a disjoint union

is the sum of the ρn’s.

It turns out that ρ2|TR′
2
is not onto, its image is a subgroup of index 4

but it is more convenient to use ρ2 than an invariant mapping onto Z/2Z65.

The next question is whether you can detect the bordism class of a

T ∈ TR′
n from its realization |T|. In other words, can you determine ρn(T)

from the stratified set |T|. If n = 0 or 1 you can, but for n = 2 the answer

is no, you only end up determining roughly one fourth of ρ2.

More specifically, let Sn denote the set of locally conelike smooth strat-

ified sets of dimension n. We define ρ′n : Sn → Z/2Zbn for n = 0, 1, 2 and

bn = 1, 2, 15 as follows. Pick X ∈ Sn and let Xi denote the i-skeleton of X.

Let χ′ denote the mod 2 Euler characteristic. We let:

ρ′0(X) = χ′(X)

ρ′1(X) = (χ′(X0), χ
′(X))

ρ′2(X) = (χ′(X0), χ
′(X1), χ

′(X), χ′(Z0(X)), . . . , χ′(Z11(X)))

We have a map νn : TRn → Sn where νn(T) = |T|. then we will prove the

following:

Theorem 2.2. For n = 0, 1 and 2 there are surjective linear maps

ρ′′n : Z/2Zan → Z/2Zbn

so that

ρ′′n ◦ ρn|TRn = ρ′n ◦ ν.
In particular, ρ′′0 and ρ′′1 are isomorphisms.

TRn
ρn−→ Z/2Zan

↓ νn ↓ ρ′′n

Sn
ρ′n−→ Z/2Zbn

Let us now get more specific and define these maps ρn, discover their

properties and prove Theorems 2.1 and 2.2.

Definition 2.4. We will use the notation that if K is a finite set then

]K will be the number of points in K.
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The case n = 0 is very easy. In this case, T = {V0, ∅, ∅ } and V0 is

a compact 0-dimensional manifold, i.e., a finite number of points. Then

ρ0(T) = ]V0 mod 2.

Clearly ρ0 is onto Z/2Z (consider V0 with just one point). Also ρ0(T) =

ρ′0(|T|) so we may set ρ′′ = the identity and thus prove Theorem 2.2 for

n = 0. If T = ∂T′ for a compact T′ then V0 = ∂V ′
0 where V ′

0 is a compact

one dimensional manifold. So V0 has an even number of points so ρ0(T) = 0.

So to prove Theorem 2.1 for n = 0 we must only show that if T ∈ TR′
0 and

ρ0(T) = 0 then T is a weak boundary of a compact resolution tower T′ of

type S so that |T′| is the cone on |T|.
So assume T ∈ TR′

0 and ρ0(T) = 0. Since ]V0 is even we may write

V0 = {q−11, q11, q−12, q12, . . . , q−1m, q1m}, in other words we may pair up

the points of V0 in some arbitrary way. Let m = {1, . . . ,m}. Set V ′
0 =

[−1, 1]×m, V ′
−1,0 = 0×m, V ′

−1 = a point and p′−1,0 : V
′
−1,0 → V ′

−1 the only

map possible. Then this gives a resolution tower T′ of type S and T = ∂T′

and |T′| = c|T|. So Theorem 2.1 is proven for n = 0.

V 0 V -1  ℑ   

Figure 5. T′ and its resolution

Let us now look at the case n = 1. Take any T ∈ TR1. If T =

{Vi,Ai, pi}1i=0 let cd for d = 0, 1 be the number of points x in V0 so that

]p−1
01 (x) is congruent to d mod 2. We then define ρ1(T) = (c0, c1).

Suppose that T is weakly isomorphic to the boundary of some compact

resolution tower T′. Then we know V0 = ∂V ′
0 so ]V0 is even, i.e., c0 + c1 is

even. Also we know that V01 = ∂V ′
01 so ]V01 is even. But mod 2 we have

]V01 = c1. Consequently ρ1(T) = (0, 0).

Now suppose T ∈ TR1 and ρ1(T) = 0. We will show in Theorem 5.1

below that T is a weak boundary of a compact resolution tower T′ of type

S so that |T′| is the cone on |T| and all exponents of T′ are ≤ 2. Thus

Theorem 2.1 will be proven for n = 1.

We can see that ρ1 is onto by considering ρ1 of the two following towers:

1) V1 = the circle S1, V01 = ∅, V0 = a point. This has ρ1 = (1, 0).

2) V1 = S1, V01 = a point in S1, V0 = a point. This has ρ1 = (0, 1).
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Finally let us find ρ′′1 . The zero skeleton of |T| is V0 and c0 + c1 ≡
]V0 mod 2. But it is easy to compute that the mod 2 Euler characteristic

of |T| is c0. Thus ρ′′1(c0, c1) = (c0 + c1, c0) which is clearly an isomorphism.

We now proceed to the case n = 2. First we indicate a few useful

properties of resolution towers with small depth.

Lemma 2.3. Let T = {Vi,Ai, pi}2i=0 be a well indexed resolution tower

of type UM. Let V 2
02 denote the double point set of V02. Then

a) V12, V12 ∩ V02, V 2
02 and V01 are all submanifolds of V2 or V1.

b) If S and T are two different sheets of A2 and S ∩ T 6= ∅ then

either S or T is in A02.

c) Any three different sheets of A2 have empty intersection. Any two

sheets of A1 have empty intersection.

d) The maps p01 : V01 → V0, p02| : V12∩V02 → V0, p12| : V12∩V02 →
V01 and p02| : V 2

02 → V0 are covering projections.

e) For each sheet S ∈ A02, if g : S
′ → V2 is the immersion associated

to S, then p02 ◦g : S′ → V0 is a proper submersion, hence a locally

trivial fibration.

f) T has type S.

Proof: Let T have bias m. Let S and T be two different sheets of A12.

If S ∩ T 6= ∅, then by transversality of the sheets we know that S ∩ T has

dimension m. But by type U we know that p12 submerses a nonempty open

subset of S ∩ T which is a contradiction since a nonempty m dimensional

manifold cannot submerse to an m + 1 dimensional manifold. So b) is

shown.

V1

V02

V02
2

V2

V

V12

01 V01

V0

Figure 6. A typical tower in TR2

Likewise, by type U an open dense subset of the double point set of

V12 submerses to V1 and so the double point set must be empty. So V12 is

a manifold. If V12 ∩ V02 is not a manifold, then V12 ∩ V 2
02 is nonempty. But

V12 ∩ V 2
02 has dimension m− 1 and p02 submerses an open dense subset of

it to V0, which has dimension m. So V12 ∩ V 2
02 is empty, so V12 ∩ V02 is a
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manifold. Likewise, the triple point set of V02 and the double point set of

V01 are empty so V 2
02 and V01 are manifolds.

To see c), note that we showed above that the double point set of V01
and the triple point set of V12 ∪ V02 are empty.

Conclusion d) follows from c) and the fact that the maps are proper

submersions (and hence local diffeomorphisms) between manifolds of the

same dimension. (To see that p12| : V12 ∩ V02 → V01 is a local diffeomor-

phism, note that its composition with the local diffeomorphism p01 is the

local diffeomorphism p02|.) (Of course the degree of the cover could vary

from component to component of the base.)

Conclusion e) is immediate from type U. Finally, to see conclusion

f), note that type U immediately implies type S everywhere except V02 ∩
V12. But for any x ∈ V02 ∩ V12, pick open embeddings θ : R × Rm → V12
and ψ : R × Rm → V1 so that θ(0, 0) = x, ψ(0, 0) = p12(x), θ

−1(V02) =

0 × Rm, ψ−1(V01) = 0 × Rm and p12θ(R × Rm) ⊂ ψ(R × Rm). Then

ψ−1p12θ(t, x) = (tdϕ(t, x), µ(t, x)) with ϕ(0, 0) 6= 0 and furthermore by type

U we know µ : 0×Rm → Rm is a submersion, i.e., an open embedding. Then

after composing ψ with the inverse of the local diffeomorphism (t, x) 7→
(t|ϕ(t, x)|1/d, µ(t, x)) we see that p12 has type S.

We now give the definition of ρ2.

Pick T = {Vi,Ai, pi}2i=0, a compact well indexed resolution tower of

type UM, bias 0 and dimension 2. We define a map ζ : V02 ∩ V12 → {1, 2}
as follows. We know by Lemma 7.1 that p12 : (V12, V12 ∩ A02) → (V1,A1)

is a tico map. Pick any x ∈ V02 ∩ V12. Let K be the sheet of V12 ∩ A02

containing x and let L be the sheet of A1 containing p12(x). Then we let

ζ(x) be the mod 2 exponent of K in L for the map p12. In other words, p12
looks like t 7→ tζ(x) near x after a continuous change of coordinates.

We now define ζ ′ : V01 → Z/2Z2 as follows. For any x ∈ V01 we let

ζ ′(x) =
(
](p−1

12 (x) ∩ ζ−1(1)), ](p−1
12 (x) ∩ ζ−1(2))

)
.

In other words, ζ ′(x) = (ζ ′1(x), ζ
′
2(x)) where ζ

′
d(x) is the mod 2 number of

points y of p−1
12 (x) so that ζ(y) = d.

Let f : Q → V2 be the immersion associated to V02. We know that if

x ∈ V0 then f−1p−1
02 (x) is a union of circles. Let ξ0(x) ∈ Z/2Z be the mod 2

number of these circles C so that the restriction to C of the normal bundle

of the immersion is nontrivial. (The normal bundle of the immersion is the

quotient bundle f∗(TV2)/TQ where f∗(TV2) is the pullback of the tangent

bundle of V2, so its fibre over any point y is Tf(y)V2/df(TyQ).) For example,

if A02 is regular then ξ0(x) is the mod 2 number of components S of sheets

of A02 so that p02(S) = {x} and S has nontrivial normal bundle.
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For each point x ∈ V0 we define ξ1(x) ∈ Z/2Z to be the mod 2 number

of points in V 2
02 ∩ p−1

02 (x).

Finally for each point x ∈ V0 and a, b ∈ Z/2Z we define ξ2ab(x) ∈ Z/2Z
to be the mod 2 number of points y ∈ p−1

01 (x) so that ζ ′(y) = (a, b). In

other words,

ξ2ab(x) ≡ ]
(
p−1
01 (x) ∩ ζ ′−1(a, b)

)
.

So we get a map ξ : V0 → (Z/2Z)6 given by

ξ(x) = (ξ0(x), ξ1(x), ξ200(x), ξ201(x), ξ210(x), ξ211(x)).

For each component T of V1 define ω(T ) ∈ Z/2Z to be the mod 2

degree of the proper map p12 : V12 ∩ p−1
12 (T ) → T , i.e., the mod 2 number

of points in p−1
12 (x) for any x ∈ T −V01. For i = 0, 1, let V i1 be the union of

components T of V1 so that ω(T ) = i.

At last we can define the invariant ρ2(T) ∈ Z/2Z67 = Z/2Z3⊕Z/2ZZ/2Z6

.

For i = 0, 1 let ηi(T) be the number of components of p−1
12 (V

i
1 ) which have

nontrivial normal bundle in V2. Let η2(T) be the mod 2 Euler character-

istic of V2. For any a, b, c, d, e, f ∈ Z/2Z define η3abcdef (T) ∈ Z/2Z to be

]ξ−1(a, b, c, d, e, f) mod 2. We now define

ρ2(T) =
(
η0(T), η1(T), η2(T), η3000000(T), . . . , η3111111(T)

)
.

We will now show what happens to ρ2 if you blow up a point in V02.

Note that Proposition 2.4 below implies that ρ2(T) is not determined by

|T|. The notation ξk(T, x) just means the functions ξk defined above, but

with respect to the resolution tower T.

Proposition 2.4. Suppose T = {Vi,Ai, pi}2i=0∈ TR2. Pick any x ∈ V0
and y ∈ p−1

02 (x). Let T′ be the tico tower blowup of T with center y.

Then η2(T
′) = η2(T) + 1. For any a, b ∈ Z/2Z and z ∈ V0 we have

ξ2ab(T
′, z) = ξ2ab(T, z). We also have ξi(T

′, z) = ξi(T, z) for any z ∈ V0−x
and i = 0, 1. However the other invariants change in the following ways:

a) If y ∈ V 2
02 then

i) η0(T
′) = η0(T) and η1(T

′) = η1(T).

ii) ξ0(T
′, x) = ξ0(T, x) + 1 and ξ1(T

′, x) = ξ1(T, x) + 1.

b) If y ∈ V02 − (V12 ∪ V 2
02) then

i) η0(T
′) = η0(T) and η1(T

′) = η1(T).

ii) ξ0(T
′, x) = ξ0(T, x) and ξ1(T

′, x) = ξ1(T, x) + 1.

c) If y ∈ V02 ∩ V12 and if d = 0, 1 is such that p12(y) ∈ V d1 then

i) ηd(T
′) = ηd(T) + 1 and η1−d(T

′) = η1−d(T).

ii) ξ0(T
′, x) = ξ0(T, x) and ξ1(T

′, x) = ξ1(T, x) + 1.

Proof: That η2(T
′) = η2(T) + 1 follows from the fact that V ′

2 is the

connected sum of V2 with RP2. All the other changes follow from the fact

that blowing up a point in a curve in a surface gives the normal bundle a
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half twist, and the fact that the sheet π−1(y) in V ′
02 has a nontrivial normal

bundle.

We now give a bundle result which indicates why we are always counting

nontrivial bundles over the circle in our invariants.

Lemma 2.5. Let π : E → S be a line bundle over a compact surface

with boundary. Let n be the number of components C of ∂S such that the

bundle restricted to C is nontrivial. Then n is even.

Conversely, if ρ : F → T is a line bundle over a closed 1-manifold and

the number of components of T with nontrivial bundle is even, then there

is a line bundle π : E → S over a compact surface S so that ∂S = T ,

F = π−1(T ) and ρ = π|F .

Proof: This is actually just an easy computation inN1(BO(1)), but we give

a more elementary proof. Let the bundle π be classified by a map f : S →
BO(1) = RP∞. Then f∗([∂S]) is null homologous in H1(BO(1);Z/2Z) =
Z/2Z. But the nontrivial bundle over the circle represents the generator of

H1(BO(1);Z/2Z) and the trivial bundle represents 0. So there must be an

even number of nontrivial bundles.

Prove the converse by example, by pairing up the nontrivial bundles

and making each pair the boundary of a nontrivial bundle over a cylinder.

Proposition 2.6 below shows part of Theorem 2.1 for n = 2. The rest

of the proof of Theorem 2.1 will be delayed until Theorem 5.2.

Proposition 2.6. If T = {Vi,Ai, pi}3i=0 is a compact 3 dimensional

well indexed resolution tower with boundary and bias 0 and type UM, then

ρ2(∂T) = 0.

Proof: Since ∂V3 bounds, it has even Euler characteristic, hence η2(∂T) =

0. Now let S be a component of V2. Let U = p−1
23 (S). Now the mod 2

degree is a bordism invariant, so ω is the same on each component of ∂S.

So to show ηi(T) = 0 for i = 0, 1 it suffices to show that there are an even

number of components of ∂U with nontrivial normal bundle in ∂V3. This

follows from Lemma 2.5.

So we must only show that η3abcdef (T) = 0 for each a, b, c, d, e, f ∈
Z/2Z. In other words, there are an even number of points x ∈ ∂V1 so that

ξ(x) = (a, b, c, d, e, f).

Let T be any component of V1 which has boundary. Then T is an

interval with two endpoints which we call t0 and t1. We claim that ξ(t0) =

ξ(t1) which would immediately imply that η3abcdef (T) = 0.

Let us first show that ξ0(t0) = ξ0(t1). Let f : Q→ V3 be the immersion

associated to V13. Let Q′ = f−1p−1
13 (T ) be the union of the components

of Q which map to T . Then by Lemma 2.5 there are an even number of

components of ∂Q′ with nontrivial normal bundle. So ξ0(t0) = ξ0(t1).
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Now let us show that ξ1(t0) = ξ1(t1). But this is true since the mod 2

degree is a bordism invariant, the bordism being p13| : V 2
13 ∩ p−1

13 (T )→ T .

So it only remains to show that ξ2ab(t0) = ξ2ab(t1) for each a, b ∈ Z/2Z,
i.e., that there are an even number of points q of p−1

12 ({t0, t1}) so that

ζ ′(q) = (a, b). Let Q be any component of p−1
12 (T ) which has boundary.

Then Q is an interval with boundary points q0 and q1. It suffices to show

that ζ ′(q0) = ζ ′(q1). Let R be any component of p−1
23 (Q) with boundary

points. Then R is an interval with boundary points r0 and r1. Then it

suffices to show that ζ(r0) = ζ(r1). Let K be the sheet in A13 so that

K ∩ V23 ⊃ R and let L be the sheet in A2 containing Q. Then ζ(ri) = the

exponent of K in L for the map p23. But this exponent is constant on the

connected set R, so ζ(r0) = ζ(r1).

We will now prove Theorem 2.2 for n = 2 which will be a consequence

of Lemma 2.7 below.

Lemma 2.7. Let T = {Vi,Ai, pi}2i=0∈ TR2 be a compact well indexed

resolution tower of type UM with bias 0 and without boundary. Let X = |T|
and let Xi denote the i-skeleton of X. Then:

a) χ(X0) ≡
∑
a,b,c,d,e,f η3abcdef (T) mod 2.

b) χ(X1) ≡
∑
a,b,c,d,e,f (1 + c+ d+ e+ f) η3abcdef (T) mod 2.

c) χ(X2) ≡ η2(T) +
∑
a,b,c,d,e,f (1 + b+ c+ f) η3abcdef (T) mod 2.

d) For any a, b, c, d = 0, 1 we have χ(Eabcd(X)) ≡
∑
ef η3efgahb(T) mod 2

where g = |c− a| and h = |d− b|.

Proof: Let Wi = Vi − |Ai|, Wji = Vji −
⋃
m<j Vmi, πji : Uji → Wj and

ρji : Uji → [0,∞) satisfy the conclusions of Lemma 3.2. Pick ε small and

let U ′
ji = ρ−1

ji ([0, ε]) ⊂ Uji. Let U ′′
ji denote the image of U ′

ji under the

quotient map V0 ∪V1 ∪V2 → X. It is a neighborhood of the j strata in the

i skeleton.

Pick any x ∈ V0. Then π−1
01 (x)∩U ′

01 is a collection of intervalsQ1, . . . , Qk
where k = ]p−1

01 (x). Let the endpoints of Qi be denoted q1i and q−1i and

let the midpoint Qi ∩ p−1
01 (x) be denoted yi. So p−1

01 (x) = {y1, . . . , yk} and
π−1
01 (x) ∩ ρ

−1
01 (ε) = {q11, q−11, q12, . . . , q−1k}. Note that the link of x has a

resolution tower T′ = {V ′
i ,A

′
i, p

′
i}1i=0 where V ′

0 = {q11, q−11, q12, . . . , q−1k},
V ′
1 = π−1

02 (x) ∩ ρ
−1
02 (ε), |A′

1| = V ′
01 = V ′

1 ∩ V12 and p′01 = p12|. So the points

q±1i correspond to vertices in the link of x.

Let edi = ](p−1
12 (yi)∩ζ−1(d)) for d = 1, 2. Note that edi ≡ ζ ′d(yi) mod 2.

Assertion 2.7.1 κ(q1i) + κ(q−1i) = 4e1i + 4e2i and κ(qsi) ≡ 2e1i mod 4

for all i and s = ±1.
Proof: Pick any i = 1, . . . , k. Note that p−1

12 (Qi) is a collection of intervals

R1, . . . , Rm with midpoints {r1, . . . , rm} = p−1
12 (yi). If ζ(rj) = 1 then p12

maps Rj homeomorphically to Qi since it is locally a map t 7→ ±td for d
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odd. If ζ(rj) = 2 then p12 folds Rj onto one half of Qi. since it is locally a

map t 7→ ±td for d even. Thus Rj ∩p−1
12 (qsi) is one point if ζ(rj) = 1 and it

is either zero or two points if ζ(rj) = 2. Since there are two points in the

link of qsi for every point of p−1
12 (qsi), the result follows. �

Now let us prove d). Pick any x ∈ V0. Let yi, qsi and edi be as above.

If ζ ′2(yi) = 0 then e2i is even so by Assertion 7.2.7.1 we must have either

κ(q1i) ≡ κ(q−1i) ≡ 2e1i or κ(q1i) ≡ κ(q−1i) ≡ 2e1i + 4 mod 8. If ζ ′2(yi) = 1

then e2i is odd so we must have either κ(q1i) ≡ κ(q−1i) + 4 ≡ 2e1i or

κ(q1i) ≡ κ(q−1i) + 4 ≡ 2e1i + 4 mod 8. Consequently we have:

α0(x) ≡ ξ201(x) mod 2

α6(x) ≡ ξ211(x) mod 2

α0(x) + α4(x) ≡ 2ξ200(x) + 2ξ201(x) mod 4

α2(x) + α6(x) ≡ 2ξ210(x) + 2ξ211(x) mod 4

Thus d) holds.

Now a) is immediate since χ(X0) = χ(V0). To prove b), note that

χ(X1) = χ(X1 −X0) + χ(U ′′
01)− χ(U ′′

01 −X0)

= χ(V1 − V01) + χ(X0)− χ(U ′
01 − V01)

≡ χ(V01) + χ(X0) mod 2

since the Euler characteristic of a union of circles with k points deleted is k

and since U ′
01−V01 is an even number of lines since it has two components

for each point of V01. Now for each point x ∈ X0 there are ξ200(x) +

ξ210(x) + ξ201(x) + ξ211(x) points in p
−1
01 (x) mod 2. Consequently b) holds.

Now let us prove c). We have

χ(X) = χ(X −X1) + χ(U ′′
02 ∪ U ′′

12)− χ(U ′′
02 ∪ U ′′

12 −X1)

= χ(V2 − (V02 ∪ V12)) + χ(X1)− χ(U ′
02 ∪ U ′

12 − (V02 ∪ V12)).

But

χ(V2)− χ(V02 ∪ V12) = χ(V2 − (V02 ∪ V12))− χ(U ′
02 ∪ U ′

12 − (V02 ∪ V12))

since U ′
02 ∪ U ′

12 deformation retracts to V02 ∪ V12. So

χ(X) = χ(V2)− χ(V02 ∪ V12) + χ(X1)

≡ χ(V2) + χ(V02 ∩ V12) + χ(V 2
02) + χ(X1) mod 2.

Now

χ(V 2
02) ≡

∑
x∈V0

ξ1(x) mod 2

χ(V02 ∩ V12) ≡
∑
y∈V01

ζ ′1(y) + ζ ′2(y) ≡
∑
x∈V0

ξ201(x) + ξ210(x) mod 2

so c) follows
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For n = 0, 1, 2 if we define NT
n to be the cobordism group of n-

dimensional Euler Thom stratified sets, generated by the relation: X ∼ Y

if X and Y are P.L. homeomorphic to |T| and |T′| respectively, and T t T′

is a weak boundary of a compact resolution tower T′′. Then from Theorem

2.1 and Proposition 1.8 and Lemma 1.9 we conclude:

NT
n =

 Z/2Z if n = 0
Z/2Z if n = 1
Z/2Z5 if n = 2

For n = 0 the generator is the one point space. For n = 1 a generator is

the figure 8, since it has odd Euler characteristic. For n = 2 generators are

the projective plane RP2 and the spaces Y0, Y1, Y2 and Y3 of section 1.

Similarly we can define a cobordism group NS
n of n-dimensional Euler

Thom stratified sets with all strata having trivial normal bundles, and which

are realizations of resolution towers in TR′
n. It is generated by the relation:

X ∼ Y ifX and Y are isomorphic to |T| and |T′| respectively, and TtT′ is a

weak boundary

of a compact resolution tower T′′. Then:

NS
n =

 Z/2Z if n = 0
Z/2Z2 if n = 1
Z/2Z15 if n = 2

The generators are those given for NT
n and the following: For n = 1, a

circle stratified by two strata, a point and its compliment. For n = 2, the

10 spaces of Figure 7.

The boxed numbers give the value of ρ′2 for each figure.

Excercise 2.1. Prove that the spaces above are in fact generators of

the various cobordism groups.

Note that transitivity of of the above equivalence relations are not

obvious from definitions, they are implied by Theorem 2.1.

Let NR
n be the cobordism group generated by the relation: T ∼ T′ in

TR′
n if T t T′ is a weak boundary of a compact resolution tower. Then we

get:

NR
n =

 Z/2Z if n=0
Z/2Z2 if n=1
Z/2Z65 if n=2

Excercise 2.2. Prove that NR
2 = Z/2Z65. You may wish to use The-

orem 2.1, Theorem 2.2, Proposition 2.4, Lemma 2.7 and Lemma 1.6a.

We can similarly define higher dimensional cobordism groups for reso-

lution towers in general, but the computations of them becomes much more



3. CHARACTERIZATION IN DIMENSION 3 223

0001

100 0000 10000000

1110 1111
10101010

010 0000 00000001

0011

111 0000 01000000

1100 1101

10101010

010 0000 00000010

0100 0101

010 0000 00100000

1011 1010

010 0000 00000100

0110 0111

010 0000 00010000

1001 1000

010 0000 00001000

110 0000 00000000 101 0000 00000000

0000
0010

Figure 7. Some generators of NS
2

difficult. By generalizing a version of Theorem 2.1 one can define an ob-

struction theory for a stratified set in order to decide if it is a realization of

a resolution tower. Roughly the obstructions lie in the cohomology group

with coefficients in these cobordism groups [AK9].

3. Characterization in Dimension 3

In this section we prove Theorems 1.1 and 1.2. First we prove:
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Lemma 3.1. Let X be a three dimensional Zopen set. Then there is an

algebraic stratification of X so that X and each Zi(X) for i = 0, . . . , 11 are

Euler stratified sets.

Proof: By Theorem 4.2 we know that there is an algebraic stratification

of X which is isomorphic to the realization of a resolution tower of type

UM . By Proposition 3.4 if U is any stratum and LU is its link, there is

a resolution tower with realization equal to cLU . But then Theorems 2.1

and 2.2 imply that ρ′′i (LU ) = 0 if dimLU = i. But this is exactly what

is needed to conclude that X and each Zi(X) for i = 0, . . . , 11 are Euler

stratified sets.

Next we give a result which allows us to build up a resolution tower

for an Euler Thom stratified set stratum by stratum. It has a number of

technical conclusions which we will find useful, but which can be ignored

on first reading. The basic idea is that you just glue in T × T′′ where T′′

is a resolution tower of the cone on the link of T . If one assumes that

X has a TCSS structure (see [AK9]), it is possible to prove a stronger

statement which works for strata T of higher codimension if we assume the

induced resolution tower on the link of T bounds a resolution tower whose

realization is the cone on the link. In general, however, we expect that

there are obstructions for a Thom stratified set with all normal bundles

trivial to have a TCSS structure.

Proposition 3.2. Let X be an Euler Thom stratified set with tubular

data (πU , ρU ) : XU → U × R. Suppose for some closed union of strata

K ⊂ X we have a resolution tower T = {Vi,Ai, pi}I of type S and an

isomorphism h : |T| → X−K so that the map (πU , ρU )◦h : Vi∩h−1(XU )→
U × R is smooth for each stratum U of X and each i. Also suppose that

for each j < i the map ρU ◦ h : Vi ∩ h−1(XU ) → R vanishes with order

exactly 2 all along Vji ∩h−1(XU ) where the stratum U is any component of

h(Vji −
⋃
k<j Vki) and U has codimension one.

Let T be a stratum of K which is open in K so that the link L of T

in X has dimension one or less and so that the normal bundle of T in X

is trivial. Then there is a resolution tower T′ = {V ′
i ,A

′
i, p

′
i}I′ of type S

and an isomorphism h′ : |T′| → (X − K) ∪ T so that the map (πU , ρU ) ◦
h′ : V ′

i → U × R is smooth for each stratum U of X and each i. Also,

for each j < i the map ρU ◦ h′ : V ′
i ∩ h′−1(XU ) → R vanishes with order

exactly 2 all along V ′
ji ∩h−1(XU ) where the stratum U is any component of

h(Vji−
⋃
k<j Vki) and U has codimension one. Furthermore, the restriction

of T′ to h′−1(X − K) is just T and the restriction of T′ to h′−1 of some

neighborhood of T is a product T × T′′ for some resolution tower T′′ with

|T′′| = cL so that all exponents of T′′ are ≤ 2. If dimL = 1 then we may
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also ensure that ξi(V
′′
` ) = 0 for i = 0, 1 where ` is the index so that h′(V`)

is the vertex of cL.

Proof: Take a trivialization of the normal bundle of T in X. In particular,

take a point x0 ∈ T and a small ε > 0 and let L = (πT , ρT )
−1(x0 × ε)

be the canonical link of T . Then the normal bundle of T being trivial

means there is a neighborhood Z0 of T× vertex in T × cL and a Thom

stratified set embedding g : Z0 → X onto a neighborhood of T in X so that

(πT , ρT ) ◦ g(x, (y, t)) = (x, t) for all x ∈ T and (y, t) ∈ cL. Furthermore,

πU◦g(x, (y, t)) = g(x, (πU (y), t)) and ρU◦g(x, (y, t)) = ρU (y) for all strata U

of X with T ⊂ ClU and all (x, (y, t)) in a neighborhood of Z0∩T×c(L∩U).

For example, let X be the suspension of the figure 8 union a point and

let T = K = the two suspension points. We take one of the two possible

resolution towers of X −K, as shown in Figure 8.

L

T

X

V 2

V 1

V 
12

ℑ

Figure 8. X and a resolution T of X −K

The tower T induces a resolution tower T′′′ with |T′′′| = L, namely

V ′′′
i = Vi ∩ h−1(L), A′′′

i = Ai ∩ V ′′′
i and p′′′i = pi|. See Figure 9. This

L V
2

ℑ

V
12

V
1

Figure 9. The link L and its induced resolution tower T′′′

works because V ′′′
i = Vi∩ ((πT , ρT )◦h)−1(x0× ε) and we hypothesized that

(πT , ρT )◦h is smooth, but we know it submerses each stratum of Vi because

T has type U and (πT , ρT ) submerses each stratum of X. So (πT , ρT ) ◦ h
is a smooth submersion on each Vi.
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Because T′′′ has dimension one or less, the trivialization g induces a

unique smooth trivialization on the part of T in h−1(g(Z0)). In particular,

we may suppose after restricting Z0 that Z0 = { (x, (y, t)) | t < δ(x) } where
δ : T → (0, 1) is some smooth function. Then g(Z0) = {x ∈ XT | ρT (x) <
δ ◦πT (x) }. We may define a smooth g′ : T ×(0, 1)×(V ′′

i −|A′′
i |)→ Vi−|Ai|

by g′(x, t, y) = h−1g(x, (h(y), tδ(x))). But g′ extends continuously to an

embedding g′ : T × (0, 1)× V ′′
i → Vi since |A′′

i | is at worst a finite number

of points in a one dimensional manifold. But g′ is actually smooth because

ρU ◦ h ◦ g′(x, t, y) = ρU ◦ h(y) and by our assumption on ρU ◦ h, we know

that (πT ◦h, ρT ◦h,
√
ρU ◦ h) is a local diffeomorphism for any codimension

one stratum U .

We know that |T′′′| = L is an Euler stratified set, so by Theorem 2.2,

ρd(T
′′′) = 0 where d is the dimension of L. So by Theorems 2.1 and 5.1

below, there is a resolution tower T′′ of type S so that |T′′′| is the weak

boundary of T′′, |T′′| = c|T′′′|, all exponents of T′′ are ≤ 2, and there are

diffeomorphisms fi : V
′′′
i ×(0, 1]→ V ′′

i −V ′′
`i so that fi(V

′′′
ji ×(0, 1]) = V ′′

ji−V ′′
`i

and p′′jifi(y, t) = fj(p
′′′
ji(y), t) for all (y, t) ∈ V ′′′

ji ×(0, 1], where ` is the index

so that V` is the vertex of c|T′′′|. See Figure 10.

V
02

V
2

V
12

V
01

V
1

V
0

Figure 10. A resolution tower T′′ for cL

Furthermore, if d = 1 we may assume ξi(V
′′
` ) = 0 for i = 0, 1.

What is more, if d = 0 then each V ′′
i is a union of intervals [−1, 1] with

center V`i corresponding to 0 ∈ [−1, 1] and we may choose fi : {−1, 1} ×
(0, 1]→ [−1, 1]− 0 to be fi(s, t) = st2.

We now form T′ by setting V ′
i = Vi ∪ T × V ′′

i for i = 0, 1 where we

identify (x, fi(y, t)) ∈ T × V ′′
i with g′(x, t, y) ∈ Vi. We let h′|Vi = h| and

h′(x, y) = x for (x, y) ∈ V ′′
i .

Corollary 3.3. If X is a Thom Euler stratified set with trivial normal

bundles and all strata have codimension ≤ 2 then X is the realization of a

resolution tower of type S.

We now prove Theorem 1.2.

Proof: (of Theorem 1.2) Note that b) follows from examples given in

section 2 and c) is immediate from the definition. So let X be a three

dimensional Euler Thom stratified set so that each Zi (X) is an Euler space
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V1

V01

V12

V02

V2

V0

V02

Figure 11. A resolution tower T′ for X

i = 0, . . . , 11 and so that all normal bundles of components of strata are

trivial.

Assertion 7.3.4.1 The sets Eabcd(X) are all Euler spaces.

Proof: Take any vertex v in X and let L be the link of v in X. For

a, b, c, d = 0, 1 let nabcd be the number of points in Eabcd (L). Because each

Zi (X) is an Euler space we know that each of the following numbers are

even: n1110 +n1111; nab00 +nab01 for ab = 01, 10, 11; and nabc1 for any abc.

In particular,
∑
c,d n11cd is even. But then by Lemma 1.6a we know that∑

c,d nabcd is even for a, b = 0, 1 so nab10 + nab11 is even for ab = 10, 01 or

11. So nabc0 is even for ab = 10, 01, or 11. So the only possible odd nabcd’s

are n0000 and n0010. But by Lemma 1.6b,
∑
ab (nab00 + nab11) is even so

n0000 is even since all the other terms are even. But then n0010 must be

even since the total number of points in L0 is even. So all the nabcd’s are

even, but Eabcd (L) is the link of v in Eabcd (X) so all the Eabcd (X)’s are

Euler spaces. �

We now set about finding a resolution tower T whose realization is X.

Let the i-skeleton of X be Xi. Let πU : XU → U and ρU : XU → [0,∞) be

tubular data. For each stratum U , let LU be the canonical link of U , let ZU
be a neighborhood of U× the vertex in U × cLU , YU a neighborhood of U

in XU and let τU : ZU → YU be an isomorphism so that πUτU (x, (y, t)) = x

and ρUτU (x, (y, t)) = t.

By repeated applications Proposition 3.2 (starting with K = X) we

can find a well indexed resolution tower T = {Vi,Ai, pi}3i=1 of type S and

an isomorphism h : |T′| → X − X0 so that the map (πU , ρU ) ◦ h : V ′
i →

U ×R is smooth for each stratum U of X and each i. Also, the restriction

of T′ to h−1 of some neighborhood of U is a product U × TU for some

resolution tower TU with |TU | = cLU so that all exponents of TU are ≤ 2.

If dimLU = 1 then we may also ensure that ξi(V
U
0 ) = 0 for i = 0, 1.

We have an induced resolution tower Tx on the canonical link Lx of any

point x of X0. Let us look at ρ2(T
x). By our construction, ξi(y) = 0 for all
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i = 0, 1 and y ∈ V x1 . Hence if ab = 01, 10 or 11 we have η3abcdef (T
x) = 0

for all c, d, e, f ∈ Z/2Z. But then by Lemma 2.7d, η300cdef (T
x) is the mod

2 number of points in Edfgh(Lx) where g ≡ c + d and h ≡ e + f . We

showed in Assertion 7.3.4.1 that this is even, so η3abcdef (T
x) = 0 for all

a, b, c, d, e, f ∈ Z/2Z. But we must worry about ηi for i = 0, 1, 2. We will

make them 0 by blowing up T′ along some curves of V ′
13 which lie over 1

strata of X.

Let d be 0 or 1 and letKd be the closure of the union of the codimension

one strata U of X so that κ(U) > 0 and κ(U) ≡ 2d mod 4. In other words,

K1 = Cl(K2(X) ∪K6(X)) and K0 = Cl(K0(X) ∪K4(X) − P ) where P is

the union of open codimension one strata of X, i.e., those two strata with

empty link. Let A be any connected component of Kd ∩X1 which contains

points of X0.

Assertion 7.3.4.2
∑
x∈A∩X0

ηd(T
x) = 0.

Proof: Let K ′
d = Cl(K2d(X) ∪ K2d+4(X)), so K ′

1 = K1 and K ′
0 = K0 ∪

Cl(P ). Pick a compact neighborhood U of A in K ′
d so that U − X1 is a

smooth codimension 0 manifold with boundary Y . Pick a small ε > 0 and

let Ux = ρ−1
x ([0, ε)) for x ∈ A ∩ X0. Let U ′ = U −

⋃
x∈X0∩A Ux. Then

C2 = V ′
2 ∩h−1(U ′) is a smooth compact codimension 0 submanifold of V d2

′.

Let C23 = p′23
−1(C2). Then by Lemma 2.5 there are an even number of

components of ∂C23 so that the restriction of the normal bundle of C23 is

nontrivial. But by construction the normal bundle of C23 − V ′
13 is trivial,

since for each component T of V ′
2 − V ′

12, a neighborhood of p′23
−1(T ) in V ′

3

is obtained by taking T× a neighborhood of a tico in a one dimensional

manifold, a resolution tower for the cone on the link of T . So since ∂C23 =

p′23
−1h−1(Y )∪

⋃
x p

′
23

−1h−1ρ−1
x (ε) and p′23

−1h−1(Y ) ⊂ C23 − V ′
13 we know

that there are an even number of components of
⋃
p′23

−1h−1ρ−1
x (ε) so that

the restriction of the normal bundle of C23 is nontrivial. But this means

precisely that
∑
x∈A∩X0

ηd(T
x) = 0. �

Assertion 7.3.4.3 After blowing up T′ with centers lying over V ′
13, we

may as well assume that ηd(T
x) = 0 for all x ∈ A ∩X0.

Proof: A is a one dimensional stratified set, hence a polyhedron. Pick a

minimal tree A′ ⊂ A so that after replacing T′ with some blowups with

centers lying over V ′
13, then ηd(T

x) = 0 for all x ∈ (A−A′)∩X0. If A
′ = ∅

we are done so assume A′ is not empty. By Assertion 7.3.4.2, A′∩X0 cannot

have exactly one element, so it must have at least two elements. So we may

pick x1 and x2 in A′ ∩X0 so that there is only one edge of A′ coming into

x1 and that edge goes to x2. The edge between x1 and x2 is a component

T of a one stratum of X. We know that ηd(T
x1) = 1 since otherwise A′

would not be minimal.
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Since T ⊂ Kd we may pick a stratum T ′′ of V d2
′∩V ′

12 so that p′12(T
′′) =

T . We may also pick a stratum T ′ of V ′
13 ∩ V ′

23 so that p′13(T
′) = T and

p′23(T
′) = T ′′. We now blow up V ′

3 with center T ′. In the resolution tower

Tx1 this corresponds to blowing up a point in V x1
13 ∩ V

x1
23 . By Proposition

2.4c, the resulting resolution tower has ηd = 0. Unfortunately, ξ1 has

become 1. But by Proposition 2.4b, we can change ξ1 back to 0 by blowing

up a point in V x1
13 . We can do this by blowing up a curve in V ′

13 lying over

T . So the minimality of A′ is violated. �

So in light of Assertion 7.3.4.3 we may assume that for each x ∈ X0

we have all components of ρ2(T
x) equal to 0 except possibly η2. But by

Lemma 2.7c we know that η2(T
x) = 0, so ρ2(T

x) = 0.

So by Theorem 5.2, each Tx bounds a resolution tower Tx′ of type S. In

fact we have diffeomorphisms gxi : V
x
i × (0, 1]→ V xi

′ − V x0i′ for i = 1, 2, 3 so

that gxi (V
x
ji×(0, 1]) = V xji

′ and pxji
′gxi (u, t) = gxj (p

x
ji(u), t) for all u ∈ V xji and

t ∈ (0, 1]. We then get a resolution tower T of type S with |T| = X by gluing

the resolution towers Tx′ to T′. For example, suppose Lx = ρ−1
x (εx). Then

ρx ◦ h is a proper smooth submersion on each Vi ∩ h−1ρ−1
x ((0, εx]), so there

are diffeomorphisms hxi : V
x
i ×(0, εx]→ Vi∩h−1ρ−1

x ((0, εx]) compatible with

the maps p′ji so that ρxh
x
i (x, t) = t. So we could let T be the resolution

tower obtained from the disjoint union T′t
⊔
x∈X0

Tx′ by identifying gxi (x, t)

with hxi (tεx) for (x, t) ∈ V xi × (0, 1).

We now prove Theorem 1.1.

Proof: (of Theorem 1.1) Conclusions b) and c) follow from Proposition

1.7.

So we only need prove a). If X is homeomorphic to a real algebraic set

then Lemma 3.1 shows that X and Zi (X) are Euler spaces for i = 0, 1, 2, 3.

(We also know that X must be an Euler space by [Su1].)

Conversely suppose that X and Zi (X) for i = 0, 1, 2, 3 are all Euler

spaces. Triangulate X. Then Lemma 1.9 implies that the first barycentric

subdivision is an Euler polyhedron and Proposition 7.1.8 and Theorem

1.2a imply that the second barycentric subdivision is isomorphic to a real

algebraic set.

4. Algebraic Resolution of Real Algebraic Sets in Dimension

Three

Our characterization of three dimensional algebraic sets has little hope

of being extended to many more dimensions since it involves calculating

cobordism groups which are already very complicated in low dimensions.

Thus it would be nice to strengthen Theorems 4.2 and 0.6 so that they

are converses of each other. To this end, we strengthen Theorem 4.2 suf-

ficiently to characterize three dimensional real algebraic sets. T. C. Kuo
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has independently proven the essential part of this, although in a different

context.

Theorem 4.1. Any three dimensional real algebraic set X is the real-

ization of a resolution tower T of type RSF .

Proof: At this point the easy proof is that by Theorem 1.1, X and each

Zi(X) for i = 0, 1, 2, 3 are Euler spaces. But then the proofs of Theorems

1.1 and 1.2 imply that X is the realization of a resolution tower of type S.

Notice that type F is automatic because the dimensions are so low. However

we will do a direct algebraic proof since it indicates how one might try to

prove this in higher dimensions. The higher dimensional cases are a bit

more complicated however since the local forms are not as simple.

Just as in Theorem 4.2 we may as well assume X is compact. The

first step is to use Theorem 4.2 to get X = |T| for some well indexed

algebraic resolution tower T = {Vi,Ai, pi}3i=0 of type FUNE with dimVi =

i. Actually, we only need type UM . A byproduct of the proof of Theorem

4.2 is that the complexification of T is also a resolution tower of type U

near the real points. For the most part T has type S, the only possible

points where some pij is not submersive are at V23 ∩ V03 where p23 may

not be submersive. We call these points bad points. We will show that the

image of the set of bad points is a finite set.

Our procedure is completely canonical. Let Q ⊂ V2 be the image of the

bad points. This Q is always finite. You first blow up any points necessary

in V23 to make p∗23(I(Q)) locally principal. This is completely canonical

since it is only locally not principal at isolated points, which you keep on

blowing up until there aren’t any. You now blow up V2 at Q and lift the

map p23 to the blowup. You then repeat the whole process. After a finite

number of repetitions, it eventually terminates when there are no more bad

points.

We know that V23 is an embedded dimension 2 submanifold of V3 since

if two intersecting sheets were in V23 their curve of intersection would have

to submerse to the surface V2 at almost all points. This is impossible for

dimension reasons, c.f., Lemma 2.3.

The following gives the local canonical forms for the map p23. If p is

a polynomial, we let ord(p) denote its order, i.e., the degree of the lowest

degree term of p.

Assertion 4.1.1 Pick any q ∈ V23 ∩ V03. Then after a coordinate change

on V23 we may assume that locally q = (0, 0) and

p23(x, y) = (xkaykb, p(xayb) + xcyd)

where p is a polynomial, ad− bc > 0, and either
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1) a and b are both nonzero and relatively prime. Furthermore, p

has degree < d/b. We call this the triple point case. In this case,

p23 is submersive at q if and only if p23(q) is a double point of q

and p = 0. Also if q is a bad point then the whole line y = 0 (and

possibly x = 0 as well) consists of bad points.

2) a = 1, b = 0, d = 1. Furthermore, p has degree ≤ c. We call this

the double point case. In this case, p23 is submersive at q if and

only if either c = 0 or else p23(q) is a double point of q and either

p = 0 or ord(p) = c. Also, if q is a bad point the whole line x = 0

consists of bad points.

So in any case there are no isolated bad points. Furthermore, p23 is locally

constant on the bad points so the set of images of bad points is finite.

Proof: Pick analytic coordinates x, y for V23 near q and u, v for V2 near

p23(q) so that q is (0, 0), p23 (q) is (0, 0), V23 ∩ V03 is locally {x = 0} if q is

a double point of |A3| or {xy = 0} if q is a triple point, V02 is {u = 0} or
{uv = 0} and the map p23 is given by p23 (x, y) =

(
xa

′
yb

′
, g (x, y)

)
. Note

b′ = 0 if and only if q is a double point.

If b′ 6= 0, let k be the greatest common divisor of a′ and b′. If b′ = 0,

let k = a′. Let a = a′/k and b = b′/k. So

p23 (x, y) =
(
xkaykb, g (x, y)

)
.

First assume we are in the case where q is a double point, i.e., a = 1,

b = 0. Then the Jacobian determinant of p23 is kxk−1∂g/∂y, and it only

vanishes on x = 0 even for complex x and y (since the complexification has

type U). So ∂g/∂y = xcu′(x, y) where u′(0, 0) 6= 0 by Lemma 2.1. If we

write g (x, y) =
∑
gijx

iyj then

∂g/∂y =
∑

jgijx
iyj−1

so we see that gij = 0 if j > 0 and i < c and also gc1 6= 0. So

g (x, y) = p (x) + xcyu (x, y)

where p(x) =
∑c
i=1 gi0x

i is a polynomial and u is a unit, i.e., u (0, 0) 6= 0.

After a coordinate change y 7→ yu we get

g (x, y) = p (x) + xcy

as required.

Suppose q is not a bad point. If p23(q) is not a double point of V02 we

must have p23 submerse x = 0 to u = 0, in particular ∂g/∂y(0, 0) 6= 0. So

we would need c = 0. So now suppose p23(q) is a double point of V02. Then

to be submersive at q we must have p(x) = 0 or p(x) a monomial of degree

c.
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Now suppose q is a triple point so a and b are nonzero. The Jacobian

determinant of p23 is

(ay∂g/∂y − bx∂g/∂x) · kxka−1ykb−1.

By type U , p23 must be a submersion when xy 6= 0. So the Jacobian

determinant must be nonzero when xy 6= 0 even for complex x and y (since

the complexification has type U). So Lemma 2.1 implies that

ay∂g/∂y − bx∂g/∂x = xcydu′(x, y)

where u′(0, 0) 6= 0. If we write g (x, y) =
∑
gijx

iyj then

ay∂g/∂y − bx∂g/∂x =
∑

(aj − bi) gijxiyj

so we see that we must have ad− bc 6= 0 and gcd 6= 0. So we may write

g (x, y) = p
(
xayb

)
+ xcydu (x, y)

where p is a polynomial and u is a unit. The reason we may take p to be a

polynomial is that any term of the form
(
xayb

)n
with n ≥ max (c/a, d/b)

may be absorbed into the unit u. After a coordinate change x 7→ xu−b/(ad−bc),

y 7→ yua/(ad−bc) we may assume

g (x, y) = p
(
xayb

)
+ xcyd.

By switching x and y we may also assume c/a < d/b, i.e., ad− bc > 0.

Now suppose that q is not a bad point. Then the point stratum q must

submerse to its target, so p23(q) is a double point of V02. But then the only

way to be submersive is when p = 0.

Suppose now that q is a bad point. Now look at a nearby double point

(w, 0) with w 6= 0. Then locally near (w, 0), p23 looks like (ykb, p(yb) +

wc−ad/byd + xyd) after a change of coordinates x 7→ xc−ad/b − wc−ad/b,

y 7→ xa/by. By part 2), if (w, 0) is not bad then either d = 0 or p23(q) is

a double point and p = 0. But d > bc/a ≥ 0 so d > 0 and thus (w, 0) is a

bad point. Likewise (0, w) will be a bad point unless c = 0. �

In light of Assertion 7.4.1.1, we only need concentrate on eliminating

the bad double points, the bad triple points will then be eliminated au-

tomatically. We will assign a complexity (m,n) to each double point as

follows. Pick a local expression p23(x, y) = (xk, p(x)+ xcy) as in Assertion

7.4.1.1. If either p = 0 or ord (p) = c we take m = 0 and take n = c/k

if p23(q) is not a double point of V02 and n = 0 otherwise. If p 6= 0 and

ord (p) < c we take m = c − ord (p) and n = ord (p) + k. This complexity

might vary with the expression chosen but we say the complexity of p23 at

q is the lexicographical minimum of the pair (m,n) over all the above local

expressions for p23. Actually, most expressions for p23 will give the minimal

complexity anyway. The only exception is if ord(p) is a multiple of k and

p23(q) is not a double point of V02, in which case a coordinate change will
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get rid of the initial term of p. Note that a double point is bad if and only

if it has complexity > (0, 0).

What we claim is that whenever we blow up the images of the bad

points the maximum of this complexity decreases by at least an integral

amount. Consequently by continuing to blow up the images of the bad

points we eventually get rid of them all.

We will first illustrate this by an example. Suppose V23 = R2, V2 = R2,

V23 ∩ V03 = R2
1, V02 = R2

1 and p23(x, y) = (x4, x2 + x3y). Then the line

x = 0 consists of all bad points and their image is the single point (0, 0).

The complexity of (0, 0) is (1, 6). The pullback ideal is locally principal

at the point (0, 0), so we may blow up V2 at (0, 0) and p23 will lift. The

lifted map will be p′23(x, y) = (x2/(1 + xy), x2 + x3y) to one of the charts

obtained by Lemma 5.1. In this new chart, V02 = R2
1 ∪R2

2. The complexity

at (0, 0) is now (1, 4).

The line x = 0 still consists of bad points, so blow up V2 again. The

lifted map will be p′′23(x, y) = (x2/(1 + xy), (1 + xy)2). After changing

coordinates in V2 so that the image of the bad point is (0, 0), say by the

change (u, v) 7→ (uv1/2, v − 1), and changing coordinates in V23 say by

(x, y) 7→ (x, 2y + xy2) our map has the form p′′′23(x, y) = (x2, xy) and the

image (0, 0) of the bad points is not a double point. The complexity is now

(0, 1/2).

The map p′′′23 will not lift to the blowup of V2 so we must first blow up

V23 at (0, 0). By Lemma 5.1 you get two charts A and B and your map

p′′′23 ◦ π is (x2, x2y) on chart A and (x2y2, xy2) on chart B. These maps

now lift to the blowup of V2, one gets the map (x2, y) on chart A which is

submersive and on chart B one gets the map (x, xy2) which is submersive

since it maps from a triple point to a double point.

Now we return to the proof and see what happens to the complexity of

a bad double point after we blow up its image in V2. We assume that p23
lifts to the blowup. Of course it might not, we might have to first blow up

points in V23 to obtain a lifting, but we will see in Assertion 7.4.1.3 that

whenever one has to blow up the source, the maximal complexity does not

decrease, or at least if it does it is still ≤ (0, 1). Since complexities are

positive and decrease by at least integral amounts, after a finite number of

steps there will be no bad points left.

Assertion 4.1.2 Suppose q ∈ V23 is a double point and we blow up p23(q)

in V2 and the map p23 lifts to a map p′23 : V23 → B(V2, p23(q)). Suppose

q is a bad point of p′23. Then the complexity of p′23 at q is smaller than

that of p23 at q. Moreover, if the complexity of p23 at q is (0, α) then the

complexity of p′23 at q is ≤ (0, α− 1).
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Proof: There will be two charts for this blowup, on chart C the blowup

map is (u, v) 7→ (u, uv) and on chart D the blowup map is (u, v) 7→ (uv, v).

On chart D, V02 is the intersecting curves u = 0 and v = 0. On chart C,

V02 is either the curve u = 0 (if p23(q) is not a double point of V02) or the

two curves u = 0 and v = 0 (if p23(q) is a double point of V02). So in what

follows D is the only chart we can count on to have a double point.

Let p23 (x, y) =
(
xk, p (x) + xcy

)
be an expression for p23 with minimal

complexity. Let e = ord (p) if p 6= 0.

First suppose p = 0 or e = c. In other words p23 (x, y) =
(
xk, xc (y + y0)

)
for some constant y0. Then the complexity of p23 at q is (0, c/k) if p23(q)

is not a double point and otherwise it is (0, 0).

If k = c then p′23 (x, y) =
(
xk, y + y0

)
mapping to chart C which is

submersive.

If k > c and y0 6= 0 then p′23 (x, y) =
(
xk−c/ (y + y0) , x

c (y + y0)
)

mapping to chart D which is submersive since it maps to a double point.

If k > c and y0 = 0 then the lifting p′23 does not exist so we can ignore

this case, but keep it in mind when we prove Assertion 7.4.1.3.

If k < c, then p′23(x, y) =
(
xk, xc−k(y + y0)

)
mapping to chart C and

it has complexity (0, c/k − 1) if p23(q) is not a double point and otherwise

it is (0, 0).

Now we suppose that p 6= 0 and c > e. The complexity of p23 at q is

(c− e, e+ k).

If k < e, then we have

p′23 (x, y) =
(
xk, p (x) · x−k + xc−ky

)
mapping to chart C. This has complexity (c− e, e) which is less than

(c− e, e+ k).

If k = e then

p′23 (x, y) =
(
xk, p (x) · x−k + xc−ky

)
mapping to chart C. But the second coordinate is nonzero at q, so one must

change variables in V2, which has the effect of eliminating the constant term.

So if e′ is the next lowest degree of a monomial of p we see the complexity

is at most (c− k − (e′ − k) , e′) = (c − e′, e′) if e′ < c. If e′ = c then the

new complexity would be (0, c/k − 1) or (0, 0) instead.

If k > e then

p′23 (x, y) =
(
xk−e/u (x, y) , p (x) + xcy

)
mapping to chart C where u is the unit u (x, y) = p (x) ·x−e+xc−ey. After

a coordinate change, this becomes
(
xk−e, p′ (x) + xcy

)
for some polynomial

p′ with the same order as p. Thus the complexity is (c− e, k). �
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From the above proof we saw one kind of point where the map might not

lift, when p23 (x, y) =
(
xk, xcy

)
and k > c. But there are other points we

did not look at, namely the triple points. So suppose we have a triple point

q and we blow up its image. Suppose p23(x, y) = (xkaykb, p(xayb) + xcyd)

is the local expression we get from Assertion 7.4.1.1. Then the only time

p23 will not lift to the blowup is when either p = 0 and c/a < k < d/b or

else p 6= 0, e > c/a and k > c/a.

We see below that if we blow up V23 at one of these three types of bad

points, the maximal complexity does not increase unless it was already less

than (0, 1).

Assertion 4.1.3 Suppose r ∈ V02. Suppose p23 does not lift to the blowup

B(V2, r). Let Q ⊂ p−1
23 (r) be the set of points at which p

∗
23I(r) is not locally

principal. If π = π(V3, Q) is the blowup map, then the maximal complexity

of p23 ◦ π| at any double point is either ≤ (0, 1) or not greater than that of

p23. Moreover, after a finite number of such blowups, p23 will lift.

Proof: Note that Q is finite since we saw in the proof of Assertion 7.4.1.2

that the only double points which are in Q are isolated in Q, since p23
looks locally like (xk, xcy). Then the fact that a lift will occur after a finite

number of such blowups follows from Chapter 0, Section 5 of [H], c.f.,

Proposition 2.7. In this simple case, it is not too hard to prove it explicitly

also.

Pick any q ∈ Q. First let us do the case where q is a double point

which does not lift. Then locally, p23 (x, y) =
(
xk, xcy

)
and k > c. Its

complexity is either (0, c/k) or (0, 0). The strict transform of V23 in the

blowup is just the blowup of V23 at q. By Lemma 5.1 we get two charts

A and B for B(V23, Q). The map p23 ◦ π looks like
(
xk, xc+1y

)
on chart

A and
(
xkyk, xcyc+1

)
on chart B. Points not in π−1(q) will not have their

complexity change since π is a diffeomorphism nearby. So we only need

look at double points in π−1(q). The new double points are the points

in chart A with x = 0 and y 6= 0. They all have complexity (0, 0) or

(0, (c+ 1) /k) ≤ (0, 1).

Now let us look at when q is a triple point. Pick a local expression(
xkaykb, p

(
xayb

)
+ xcyd

)
for p23 near q as in Assertion 7.4.1.1. Pick it so that e = ord(p) is as large

as possible if p 6= 0. Since p23 will not lift to the blowup we know that

either p = 0 and c/a < k < d/b or else p 6= 0, e > c/a and k > c/a.

Then the complexity of p23 at points (w, 0) with w 6= 0 is (0, 0) if p = 0

and r is a double point of V02, it is (0, d/(kb)) if p = 0 and r is not a double

point of V02 and it is (d− eb, eb+ kb) if p 6= 0.
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By Lemma 5.1 we get two charts A and B for B(V23, Q). On chart A,

p23 ◦ π is (
xkayka+kb, p

(
xaya+b

)
+ xcyd+c

)
and on chart B, p23 ◦ π is(

xka+kbykb, p
(
xa+byb

)
+ xc+dyd

)
.

We only need check double points in π−1(q). These are points in chart B

with x = 0 and y 6= 0. So after a change of coordinates near such a point,

p23 ◦ π will be the map (xka+kb, p(xa+b) + xc+dy).

If p 6= 0 and e(a+ b) ≥ c+ d then the complexity of p23 ◦ π at (0, y) is

(0, 0) or (0, (c+ d)/(ka+ kb)) but this is less than the complexity of p23 at

(w, 0) so maximal complexity has not increased. If p 6= 0 and e(a+b) < c+d

then the complexity is

(d+ c− eb− ea, (a+ b)(e+ k)) = (d− eb+ a(c/a− e), (a+ b)(e+ k))

which is less than that of p23 at (w, 0) since e > c/a. If p = 0 and r

is not a double point of V02 then the complexity of p23 ◦ π at (0, y) is

(0, (c+d)/(ka+kb)) which is less than (0, d/(kb) since c/a < d/b). If p = 0

and r is a double point of V02 then the complexity of p23 ◦ π at (0, y) is

(0, 0). So in any case we see that the new double points have either smaller

than maximal complexity or complexity ≤ (0, 1). �

It is amusing to point out that what we end up doing here is resolving

the singularity of the curve t 7→ (tk, p(t)) in V02. So another way to look at

what we are doing is to look at the collection of such curves, one for each

bad point with p 6= 0. After blowing up enough to resolve each singularity,

we see that p23 has a simpler local form, one where p = 0. At this point

the maximum complexity is of the form (0, α). One could then finish off

the proof fairly readily.

5. Bounding resolution towers

In this section we complete the proof of Theorem 2.1 and give the more

technical version of results which were useful in the proof of Theorem 1.1.

For convenience we use the following notation in this section. If n is a

positive integer, we let n denote the set n = {1, 2, . . . , n}. We also let J

denote the interval [−1, 1].
First we show that ρ1 determines when a one dimensional tower bounds.

Theorem 5.1. Suppose ρ1(T) = 0 for some T ∈ TR′
1. Then T is

a weak boundary of a resolution tower T′ of type S so that |T′| = c|T|
and all exponents of T′ are ≤ 2. Furthermore, if k is the index so that

V ′
k is the vertex of the cone, then ξi(Vk) = 0 for i = 0, 1 and there are
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diffeomorphisms gi : Vi× (0, 1]→ V ′
i −V ′

ki so that gi(Vji× (0, 1]) = V ′
ji−V ′

ki

and p′jigi(y, t) = gj(pji(y), t) for all (y, t) ∈ Vji × (0, 1].

Proof: For convenience, assume that T = {Vi,Ai, pi}2i=1 has bias 1, then

we wish to find T′ = {V ′
i ,A

′
i, p

′
i}2i=0 and the k in the statement above is 0.

As we construct T′ we will also construct vector fields vi on V
′
i which will

integrate to give the gi’s and the cone structure on |T′|.
Since ρ1(T) = 0, V1 has an even number of points and also V1 has

an even number of points q for which p−1
12 (q) is odd. So we may pair up

the points of V1 as {q11, q−11, . . . , q1n, q−1n}. so that for some n′ ≤ n, the

cardinality of p−1
12 (qji) is odd if and only if i ≤ n′. Let V ′

0 = a point,

V ′
1 = J× n, V ′

01 = 0× n. Define the vector field v1 on V ′
1 by v1(t, i) = −t.

Note that each p−1
12 ({q1i, q−1i}) has an even number of points. So we

may pair up the points of V12 as {r11, r−11, . . . , r1m, r−1m} so that there are

functions α : m→ n, σ : m→ {1, 2} and σ′ : m→ {−1, 1} with p12(rji) =
q`α(i) where ` = σ′(i)jσ(i). Furthermore, we may as well also have σ(i) =

σ′(i) = 1 and α(i) = i for i ≤ n′ and have σ(i) = 2 for i > n′. In other

words, p12(rji) = qji for i ≤ n′ and p12(r1i) = p12(r−1i) = qσ′(i)α(i) if

i > n′.

For example, consider the tower T given in Figure 12, then we could

r11
r-12

r13 r-13

r-11
r12

q11

q -11
q12

q -12

Figure 12. Pairing up points of V1 and V12

pair up the points as shown. V12 consists of the points rji and p
−1
12 (q11) =

{r11, r12, r−12}, p−1
12 (q−11) = {r−11}, p−1

12 (q12) = {r13, r−13} and p−1
12 (q−12) =

∅. The realization |T| is shown in Figure 13. In this example, n′ = 1.

Figure 13. The realization of T

We will not yet construct all of V ′
2 but will construct more and more

pieces of it by adding handles until we finally have all of it. For the sake of

clarity, we will not bother to round off corners, specify a smooth structure or

smooth out the vector field v2 (or even make it continuous, except qualita-

tively) where the pieces fit together. However, the vector field v2 we define
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below will certainly be integrable, so its flow will define a smooth structure

on V ′
2 , by declaring the flow to be smooth and declaring the interiors of the

pieces we add to be smooth.

Pick disjoint embeddings µji : (J, 0)→ (V2, rji). Let C
0
2 = V2× [1/2, 1]

and C1
2 = J× J×m and glue them together by attaching (j, v, i) ∈ ±1×

J ×m ⊂ C1
2 with (µji(v), 1/2) ∈ C0

2 . Let C0
12 = V12 × [1/2, 1] ⊂ C0

2 and

C1
12 = J× 0×m ⊂ C1

2 and C0
02 = ∅ and C1

02 = 0× J×m ⊂ C1
2 .

Temporarily denote C2 = C0
2 ∪C1

2 , C12 = C0
12∪C1

12 and C02 = C1
02. As

we go on we will add more handles to C2, still calling it C2, until finally we

have all of V ′
2 . We have actually already defined all of V ′

12, it will be C12.

We define p′12 : C
0
12 → V ′

1 by p′12(x, t) = (jt, i) if p12(x) = qji and define

p′12 : C
1
12 → V ′

1 by p′12(u, 0, i) = (σ′(i)uσ(i)/2, α(i)). Define v2 on C0
2 by

v2(x, t) = (0,−t) and define v2 on C1
2 by v2(u, v, i) = (−u/σ(i), v). Note

that v2 is tangent to C12 and dp′12(v2|C12) = v1. Also v2 points outward on

∂C2 − V2 × 1.

V01

V1C 02

C 12

C 2

Figure 14. Starting to make T a weak boundary

We now add handles to reduce to the case where each component T of

∂C2 − V2 × 1 satisfies T ∩ C02 = one point. So take any component T of

∂C2 − V2 × 1 and suppose T ∩ C02 has more than one point. Let x1, x−1

be two of those points. Pick disjoint embeddings ϕj : (J, 0) → (T, xj) so

that ϕ−1
j (C02) = 0 and so that with respect to some orientation of T , ϕ1

is orientation preserving and ϕ−1 is orientation reversing. Let C2
2 = J× J

and attach it to C2 by identifying (j, v) ∈ ±1 × J ⊂ C2
2 with ϕj(v) ∈ T .

Let C2
02 = 0× J ∪ J× 0. Extend v2 to C2

2 by v2(u, v) = (−u, v).
Note that adding this handle split T into two circles, each with fewer

intersections with C02. Thus after doing this process a number of times we

may assume that each component T of ∂C2 − V2 × 1 intersects in zero or

one point.

If the intersection is empty, we may pick disjoint embeddings ϕj : J→ T

so that with respect to some orientation of T , ϕ1 is orientation preserving

and ϕ−1 is orientation reversing. Let C3
2 = J × J and attach it to C2 by

identifying (j, v) ∈ ±1× J ⊂ C3
2 with ϕj(v) ∈ T . Let C2

02 = 0× J. Extend
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Figure 15. Handles added until each T ∩ C02 has at most
one point

v2 to C2
2 by v2(u, v) = (−u, v). Note that adding this handle split T into

two circles, each intersecting C02 in a single point (0,±1).
So we have reduced to the case where each component T of ∂C2−V2×1

satisfies T ∩ C02 = one point.

Figure 16. Handles added until each T ∩ C02 has one point

Since the number of points in ∂C2 ∩ C02 is even, we may pair up the

components of ∂C2 − V2 × 1 as {T11, T−11, . . . , T1k, T−1k}. Choose diffeo-

morphisms θji : S
1 → Tji so that θji(1) = Tji ∩ C02. We now add round

handles to finish up the construction of T′. Let C4
2 = J×S1×k and attach

it to C2 by identifying (j, x, i) ∈ ±1 × J × k ⊂ C4
2 with θji(x) ∈ C2. Let

V02 = C02∪0×S1×k∪J×1×k. Extend v2 to C4
2 by v2(u, x, i) = (−u, 0).

We will now show that |T′| = c|T|. Let ψi : Ui → V ′
i , i = 0, 1 be the flow

generated by vi, where Ui ⊂ V ′
i × R is as large as possible. (For example,

ψ1((t, i), s) = (te−s, i).) Note that since p′12∗(v2) = v1 we have

p′12ψ2(x, s) = ψ1(p
′
12(x), s) ∗

Since vi points inward on ∂V ′
i is tangent to the ticos V ′

02 and V ′
12 and limits

on V ′
0i, the ψi’s restrict to diffeomorphisms ψi| : ∂Vi × [0,∞) → V ′

i − V ′
0i.

Because of (∗), these factor to an isomorphism ψ : |T| × [0,∞)→ |T′| − V ′
0

which then gives an isomorphism ψ′ : c|T| → |T′|. Specifically, ψ′(x, t) =

ψ2(x, 1/t − 1) for x ∈ V2, t ∈ (0, 1], ψ′(x, t) = ψ1(x, 1/t − 1) for x ∈ V1,
t ∈ (0, 1] and ψ′(x, 0) = the point in V0.
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Figure 17. Adding a round handle

By Proposition 2.4, we may assume after blowing up T′ that ξ0(V0) =

ξ1(V0) = 0.

We now look at two dimensions. We proceed as in the proof of Theorem

5.1, the only difference is that things are a bit more complicated.

Theorem 5.2. Suppose ρ2(T) = 0 for some T ∈ TR′
2. Then T is the

weak boundary of some resolution tower T′ of type S so that |T′| ≈ c (|T|)
and all exponents of T′ are ≤ 2. Furthermore, if k is the index so that V ′

k is

the vertex of the cone, there are diffeomorphisms gi : Vi × (0, 1]→ V ′
i − V ′

ki

so that gi(Vji × (0, 1]) = V ′
ji − Vki and p′jigi(y, t) = gj(pji(y), t) for all

(y, t) ∈ Vji × (0, 1].

Proof: For convenience, assume that T = {Vi,Ai, pi}3i=1 has bias 1, then

we wish to find T′ = {V ′
i ,A

′
i, p

′
i}3i=0 and the k in the statement above is 0.

As we construct T′ we will also construct vector fields vi on V
′
i which will

integrate to give the gi’s and the cone structure on |T′|.
Since ρ2(T) = 0 we may pair up the points of V1 as

V1 = { q11, q−11, . . . , q1n, q−1n }

so that

ξ(q1i) = ξ(q−1i) for i = 1, . . . , n.

Let V ′
0 be a point and let

V ′
1 = J× n

where n = {1, 2, . . . , n}. Let A1 = A01 = { (0, i) | i ∈ n }. Since V ′
0 is a

point there is only one possibility for each map p′0i, so we will refrain from

defining these maps explicitly. Define h1 : V1 → ∂V ′
1 by h1(qji) = (j, i). So

h1 identifies −1 × i ∈ ∂V ′
1 with q−1i and 1 × i ∈ ∂V ′

1 with q1i. We define

v1 on V ′
1 to be v1(t, i) = −t.

We will not yet construct all of V ′
2 and V ′

3 but will construct more

and more pieces of them until we finally have all of them. For the sake of

clarity, we will not bother to round off corners, specify a smooth structure
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q q q q

V01

V
V0

11 -11 12 -12

1

Figure 18. Resolving the cone on the 0-skeleton

or smooth out the vector fields vi (or even make them continuous, except

qualitatively) where the pieces fit together. However, the vector fields we

define below will certainly be integrable, so their flow will define a smooth

structure on V ′
i , by declaring the flow to be smooth and declaring the

interiors of the pieces we add to be smooth.

First, we will lay a bit of groundwork.

For each a, b = 0, 1 and i ∈ n we have ξ2ab(q1i) = ξ2ab(q−1i). In

other words, there are an even number of points t of p−1
12 ({q1i, q−1i}) with

ζ ′(t) = (a, b). Thus we may pair off the points in V12 as

V12 = { t11, t−11, . . . , t1m, t−1m }

so that

ζ ′(t1i) = ζ ′(t−1i) for i = 1, . . . ,m

and there are maps α : m→ n and δ : m→ {1, 2} and δ′ : m→ {−1, 1} so
that for all i ∈m and j = ±1,

p12(tji) = q`α(i) where ` = δ′(i)jδ(i)

In other words, {t1i, t−1i} ∩ p−1
12 ({ q1k, q−1k }) is either empty (if k 6= α(i))

or {t1i, t−1i} (if k = α(i)). If δ(i) = 1 then p12 maps t1i and t−1i to different

points and if δ(i) = 2, p12 maps t1i and t−1i to the same point.

Since ζ ′(t1i) = ζ ′(t−1i), we know that for each d = 1, 2, there are an

even number of points u in p−1
23 ({ t1i, t−1i }) with ζ(u) = d. Hence we may

pair off the points of V23 ∩ V13 as

V23 ∩ V13 = { u11, u−11, . . . , uik, u−1k }

so that

ζ(u1i) = ζ(u−1i) for i ∈ k

and there are maps β : k→m, ε : k→ {1, 2} and ε′ : k→ {−1, 1} so that

p23(uji) = t`β(i) where ` = ε′(i)jε(i)

Let ζi = ζ(u1i) = ζ(u−1i), i ∈ k.



242 7. THREE DIMENSIONAL ALGEBRAIC SETS

Pick disjoint open embeddings µji : R → V2 for j = ±1 and i ∈ m so

that µji(0) = tji. Since p23 is a tico map, we may find disjoint embeddings

ηji : J× J→ V3 and maps σ : k→ {0, 1} and σ′ : k→ {−1, 1} so that

ηji(0) = uji

η−1
ji (V13) = 0× J

η−1
ji (V23) = J× 0

p23ηji(v, 0) = µ`β(i)

(
σ′(i)jσ(i)vζi

)
where ` = ε′(i)jε(i)

(It may be necessary to rescale µji to get the last condition.) Note that

if ζi = 1, we may compose ηji with reflection about 0 × J if necessary

to absorb the ± sign σ′(i)jσ(i), so if ζi = 1 we may as well assume that

σ(i) = 0 and σ′(i) = 1.

Our first two pieces of V ′
2 will be C0

2 = V2× [1/2, 1] and the one handles

C1
2 = J× J×m. We will glue them together by identifying

(j, u, i) ∈ C1
2 with (µji(u), 1/2) ∈ C0

2 for u ∈ J, j = ±1.

Define V ′
j2 ∩ Ci2 = Cij2 by

C0
12 = V12 × [1/2, 1]

C1
12 = J× 0×m

C0
02 = ∅

C1
02 = 0× J×m

Define p′12|C0
12

by p′12(x, s) = (js, i) if p12(x) = qji and define p′12|C1
12

by

letting p′12(s, 0, i) = (δ′(i)sδ(i)/2, α(i)). So for each i ∈ m, t1i × 1 and

t−1i×1 are endpoints of an interval in C0
12∪C1

12 and p′12 maps this interval

homeomorphically to J× α(i) if δ(i) = 1 and folds it to half of J× α(i) if
δ(i) = 2.

Let the embedding h2 : V2 → ∂C0
2 be defined by h2(x) = (x, 1). Note

that h−1
2 (C0

12) = V12 and p′12h2 = h1p12. Define v2 restricted to C0
2 by

v2(x, t) = (0,−t) and define v2 restricted to C1
2 by v2(s, u, i) = (−s/δ(i), u).

Note that v2 points outward on ∂(C0
2∪C1

2 )−V2×1, points inward on V2×1,
is tangent to C0

12 ∪ C1
12 and satisfies dp′12(v2) = v1.

At this point we have constructed a neighborhood of V ′
12 ∪ ∂V ′

2 in V ′
2 .

We now temporarily halt our construction of V ′
2 and start constructing V ′

3 .

In particular we will construct a neighborhood of ∂V ′
3 ∪ (V ′

23 ∩ V ′
13) in V

′
3
.

Let

C0
3 = V3 × [1/2, 1]

C1
3 = J× J× J× k

C2
3 = J× J× J× σ−1(1)



5. BOUNDING RESOLUTION TOWERS 243

C2
0

C
1
2

C
1
02

C
1
12

C
0
12

11 -11tt

Figure 19. The first two pieces of V ′
2

We will identify (j, v, w, i) ∈ C1
3 with (ηji(v, w), 1/2) ∈ C0

3 for j = ±1,
i ∈ m and v, w ∈ J. We will identify (j, v, w, i) ∈ C2

3 with (v, j, w, i) ∈ C1
3

for j = ±1, i ∈ σ−1(1) and v, w ∈ J. Thus we add a single one handle for

each i ∈ σ−1(0) and add two one handles for each i ∈ σ−1(1).

Define V ′
j3 ∩ Ci3 = Cij3 by

C0
j3 = Vj3 × [1/2, 1]

C1
23 = J× J× 0× k

C1
13 = J× 0× J× k

C1
03 = 0× J× J× k

C2
23 = J× J× 0× σ−1(1)

C2
13 = ∅

C2
03 = 0× J× J× σ−1(1) ∪ J× 0× J× σ−1(1)

Define p′j3|C0
j3

by p′23(x, s) = (p23(x), s) ∈ C0
2 and p′13(x, s) = (`s, i) if

p13(x) = q`i. Define p′j3|C1
j3

by

p′23(u, v, 0, i) = (ε′(i)uε(i), σ′(i)uσ(i)vζi , β(i)) ∈ C1
2

p′13(u, 0, w, i) = p′12p
′
23(u, 0, 0, i) = (δ′β(i)ε′(i)δβ(i)uδi/2, αβ(i))

where δi = ε(i)δβ(i). Define p′23|C2
23

by

p′23(u, v, 0, i) = (ε′(i)vε(i)u2, σ′(i)v, β(i)) ∈ C1
2 .

Let h3 : V3 → ∂C0
3 be defined by h3(x) = (x, 1). Define v3 restricted to

C0
3 by v3(x, t) = (0,−t), define v3 restricted to C1

3 by

v3(u, v, w, i) = (−u/δi, v(1 + σ(i)/δi)/ζi, w)

and define v3 restricted to C2
3 by

v3(u, v, w, i) = (−u(1/δβ(i) + ε(i))/2, v, w).

Note that dp′23(v3) = v2 and dp′12(v3) = v1.
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Figure 20. The first pieces of V ′
3

We temporarily denote C3 = C0
3 ∪ C1

3 ∪ C2
3 , (as we go along we will

enlarge C3). Likewise, let Cj3 temporarily denote C0
j3 ∪ C1

j3 ∪ C2
j3, let Cj2

temporarily denote C0
j2 ∪ C1

j2 and let C2 temporarily denote C0
2 ∪ C1

2 . Let

∂−Ci denote ∂Ci − Vi × 1 and let ∂−Cji denote ∂Cji − Vji × 1.

Notice now that p′23 : C23 → C2 is proper, i.e., p′23
−1(∂C2) = ∂C23.

Furthermore, p′23
−1(∂−C2) = ∂−C23. Also the map p′23| : ∂−C23 → ∂−C2 is

a tico map between one dimensional manifolds and a perusal through our

construction shows that its exponents are 1 and 2, nothing larger. Note

that v3 points outward on ∂−C3.

We have finished constructing V ′
2 in a neighborhood of V ′

12 ∪ ∂V ′
2 and

V ′
3 in a neighborhood of (V ′

23 ∩ V ′
13) ∪ ∂V ′

3 . We will now complete the

construction of V ′
2 and of V ′

3 in a neighborhood of V ′
23 by adding more and

more handles to C2, adding corresponding handles to C3 in such a way that

C23 and p′23 extend and p′23 is proper.

In order to see when we can add such handles, we need a definition. For

each component L of ∂−C2 − C02) let λ′(L) denote the number of points

in p′23
−1(x) for any x ∈ L. Since p′23 is a submersion over L this is well

defined. Pick any x ∈ ∂C2 ∩C02 and let L0 and L1 be the two components

of ∂−C2 − C ′
02 on either side of x. Note that λ′(L1) ≡ λ′(L0) mod 2 by

degree theory. Define λ(x) ∈ Z/2Z2 by

λ(x) = (λ′(L0), (λ
′(L0) + λ′(L1))/2).

Assertion 5.2.1 Suppose λ(x1) = λ(x−1) for distinct xi ∈ ∂C2 ∩ C02.

Suppose we attach a one handle J × J to C2 at x±1, i.e., we have disjoint

embeddings µi : J → ∂−C2, i = ±1 so that µi(0) = xi and µ
−1
i (C02) = 0

and we identify (i, v) ∈ J× J with µi(v) ∈ C2, i = ±1. Extend the vector

field v2 to J × J by setting v2(u, v) = (−u, v). Then we may attach one

handles to C3 and extend p′23 and v3 so that p′23 is still proper, dp′23(v3) =
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v2, p
′
23 is a tico map and v3 points outward on the boundary of C3∪ one

handles −V3 × 1.

p
23

C12
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C2

x± 1
03C23C
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Figure 21. Covering a new handle in C2 by one in C3

Proof: Let C3
2 denote the handle J× J. We let C3

02 = 0× J ∪ J× 0 be the

extension of the tico C02.

Let p′23
−1(xi) = {ri1, . . . , riai} and pick disjoint embeddings θij : R2 →

∂C3 so that θ−1
ij (C23) = R2

2 and θ−1
ij (C03) = R2

1 and θij(0) = rij and

p′23θij(u, 0) = µi(κ
′
iju

κij ) for |u| ≤ 1, κ′ij = ±1, κij = 1 or 2, i = ±1,
j = 1, . . . , ai. We may as well take κ′ij = 1 if κij = 1 and after reordering

assume that κ′ij = κij = 1 for all j ≤ bi, κ
′
ij = 1 and κij = 2 for all

bi < j ≤ ci and κ′ij = −1 and κij = 2 for all ci < j ≤ ai.
Note that the number of points in p′23

−1
µi(1) is bi + 2(ci − bi) and the

number of points in p′23
−1
µi(−1) is bi + 2(ai − ci). So λ(xi) = (bi, ai).

If some bi ≥ 2, we can add a handle C3
3 = J × J × J to C3, attaching

(1, v, w) to θi1(v, w), attaching (−1, v, w) to θi2(v, w), letting C3
23 = J×J×0

and C3
03 = 0 × J × J ∪ J × 0 × J, extending p′23 by setting p′23(u, v, 0) =

(iu2, v) ∈ C3
2 and extending v3 to C3

3 by setting v3(u, v, w) = (−u/2, v, w).
So we may as well assume each bi < 2. But since b1 ≡ b−1 mod 2 we must

then have b1 = b−1.

If b1 > 0 or b−1 > 0 then b−1 = b1 = 1 and we can add a handle C4
3 =

J×J×J to C3, attaching (±1, v, w) to θ±1,1(v, w), letting C
4
23 = J×J×0 and

C4
03 = 0×J×J∪J×0×J, extending p′23 by setting p′23(u, v, 0) = (u, v) ∈ C3

2

and extending v3 to C4
3 by setting v3(u, v, w) = (−u, v, w). So we may as

well assume the bi are both zero.

If ci > 0 and ai − ci > 0 we can add a handle C5
3 = J × J × J to C3,

attaching (1, v, w) to θi1(v, w), attaching (−1, v, w) to θi,ci+1(v, w), letting

C5
23 = J × J × 0 and C5

03 = 0 × J × J ∪ J × 0 × J, extending p′23 by

setting p′23(u, v, 0) = (iu2, uv2) ∈ C3
2 and extending v3 to C5

3 by setting

v3(u, v, w) = (−u/2, 3v/4, w). Now p′23 is not proper so we add another

handle C5
3
′ = J×J×J to C3∪C5

3 , attaching (j, v, w) ∈ C5
3
′ to (v, j, w) ∈ C5

3 ,
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j = ±1, letting C5
23

′ = J×J×0 and C5
03

′ = 0×J×J∪J×0×J, extending

p′23 by setting p′23(u, v, 0) = (iu2v2, v) ∈ C3
2 and extending v3 to C5

3
′ by

setting v3(u, v, w) = (−3u/2, v, w). Now p′23 is proper. So we may as well

assume that for each i = ±1, either ci = 0 or ai = ci.

If ci ≥ 2 we may add a handle C6
3 = J×J×J to C3, attaching (1, v, w)

to θi1(v, w), attaching (−1, v, w) to θi2(v, w), letting C6
23 = J × J × 0 and

C6
03 = 0×J×J∪J×0×J, extending p′23 by setting p′23(u, v, 0) = (iu2, v2) ∈

C3
2 and extending v3 to C6

3 by setting v3(u, v, w) = (−u/2, v/2, w). So we

may as well assume ci = 0 or 1. Likewise we may assume ai− ci = 0 or 1.

If c1 = c−1 = 1 we can add a handle C7
3 = J× J× J to C3, attaching

(±1, v, w) to θ±1,1(v, w), letting C
7
23 = J×J×0 and C7

03 = 0×J×J∪J×0×J,
extending p′23 by setting p′23(u, v, 0) = (u, v2) ∈ C3

2 and extending v3 to C7
3

by setting v3(u, v, w) = (−u, v/2, w). We can do likewise if a1 − c1 =

a−1 − c−1 = 1.

So the only possibilities left consistent with the assumption λ(x1) =

λ(x−1) (i.e., a1 ≡ a−1 mod 2) are ai = ci = 0 (in which case we are done)

or a1 = a−1 = c−1 = 1, c1 = 0 or a1 = a−1 = c1 = 1, c−1 = 0.

The last two cases are symmetric, so assume the third possibility. We

add a handle C8
3 = J × J × J to C3, attaching (±1, v, w) to θ±1,1(v, w),

letting C8
23 = J × J × 0 and C8

03 = 0 × J × J ∪ J × 0 × J, extending p′23
by setting p′23(u, v, 0) = (u, uv2) ∈ C3

2 and extending v3 to C8
3 by setting

v3(u, v, w) = (−u, v, w). The resulting map is not proper, so we add another

handle C8
3
′ = J × J × J to C3, attaching (±1, v, w) to (v,±1, w) ∈ C8

3 ,

letting C9
23 = J × J × 0 and C9

03 = 0 × J × J ∪ J × 0 × J, extending p′23
by setting p′23(u, v, 0) = (u2v, v) ∈ C3

2 and extending v3 to C8
3
′ by setting

v3(u, v, w) = (−u, v, w). �

Assertion 5.2.2 Suppose Li, i = ±1 are two components of ∂C2 − C02

and λ′(L0) = λ′(L1). Suppose we attach a one handle J× J to C2 at L±1,

i.e., we have disjoint embeddings µi : J → ∂C2, i = ±1 so that µi(0) ∈ Li
and µ−1

i (C02) = ∅ and we identify (i, v) ∈ J × J with µi(v) ∈ C2, i = ±1.
Extend the vector field v2 to J × J by setting v2(u, v) = (−u, v). Then

we may attach one handles to C3 and extend p′23 and v3 so that p′23 is

still proper, dp′23(v3) = v2, p
′
23 is a tico map and v3 points outward on the

boundary of C3∪ one handles −V3 × 1.

Proof: Let C3
2 denote the handle J×J. We let C3

02 = 0×J be the extension

of the tico C02.

Let p′23
−1(µi(0)) = {ri1, . . . , riai} and pick disjoint embeddings θij : R2 →

∂C3 so that θ−1
ij (C23) = R2

2, θ
−1
ij (C03) = ∅, θij(0) = rij and p′23θij(u, 0) =

µi(u), for i = ±1 and j = 1, . . . , ai. Since λ′(L0) = λ′(L1) we know that

a1 ≡ a−1 mod 2.
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Figure 22. Another type of handle we may add to C2

Thus if a1 is odd then a−1 is odd and we can add a handle C3
3 = J×J×J

to C3, attaching (±1, v, w) to θ±1,1(v, w), letting C3
23 = J × J × 0 and

C3
03 = 0 × J × J, extending p′23 by setting p′23(u, v, 0) = (u, v) ∈ C3

2 and

extending v3 to C3
3 by setting v3(u, v, w) = (−u, v, w). So we may as well

assume the ai are both even.

If some ai > 0 then ai ≥ 2 and we can add a handle C4
3 = J× J× J to

C3, attaching (1, v, w) to θi1(v, w), attaching (−1, v, w) to θi2(v, w), letting
C4

23 = J×J×0 and C4
03 = 0×J×J, extending p′23 by setting p′23(u, v, 0) =

(iu2, v) ∈ C3
2 and extending v3 to C4

3 by setting v3(u, v, w) = (−u/2, v, w).
�

We wish to reduce to the case where for each component T of ∂−C2,

T ∩C02 is exactly one point. Suppose this is not true for some component

T . Note that the first coordinate of λ(x) is the same for all x ∈ T ∩ C02.

So if T ∩C02 has more than two points, we may find two distinct points x1
and x−1 in T ∩C02 so that λ(x1) = λ(x−1). Likewise, if T ∩C02 is just two

points x±1 then λ(x1) = λ(x−1). In either case, by Assertion 7.5.2.1, we

may as well add a handle at x±1 and this breaks up T into two components,

each with fewer elements in T ∩C02. So after doing this repeatedly we may

as well assume that the number of points in T ∩ C02 is either zero or one.

If it is zero we may attach a one handle to T by Assertion 7.5.2.2 and thus

break it up into two components, each with one point of intersection with

C02.

So we have reduced to the case where for each component T of ∂−C2,

T ∩ C02 is exactly one point.

We have an involution τ : ∂C2 ∩ C02 → ∂C2 ∩ C02 defined as follows.

Pick any x ∈ ∂C2 ∩ C02. Let J be the component of the sheet of

C02 which contains x. Then J is an interval and ∂J = {x, y} for some

y ∈ ∂C2 ∩ C02. We let τ(x) = y.

Assertion 5.2.3 λ(x) = λ(τ(x)).
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Figure 23. The involution τ

Proof: Let S be the component of C2 containing x. Then λ(x) = (d, d)

where d is the mod 2 degree of the map p′23| : p′23−1(S)→ S. But τ(x) ∈ S
also. �

Assertion 5.2.4 After adding 1-handles to C2 and C3 we may as well as-

sume that p′23| : ∂−C23 → ∂−C2 is a submersion, i.e., a covering projection.

Proof: Pick any x1 ∈ ∂C2 ∩ C02. Let x−1 = τ(x1). Attach a 1-handle

between x1 and x−1. Let us see what happens when we add 1-handles to

C3 to cover it as we do in the proof of Assertion 7.5.2.1. We let notation

be as in the proof of Assertion 7.5.2.1. Also, let Ti be the component of

∂−C2 containing xi.

Now p′23 properly submerses p′23
−1(Ti − xi) so the number of inverse

images of any point of Ti − xi is the same, so

bi + 2(ai − ci) = bi + 2(ci − bi).

Then looking at the proof of Assertion 7.5.2.1, we are finished after adding

the handles of type C3
3 , C

4
3 , C

5
3 and C5

3
′.

We now attach another one handle C4
2 = J × J to C2 and attach

it by identifying (±1, v) ∈ C4
2 with (v,±1) ∈ C3

2 . Extend v2 to C4
2 by

v2(u, v) = (−u, v) and extend C02 by C4
02 = 0× J ∪ J× 0.

C 2
3

C 2
4

τ(x)x

C02C2

Figure 24. A handle pair added to C2
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We must now cover this handle by adding handles to C3. We will attach

a handle to C3 for each handle we attached to cover C3
2 .

To a one handle of type C3
3 , we add a one handle C6

3 = J×J×J to C3,

attaching (±1, v, w) to (v,±1, w) ∈ C3
3 , letting C

6
23 = J× J× 0 and C6

03 =

0× J× J ∪ J× 0× J, extending p′23 by setting p′23(u, v, 0) = (u, iv2) ∈ C4
2

and extending v3 to C6
3 by setting v3(u, v, w) = (−u, v/2, w).

To a one handle of type C4
3 , we add a one handle C7

3 = J × J × J to

C3, attaching (±1, v, w) to (v,±1, w) ∈ C4
3 , letting C

7
23 = J × J × 0 and

C7
03 = 0×J×J∪J×0×J, extending p′23 by setting p′23(u, v, 0) = (u, v) ∈ C4

2

and extending v3 to C7
3 by setting v3(u, v, w) = (−u, v, w).

To a handle pair of type C5
3 and C5

3
′, we add a one handle C8

3 = J×J×J
to C3, attaching (±1, v, w) to (v,±1, w) ∈ C5

3
′, letting C8

23 = J×J× 0 and

C8
03 = 0×J×J∪J×0×J, extending p′23 by setting p′23(u, v, 0) = (u, iv2) ∈

C4
2 and extending v3 to C8

3 by setting v3(u, v, w) = (−u, v/2, w).
Now we look at the map p′23 on the new boundary and we see that it

is a submersion on the new part of the boundary J×±1× 0 in C6
3 , C

7
3 and

C8
3 . So if we do this process for each pair x, τ(x) in ∂C2 ∩C02 we are done.

�

Assertion 5.2.5 After adding handles, we may assume that each com-

ponent of ∂−C23 is mapped homeomorphically by p′23 to a component of

∂−C2.

Proof: For each component T of ∂−C2, let d(T ) be the maximum degree

of the covering of T by a connected component of p′23
−1(T ) and let e(T )

be the number of connected components of p′23
−1(T ) which cover T with

degree d(T ). Let (d, e) be the lexicographical maximum of (d(T ), e(T )) over

all components T of ∂−C2. Let f be the number of components T of ∂−C2

so that d(T ) = d and e(T ) = e. Our proof will be by induction on (d, e, f)

with lexicographical ordering. If d = 1 we are done, so assume d > 1. Take

a component T of ∂−C2 with d(T ) = d and e(T ) = e. Choose a component

S of p′23
−1(T ) which is a d-fold cover of T . Pick y1, y2 ∈ S ∩ C03.

We now redo the process described in the proof of Assertion 7.5.2.4,

with a slight variation and show that after doing so, (d, e, f) will have

improved. Let the notation be as in Assertion 7.5.2.4, (which implies some

notation from Assertion 7.5.2.1).

First we choose x1 so x1 ∈ T , i.e., {x1} = T ∩C02. Note that p′23(yi) =

x1, i = 1, 2. We now choose the points r1i in a special way. We choose

r11 = y1 and r12 = y2. Note that ai = bi = ci. By the process described

in Assertion 7.5.2.4, we will attach a handle of type C3
3 between y1 and y2.

When it comes time to add a handle C6
3 to this C3

3 we attach (j, v, w) ∈ C6
3

to (jv, j, w) ∈ C3
3 instead of to (v, j, w) as in Assertion 7.5.2.4. Other than

this, everything is done the same as in Assertion 7.5.2.4. In the end you get
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a new ∂C23 which is almost isomorphic to the old ∂C23, the only difference

is that S has been split into two components, each of which maps to T with

degree smaller than d (the two degrees are positive and add up to d). So the

S

03C
23C

y
1 y

2

Figure 25. Adding a handle to C3 which reduces (d, e, f)

new (d, e, f) is smaller than the old one and we are through by induction.

�

Let Di, i = 0, 1 be the union of the connected components S of C2

so that p′23
−1(S) → S has mod 2 degree i. Let ∂−Di = ∂Di − V2 × 1.

Since x ∈ Di∩∂C2∩C02 implies τ(x) ∈ Di and each connected component

of ∂−C2 contains exactly one point of C02, we know that the number of

connected components of each ∂−D
i is even. Consequently, the number of

connected components of each p′23
−1(∂−D

i) is even by Assertion 7.5.2.4.

Since ηi(T) = 0, i = 0, 1 we know that the number of components of

each p′23
−1(∂Di) ∩ V23 × 1 which have nontrivial normal bundle in ∂C3 is

even. Hence by Lemma 2.5, the number of components of each p′23
−1(∂−D

i)

which have nontrivial normal bundle in ∂C3 is even. Hence the number of

components of each p′23
−1(∂−D

i) which have trivial normal bundle in ∂C3

is even also.

So we may pair up the points of ∂−C2∩C02 as {s11, s−11, , . . . , s1b, s−1b}
where for some b′ ≤ b, sji ∈ D0 if and only if i ≤ b′ and also so that if Tji is

the connected component of ∂C2 containing sji then the mod 2 number of

components of p′23
−1(T1i) with nontrivial normal bundle is the same as that

for p′23
−1(T−1i). Consequently, we may pair up the points of ∂C23 ∩C03 as

{v11, v−11, . . . , v1d, v−1d} so there are functions κ : d→ b, γ′ : d→ {1,−1}
and γ : d → {1, 2} and a d′ ≤ d so that if Sji is the component of ∂C23

containing vji then Sji has trivial normal bundle if and only if i ≤ d′ and

so that p′23(vji) = s`κ(i) where ` = γ′(i)jγ(i).

Let S1 = { z ∈ C | |z| = 1 } be the unit circle and pick diffeomorphisms

ωji : S
1 → Tji onto the components of ∂−C2 so that ωji(1) = sji.
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We now define C9
2 = J×S1×b, set V ′

2 = C2∪C9
2 , identifying (j, x, i) ∈

C9
2 with ωji(x) ∈ C2. Let V

′
12 = C12 and V ′

02 = C02∪J×1×b∪0×S1×b.

Extend v2 to C9
2 by setting v2(u, x, i) = (−u, 0).

We must now add round handles to C3 to cover this.

C 03
9

C 3
9

p
23

C 3

V23
C 2

9

V
2

V02 C 2

Figure 26. Covering with a round handle

Let F denote the Möbius band, thought of as the nontrivial closed

interval bundle over S1. Let π : F → S1 be the bundle projection, G =

π−1(1) and let E ⊂ F be the zero section. Let Fi = F , Gi = G, Ei = E and

πi = π if i > d′. Let Fi = S1×J, Gi = 1×J, Ei = S1×0 and define πi : Fi →
S1 by πi(x, t) = x if i ≤ d′. We may choose disjoint embeddings ϕji : Fi →
∂−C3 so that ϕji(Ei) = Sji, ϕ

−1
ji (C03) = Gi and ϕ

−1
ji (C13) = ∅. Let C9

3 =⋃
i≤d J×Fi×i. Glue C9

3 to C3 by identifying (j, x, i) ∈ C9
3 with ϕji(x) ∈ C3.

Let C9
23 =

⋃
i≤d J × Ei × i and C9

03 =
⋃
i≤d (J×Gi × i ∪ 0× Fi × i).

Extend p′23 to C9
23 by setting p′23(y, x, i) = (γ′(i)yγ(i), πi(x), κ(i)) ∈ C9

2 .

Extend v3 to C9
3 by setting v3(y, x, i) = (−y/γ(i), νi(x)) where νi is a

vector field on Fi which is 0 on Ei, points outward on ∂Fi and satisfies

dπi(νi) = 0.

So we have now constructed all of V ′
2 . We have also constructed all of

V ′
23, set V

′
23 = C23 ∪ C9

23. We will now complete the construction of V ′
13.

Let V 2
13 be the double point set of V13. Since ξ1(q1i) = ξ1(q−1i) we may

pair up the points of V 2
13 as

{w11, w−11, . . . , w1e, w−1e}

so that there are functions ϕ : e → n, π : e → {1, 2} and π′ : e → {−1, 1}
so that p13(wji) = q`ϕ(i) where ` = π′(i)jπ(i). Choose disjoint embeddings

θji : R2 → ∂C3 ∩ C0
3 = ∂C3 ∩ V3 × 1/2 so that θ−1

ji (C13) = 0 × R ∪ R × 0.

We now attach C10
3 = J× J× J× e to C3 by identifying (j, v, w, i) ∈ C10

3

with θji(v, w) ∈ C3, j = ±1. Let C10
13 = J× 0× J× e ∪ J× J× 0× e and

C10
03 = 0×J×J×e. Extend p′13 by setting p′13(u, v, w) = (π′(i)uπ(i)/2, ϕ(i)).

Extend v3 by setting v3(u, v, w) = (−u/π(i), v, w).
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At this point, ∂−C3 contains no points of C23 and no double points of

C13. So ∂−C13 is a union of circles embedded in ∂C3. Let us look carefully

at the map p′13 on one of these circles T . Pick i ≤ m so that p′13(T ) ⊂ J× i.
Let T ∩C03 have c points. If c = 0 then p′13 is constant on T , it is (±1/2, i).
If c > 0 then T is divided up into 2c intervals which alternately map to

a constant (±1/2, i) or homeomorph or fold to [−1/2, 1/2] × i or the half

intervals [−1/2, 0]× i or [0, 1/2]× i. We say a point x ∈ T ∩ C03 has type

h if p′13 homeomorphs a neighborhood of x in T and we say x has type f if

p′13 folds a neighborhood of x in T .

Assertion 5.2.6 After adding handles to C3 we may as well assume that

for each connected component T of ∂−C13:

a) T ∩ C03 is two points.

b) T has trivial normal bundle in ∂C3.

Proof: The first step will actually be to add handles until for each connected

component T of ∂C13, T ∩ C03 is one point, and this point has type f .

Pick any component T of ∂C13. Pick i ≤ m so that p′13(T ) ⊂ J × i.
If T ∩ C03 has a point of type h then it must have another point of type

h since p′13 is continuous, so we may pick two points x±1 ∈ T ∩ C03 which

both have type h. In this case, let ε = 1 and σ = 1. Suppose T ∩ C03 has

two or more points, but none are of type h. Then by continuity they must

all fold to the same half interval. Let σ = 1 if they fold to [0, 1/2]× i and
let σ = −1 if they fold to [−1/2, 0] × i. Also let ε = 2 and pick any two

points x±1 ∈ T ∩ C03.

We may choose disjoint embeddings ϕj : J × J → ∂−C3 for j = ±1 so

that

ϕj(0, 0) = xj

ϕ−1
j (C03) = 0× J

ϕ−1
j (C13) = J× 0 = ϕ−1

j (T )

p′13ϕj(u, 0) = (σuε/2, i)

In case ε = 2 we may also assume that for some orientation of T , ϕ1|J×0

is orientation preserving and ϕ−1|J×0 is orientation reversing. We now

attach a handle C11
3 = J × J × J to C3 by identifying (j, v, w) ∈ C11

3

with ϕj(v, w) ∈ C3 for j = ±1, setting C11
03 = 0 × J × J ∪ J × 0 × J and

C11
13 = J × J × 0 extending p′13 to C11

13 by p′13(u, v, 0) = (σvεu2/2, i) and

extending v3 by v3(u, v, w) = (−u, v/ε, w).
If ε = 2 then T is broken up into two circles and if ε = 1 then the two

points of type h are replaced by points of type f (and T might be broken

up as well). So after repeating this process as often as we can we reduce to

the case where for each component T of ∂C13, either T ∩ C03 is empty or

it consists of one point of type f .
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If T ∩C03 is empty, pick disjoint embeddings ϕj : J× J→ ∂C3 so that

ϕ−1
j (C03) = ∅, ϕ−1

j (C13) = J× 0 = ϕ−1
j (T ) and for some orientation of T ,

ϕ1|J×0 is orientation preserving and ϕ−1|J×0 is orientation reversing. Pick

σ = ±1 and i ≤ n so that p′13(T ) = (σ/2, i). Attach a handle C12
3 = J×J×J

to C3 by identifying (j, v, w) ∈ C12
3 with ϕj(v, w) ∈ C3, setting C12

03 =

0×J×J and C12
13 = J×J×0 extending p′13 to C12

13 by p′13(u, v, 0) = (σu2/2, i)

and extending v3 by v3(u, v, w) = (−u/2, v, w). Then T has been broken

into two circles, each with one point of intersection with C03.

So we have completed our first step. Next we claim that for each

i ∈ n there are an even number of components T of ∂C13 with p′13(T ) ⊂
J × i. This is because each such component corresponds to a point of

∂C3∩C03∩p′13−1(J×i) and there are an even number of such points because

they are the boundary of C03 ∩ p′13−1(J× i) which is a tico in p′13
−1(J× i).

We also know by Lemma 2.5 and the fact that ξ0(q1i) = ξ0(q−1i) that

for each i ∈ n there are an even number of components T of ∂C13 with

p′13(T ) ⊂ J× i and the normal bundle of T in ∂C3 nontrivial.

Now we will add handles to get conclusions a) and b). Pick any compo-

nent T1 of ∂C3 ∩C13−V3× 1. Pick i ≤ n so that p′13(T1) ⊂ J× i. Then by

our claims above we know there is another component T−1 of ∂C3 ∩C13 so

that p′13(T−1) ⊂ J× i and so that the normal bundle of T−1 is trivial if the

normal bundle of T1 is trivial and the normal bundle of T−1 is nontrivial

if the normal bundle of T1 is nontrivial. Let xj = Tj ∩ C03 for j = ±1.
We may choose disjoint embeddings ϕj : J × J → ∂C3, j = ±1 so that

ϕj(0, 0) = xj , ϕ
−1
j (C03) = 0× J, ϕ−1

j (C13) = J× 0 = ϕ−1
j (Tj) and so that

p′13ϕj(u, 0) = (σ′jσu2/2, i) for some σ′ = ±1 and σ = 1 or 2. We now

attach a handle C13
3 = J× J× J to C3 by identifying (j, v, w) ∈ C13

3 with

ϕj(v, w) ∈ C3, setting C
13
03 = 0 × J × J ∪ J × 0 × J and C13

13 = J × J × 0

extending p′13 to C13
13 by p′13(u, v, 0) = (σ′v2uσ/2, i) and extending v3 by

v3(u, v, w) = (−3u/σ, v, w). This handle combines T1 and T−1 into a single

circle (T1−ϕ1(J×0))∪ (T−1−ϕ−1(J×0))∪J×±1×0 with trivial normal

bundle and two points of intersection with C03. Now do this process for

every component of ∂C3 ∩ C13. �

At this point it is easy to complete the construction of V ′
13. Take any

component T of ∂−C13. Pick i ≤ n so that p′13(T ) ⊂ J × i. Let D be the

unit square D = J×J. We have an embedding ϕ : ∂D×J→ ∂−C3 so that

ϕ−1(C13) = ϕ−1(T ) = ∂D × 0

ϕ−1(C03) = 0×±1× J

p′13ϕ(u, v, 0) = (σuε/2, i)

for some σ = ±1, ε = 1 or 2 and all (u, v) ∈ ∂D. We now just add the two

handle C14
3 = D × J, identifying (u, v, w) ∈ ∂D × J with ϕ(u, v, w) ∈ ∂C3.
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Let C14
13 = D × 0, C14

03 = 0 × J × J extend p′13 by p′13(u, v, 0) = (σuε/2, i)

and extend v3 by v3(u, v, w) = (−u/ε,−v, w).
After doing this for all components of ∂C3 ∩ C13 − V3 × 1, we have

completed the construction of a neighborhood of ∂V ′
3 ∪ V ′

23 ∪ V ′
13.

It remains to fill in the last bit. Since ρ2(T) = 0 we know by Lemma 5.3

below that (V3,A3) is the boundary of a compact tico. Hence (∂−C3, ∂C03)

is the boundary of a compact tico. But then Lemma 5.3b implies that there

is a tico B in a compact manifold T and a diffeomorphism h : (∂−C3−C03)×
(0, 1] → T − |B| so that (∂T, ∂B) = (∂−C3, ∂C03) and h(x, 1) = x for all

x ∈ ∂−C3 − C03. We now let V ′
3 = C3 ∪ T and V ′

03 = C03 ∪ |B|. Extend v3
by setting v3h(x, t) = dh(0,−t). We have not actually defined v3 on |B|,
but that is all right since we only need v3 defined on V ′

3 − V ′
03.

We now construct gi as we did in Theorem 5.1.

Lemma 5.3. Let A be a tico in a closed smooth surface S. Suppose A

has just one sheet. Then the following are equivalent:

a) There is a tico B in a compact manifold T so that (∂T, ∂B) =

(S,A).

b) There is a tico B in a compact manifold T and a diffeomorphism

h : (S − |A|) × (0, 1] → T − |B| so that (∂T, ∂B) = (S,A) and

h(x, 1) = x for all x ∈ S − |A|.
c) S has even Euler characteristic, A has an even number of double

points and if f : Q → S is the immersion associated to |A|, then
there are an even number of components of Q for which the normal

bundle of the immersion is nontrivial.

Proof: That b) implies a) is trivial. To see that a) implies c), note

that the double points of |A| are the boundary of the double curves of |B|,
hence there are an even number. The normal bundle condition follows from

Lemma 2.5 and the observation that f is the boundary of the immersion

associated to |B|. That S has even Euler characteristic follows from the

fact that S bounds.

We now show that c) implies a). Let T0 = S× [1/2, 1]. Pair up the dou-

ble point set of |A| as {q11, q−11, . . . , q1n, q−1n}. Pick disjoint embeddings

µji : J × J → S so that µ−1
ji (|A|) = J × 0 ∪ 0 × J and µji(0, 0) = qji. Let

T1 = J×J×J×n where n = {1, . . . , n} and attach T1 to T0 by identifying

(j, v, w, i) ∈ T1 with µji(v, w)×1/2. We have a tico B1 on T0∪T1 with one

sheet

|B1| = |A| × [1/2, 1] ∪ J× J× 0× n ∪ J× 0× J× n.

Then ∂(T0∪T1) = S×1∪S1 where S1∩B1 has no double points, hence is a

regular tico. We also know by Lemma 2.5 that the number of components

of S1 ∩ |B1| with nontrivial normal bundle is even. Hence by Lemma 2.5
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there is a manifold Q2 and a line bundle π2 : E2 → Q2 and an embedding

of π−1
2 (∂Q2) onto a neighborhood of S1∩|B1| which sends ∂Q2 to S1∩|B1|.

Let T2 = T0 ∪ T1 ∪E2 glued by this embedding and let B2 be the tico with

one sheet |B1| ∪Q2. Then ∂T2 = S × 1 ∩ S2 and S2 ∩ |B2| is empty. Since

S has even Euler characteristic, so does S2 and hence S2 = ∂T3 for some

compact 3-manifold T3. We now let T = T2 ∪ T3 and let B be the the tico

with one sheet |B2| and a) is proven. To go all the way to proving b) it is

necessary to add some handles to T as was done in Proposition 8.15. The

reader could do this as an exercise or refer to the proof in [AK9].
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complex tico map, 176

complexification, 23

constant exponents, 100

constructible set, 31

dim V , 23

dimk V , 23

d-fold points, 96

Eabcd (X), 195

E(n,m), 37

entire rational function, 19, 34

Euler polyhedron, 191

Euler space, 191

Euler stratified set, 191

Euler Thom stratified set, 191

exponent, 100

extends, 146

fat, 106

fat multiblowup, 106

full, 78, 81, 120, 174

algebraically, 78

Γ(. . .), 21

Γr(. . .), 22

G(n,m), 37

Gk(n,m), 37

general position, 95

Grassmannian, 37

HA
∗ (. . .), 53

Himb
∗ (. . .), 78

height, 186

homogenization, 34

I(. . .), 17
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IrU (V ), 22

I∞M (K), 43

IU (V ), 22

induced tico, 105

irreducible, 20

irreducible component, 20

irreducible decomposition, 20

κ (U), 194

Ki (X), 194

lie over, 106

link, 5

canonical, 152

local exponent map, 99

locally conelike stratified set, 5

locally principal, 45

lower index subset, 136

mico, 7, 133

multiblowup, 81, 143

fat, 106

full tico, 120

nondegenerate, 81

unobtrusive, 106

unskewed, 106

Nonsing V , 23

nonsingular, 23

nonsingular points, 23

ord(p), 220

overt, 34

π (S, J), 42

partial resolution, 186

PL isomorphic, 6

polynomial, 19

product tico, 103

projective algebraic set, 34

projectively closed, 34

proper, 21, 95

pullback ideal, 22

quasialgebraic, 167

RH∗(. . .), 78
Rn
i , vi

rational diffeomorphism, 54

rational tower morphism, 139

realization, 6, 8, 95, 137

reducible, 20

regular, 96

regular function, 19

regular tico, 6

resolution tower, 7, 136

algebraic, 7, 139

closed, 191

finite, 136

isomorphism of, 139

morphism of, 139

multiblowup of, 143

quasialgebraic, 167

realization of, 8, 137

topological, 139

truncated, 137

uzunblowup, 183

weak boundary of, 203

weak isomorphism of, 139

well indexed, 140

semialgebraic set, 31

semiblowup, 48

sheet, 95

immersion associated to, 96

Sing V , 23

singular points, 23

strata, 5

stratified cone bundle, 151

stratified set, 5

coarsening of, 6

dimension of, 5

Euler, 191

Euler Thom, 191

isomorphism of, 5

locally conelike, 5

refinement of, 6

skeleton of, 5

Thom, 151

stratum, 5

link of, 5

strict preimage, 47, 107

strict transform, 47, 106, 107

submersive, 7, 131

TR, 139

TR space, 191

TR structure, 191

TR′
n, 203

TRm, 191

Thom stratified set, 151

tico, 6, 95

algebraic, 6, 96

blowup, 106

chart, 96

complex, 176

finite, 96

full, 120

homotopy, 104

induced, 105
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map, 6, 97

multiblowup, 106

product, 103

realization of, 6

regular, 6, 96

sheet of, 6, 95

stratification, 96

tower morphism, 139

uzunblowup, 174

tico map, 6, 97

complex, 176

constant exponents, 100

local exponent map for, 99

submersive, 7, 122, 131

type N, 7, 121

topological resolution towers, 139

total transform, 106, 107

totally algebraic homology, 54

tower morphism, 139

tower morphism, rational, 139

tower morphism, tico, 139

tower transform, 141

transverse, 30, 104

truncated resolution tower, 137

tubular data, 151

unobtrusive, 106, 174

unobtrusive multiblowup, 106

unskewed, 106, 174

unskewed multiblowup, 106

upper index subset, 136

uzunblowup, 81, 183

full, 174

nondegenerate, 81

tico, 174

unobtrusive, 174

unskewed, 174

V(. . .), 17

weak boundary, 203

weak isomorphism, 139

well indexed, 140

Zi (X), 195

Zariski closure, 18

Zariski open, 18

Zariski topology, 18

Zopen neighborhood, 18

Zopen set, 18

Zopen set, Zopen subset of, 18

Zopen set, Zclosed subset of, 18

dimension of, 23

irreducible, 20

irreducible component of, 20

nice, 57
nonsingular, 23

nonsingular point of, 23
reducible, 20
singular point of, 23


