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In the Fall of 1975 we started a joint project with the ultimate goal
of topologically classifying real algebraic sets. This has been a long happy
collaboration (c.f., [K2]). In 1985 while visiting M.S.R.I. we organized and
presented our classification results up to that point in the M.S.R.I. preprint
series [AK14] -[AK17]. Since these results are interdependent and require
some prerequisites as well as familiarity with real algebraic geometry, we
decided to make them self contained by presenting them as a part of a
book in real algebraic geometry. Even though we have not arrived to our
final goal yet we feel that it is time to introduce them in a self contained
coherent version and demonstrate their use by giving some applications.

Chapter I gives the overview of the classification program. Chapter 11
has all the necessary background for the rest of the book, which therefore
can be used as a course in real algebraic geometry. It starts with the
elementary properties of real algebraic sets and ends with the recent solution
of the Nash Conjecture. Chapter III and Chapter IV develop the theory of
resolution towers. Resolution towers are basic topologically defined objects
generalizing the notion of manifold. They enable us to study singular spaces
in an organized way. Chapter V shows how to obtain algebraic sets from
resolution towers. Chapter VI shows how to put resolution tower structures
on real or complex algebraic sets. Chapter VII applies this theory to real
algebraic sets of dimension < 3 by giving their topological characterization.
An impatient reader can go directly to Chapter VII from Chapter I in order
to get motivated for the results of Chapter III through Chapter VI .
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We now fix some notation, some of it nonstandard, which we will use
throughout the book. We let R and C denote the real and complex numbers.
We let I denote the closed interval [0, 1] in R. If A is a subset of a topological
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space then we let C1(A) denote the closure of A and let Int(A) denote its
interior. If A and B are sets, then A — B denotes their difference. If
f: M — N is a smooth map between smooth manifolds, we let df : TM —
TN denote the induced mapping on tangent spaces. The expression ALl B
means the disjoint union. A closed manifold means a compact manifold
without boundary.

We now introduce some nonstandard notation. If f: M — N is a
function and S C€ M we will let f| denote the restriction f|g if S is clear
from context. This is useful if S is some complicated expression which
would only clutter up a formula and make it more unreadable. If X is a
topological space, we let ¢X denote the cone on X, so ¢X = X x[0,1]/X x0,
the quotient space of X x [0,1] with X x 0 crushed to a point. If 2 (or y or
z etc.) is a point in R™ then x; (or y; or z;) will denote the i-th coordinate
of x. We let R? denote the coordinate hyperplane {z € R" | z; =0}.

The end of a proof is marked by a sign thusly: |

We have tried to organize long proofs in a hierarchical manner. In
the midst of a proof we may make an assertion, which we then proceed to
prove. The reader might prefer to skip this proof on first reading or do it
as an exercise if she is energetic. The hope is that this will make the overall
argument clearer by hiding some of the details. To set off the proof of an
assertion from the rest of the proof we mark its end thusly: o






CHAPTER 1

INTRODUCTION

1. Overview

A real algebraic set is the set of solutions of a collection of polynomial
equations in real variables. A fundamental problem of algebraic geometry is
to topologically classify real algebraic sets, to give a topological character-
ization of all topological spaces which are homeomorphic to real algebraic
sets.

In the case of nonsingular real algebraic sets this problem has been
solved. A nonsingular real algebraic set is by definition a smooth manifold.
In 1952 J. Nash showed that every closed smooth manifold can occur as
a component of a nonsingular real algebraic set [N]. Later, A. Tognoli
generalized this result by proving that every closed smooth manifold can in
fact occur as a whole nonsingular real algebraic set [Tol]. Then finally in
[AK1] we topologically classified nonsingular real algebraic sets by showing
that up to diffeomorphism,

Nonsingular real | [ Interiors of smooth
algebraic sets | compact manifolds

As far as singular real algebraic sets are concerned, those with isolated
singularities were also topologically classified in [AK1]. The result is that
a space is homeomorphic to a real algebraic set with isolated singularities
if and only if it is obtained in the following way. Take a compact smooth
manifold W with boundary, divide up the boundary components in some
way OW = U;=1 M; so that each M; bounds, then crush some M;’s to
points and delete the remaining M;’s. An example is given in Figure 1.1.1.

Furthermore, according to [AK1] a topological space is homeomor-
phic to a real algebraic set if and only if its one point compactification is
homeomorphic to a real algebraic set. Therefore it suffices to topologically
classify compact real algebraic sets. The extension of the classification to
noncompact spaces will be automatic.

There is a nice generalization of the above result classifying isolated
singularities. We inductively define a class of stratified spaces: Let Ag-
spaces be compact smooth manifolds. Inductively let Ag-spaces be spaces
of the form X = XoU|J, N; x cone(X;) where X is a compact Aj_;-space,

1



2 1. INTRODUCTION

FIGURE 1. A noncompact real algebraic set

¥; are boundaries of compact Aj_i1-spaces and N; are compact smooth
manifolds. The union is taken along codimension zero subsets of 0.Xy and
N; x ¥; C N; x cone(%;). We let the boundary of X be 0X = (0Xy —
U N x ;) Ul ON; x cone(X;). We say X is a closed Ag-space if 0X = ().

FIGURE 2. A; spaces with and without boundary

In [AKZ2] it was shown that every closed Aj-space is homeomorphic to
a real algebraic set such that the natural stratification of this algebraic set
coincides with the stratification of the Ay-space. In [AT] it was shown that
the set of Aj-spaces is large enough to contain all closed P.L. manifolds.
Hence we have inclusions:

{ closed P.L. } { closed Ag-spaces }C{ compact real }

manifolds k=0,1,2,--- algebraic sets

We refer the reader to [AK2] for a more detailed summary of these results.
Despite the great generality of Ag-spaces we cannot hope that they capture
the topology of all real algebraic sets. For example the space in Figure 3
is not an Ag-space but it is an algebraic set. It can be described by the
equation (z%+y?—22)?(2?+y?—1)+22 = 0 in R3. Hence we must generalize
Ag-spaces if we hope to topologically classify algebraic sets. Notice Ag-
spaces are defined in such a way that they admit ‘topological resolutions’
to smooth manifolds. If Z, = XoU|J,y N; x cone(X;) is an Aj-space, then
there are Ay_q-spaces W; with OW,; = X;. Then we define an A;_; space
by Zp_1 = XoUUy Ni x W;, and a map 7, : Zy—1 — Zj induced by
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FIGURE 3. An algebraic set which is not an Aj-space

W,; — cone(X;) (crushing a spine of W; to the cone point). Iteration of this
process gives a topological resolution to a smooth manifold Z,

Zo—>Zl—)"‘—)Zk,1—>Zk.

We can consider Z; to be a quotient of the smooth manifold Zj.

So, rather than trying to generalize the definition of Ag-spaces to more
complicated stratified spaces we prefer to generalize this notion of ‘topo-
logical resolution’. In this way we would be defining Z; via the smooth
manifold Zy and ‘collapsing data’ w : Zy — Z;. An Ag-space resolution
w: Zy — Zj resolves not only the space Zj, but also gives a recipe of how
to resolve the various strata of Zy. This information has to be extracted
from 7 in order to get a deeper understanding of resolutions. To see this
let us study an example which we illustrate in Figure 4.

FIGURE 4. A topological resolution

Let Y be the figure 8 and let Z = (Y x I) |J, cone(Y xI) where I = [0, 1]
and I = &I = {0,1}. Z is an Ay-space and it can be resolved to the A;-
space Z' =Y x I|J, Y x I =Y x S'. We can see Z' is an Aj-space by
writing Z' = S' x JJ, S* x cone{a, b, c,d} where J = abUcd and a,b,e,d
are distinct ordered points on S!, and ab denotes the arc segment between
a and b. Finally Z’ can be resolved to the smooth manifold

7" = S'x JuS!x.J where J' =bcUda
7" = S'x(JuJ)=8"xs!
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Notice that we can determine the topology of Z from the following data of
smooth manifolds and maps where z; € S',2; # xg, py; are the constant
maps and po projects St x {x1,z2} to the first factor.

V2:51><Sl

A J
P12

Vig =8t x{z1,22} —— % V;=5!

J

Vo1 = 2o

U

V02 =g X Sl > VO =a (pOiIlt)

Then Z is obtained by gluing Vi, V1 and Vs together by the maps po1,
po2, and pia. Hence Z = U?:o Vi/w~p;i(z) 18 the quotient space. So the
smooth data T = {V;,p;;} determines the topology of Z. This is the view
that gives us the best generalizations of Ag-spaces, it allows us to avoid
defining structures on singular spaces.

V12
V,
02 Q -~ VOl i
V. Vo
1
V2

FIGURE 5. A resolution tower for Z

We would like to view the set of real algebraic sets as an ‘extension’
of the set of smooth manifolds by monomial functions, just as algebraic
numbers are extensions of rational numbers. We will first define the notion
of topological monomial maps between smooth manifolds. Then we will
define objects ¥ = {V},pji} where V; are smooth manifolds and pj;: V; — V;
are topological monomial maps. We will show that the realization |T| =
U Vi/a~p,i(z) of T (i-e., the set obtained by gluing the smooth manifolds
Vi by the maps pj;) describes any algebraic set. Then we will prove a
certain converse to this characterization. But before defining topological
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monomial maps we define the notions of a stratified set and of a tico (short
for transversally intersecting codimension one submanifolds).

2. Stratified Sets

In studying the topology of rather nice singular objects such as alge-
braic sets, stratified sets are useful. A stratified set is a topological space X
together with a decomposition of X into a locally finite number of disjoint
locally closed subspaces which happen to be manifolds. These subspaces
are called strata. In this book, all of our stratified spaces will be smooth,
i.e., the strata are all given a smooth structure. We also allow the strata to
be manifolds with boundary. The boundary of a stratified set will be the
union of the boundaries of the strata.

The i-skeleton of a stratified set is the union of all strata of dimension
less than or equal to i. We will require our stratified sets to satisfy a
frontier condition: the frontier of an i-dimensional stratum is contained
in the i — 1 skeleton. We also want the frontier of the boundary of an i-
dimensional stratum to be contained in the boundary of the i — 1 skeleton,
i.e., it is contained in the union of boundaries of strata of lower dimension.
In particular, the boundary of a stratified set will also satisfy the frontier
condition so it will be a stratified set.

One example to keep in mind is a polyhedron, the strata are the inte-
riors of simplices and there is no boundary. Another example to keep in
mind is the singular stratification of an algebraic set X, we let X,, = X,
Xn—1 = Sing X, and in general X; = Sing X;,;. Eventually we get some
X}, empty. Then we let the strata be the smooth manifolds X; — X;_; (thus
the X;’s are the skeleta although of course i need not be the dimension).
See Chapter II for further explanations.

The dimension of a stratified set is the maximum dimension of its
strata (or oo if no maximum exists). An isomorphism of stratified sets is
a homeomorphism which maps each stratum onto a stratum and in fact
restricts to a diffeomorphism on each stratum.

Note that an open subset of a stratified set has a natural structure of
a stratified set. Likewise the cone on a compact stratified set has a natural
structure of a stratified set.

Sometimes we want nicer stratified sets. For example a locally conelike
stratified set is one in which for every point z in a k-stratum S there is
a open neighborhood U of x in X which is isomorphic to V' x Z where Z
is the open cone on a compact stratified set L and V is a neighborhood
of x in S. We call L the link of S in X. The link is not actually well-
defined (although an elementary invertible cobordism argument shows that
for a connected k-dimensional stratum any two links are isomorphic after
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crossing with R¥*1). One can show using Whitney stratifications that any
real algebraic set X has a locally conelike stratification, in general not the
same as the singular stratification. In this case there is a canonical link, the
intersection of X with a small sphere in the plane normal to the stratum.
We will look at stratified sets more closely in section 3 of Chapter IV.

If we have two stratifications A and B on a set X, we say that A is
coarser than B if all of B’s strata are smooth submanifolds of A’s strata.
We also say that B is a refinement of A. Notice that there may not be a
coarsest smooth stratifications of a smooth stratified set. For topological
stratifications there is a coarsest topological stratification (see [K1], [Si]).
We will only use this fact in Chapter VII where the dimensions are so low
that it becomes an elementary exercise.

Sometimes we need a weaker notion of equivalence than isomorphism.
Recall two polyhedra are PL isomorphic if they have isomorphic subdivi-
sions. In analogy with that, we say that two stratified sets are PL isomor-
phic if they have isomorphic refinements.

3. Ticos

A tico A in a smooth manifold M is a finite collection of properly
immersed closed smooth codimension one submanifolds of M in general
position. We study them in Chapter III. A basic example is the tico {R?}Ll
in R® where R = {z € R" | #; = 0}. We consider a tico as a global
coordinatization of the manifold. We call the elements of A sheets. We say
A is a regular tico if each sheet is a properly embedded submanifold. The
realization of A is |A| = J,c4 S. A tico gives a natural stratification of
the manifold. If M is a nonsingular algebraic set we call a tico A in M an
algebraic tico if each sheet is a nonsingular algebraic subset of M. Clearly
algebraic ticos are regular. We will sometimes refer to a manifold with a
tico (M, A) simply as a tico. Now we can define the notion of topological
monomials between manifolds with ticos.

Let (M, A), (N,B) be smooth manifolds with ticos. A tico map f :
(M,A) — (N,B) is a smooth map from M to N with the following local
property. For any p € M and charts ¢ : (R™,0) — (M,p) and 0 : (R",0) —
(N, f(p)) with =1 (JA|) = U;Zl R7" and 071 (|B|) = Ule R?, then the i-th
coordinate f;(z) of =1 o f o¢(x) is in the form:

a
filz) = (H xf”)goz(:c) for i=1,2,...,b
j=1
where o;; are nonnegative integers and ¢; : R™ — R are smooth functions

with ¢;(0) # 0. It follows that up to permutations of ¢ and j the exponents
a; above depend only on f and p € M, not on the local charts ¥ and 0.
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If A and B are regular then for S € A and T' € B we can define
agr S = Zby agr(p) =01if f(p) ¢ T and asr(p) = oy; if f(p) € T and
¢~H(S) = R} and §~'(T) = R}. This exponent agr is locally constant,
hence constant on each component of S. Then f~(T) = J,c 4 agr(Z—0),
so a tico map pulls back each sheet to a union of components of sheets.

A ticomap f: (M, A) = (N,B), is type N if for every p € M there are
charts ¢ : U — M and 0 : (R",0) — (N, f(p)) where U C R™ is an open
subset, such that ¢(U) is a neighborhood of p, Y~ (|A|) = (Uj_, R7)NU,
0= 1(|B|) = U?Zl R?, for some ¢ > a we have

(&
filz) = ij” for 1=1,2,...,b
j=1

for all x € U, and the (b x ¢)-matrix (c;) is onto, i.e., it has rank b. We
say f is submersive if in addition m — ¢ > n — b, and f;(x) = ®;—p4m for
alli=b+1,...,n and = € U. Basically a type N tico map is a tico map
which becomes a pure monomial under some choice of coordinates, and the
exponent map is onto. A submersive tico map is essentially a type IV tico
map which submerses each stratum of (M, A) to some stratum of (N, B),
although it is actually slightly stronger than this in a subtle way.

We can also define partial tico maps as follows. If (M, A) and (N, B) are
smooth manifolds with ticos and € C A, then a mico is a map f: |C| = N
which locally extends to a tico map. In other words there is an open
neighborhood U of |€| in M and a tico map ¢ : (U, U N (A —€)) = (N, B)
such that f = g|je|.

4. Resolution Towers

Now we are ready to define the promised structures which we use in our
attempt to classify real algebraic sets. In Chapter IV we study resolution
towers. A compact (topological) resolution tower ¥ = {V;, A;,pi}i, is a
collection of compact smooth manifolds with ticos (V;,A;),i=0,...,n and
collections of maps p; = {pji};<i with p;; : V;; = V; where Vj; = |Aj;| for
some Aj; C A; and

I. pgz(‘/jz N Vk"L) C ij for k < j < 1.
I1. Pkj Opji| = p]m|VJZ NV for k < j <ut.
L p' (Upem Vi) = (Ugem Vi) N Vi form < j <.
IV. A; is the disjoint union of the Aj;’s.
V. p];.l(avj) =0V, NV, for j <.

(For convenience, our definition in Chapter IV will allow more general

indexing sets, but we can always reindex to the above form.)
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We define 0% = {0V;, 0A;, p;|} where OA; = {05 | S € A; } and p;| is
the restriction. Condition V insures that 0% is also a resolution tower. An
algebraic resolution tower is a resolution tower ¥ such that each (V;,A;)
is an algebraic tico and each pj; is an entire rational function (a rational
function with nowhere zero denominator). There are some extra properties
which resolution towers may satisfy. The important ones are

R - Each A, is regular

M - Each pj; is a mico

N - Each pj; is a type N mico

E - all exponent maps agr for all p;; are constant

S - Each pj; is a submersive mico

U - pjils is a submersion on each stratum S of V; — Uk<j Vii

F - Each (V;,A;) is full.
The term full means that if S is V; or any intersection of sheets of A; then
the homology H,(S;Zs) is generated by embedded smooth submanifolds of
S.
We define the realization of T to be the set

n
|T] = U Vil wrop;i(a)-

i=0
That is |T| is the quotient space of the disjoint union |J_, V;. || is a
stratified space with strata {V; —,.; Vji}. We define dim T = dim [T|.

For example, consider the following resolution tower. Let T = {V, A,, pi}’%:o»

Vo = a surface of genus 2, V; = a circle, Vy = two points {a, 8}, Ap2 =
{A, A", B,B'}, A1 = {C}, Ao1 = {a,b}, po2 collapses AU A’ to a, BU B’
to B, p12 folds C onto the arc Lﬁ), Ppo1 maps a to a; b to 8. See Figure 6.

FIGURE 6. A resolution tower

The space X in Figure 7 is the realization |¥| of the resolution tower
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FIGURE 7. Realization of a resolution tower

¥. The advantage of considering ¥ as opposed to X is that ¥ is given by
smooth data and it has more structure.

Let TR and AR denote the set of all compact topological and algebraic
resolution towers, respectively. When we put subscripts R, M, N, E, S, U
or F on TR or AR we mean the set of resolution towers of that type. For
example TRpg is a set of topological resolution towers of type R and S.
Clearly AR = ARR, TRs C TRyy C TRMU7 ARs C ARNy C .ARMU, and
there is a forgetful inclusion AR — TR. If € is any subset of TR or AR
then denote |C] = {|Z| | TR € C}. We can modify resolution towers to nicer
ones without changing the realizations. For example Proposition 2.7 and
Theorem 2.8 imply the following Theorem.

THEOREM 4.1. (c.f. Theorem 2.8) If ¥ € TR then there is a ' € TRy
with |T| = |%'|. Moreover, if ¥ € TR, for x = M,N,S,U, F, E, then
T € TR, also. In addition if T € TRy we may conclude T € TRrng. In
the algebraic case, if T € ARy then T € ARNE.

Let Spy, be the set of PL isomorphism classes of smooth stratified sets
and let ALG be the PL isomorphism classes of singular stratifications of
compact real algebraic sets. We can now state our main results:

THEOREM 4.2. (c.f. Corollary 3.3) If T € ARy then |T| is isomorphic
to an algebraic set as a stratified space. In particular |[ARy| C ALG.

THEOREM 4.3. (c.f. Theorem 4.2) |ARpun|=ALS (In fact by Theo-
rem 0.8 the complex version of this is also true).

THEOREM 4.4. (c.f. Theorem 0.6) If T € TRpg then there is a ¥’ €
ARpg such that |T| = |T'|. In particular |T| is isomorphic, as a stratified
space, to an algebraic set.
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We can summarize these results in the following diagram

ALS = |ARpun| = |ARY|
T4
ARs| 5 |TRg|
1 )

ARps| 28 |TRpg]

where vertical maps are inclusions and horizontal maps are forgetful maps.
Hence proving ¢ and j onto, (or alternatively ¢ and k onto) would topo-
logically characterize real algebraic sets by proving that the image of the
forgetful map

ALS — Spr,

is |[TRpg| (or |[TRg|). This turns out to be the case for algebraic sets of di-
mension < 3. In Chapter VIIthe topological classification of 3-dimensional
real algebraic sets is given.

One of the nice properties of resolution towers is that they behave like
manifolds, for example this allows us to define cobordism groups of real
algebraic sets. In Chapter VII we calculate cobordism groups in dimension
< 2. These cobordism groups are used in Chapter VII as in [AK9] where
we outline an obstruction theory to decide when a stratified set X is a
realization |%| of some resolution tower %.

EXCERCISE 4.1. Show that any Ag-space is the realization of a resolu-
tion tower of type S. (Hint: see the proof of Proposition 8.15 or 3.2).

Because of some special properties of the resolution tower structures on
Aj-spaces, they can be made algebraic sets without the type F' condition.
This is why all compact P.L. manifolds are homeomorphic to real algebraic
sets [AK?2].

We end this summary by giving an example to demonstrate how to find
a realization of resolution tower structure of an algebraic set. In calculating
this example we will use some blowup terminology which we introduce in
Chapter II. For our example, we take the real algebraic set

X = V(@ -y’ +a* -2) +2%)

= {(@.y,2) R | (2" = *)° (4 +2° — 2) + 22 = 0}.

The algebraic set X is obtained by a blowing down operation which we
will formalize in section 6 of Chapter II. It is obtained by collapsing the
sphere 22 + y2 + 22 = 2 in R? to the curve 22 = > in R? via the projection
7R3 = R2,

We have the singular stratification on X given by X = X, X; =
Sing X = {(z,y,0) | 22 = y®} and X, = Sing(SingX) = {(0,0,0)}.



4. RESOLUTION TOWERS 11

SO LAY
RN TN
A %\\,\,
s A

-

FIGURE 8. X

Our first step is to resolve the singularities of X. There are many ways
to do this, we will describe one of them. The knowledgable reader will
notice that in the interest of reducing the number of required blowups we
do not follow Hironaka’s recipe in [H], for example centers might not have
only normal crossings with inverse images of centers. Our first step is to
blow up the point (0,0,0). The algebraic set we obtain is still singular, its
singular set is the union of two smooth curves, one is the strict transform
of X; and the other is a circle which is the inverse image of (0,0,0). The
reader interested in the actual equations of this algebraic set can find them
at the end of this chapter. Our next step is to blow up the singular circle.
After doing this we get an algebraic set whose singularity set is a smooth
curve: the strict transform of X;. We now blow up this curve and ob-
tain a nonsingular algebraic set V5 diffeomorphic to the Klein bottle. The
composition of the blowup maps is an entire rational function 7 : Vo — X.

The next step is to make sure 77!(X;) is a tico. It turns out that
7~1(X1) is not a tico, it is the union of three nonsingular curves, two of
them are disjoint circles C; and Cy with nontrivial normal bundle and the
third D intersects each of the other two in a single point. However the
curves are tangent at their points of intersection which keeps 7~ 1(X1) from
being a tico. We draw half of V5 below in Figure 9, the other half is just
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FIGURE 9. Tangential intersection

the same so V5 is obtained by doubling the figure. The blowup map 7 maps
Cy and C3 to (0,0,0) and maps D onto X; N {z? + y* < 2}.

To make 7~1(X;) a tico we do some more blowing up. We first blow up
the two points C1ND and Co N D. So as not to clutter up the notation, we
let V5 now be the blowup of the old V5, let C; and D be the strict transforms
of the old curves, etc. The blowup adds two circles C3 and Cy to 7~ 1(X1).
Although the circles in 77!(X;) are now pairwise transverse, they still do
not make a tico since there are two points where three of them intersect.
Figure 1.4.5 is a picture of half of the new V5. Again V5 is obtained by
doubling Figure 10.

v

B @

Gy

FIGURE 10. 7~!(X;) pairwise transverse, but not a tico

We take care of the threefold intersections by blowing them up again.
Finally 771(X7) is a tico. Figure 1.4.6 shows half of V5. There are two new
circles in m~*(X;) which we denote C5 and Cg.

The next step is to refine the stratification of X to make 7 restricted
to 77 1(X; — X) be a submersion. In our example, this will be true if we
change X, to be the three points (0,0,0), (1,1,0) and (—1,1,0).
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FIGURE 11. 77 1(X}) now a tico

We now must make sure 7~ 1(Xj) is a tico. Now 7~ 1((0,0,0)) is the
union of the circles C; which is a tico, but 7=1((£1,1,0)) is two points
which is not a tico since it has codimension two. We easily make it a tico
by blowing up these two points, obtaining Figure 12.

FIGURE 12. 771(X() now a tico

The next step is to resolve the singularities of X;. This is easily done
by blowing up the point (0,0,0) to obtain an algebraic set V7 which is in
fact R. The blowup map p; : Vi — X is just t — (¢3,2,0). We want to
make sure that pfl(Xo) is a tico in V1, in our case it is, but in general one
would need to blow up some more to assure this just as we did for Vo (of
course in this dimension that would never be necessary). Let Vi be the
closure of 771(X; — Xp), i.e., the sheets of the tico 7—1(X;) which are not
in the tico 7~*(Xy). Thus in our example, Vio = D. We now wish to lift
the map x| : V12 — X3 to an entire rational function p1a : Vio — V4. As it
turns out, in our example there is a lifting but in general one would need to
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blow up V- some more to get a lifting. We also want pi2 to be a mico, but

again in our case this is already true so we do not need to blow up more.
At this point we have our resolution tower. We just set Via = D,

Voo = 7 1(Xo) = UC;, Vo = Xo, po2 = 7|, Vor = p7 ' (Xo) and po1 = p1|.

For those interested in the details of the blowup, we will now provide
them. For the purpose of computing examples of blowups, it is worthwhile
using another point of view of algebraic sets. This is because our standard
model of the blowup of an affine algebraic set is another affine algebraic
set, but one in a much higher dimensional Euclidean space. The example
above would probably end up in dimension several hundred.

To get around this, we look at the blowup as being what we call an
algebraic space: the union of affine algebraic sets (called charts) glued
together via birational isomorphisms of Zariski open subsets. Thus it is
the algebraic analogue of a manifold. We will not bother to develop the
theory of algebraic spaces here, the elementary notions are in [AK4] or can
be done as an exercise. The advantage for calculating blowups in this way
is that the ambient Euclidean space dimension grows slowly or sometimes
not at all, so the number of variables is kept in check. We use a shorthand
notation to describe the charts of the blowup which we will describe as we
go along.

Our first blowup of the point (0,0,0) has three charts at first glance
although we will presently see that two of them will cover the blowup.
These charts are represented as follows:

A 22(1—2y®)? (22 + 222 —2) + 22 =0 (x, 2y, zz)
B (@ -y’ +a%? —-2)+22 =0  (ay,y,92)
Cx 22(2? — 2y3)2(22 (22 + 9 - 2) +1=0 (x2,92,2)

The first column just names the charts, the second column gives the
equation of the algebraic set and the third column gives the blowup map
down to R?. The star after C' means that this chart is not necessary, any
point in it is contained in one of the other two charts. Hence we forget the
chart C. The gluing maps between charts can be obtained from the third
column, just map down to R? and follow by the inverse of the map from
another chart. For example the gluing map from A to B is (1/y,zy, 2/y).

Our next blowup was of the inverse image of (0,0,0). In A this is
{r=0}NA={2x=2=0}. InBthisis{y=0}NB={y=2z=0} We
represent these blowups as follows:

D>A (1 —a2y®)?(2® + 2%y —2) + 22 =0 (z,2y,2°2)
Ex>A 221 —2203)%(2222(1+9y?) —2) + 1 =0 (zz,2y2,72?)

F>B (a2 —y?+a%>-2)+22=0 (zy,y,y%2)
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Gx>B y?(2? —y2)?(y222(1+22) - 2)+1=0 (zyz,yz,yz?)

We have a new symbol, > A (or > B) means that the chart was ob-
tained by blowing up the chart A (or B). The map from D to A for example
is (z,y,xz). Note we still have only two charts D and F since we can forget
E and G. From now on we will not bother to compute the third column of
ignored charts, since we will never need it.

The next step is to blow up the strict transform of X;. In chart D this
is the Zariski closure of the inverse image of X; — Xy. The inverse image
of Xg is {x = 0} N D = {z = 0,22 = 2} and the inverse image of X is
{2? = (2y)3, 222 =0}ND = {2 = 0,22 =2} U{z = 0,29> = 1}. Hence the
strict transform of X in D is the curve {z = 0,2y = 1}. Likewise, the
part of the strict transform of X; which lies in F is {z = 0,y = 2%}. We
now blow these up, obtaining four charts.

H>D 2242y —2422=0 (2, 2y, 222(1 — 293))
Ix>D (2?4222 -2)+1=0,uz=1— 29>

J>F  yftaty?—2+42"=0 (2y,y,y?2(2* — y))
K«>F w2 +2%y°-2)+1=0,uz=y—a°

Notice that because we are blowing up something more complicated
than just coordinate planes, in charts I and K it was necessary to add a
new variable u (although in K we could also eliminate y). Recall that at
this point our algebraic set was nonsingular and in fact diffeomorphic to
a Klein bottle. We can see this from the equations for H and J. Each of
these is a cylinder (for example in H, for each fixed y we get an ellipse,
likewise in J for fixed x). The gluing map from J to H is just (zy,1/z, 2)
and this is easily seen to glue the two cylinders into a Klein bottle.

In H, 771(Xy)is{x =0, 22=2lu{l =293, 22 =2—y 4 -y %}
which is four nonintersecting nonsingular noncompact curves. Notice that
H contains all of 771(X; — X), it is {1 =293, 22 =2 -y %~y 6} In
J, m N X)) is {y =0, 22 =2} U{y = 2%, 22 =2 — 2* — 25} which is two
noncompact nonsingular curves union a nonsingular circle. There are two
points of intersection, both not transverse, at {x = y = 0, 22 = 2}. Our
next step is to blow up these points which could be done one at a time, but
to reduce the number of charts we blow up both points together by blowing
up the ideal (z,y) in J. We obtain the following charts:

L>J 22y +aty? —24+22=0 (22y, vy, 23y%2(x — y))
M>J g4’y -2+2"=0 (zy*,y, y°z(a?y — 1))
Recall that we also still have the chart H, so we actually have three
charts now, In M, n=}(X1) is {y = 0, 22 =2} U{a?y =1, 22 =2—y? —y3}
which is a tico. However in L, 7=5(X;) is {z =0, 22 =2} U{y =0, 2? =
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2}U{z =y, 22 = 2—2* — 25} which is not a tico because of the three lines
coming together at (0,0, 4+/2). Hence we blow up the ideal (z,y) in L and
obtain the following new charts NV and O as well as our old charts M and
H.

N>L 2% +2%%?-2+22=0 23y, 22y, 2%9%2(1 — y))

I2y37 ’I‘yQ, z3y6z($ - 1))

(

O>1L 22yt + oty — 2422 =0 (
H>D 2?+2%y>—-2+22=0 (z, 2y, 2%2(1 — 29®))

(

M>J P24yt —2+422=0 2%y, 3 z(2y — 1))
We now must see where 7 restricted to m~!(X; — Xj) is a submersion.
Recall that all of 7=1(X; — Xp) is contained in H, it is {1 = xy®, 2% =
2 — gy
where except when x = y = £1, z = 0 in H. We then enlarge Xy by
adding the image of these points which is (£1,1,0). We now need to make
~1((£1,1,0)) a tico. So we blow up these two points 7~*((41, 1,0)). This
means we blow up the ideal (y — 1,2) in N, (z — 1,2) in O, (1 — 293, 2) in
H and (z%y — 1,2) in M. These generators work since, for example,

1—2% = ((y + D)zt (1 +22)/(2 4 222 + 5174)) (y—1)+ (Z/(2 +22% 4 £E4)) z

— y~%}. We see then that 7 will restrict to a submersion every-

in chart N.
After doing this blowup we obtain the following charts:
P>N 2%?+252 -2+ (y—1)222=0 (x3y, 2%y, —25y°2(1 — y)?)

3

Q>N oty + 25?2 —2422=0,y=1+uz 23y, 22y, —w5y?uz?)

R>O0 22yt + oty — 24+ (2 - 1)222 =0 22y wy?, 23ySz(x — 1)?)

2,3 2)

S>0 22yt 4oty — 2422 =0, 2=1+uz 223, zy?, 23y%uz

(

(

(
T>H 22+2%2 -2+ 1 —-2y*)%%2=0 (m,xy,x 2(1 —zy3)?)

U>H 22+2%2-2+22=0,1—a2y> =uz (

(

V>M y?+a22yt -2+ (2%y—1)222 =0 vy, y, 32 (2%y — 1)?)

W>M y?4+22y*—24+22=0,2%2y=1+uz (22, y, yPuz?)
Finally we must check that 7|y, lifts to a tico map to V;. It does. The

following table gives the equations of Vi and the lifted map for each chart
in which Vi, lies.

Q y=1u=022=2—z*—25 (x)
S r=1,u=0,22=2—y* -0 (y)
U z:y73’u:0722:27y747y*6 (yi)
w y=ao2u=022=2—g% - 276 (x71)
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In fact, we see that Vi is wholly contained in either @ or S. So to
check that pys is a tico it suffices to check in Q. In @ for example, Vio N Vo
is the points © = = 0, y = 1, 22 = 2 where p;3 submerses and also
the points ¢+ given by y = 1, u = z = 0, = +1. Near g+, Vio has z
for local coordinates, dz/dz = —2z/(6x° + 423) which is 0 at g+. Also
d%r/dz? = F0.2 at g+ so pia(z) = 22p(2) near g4 with ¢(q+) = F0.1 # 0
SO p19 is a tico map.

In drawing pictures of our algebraic set we claimed that we could al-
ways divide it into two pieces which were symmetric and thus get away
with showing only half the set. To be more precise we have an involution
(z,y,2) — (—z,y,—2) on X and we are always showing a fundamental do-
main of liftings of this involution. For example we could take Figure 1.4.4
to be the points in H where z > x and the points on J where z > xy. The
other figures are just the topological strict transforms of this. (The more
obvious choice of z > 0 in both H and J would not do because when we
blow up to make charts P through W we would blow up two points on the
boundary, and thus end up with a strict transform which is not a manifold
with boundary).

In the next chapter we will establish all the background material before
seriously studying the resolution towers.






CHAPTER 2
ALGEBRAIC SETS

In this chapter we start out with elementary properties of real algebraic
sets and gradually go on to discuss more recent results in real algebraic
geometry. We begin with a review of the basic properties of algebraic sets,
we will avoid proving some of the more well-known elementary results by
referring the reader to [W] and [M]. Also looking at [AK6] at times would
be useful. Other useful books for the introductory material are [Sh], [P],
[B], [BCR].

1. Basic Properties of Algebraic Sets

DEFINITIONS 1.1. Let k be a field. We let k[z1, z2, ..., z,] denote the
ring of polynomials in n variables with coefficients in k. If J C k[z1, ..., z,]
is a set of polynomials then we define

V(J)={(x1,...,2n) €E" | f(x1,...,2,) =0 forall feJ}
Given any subset S C k™ define
J(S)={f€klzr,...,;xn])| f(z1,...,2,) =0 forall (xq,...,2,) €S}

Note J (S) is an ideal in the ring k[z1,. .., z,]. We have the properties:
I C J implies V(I) DV (J).
S C T implies J(S) D I(T).
V(> ouJa) =NV (Ja).
V(IJ)=V(I)Uuv(J).
JSUT)=3(S)NI(T).

Any ideal J in Ek[xy,2a,...,x,] is finitely generated. If gq,...,gx are
generators of J we will write J = (g1,...,gx). If k is algebraically closed,
the Hilbert Nullstellensatz says that if J C k[x1,...,2,] is an ideal then

TV) =VI={fecklzy,...,x]| f™ € J for some m}.

This is not true for k¥ = R, for example if J = (22 + y?) C R[z,y] then
V(J) = (0,0) € R? and J(V (J)) = (x,y). The real nullstellensatz is more
complicated, c.f., [BCR].

19
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DEFINITIONS 1.2. A subset V' C k" is called a k-algebraic set if it is
the set of roots of a collection of polynomials in n-variables. That is, if
V =YV(J) for some J C k[x1,...,2,]. In this book we will mainly consider
the case k = R and sometimes k& = C, i.e., real and complex algebraic
sets. We sometimes also call a k-algebraic set an affine k-algebraic set to

distinguish it from the projective k-algebraic sets we define later in section
3.

A very useful property of any real algebraic set V' is that there is a
polynomial p so that V' = p~1(0). Just take p = p? +- - - p? where p1, ..., pk
are the generators of J (V).

DEFINITIONS 1.3. Given any subset S C k™, the Zariski closure of S,
denoted ClS, is defined to be the smallest k-algebraic set containing S,
i.e., it is the algebraic set V (J(S)). It follows that a set S C k™ is algebraic
if and only if it equals its Zariski closure. In fact we could put a topology
on any algebraic set called the Zariski topology where the closed sets are
just the algebraic subsets. However, we will soon be specializing to the
cases k = R or C and unless we explicitly state otherwise we use the usual
metric topology on real or complex algebraic sets. But we say a subset of
an algebraic set S is Zariski open if it is S — T for some algebraic set 7.

In some sense, the natural collection of spaces to look at is the collection
of Zariski open subsets of algebraic sets. This is because as we see below,
these are the natural domains of entire rational functions. Also in the real
case, any Zariski open subset is isomorphic to an algebraic set anyway.
Thus we are motivated to make the following definitions:

DEFINITIONS 1.4. A k-Zopen set (pronounced ‘kay zee open set’) is a
subset of some k™ which is Zariski open in its Zariski closure. In other
words, it is the difference of two k algebraic sets. A k-Zclosed subset A
of a Zopen set U is a subset of U which is the intersection of U with an
algebraic set. In other words, Cly(A) NU = A. A k-Zopen subset V of a
k-Zopen set U is a subset V' C U so that U — V is a k-Zclosed subset. A
k-Zopen neighborhood of a point = in a Zopen set U is a Zopen subset V' of
U so that z € V. We usually omit the k- when the field k is clear, thus we
refer to Zopen sets, Zopen subsets and Zopen neighborhoods.

Any collection U of algebraic sets in k™ has a minimal member, that
is there exists Vy € U such that for all elements V' € U either V = V} or
V' ¢ Vi. The corresponding result for Zopen sets is not true, consider the
collection of Zariski open subsets of an infinite field %k, the nonempty ones
are just compliments of finite subsets.

EXCERCISE 1.1. Show that any collection of Zclosed subsets of a Zopen
set X has a minimal member.
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DEFINITIONS 1.5. Let V' C k™ and W C k™ be any subsets. A func-
tion f: V — W is called a polynomial if there is a polynomial function
g: k™ — k™ such that g(V) € W and f = g|ly. We say a function
f: V. — W is regular or an entire rational function if it is locally the
quotient of polynomials, i.e., for every x € V there is a Zopen neighbor-
hood U of z in k™ and polynomials p: U — k™ and ¢: U — k so that ¢ is
nowhere 0 on UNV and f (y) =p(y) /q (y) for all y € UNV. Normally we
only use the case where V and W are Zopen sets, but we will occasionally
use the more general notion when convenient.

It is standard practice in algebraic geometry to talk about rational
functions. These are like the entire rational functions above except that
they might not be defined everywhere. We will avoid this notion since we
are looking at algebraic sets from a topological point of view. Thus we
always want to know where functions are defined.

It is a useful fact that for £ = R we may take the local expression of
an entire rational function as a quotient of two polynomials to be global,
in other words:

ProrosiTiON 1.1. If k = R and f: U — W is an entire rational
function we may find polynomials p: U — R™ and q: U — R so that
gU)CR—0and f(z) =p(x)/q(x) forallz e U.

Proof: Suppose U C R™. Let § be the set of algebraic subsets S of R"
such that there are polynomials pg: R — R™ and ¢g: R™ — R so that
q5'(0) = S and f(y) = ps(y)/qs(y) for all y € U — S. Note that 8 is closed
under finite intersection since

) = (prWar(y) +psW)as®)) /(ar(y)* + as(y)?)

forally e U — (SNT) if S and T are in 8. But arbitrary intersections of
algebraic sets are actually finite, or alternatively, if 7" is a minimal member
of 8 we must then have T' = [\g.g S. So it suffices to show that for each
x € U there is an § € 8 so that © ¢ S. This is almost immediate from the
definition of rational function, there is an S and polynomials p: R — R™
and ¢: R — R so that ¢71(0) C S and f(y) = p(y)/q(y) for all y € U — S.
Now take a polynomial r so that 7=1(0) = S and let ps = 7p and ¢s = rq.

For k = C we have no analogue of Proposition 1.1. For example, if
S =V(zy —2w) and T =V(y,z) and f: S —T — Cis z/z if z # 0 and
w/y if y # 0 we cannot find p and ¢ as above.

EXCERCISE 1.2. Show that entire rational functions are continuous in
the Zariski topology, i.e., if f: U — W is entire rational and X C W is a
Zclosed subset then f~! (X) is a Zclosed subset. Show that the converse is
not true.
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DEFINITION 1.6. If V and W are Zopen sets then we say f: V — W
is a birational isomorphism if it has an entire rational inverse, i.e., there is
an entire rational function g: W — V so that go f and f o g are identities.
We say V and W are birationally isomorphic if there is a birational isomor-
phism f: V — W. This notion should be distinguished from the algebraic
geometer’s notion of birational equivalence, V and W could be birationally
equivalent even though their topologies may be widely different. The idea
is that a birational isomorphism is a homeomorphism which preserves all
algebraic structure.

DEFINITIONS 1.7. We say a Zopen set V' is reducible if V = V3 U V5, for
some Zclosed subsets Vi, V5 such that Vi #£ V # V,, otherwise we say V is
irreducible.

By standard algebraic geometry, if V' is a k algebraic set then V' can be
written uniquely as V' = [J~, V; where each V; is an irreducible algebraic set
and no V; is contained in another V;. Each such V; is called an irreducible
component of V. Also V is irreducible if and only if J (V') is a prime ideal.

We leave the following Lemma as an exercise:

LEMMA 1.2. Let U be a k-Zopen set and let V = Cl(U). Let Vq,...,Vp,
be the irreducible components of V.. Then each U; = UNV; is an irreducible
Zclosed subset of U and any irreducible Zclosed subset U’ of U must be
contained in some U;. Furthermore, no U; is contained in another U;. In
particular U is irreducible if and only if V' is irreducible.

As a consequence of Lemma 1.2, we then know that U is irreducible
if and only if J(U) is a prime ideal. Also U can be written uniquely as
U = U!*, U; where each U; is an irreducible Zclosed subset and no Uj is
contained in another Uj;. Each such Uj is called an irreducible component of
U. The decomposition U = U:11 U; is called the irreducible decomposition
of U.

The irreducible components of a complex algebraic set are connected
(c.f., Corollary 4.16 of [M]), but they need not be connected in the real
case. For example the real algebraic set V (y4 + 2% — 522 4 4) is irreducible
but topologically it has two components, each of which is diffeomorphic to
a circle.

Next we note that birational isomorphisms preserve Zclosed subsets
and the irreducible decomposition. We leave the proof of Lemma 1.3 as an
exercise - the hint is that f = g~ .

LEMMA 1.3. Let f: V — W be a birational isomorphism.
a) If Z CV is a Zclosed subset then f(Z) is a Zclosed subset.
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b) Let Vi, i = 1,...,m be the irreducible components of V.. Let W,
i=1,...,n be the irreducible components of W. Then m = n and
after renumbering, f (V;) = W; for all i.

We alluded above to the following:

LEMMA 1.4. Any real Zopen set U is birationally isomorphic to a real
algebraic set.

Proof:  Take polynomials p and ¢ so that p=1(0) = Clg(U) — U and
¢~ 1(0) = Clg(U). Suppose U C R™. Let

V={(z,t) eR" xR | ¢q(zx) =0 and tp(z)=1}.

Then x — (x,1/p(x)) is a birational isomorphism of U to the algebraic set
V.

DEFINITION 1.8. A continuous map f: X — Y between topological
spaces is called proper if f~1(K) is compact for each compact set K C Y.

LEMMA 1.5. Let p: R* — R be a polynomial with p~*(0) compact.
Then for some m the polynomial map x +— |x|*™p(x) is proper.

Proof: Let 8: R™ — 0 — R™ — 0 be the inversion through the unit sphere,
O(z) = x/|x|?>. Let p have degree d. Then after clearing denominators,
q(x) = |z|*!p o O(x) is a polynomial and it vanishes on 0 U #(p~1(0)). If
p~1(0) is contained in a ball of radius 7, then 6(p~1(0)) lies outside a ball of
radius 1/7. So 0 is isolated in ¢~1(0) and the Lojasiewicz inequality ([L1])
then implies that for some e and ¢ > 0 we have |g(x)| > c|z|® for all x near
0. But then for  near infinity, |p(z)| = |2|~2%|q o0 0(z)| > c|z|~29~¢ so if
2m > 2d + e the result follows.

COROLLARY 1.6. If V. C R™ is a compact real algebraic set, then V =
p~1(0) for some proper polynomial p: R™ — R.

DEFINITIONS 1.9. Let V be a subset of k™ (which we usually take to
be a k-Zopen set). Define I' (V) = k[z1,...,2,]/T (V). There is a natural
one to one correspondence between I' (V) and the polynomial maps from
V to k. T'(V) is a finitely generated k-algebra. If V. C k™ and W C
E™ and f = (f1,...,fm): V — W is a polynomial map, then we define
L () : (W) = T (V) by T(f) (9) = g f, e T (F) (1) = fi (1, 20)
fori=1,2,...,m. We also denote T (f) = f*.

Note that I' gives a contravariant functor between the categories:

k algebraic sets, r finitely generated k algebras
polynomial morphism k algebra morphism

The functor I' is one to one (or more precisely, it is one to one on isomor-
phism classes of objects). If k is algebraically closed, a simple application
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of the Nullstellensatz shows that the image of I' is the finitely generated
k-algebras with no nonzero nilpotents (i.e., if I is the ideal of the relations
of the generators, then v/I = T ). This correspondence explains the close
relationship between the algebraic geometry over algebraically closed fields,
and the commutative algebra.

The absence of this type of ‘algebraization’ functor gives real algebraic
sets a different flavor; they are in a sense related more to topology than
algebra. However real algebraic sets do enjoy some special algebraic prop-
erties such as Proposition 1.1 and Lemma 1.4. There are many more such
properties. We will exploit them in a systematic manner as we go along.

In a similar manner, if U is a subset of some k", we may define I'"(U)
to be the ring of entire rational functions f: U — R. By Proposition 1.1 we
see that for k = R, I'"(U) is obtained from I'(U) by allowing the inversion
of polynomials which are nowhere zero on U. If k is algebraically closed
and S is a k-algebraic set, I'"(S) = I'(S), c.f., Proposition 1.11 of [M].
Note that this result fails dramatically for ¥ = R. For example the entire
rational function f: R — R, f(z) = 1/(1 + 2?) is not a polynomial.

If V C U then we have an ideal Jy (V') in the ring I" (U), namely the
ideal of polynomial functions on U which vanish on V. It is naturally
isomorphic to J(V) /I (U). Likewise, we have an ideal J7,(V) of entire
rational functions vanishing on V.

If f: U — V is a polynomial and J is an ideal in I' (V') then we have
a pullback ideal f* (J) in I' (U) where f*(J) ={go f | g € J}. Similarly,
if f: U — V is an entire rational function and J is an ideal in T'"(V), we
have a pullback ideal f*(J) in I'"(U) where f*(J)={goflgeJ}.

2. Singularities of Real and Complex Algebraic Sets

From now on in this book, k will refer to either R or C. We will use
many facts from the first chapter of the wonderful book [M] for results
on complex algebraic sets and use Whitney’s seminal paper [W] to derive
consequences for real algebraic sets. We must exercise some care in the use
of [M] though since most results are only stated for irreducible complex
algebraic sets. This makes perfect sense from the algebraic point of view,
but from our geometric point of view it is not natural to restrict attention
to irreducible algebraic sets. Doing so would mean we would ignore such
questions as how the irreducible components intersect one another and how
they together contribute to the topology of the algebraic set.

We will show in this section that any Zopen set has a stratification,
i.e., if X is a Zopen set then we can find Zclosed subsets X;, i = 0,...,n
with X;_1 C X, so that each X; — X, ;1 is either empty or a real or
complex i dimensional submanifold of £™. To do this we introduce the
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notion of singular and nonsingular points of a Zopen set. There is no
general agreement on how to do this, different definitions make sense in
different contexts. However, we prefer the definition below since it ensures
that the singular set has lower dimension, and thus immediately gives a
stratification. (The reader should beware that the ‘stratification’ on page
6 of [M] is not a stratification in the usual sense since the strata are not
disjoint).

DEFINITION 2.1. Let V' C k™ be a Zopen set. We say z € V is non-
singular of dimension d in V if there is a neighborhood U of z in k™, and
polynomials f; € J(V) for i = 1,...,n — d such that:

) UNV=UnNZ" (0.
2) The gradients Vf; (z) for i = 1,...,n—d are linearly independent.

Thus this is the algebraic analogue of V' being a smooth d dimensional
submanifold of k™. By the implicit function theorem, a subset V' C k"
is a smooth (or complex analytic) manifold near z if 1) and 2) above are
satisfied with smooth (or holomorphic) f;.

EXCERCISE 2.1. Suppose that 1) and 2) above hold for entire rational
functions f; € I'f;(V). Show that x is nonsingular of dimension d in V.

EXCERCISE 2.2. Show that if U is a Zopen subset of V' then z is non-

singular of dimension e in U if and only if x is nonsingular of dimension e
inV.

DEFINITION 2.2. If V is a Zopen set we define dim (V) or dimV to
be the largest d so that V has a point which is nonsingular of dimension
d. Later we will find that all Zopen sets have nonsingular points, hence
a dimension, but for now we must act as if dim V" is not always defined.
When we wish to emphasize the field k, we sometimes write dimg V' for
dim V.

DEFINITIONS 2.3. If V is a Zopen set we define Nonsing (V') or NonsingV’
to be the set of points of V' which are nonsingular of dimension dim V. We
define Sing (V') or SingV to be its complement, SingV = V — Nonsing V.
The points of SingV are called singular points of V and the points of
Nonsing V' are called the nonsingular points of V. We will show below that
Sing V' is a Zclosed subset of V. We say a Zopen set V is nonsingular if
V = Nonsing V, i.e, if Sing V' = 0.

DEFINITION 2.4. We can associate to every real algebraic set a complex
algebraic set by the process of complexification. If V' C R" is a real algebraic
set, then by considering the inclusion R™ C C™ we can assume V C C™.
Then the complezification Vi of V' is defined to be Clc (V). In other words
Ve is the smallest complex algebraic set containing V.
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If 3(V) is generated by fi,..., fm, we can consider each f; to be a
complex polynomial f;c, and define J¢ to be the ideal in Clzy,...,z,]
generated by fic, ..., fmc. Then Ve =7V (I¢).

Ve satisfies the following properties, (see [W])

1) VenR*=V.

2) If ~: C* — C" is the complex conjugation map, then V¢ = V¢.

3) IV =VU---UV, is the decomposition of V into irreducible
components, then Vo = (Vi) U--- U (Vi) is the decomposition
of V¢ into irreducible components.

One does not have a canonical complexification of a real Zopen set V.
The reason is that there is no smallest complex Zopen set containing V.
So there are lots of complexifications. A complexification of V' will be a
set of the form Clg(V) — T where T is any complex algebraic set which is
invariant under complex conjugation so that TNR™ = Clg(V)—V. Thus the
complexification of a Zopen set is really a germ at V' of complex algebraic
sets. Whenever we talk below of the complexification of a Zopen set, we
will sometimes be a bit sloppy and just pick a convenient representative
as above. Note that any complexification satisfies properties 1), 2) and 3)
above.

Let V C k™ be a Zopen set and x € V. Then {Vf (z) | f€T(V)}is
a vector space where Vf () is the gradient of f at x. Define

re (V) = dim{Vf(z)[feI(V)},
r(V) = max{ry,(V)|zeV},
VP = {zeV |rn(V)=r\V)}
Notice that if I(V) = (f1,..., fm) then 7, (V) is the dimension of the
span of {Vf;(z), i=1,...,m}. Also, if k =R and z € V then r, (V) =
re (Vo).

EXCERCISE 2.3. If U is any Zopen neighborhood of x in V, show that
7. (U) = ry (V).

We could also define r in terms of entire rational functions rather than
polynomials since {Vf (z) | f€T(V)}={Vf(x)| f€T (V)}

Denote V= = V — V° then V™~ is a Zclosed subset, since if J(V) =
(f1,..+, fm) and A (z) is the m X n matrix with i-th row V f; (z) then V'~
is the set of € V so that all  x r minors of A (x) have determinant zero,
where r = r (V).

We will show that when V is irreducible, then V° = Nonsing V and
V'~ = Sing V. This is not true in general, for example if I = (zy,y (y — 1)),
and V ="V (I) C R? then V = (R x 0)U(0,1), V° = (0,1) but Nonsing V =
R x 0. Some books on algebraic geometry use V~ and V° as definitions for
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singular and nonsingular points of an algebraic set. As we will see later,
this is equivalent to our definition if V is irreducible but otherwise it is
different.

PRrOPOSITION 2.1. IfV is a k-Zopen set, then
a) VO =vn(ChL(V))°.
b) 7 (Cl(V)) =r(V).
If k =R then for any complexification Vi of V,
c) VO V@ and V- C V7.
d) r(V)=r(Ve).

Proof: Suppose V C k™. Let 1(V) = (f1,..., fm) and let r = (V). Note
I(V) =T (Cl(V)). Pick z € VO then r = r, (V). For any z € k", let A(z)
be the m x n matrix with i-th row V f; (2). Let W be the set of all z € k"
such that all (r + 1) x (r + 1) minors of A(z) have determinant 0. Then W
is an algebraic set and W D V so W D Cl(V). Hence r,(Cli(V)) < r for
all y € Clg(V). But r = 7, (V) = r,, (Clg(V)) so a) and b) follow.

Now suppose k = R. Recall J(V¢) = (fic,.- ., fmc). Consequently
r.(Ve) = rx(V) for all z € V. Let A¢ be the complexification of A, i.e.,
for any z € C", let Ac(z) be the m x n matrix with i-th row V fic (2). Let
Z be the set of all z € C™ such that all (r+ 1) x (r 4+ 1) minors of A(z)
have determinant 0. Then Z is a complex algebraic set containing V', hence
Z D V¢ by the definition of complexification. So for z € V¢, r, (V) < r.
But if z € Vo, r = (V) = ry (Vi) so z € VQ and r (V) = r. Now if
xeV,r, (Vo) =rz(V) <rsoxzeV:. Soc)and d) hold also.

PROPOSITION 2.2. If W is an irreducible Zclosed subset of an irre-
ducible Zopen set V. and W #V then r (W) > r (V).

Proof: By Lemma 1.2 and Proposition 2.1 we may as well assume that W
and V are algebraic sets and £ = C. But then this is Proposition 1.14 of
[M].

PROPOSITION 2.3. Let V' C k™ be an irreducible k-Zopen set, and x €
VO, Let f; € I(V) fori=1,2,...,7 (V) be polynomials such that all V f; (x)
are linearly independent. Then for any g € J(V) there are polynomials h;
fori=0,1,...,7(V) such that ho - g = ZZS;) hi - fi and ho(z) # 0. In
fact, for some Zopen neighborhood U of x in k"; f1,..., fr(v) generate the
ideal I5,(V NU) of T"(U).

Proof: By Lemma 1.2 and Proposition 2.1 we may as well assume that
V is an algebraic set. When k& = C this is Corollary 1.20 of [M]. The
case k = R follows from k = C as follows. We know that x € VO c V{2
and r = (V) = r (V). By the case k = C there are h; € Clzy,...,2,],
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iZO,l,...,’I" with ho(.’L’) #Oand ho'g(c = thfz(c Let hi = ui+\/jlvi
for u;, v; € R[z1,...,2,]. After multiplying by +/—1 if necessary, we may
assume ug () # 0. Then ug - g = > u; - fi.

To see that f1,..., fr(v) generate the ideal J;;(VNU), let g1, ..., gm be

generators of J(V') and pick polynomials hj; so higg; = Z;(:‘? hij - f; and
hio (z) # 0. Let h = [/~ hio. Let U = k™ — h='(0). Let U’ = {(a,t) €
k™ x k| th(z) =1} and let w: U’ — U be projection, note it is a birational
isomorphism.

If k¥ = R, then Proposition 1.1 implies fi,..., f,(v) generate the ideal
I(VNU). If k = C, take any entire rational function ¢: U — C. Then o7
is a entire rational function on the complex algebraic set U’ and hence is a
polynomial by Proposition 1.11 of [M]. So ¢ = p/h® for some polynomial p
and some b. It then follows that fi,..., f,(v) generate the ideal J;,(V NU).

The following Lemma is only an intermediate result because Proposi-
tion 2.6 below is much stronger.

LEMMA 2.4. (intermediate results) Let V. C k™ be a k-Zopen set, then:

a) If x € V is nonsingular of dimension e, then r,(V) > n —e and
there is an irreducible component S of V' so that x € S and x is
nonsingular of dimension e in S.

b) If NonsingV # 0, then there is an irreducible component S of V
with NonsingS # () and dim S > dim V.

Proof: First we will prove a). Let U be a neighborhood of z, and f; € J(V),
i=1,2,...,n—esothat UNV = UNN_ f; ' (0) and Vf; () are linearly
independent. Let Si,...,S,, be the irreducible components of V' which
contain . We will see in Proposition 2.6 below that m = 1, but for now
we pretend otherwise. By the implicit function theorem we can shrink U so
that UNV is a connected analytic manifold. Suppose UNS; # UNV for all
i=1,...,m. Then for each i there is a g; € I(UNS;) with g; €T (U NV).
But g; is an analytic function on a connected analytic manifold UNV’; hence
if g; were zero on an open subset of U NV, it would be zero on U N V. So
each UNg; 1(0) is nowhere dense in UNV. Therefore each UN.S; is nowhere
dense in UNV. SoUNV £ J(UNS;) =UN(YS;) = UNV, contradiction.
Hence one of S;, which we call S, must satisfy U NS = U NV. Therefore
x € S is nonsingular of dimension e in S. To see that r, (V) > n — e, note
that { Vf(z) | f € J(V)} D the span of {V fi(z),...,V fn—e(z)} which has
dimension n — e.

To see b), let e = dim V and pick € V nonsingular of dimension e. By
a), we know z is nonsingular of dimension e in some irreducible component
S of V. Then dim S > e = dim V' by definition. (Actually Proposition 2.5
below shows that dim .S = dim V).
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ProOPOSITION 2.5. If U C k™ is an irreducible k-Zopen set and V =
Cl(U), then
a) NonsingU is nonempty.
b) dimV =dimU =n —r (U).
¢) NonsingU = U N NonsingV = U°.
d) SingU =UN SingV =U".
e) If W C U is an irreducible Zclosed subset with W # U, then
dimW < dimU.

Proof:  First we will prove a). Recall »(U) = r(V) by Proposition 2.1b.
Pick z € U°, then there are f; € J(U), j = 1,2,...,r(U) so that Vf; (z)
are linearly independent. By Proposition 2.3 there is a Zopen neighborhood
O of z in k™ so that I, (U N O) is generated by fi,..., fr). Hence ON
U=0n ﬂfj_l (0). So x is nonsingular of dimension n — r (U), hence
dimU > n —r (U), in particular Nonsing U # {).

We now prove b). Let 8 be the set of all irreducible algebraic sets, let
A={5€8|dimS >n—r(S)}. Suppose A is nonempty. Let S be a
minimal member of A. We have Nonsing S N S° = () since if 2 € S° then x
is nonsingular of dimension n — r (S) by above. So NonsingS C S~. But
Nonsing S is open in S so if € Nonsing .S we know that = is nonsingular
of dimension dim S in S~. So Nonsing S~ # () and dim S~ > dim S. By
Lemma 2.4 there is an irreducible component 7" of S~ (in particular T' S S)
such that dim 7T > dim S~. This along with Proposition 2.2 gives, dimT >
dim S~ > dimS > n —r(S) > n —r(T) which contradicts the minimality
of S. So for every irreducible algebraic set W, dimW = n —r (W). In
particular, V is irreducible by Lemma 1.2 so dimV =n—r(V) = n—r(U).
Now n—r(U) =dimV >dimU > n —r(U) so b) follows.

We showed above that U° C Nonsing U, but then ¢) and d) are conse-
quences of b) and Proposition 2.1a and Lemma 2.4a. Also e) follows from
b) and Proposition 2.2.

In case V is not irreducible the following Proposition describes the
relation between the nonsingular points of the irreducible components of V'
and the nonsingular points of V. This is proven by a different route in [P].

PROPOSITION 2.6. Let V be a k-Zopen set. Then NonsingV is not
empty. Also x € V is nonsingular of dimension e if and only if x is con-
tained in exactly one irreducible component S of V, x € NonsingS = S°
and dim S = e.

Proof: Let V. = SyUS; U---US,, be the irreducible decomposition of
V', so each S; is irreducible and no S; is contained in any other. Suppose
x € Nonsing Sp — [J;~, S; and dim Sy = e. Suppose V C k™. Then there
is an open neighborhood U of x in k™, and polynomials f; € J(So), j =
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1,...,n —esuch that UN Sy =} fj_1 (0)NU and Vf; (x) are linearly
independent. By shrinking U we can assume that U N Sy = U NV. Since
z ¢ J", S; there is a polynomial h € J(|J!~, S;) with h (z) # 0. We may
assume h (U) C k — {0}. Then
n—e
UNV=UnSy= ) (hf;)""(0)
j=1
and the vectors
V (hfj) (x) = h(x) Vf; (x)
are linearly independent and
n
hfj € 3(So)NI({JSi) =3(V).
i=1
Hence z is nonsingular of dimension e in V.

Conversely assume z is nonsingular of dimension e in V. By Lemma 2.4
there exists an irreducible component S of V with x € S and z is nonsin-
gular of dimension e in S. In particular dim S > e, and by Proposition 2.5
and Lemma 2.4a, dimS =n—7r(S) <n — (n—e) =e. Hence dim S =e.

Let S’ be any other irreducible component of V' with x € S’. Pick f; €
J(V)cCI(S),i=1,...,n— e such that Vf; (z) are linearly independent.
Then if g € I(.5), by Proposition 2.3 there are polynomials h;, i = 0,...,n—
e such that ho-g = Y.~ " hif; and ho (z) # 0. Then since I (V) C T (5”), we
know that hg - g € J(S’). We have S’ = (S nhy' (0)) U (S'Ng~'(0)) and
x € S'—S'Nhgy* (0). Then by irreducibility S’ = S’Ng~* (0), i.e., g € I ().
So we have shown J(S) C J(S'), so S’ € S. This is a contradiction since
by definition, no irreducible component is contained in any other.

COROLLARY 2.7. IfV is a Zopen set and V = SqoUS1 U---U Sk is its
decomposition into irreducible components then dimV = max{dim S;} and

NonsingV = U (NonsingSi — U Sj).
dim S;=dim V i#]
EXCERCISE 2.4. Show that dim (Sing V) < dim V.

We also get the following corollary since any irreducible component of
V' is either contained in W or V. — W.

COROLLARY 2.8. Let V' be an algebraic set and let W C V be an
algebraic subset so that W C NonsingV and dimV =dim W. Then V —W
is an algebraic set. Furthermore, Sing(V — W) = SingV unless W =
Nonsing V.

We also get the following corollary of Propositions 2.2 and 2.6.
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LEMMA 2.9. FEvery proper algebraic subset S of an irreducible algebraic
set V- must have dim S < dim V.

The decomposition into singular and nonsingular points is preserved
under birational isomorphism, although it is not obvious under our defini-
tion.

LEMMA 2.10. Let f:V — W be a birational isomorphism. If x € V is
nonsingular of dimension d in'V then f (x) is nonsingular of dimension d
in W. In particular, f (SingV) = SingW.

Proof: By Proposition 2.6 and Lemma 1.3b, we may as well assume V and
W are irreducible. Now the Lemma for k& = C follows from 1.9 and 1.13
of [M] along with Proposition 2.5. But by Proposition 2.1 the k = C case
implies the k = R case.

We now get a version of Proposition 2.3 for the reducible case.

ProrosiTION 2.11. Let V' C k™ be a Zopen set. Pick x € NonsingV
and let f; € I(V) fori =1,...,n —dimV be such that all Vf; (x) are
linearly independent. Then for any g € J(V') there are polynomials h; for
1=0,...,n—dimV such that:

a) ho(z) #0.

b) hog =>_hifi.
In fact, for some Zopen neighborhood U of x in k"; f1,..., fr(v) generate
the ideal I7,(V N U) of I (U).

Proof: Let S be the irreducible component of V' which contains x. By
Propositions 2.5 and 2.6 dimS = dimV = n —r(S) and z € S°. Hence
Proposition 2.3 implies our result.

The following Lemma gives a more convenient way of testing for non-
singularity of subsets.

LEMMA 2.12. Let U and V be Zopen sets with U C V. Suppose x € U
is nonsingular of dimension d in V. Then x is nonsingular of dimension
e in U if and only if there are a Zopen neighborhood O of x in V and an
entire rational function f: O — k%€ so that

a) ONU =0n f~1(0).
b) The map on tangent spaces df : TO, — Tk3=¢ has rank d — e.

Proof: Suppose V' C k™. Choose g; € J(V) and a neighborhood W of x
in k" sothat WNV = Wﬁﬂ?;ldgjl(O) and Vg; (z),i=1,...,n—d are
linearly independent. Note that T'O, is the set of vectors perpendicular to
all Vg;.

Suppose first that O and f satisfying a) and b) exist. Let f; be the
i-th coordinate of f. Then after perhaps shrinking O a bit we may write
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each f; as the quotient of two polynomials f; = p;/q; where ¢; is nowhere 0
on O. Pick a polynomial r € J(V — O) so that r(z) # 0. But then setting
Gn—dsi = 7piyi=1,...,d—e and shrinking W so that WNV c O—r~1(0),
we see that WNU =W NN g; ' (0) and Vg; (), i =1,...,n — e are
linearly independent. So x is nonsingular of dimension e in U.

Now suppose z is nonsingular of dimension e in U. We wish to find f
and O satisfying a) and b). We know that r,(U) = n — e so we may pick
gi €I(U),i=n—d+1,...,n—esothat Vg, (x),i=1,...,n—e are linearly
independent. By Proposition 2.11, there is a Zopen neighborhood O’ of x
in k" so that Jp,, (UNO) is generated by g;, i = 1,...,n—e. Let O = VNO’
and f = (g14n—ds---,gn_c). Noteif x € ONf~1(0) —U thereisa g € I(U)
so that g(x) # 0. But since g € J(U) we know g(x) = > hi(x)gi(x) = 0
and we have a contradiction.

Next we get an algebraic version of transversality.

DEFINITION 2.5. Recall that if f: M — N is a smooth map between
smooth manifolds and L C N is a smooth submanifold of IV then we say f is
transverse to L at a point € M if either f(z) & L or df (T M) +T Ly, =
TNy(y), ie., the normal bundle of L at f(x) is generated by images of
tangent vectors to M. We write f i L at x if f is transverse to L at x, and
say fhLif fhLatall ze M.

One consequence of transversality at z is that near =, f~1(L) is a
smooth submanifold of M with codimension equal to the codimension of
L. The following Lemma gives the algebraic version of this result.

LEMMA 2.13. Suppose f: V — W is an entire rational function between
Zopen sets and U C W is a Zclosed subset. Suppose x is nonsingular
of dimension a in 'V, f(zx) is nonsingular of dimension b in W, f(z) is
nonsingular of dimension ¢ in U and f h U at x. Then x is nonsingular
of dimension a — b+ c in f~H(U).

Proof: Let Z = f~}(U). By Lemma 2.12 we may choose a Zopen neigh-
borhood O of f(x) in W and an entire rational function g: O — kb~¢ so
that dg has rank b — c at f(x) and UNO = g~ }(0)NO. Let h = go f
and O’ = f~1(0). Then ZNO" = h=1(0) N O’ and dh has rank b — ¢ at
x by transversality. Hence by Lemma 2.12, = is nonsingular of dimension
a—b+cin fYU).

We also have transversality for maps.

DEFINITION 2.6. f f: M — N and g: L — N are two smooth maps
and (z,y) € M x L then we say f th g at (z,y) if either f(z) # g(y) or
f(x) =g(y) = z and df (TM,) +dg(TL,) = TN,. Wesay fhgif fhgat
all (z,y) € M x L.



2. SINGULARITIES 33

LEMMA 2.14. Suppose f: V. — W and g: U — W are entire rational
functions between Zopen sets. Suppose x is nonsingular of dimension a in
V., f(x) is nonsingular of dimension b in W, y is nonsingular of dimension

cinU, f(x) =g(y) and f g at (x,y). Let
Z={(v,u) eV xU]| f(v) =g(u) }

be the pullback of f and g. Then (x,y) is nonsingular of dimension a—b+c
mn Z.

Proof: The map (f,g): V xU — W x W is transverse to the diagonal
D = {(w,w) € WxW}at (z,y) and Z = (f,g) "1 (D). But D is nonsingular
of dimension b at (f(z), f(x)), W x W is nonsingular of dimension 2b at
(f(x), f(z)) and V x U is nonsingular of dimension a + ¢ at (z,y). So the
result follows from Lemma 2.13.

The complexification of a nonsingular real algebraic set need not be
nonsingular, and the complexification of a regular function need not be
regular. However the following shows that up to isomorphism they are.

LEMMA 2.15. Let p: W — V be an entire rational function from a
nonsingular real Zopen set. Then there is a nonsingular real algebraic set
W' and a birational isomorphismn: W — W' such that the complezification
W is nonsingular and p o n~!
function from W{ to V¢.

: W' — V eatends to an entire rational

Proof: Suppose W C R™ and V C RF. Let X = Clg(W) — W. By
Proposition 1.1 there are polynomials p: R™ — RF and ¢: R™ — R so
that ¢=1(0) N W is empty and p = p/q|lw. After multiplying p and ¢ by a
polynomial r with r=1(0) = X we may assume X C ¢~!(0). Let pc and qc
be the complexifications of p and ¢. Let Y = Clg(W). Pick a polynomial
h with real coefficients so that SingY € A=1(0) and Ah=(0) N W is empty.
For example, h could be the sum of squares of real and imaginary parts of
generators of J(SingY’). Let

W' = {(z,t) € Clg(W) x R | th(z)q(z) =1}
{(z,t) e WxR|t=1/h(z)g(x)} and
(z,1/(h(x)gc(2)))

=

—

=
Il

Then
Wi ={(z,t) €Y x C | th(z)qc(x) =1}
is nonsingular since it is isomorphic to
Y — (h~(0) Uggz'(0)) C Nonsing Y.

Also pn~=t(z,t) = th(z)p(z) which extends to the polynomial map th(z)pc ().
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Zopen sets have a canonical stratification induced by their singularities.
If X is a Zopen set we may define Xy = X, X; = Sing X and X; =
Sing X;_1. Since dim X1 < dim X;, this is a well defined finite process and
gives a stratification of X. Furthermore by enlarging the X;’s we can make
this stratification satisfy the Whitney conditions. These are some niceness
conditions which in particular imply that this is a conelike stratification
(c.f., [Wa]).

If f: V — W is an entire rational function between Zopen sets then
f (V) need not be a Zopen set. For example, the projection of a circle
in R? to the z axis is an interval. However f (V) is something called a
semialgebraic set if kK = R or a constructible set if k£ = C.

DEFINITIONS 2.7. A semialgebraic set is a finite union of finite inter-
sections of sets of the form {z € R" | p(x) >0} or {z e R" | p(x) =0}
where p is a polynomial. A constructible set is a finite union of finite inter-
sections of sets of the form {z € C" | p(x) #0}or {z € C" | p(x) =0}
where p is a polynomial.

By the Tarski-Seidenberg theorem, the image of a semialgebraic or
constructible set under an entire rational function is semialgebraic or con-
structible [BCR]. The only other properties we need are that semialgebraic
and constructible sets are triangulable and thus have a dimension and this
dimension equals the dimension of the Zariski closure [L2].

The following Lemma allows us to convert any algebraic stratification
of a real algebraic set into the canonical singular stratification. It is a
useful device to enlarge singularities of a real algebraic set to fit a given
requirement, provided we are willing to change it by a homeomorphism.

PROPOSITION 2.16. Let Y be any real Zopen set and let
YocYiC---CY,=Y

be Zclosed subsets of Y so that Y;—1 D SingY; and dimY;_; < dimY; for
alli=1,...,n. Then there is a real algebraic set Z and an entire rational
function h: Z —'Y so that h is a homeomorphism and

h™' (Yio1) = Sing (h™" (Y3))
fori=1,...,n.

Proof:  Pick the largest k so that there is a real algebraic set Z’ and
an entire rational function h': Z’ — Y so that A’ is a homeomorphism,
W (Yie1) = Sing(K ™' (V;)) fori = 1,...,kand B’ (Y;—1) D Sing(r' ™" (V}))
for i = 1,...,n. Note you can do this for £ = 0 by Lemmas 1.4 and 2.10.
So k> 0.

If k = n we are done so suppose k < n. We will obtain a contradiction
and thus prove the Lemma. Suppose Z’ C R™. Let W = b~ (V%) and
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let p: R™ — R be a polynomial so that W = p~* (0). Let d: R™ — [0, c0)
be the function d(z) = the distance from x to W. Pick a compact set
K C W which contains an open subset of Nonsing X for every irreducible
component X of W. By the Lojasiewicz inequality [L1] we know that
p(z)] > c- d(x)b for all z in some neighborhood U of K and some ¢ > 0
and some integer b > 0.

Let S = {(y,t) € R™ x R | t22+1 = p(y)* }. Projection to R™ induces
an entire rational function g: S — R™ which is homeomorphism. Let
7" =g Y (Z')=2 xRNS and let h”: Z” — Y be the entire rational
function A’ o g|. Since g|lw o is a birational isomorphism to W, we know
that /"' (Yi_y) = Sing(h”f1 (Y3)),i=1,...,k. Itis easy to check directly
from the definition that g=! (T') is nonsingular for any nonsingular Zopen
set T C R™ — W. Hence for ¢ > k we have

Sing(h" ™" (v1)) € g~* (Sing(h' ™" (Y)) UW) C g~ 'W " (Vion)

So to obtain a contradiction we only need show that Wx0 = h” ' (V) =
Sing(h”*1 (Yi+1)). The idea of why this is so is that S bends in a sharp
cusp normal to W. A precise proof is as follows.

Let V =h""" (Yis1). We know W x 0 D SingV so if W x 0 # Sing V
there is an irreducible component X of W x 0 so that XNSing V' # X. Then
dim (Sing X U (X N'Sing V')) < dim X so since X C V we may pick some x
in Nonsing X N NonsingV N K. Since dim X < dim V and Nonsing X N
Nonsing V' is a submanifold of Nonsing V', we can find an analytic arc
a: [—€, €] = Nonsing V so that « (0) = z and o’ (0) is nonzero and perpen-
dicular to the tangent space of Nonsing X at x. Let a (t) = (aq (t), a2 (1))
where o (t) € R™ and s (t) € R. Now as(t) > 0 since

as () = (pan(t))® > 0.
So a4(0) = 0, hence ) (0) # 0. But

d (o () = |ay (0) - [t]/2
for small ¢ so

|042 (t) | — ‘p o (t) ‘2/(2[)-&-1) > 02/(2b+1)d (al (t))2b/(2b+1) > Cl|t|

for some constant ¢’ > 0 and small ¢. This contradicts the analyticity of
a (t) since as (t) = at® for small ¢t where e = ord (a2) > 2.

3. Projective algebraic sets

DEFINITION 3.1. The multiplicative group k—0 acts on k"**—(0,...,0)
by multiplication. Define

kP" = k"t —(0,...,0)/k — {0}
k"t —(0,...,0) Jx ~ Az for A€k —{0}.
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We denote a point in kP™ by an (n + 1)-tuple [z, ..., z,]. Of course these
coordinates are not unique since we are free to multiply all coordinates by
any nonzero .

For example for £ = R we have RP™ which can also be identified by
S™ [z ~ —x, the quotient of the sphere by the antipodal map. We can think

of kP" as the space of lines in k"*! where [z, ..., 2,] corresponds to the
line { (tzo,...,tz,) € k"1 [t ek}
There are coordinate charts 6;: k™ — kP™ for i = 0,...,n given by
91‘ (1'1, . ,xn) = [251, ey Ty, 1,$i+1, . ,.Tn].

These charts cover kP™ and give it the structure of a smooth or complex
manifold.

DEFINITIONS 3.2. Any homogeneous polynomial f € k[xo,...,z,] de-
scribes a subset of kP™ as follows

V() = {[e0,...@0] € KB | f (20, 2) = 0},

Since f (A (2o, ...,7n)) = Af (z0,...,x,) for some d, the above expression
f(xo,...,zn) =0 makes sense. Hence V (f) is well defined. In general if J
is a set of homogeneous polynomials in k[zo,...,z,] we have a subset

V(J)={l[zo,...,zn) € KP"| f(z0,...,2,) =0 forall feJ}

Such a V (J) is called a projective algebraic set. In a similar manner to the
affine case we define projective Zopen sets, Zclosed subsets, Zopen subsets
and Zopen neighborhoods. If we need to distinguish projective Zopen sets
from our previous notion of Zopen sets in k", we will call the Zopen sets of
k™ affine.

DEFINITION 3.3. If S C kP" and T C kP™ wesay f: S — T is an entire
rational function if for each z € S there are homogeneous polynomials p;,
1=0,...,m all with the same degree and a Zopen neighborhood U of = in
kP™ so that U NV(p;) = 0 for some j and f(y) = [po(y), . ., pm(y)] for all
y € UNS. Note this is well defined since the p;’s all have the same degree.

Note the chart §; pulls back projective algebraic sets to algebraic sets.
IfV(fi,...,fm) C kP" is a projective algebraic set and

filzr, ... zn) = fizr, ... xj-1, 1,25, .., 20)
then
07! (i?(fl,...,fm)) :v(fl,...,fm).
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DEFINITIONS 3.4. We can also associate to any algebraic set V' a pro-
jective algebraic set P (V) as follows. If f € k[xy,...,x,] we can write
f= Z?:o fi where each f; is homogeneous of degree i. Let

d
F@oar,. o oan) = S ad 7 fi (2, )
=0

Then f is homogeneous of degree d. It is called the homogenization of f.
In particular when z¢ # 0, f(a:o, oy y) = 2l f (21/20, 2/ 70, - - ., Tp [/ T0)-
If S C k™ and J is the homogenization of the polynomials in J(.S), then J
defines a projective algebraic set P (S). In particular S = 6;* (P (S)). If an
algebraic set S C k™ has the property 6g (S) = P (S) we call S projectively
closed.

DEFINITION 3.5. A polynomial f € R[zy,...,z,] is called overt if its
homogenization f (zg,...,z,) has no zeroes with o = 0 except for = 0.
Equivalently, fq (z) = 0 implies = = 0.

EXCERCISE 3.1. For k = R, the algebraic set V (x2 +9% - 1) is projec-
tively closed but V (m2 +yt - 1) is not.

EXCERCISE 3.2. The only projectively closed complex algebraic sets
have dimension 0.

EXCERCISE 3.3. The following are equivalent for a real algebraic set S
a) S is projectively closed.

b) J(S) contains an overt polynomial.

¢) S =p1(0) for some overt polynomial.

EXCERCISE 3.4. A function f: S — T is an entire rational function
between affine subsets if and only if Gifejfl: 0;(S) — 6,(T) is an entire
rational function between projective subsets for some or any j and 3.

We can define singular and nonsingular points of projective Zopen sets.
A point z in a projective Zopen set V is nonsingular of dimension d in V' if
and only if 0]71(33) is nonsingular of dimension d in 9;1(‘/) for some (and
hence all) j with z in the image of 6;.

Projective algebraic sets behave like algebraic sets and there is a natural
1 — 1 correspondence

Projective algebraic Nonempty algebraic sets S’ in k!
sets S in kP™ such that AS" C S’ for all A € k

To see this correspondence let S be a projective algebraic set given by the
homogeneous polynomials J then V(J) C k"*! gives an algebraic set S’
invariant under multiplication by elements of k. Conversely let S’ C k!
be an algebraic set with AS” C S” for all A € k. Let 3(S") = (f1,..., fm)
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and f; = Z;‘ii:o fi; where each f;; is homogeneous of degree j. Then for
ze S, 0=f(\)= Z‘;;O fij Azx) = Z?;O N f;; (z). Since this equation
holds for each i and A € k we must have each f;; () = 0. Therefore
J(S") = (fi1,---, fm.d,,) 1S generated by homogeneous polynomials and
defines a projective algebraic set S in kP™.

Our main objects of interest will still be affine Zopen sets, since they
are easier to deal with and by Proposition 4.1 below any real projective
Zopen set is birationally isomorphic to an affine Zopen set. But projective
Zopen sets are often useful objects. Since KP™ is compact, they give a way
of compactifying algebraic sets. By means of the embedding 6 above, we
can identify any affine Zopen set with a projective Zopen set.

One ingredient which seems to be missing is cartesian product. One
could of course talk about algebraic subsets of cartesian products of pro-
jective spaces, but there is no need to do so. There is a canonical em-
bedding called the Segre embedding o: kP"? x kP™ — kP Tn+m defined
by o([zo,- .-, Znls [Yos- - YUm] = [ToYo, - - -, Tnym]- Its image is a projective
algebraic set and o is a birational isomorphism with respect to the sensible
algebraic structure on kP x kP™ (c.f. Proposition 2.12 of [M]). Hence from
now on we allow ourselves to take cartesian products of projective Zopen
sets; without saying so explicitly we always identify them with a projective
Zopen set via the Segre embedding.

As an application of projective algebraic sets we present the following.

ProOPOSITION 3.1. Let f: V. — W be an entire rational function be-
tween affine or projective Zopen sets. Then there is a Zclosed subset X of
W with dim X < dimW so that f|: V — f~1(X) = W — X is a locally
trivial fibration.

Proof: The affine case follows from the projective case via the chart 6
above. So we only need prove the projective case. By replacing W by
Nonsing W and V by f~!(Nonsing W), we may as well assume W is non-
singular. Suppose V C kP". By replacing V' by the graph of f we can
assume that V' C W x kP™ and f is induced by the projection. Let V' be
the Zariski closure of V in W x kP™ and let V” = V' —V. Take an algebraic
Whitney stratification of V'’ compatible with V”. In particular we have k
algebraic subsets {V;} such that SingV; C V;_; C V; and V; — V;_; are the
strata, c.f., [Wa]. Furthermore, any connected component of a stratum is
contained in either V" or V. If dim W = m let

Yi={ yeV,-Vi_1|dm, has rank <m }

where 7: V' — W is the induced projection. Now | (Y;) is a constructible
or semialgebraic set and it has measure zero by Sard’s Theorem, hence
it and its Zariski closure have smaller dimension than W. So if we let
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X =Clp (U (Y7)), then dim X < dim W. By Thom’s first isotopy lemma
(c.f., [GWPL] p.58), 7: (V' =V")N (W — X) x kP" — W — X is a locally
trivial fibration.

Since irreducible complex Zopen sets are connected, we see that if W
above is irreducible, then all the sets f~!(z) for x € W — X are homeomor-
phic. In the real case we do not get such a strong result, but Proposition
3.1 does imply that there is a natural way to associate a notion of degree
to entire rational functions between real Zopen sets as follows.

PROPOSITION 3.2. Let V and W be real affine or projective Zopen sets
with W irreducible. Let f: V. — W be an entire rational function. Then
there is a 6 (f) € Z/27 and a Zclosed subset X of W with dim X < dim W,
such that for each z € W — X the Euler characteristic of f='(z) satisfies
X (f71(2)) =6 (f) mod 2. We call § (f) the degree of f.

Proof: Just as in 2.3.1, the projective case implies the affine case so we will
just do the projective case. We will use various unspecified generalizations
of affine notions to projective notions. If the reader feels uncomfortable
with this, just think of this as a proof in the affine case and use Proposition
4.1 below to get the projective case (which we never use anyway). Let
Ve and W and f: Vo — We be complexifications of V', W and f. By
Proposition 3.1, there is a Zclosed subset Y C W¢ so that

dimc(Y) < dim(c(Wc) = dim]R(W)

and
fel: Ve = fo'(Y) = We =Y
is a locally trivial fibration. Let X =Y N W = the real points of Y. Note
Xc CY so
dim X = dim¢(X¢) < dime(Y) < dim W.
Also for any # € W we know that f~!(z) is the fixed point set of the
complex conjugation involution on f¢ 1(5(}) Hence

X(f (@) = x(fg ! (x)) mod 2.
But We — Y is connected so all the sets fz'(x) for € W — X are home-
omorphic. So if we set §(f) = x(f~(x)) for some x € W — X we obtain
our result.
If we let W be Clgf (V) then § (f) = 1 so we must have Clgf (V) —
f (V) c X. Consequently:

COROLLARY 3.3. Suppose V' is an irreducible real Zopen set and sup-
pose f:V — R™ is an entire rational function such that x (f_l (x)) 18
odd for a dense set of points x € f(V). Then dim (Clrf (V) — f(V)) <

dim f (V).
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The above Corollary 3.3 was originally proven by Benedetti and Tognoli
in [BT] under the special assumption that f is an embedding. Proposition
3.2 is from [AKT].

4. Grassmannians

DEFINITIONS 4.1. Let Gy, (n,m) denote the Grassmannian of m-planes
in k™. Let My, (n) denote the set of (n x n)-matrices with coefficients in k.
When k£ = R there is a natural identification with projection matrices

Gr(n,m)={LeMr(n)|L*=L, L =L trace(L) =m}

given by m-plane — the matrix of orthogonal projection onto that plane.
When k = R we will denote Gg (n, m) by G (n, m). The above identification
makes G (n,m) a real algebraic set in R™ .

EXCERCISE 4.1. G (n,m) is nonsingular. Hint: Show it is homoge-
neous, that there is a birational automorphism taking any point to any
other point.

If we define:
En,m) = {(Ly) €G(nm)xR"|Ly=y}
E*(n,m) = {(L,y,t)€ E(n,m)xR|[y+t* =t}

then the natural projections
E(n,m) — G(n,m)
E*(n,m) — G(n,m)
are the universal R™-bundle and the corresponding n sphere bundle ob-

tained by compactifying each fiber of E (n,m).

EXCERCISE 4.2. Show that E (n,m) and E* (n,m) are nonsingular al-
gebraic sets.

There is a natural entire rational diffeomorphism
p: RP® = G (n+1,1)

given by plzg,...,x,) = (mixj/ Z?:o x%)
When k = R projective algebraic sets and algebraic sets coincide:

PRrROPOSITION 4.1. A set S C RP"™ is a projective algebraic set if and
only if u(S) C G(n+1,1) is an algebraic set in R

Proof: Let S ="V (f1,---, fm) C RP™ where each f; is a homogeneous poly-
nomial of degree d;. Then we claim that there are polynomials p;: R™ — R
such that p;u (z) = |o|72% f2 (z) for all z € RP". The existence of p; is
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best understood by examples. For example, when f; (zg, ¥1,72) = 23 — 2123

then
2707 () = [2]7° (2§ — 2252123 + 2iw3)
= piop(x)
where p; (L) = Ly — 2LooLo1 Loz + L11L3,.
Then 11 (S) =V (p1,---,pm) NG (n+1,1).

Conversely suppose S =V (p1,...,pm)NG (n + 1,1), and p; = Z;‘li:o Dij
with p;; homogeneous of degree j. Then the polynomials

fi(xo, ..., xpn) |x|2dip¢ou[z0,...,xn]
d;
= Z|$|2(di_])Pij (90(2),960201,~-796n—1$n,$721)
§=0

are homogeneous of degree 2d;. Hence V (f1, ..., fm) = p~* (S).

COROLLARY 4.2. A subset S C RP* is a projective Zopen set if and
only if 11 (S) C G (k+1,1) is a Zopen set in REFD,

Let V' C R™ be a Zopen set with m = dim V. Then we have the natural
maps classifying the tangent and normal bundles to Nonsing V'

a: NonsingV — G (n,m) where a () = the tangent plane to V at
B: NonsingV — G (n,n —m) where (x) = the normal plane to V at z

PROPOSITION 4.3. « and B are entire rational functions.

Proof: Let I denote the n x n identity matrix. Then a(z) = I — 3(z) so
it suffices to prove 8(x) is entire rational.

Pick any y € NonsingV'. Pick f1,..., fn—m € J(V) so that the gradients
V f; are linearly independent at y. Let A(x) be the nx (n—m) matrix whose
i-th column is V f;(z) and let A*(x) be its transpose. Then by standard
linear algebra we know that

Bla) = Alx) (4" () A(x)) " A'(2)
as long as A(z) has rank n — m. But by Cramer’s rule,
(A'(2)A(x)) " = P(2)/q(x)
for some polynomial matrix P(z) where q(z) = det (A*(z)A(z)). But A(z)
has rank n — m if and only if ¢(x) # 0 so
B(z) = A(x)P(2)A'(x)/q(x)

for all z € V — ¢~1(0). Note that ¢(y) # 0, so 8(z) is an entire rational
function.
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COROLLARY 4.4. Let L C V C R" be nonsingular Zopen sets. Then
there is an entire rational function v: L — G (n,k) where k = dimV —
dim L, such that v () is the subspace of the tangent plane to V at x which
is perpendicular to the tangent space of L at x. In other words, v classifies
the normal bundle of L in V.

Proof: Let r and s be the codimensions of L and V respectively in R".
Let Br: L — G (n,r) and By : V — G (n, s) be the entire rational functions
of Proposition 4.3 classifying the normal bundles of L and V' in R™. Note

BrBv = By so By PBr = Py since By and [ are symmetric. Then v: L —
G (n, k) is given by v = 81, — By, since

(Br — Bv)? = BL — BrBv — BvBL + By = Br — Bv — Bv + By = Bv — Bi

and the image of 57, — By is the required subspace. See Figure 1.

FIGURE 1. Projecting to the normal bundle of L in V'

5. Blowing Up

DEFINITIONS 5.1. Let M be a real or complex manifold and let N be
a proper submanifold of M. We will construct a new manifold B (M, N)
called the blowup of M along N. We will also construct a proper map
w(M,N): B(M,N) - M. We call N the center of the blowup and call
m(M, N) the blowup map or blowup projection.

Let p: E — N be the projective normal bundle of N in M, i.e., E is
the space of lines in the normal bundle of N. So if N has codimension n, p
will be a smooth fibre bundle with fibre kP!, real or complex projective
space. As a point set B (M, N) is M — N union E. We then put a natural
manifold structure on this space. The map w(M,N) is the identity on
M — N and is the bundle projection to N on FE.
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Let us start with an example. Suppose M = k™ and N = k™™™ =
{zek™|zy=29="--=x,=0}. Let n: L — kP"~! be the canonical
line bundle over kP"~!, so

L={(z,\) € k" x kP"! | zis a point in the line A }.

and n(xz,\) = A. Note that there is a canonical isomorphism v: L —
kPn=! — k™ — 0 where v(z,\) = z. Then B(k™ k™ ") = L x k™"
and w(k™,k™~") is the map sending ((z, A),y) to (x,y). We are identify-
ing 0 x kP?~! x k™™ with the projective normal bundle of k™™ in the
obvious way.

The smooth structure on B(M, N) for general M and N is obtained
locally from the above construction. In particular, suppose : U — M is an
embedding onto an open subset V' C M where U is an open subset of £ and
0~1(N) =UnNk™ ™. Let 7 denote w(k™, k™~ ") and let U’ C B(k™, k™ ")
be 7=1(U). We have a bijection of sets (: U’ — w(M, N)~*(V) given by
((z) =0n(z) € M —N for z € U —m~} (k™) and ((z) = the line through
df(v) if z € 7=1(k™~") is the line through a normal vector v. We now
put the smooth structure on B(M, N) so that all such maps ¢ are open
embeddings.

EXCERCISE 5.1. This construction is well defined, i.e., different embed-
dings 6 give rise to the same smooth structure where they overlap.

There is a global description of the smooth structure on B(M, N) in
the real case, or in the complex case if N has a tubular neighborhood. Let
@ T — N be the normal bundle of N and let n: L — E be the canonical
line bundle over its projectivization F, so

L={(xz,\) €T x E|xis apoint in the line A }.

Identify F and N with their O-sections in L and 7T'. Then there is a canonical
isomorphism v: L—FE — T'— N induced by projection to the first factor. Let
: T — M be a tubular neighborhood of N. Then B (M, N) is the manifold
obtained by gluing L and M — N together via the embedding ¢¥v|: L —FE —
M — N. We have a natural smooth projection 7 (M,N): B (M,N) —
M which is the identity on M — N and is p on E. In the complex case
one may not be able to do the above construction exactly, since a tubular
neighborhood may not exist.

This is all less complicated than it sounds. For example, let us find
B (R3, 0). Then E is just RP? and we can identify L with RP? — [1,0,0,0].
The maps n and v are given by nw,z,y, 2] = [z,y, 2] and v|w,z,y,z] =
(z,y,2)w/ (x2 + 92 —1—22). In this case, ¥ can be onto, so we just get
B (R3,0) =Land 7 (R3,0) =Y.

Another description of 5 (R3,0) is obtained by describing its charts.
The manifold E = RP? has three charts [1,v, 2], [z, 1, 2] and [z, y, 1] and of
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course the bundle L is trivial over each chart. This gives us three charts
for L = B (R?,0) and the map 7 (R3,0) is given by (z,zy,z2), (zy,y,yz)
and (zz,yz, z) respectively on the three charts. We will find this concrete
description of the blowup useful so we will state it generally.

Let £k = R or C and let &;,: k™ — k™ denote the map whose j-th
coordinate is:

fin (1‘1,.’11‘2, <o 7xm)j = {

Then the following describes exactly the local topology of a blowup:

T if i£j<n
zj if j=4 or j>n

LEMMA 5.1. Let N be a proper submanifold of the real or complex
manifold M. Let §: U — M be an embedding onto an open set V in
M where U C k™ is open and =Y (N) = {(z1,72,...,0p,) € U | 2; =
0 forall i <n}. Then m(M,N) " (V) is covered by n charts ;: U; —
B (M, N) where U; = &1 (U) and

0 o (M,N)ow; =Emnlu,.
Proof:  From the local definition of the smooth structure on B(M, N), it
suffices to do this for the case M = k™, N = k™", U = M and 6 = the
identity. Define 7;: k™ — k™ — 0 by
Ti(x) = (@1, ., Tim1, L T, -5 )
and let ¢: k"™ — 0 — kP"~! be the map v¥(x) = [x1,...,2,]. Define
301(1.) = ((xﬂ—%(:r)a 7/}7—@(1.))’ (anrla ce 7xm)) €LxE™" = %(kma km_n)'
Then <p;1: Vi — k™ is defined by

go{l((x, Y1y s Unl)s Tntts ey Ton) = (Y1/Yis oo s Yis ooy Yn/Yir Ty« - Ton)
where V; = Image ¢; = { ((z,y),2) € Lx k™™™ [y; #0}.

EXCERCISE 5.2. If N C M has codimension one, then 8B (M, N) = M
and 7 (M, N) = identity.

EXCERCISE 5.3. If N is a point in M and M is real then B (M, N) =
M#RP™, a connected sum of M with RP™.

EXCERCISE 5.4. If N C M has trivial normal bundle then
B(M,N) = (M —-U(N))|JN x RPf’
o
where U (N) = N x Int (B™) is a tubular neighborhood of N in M and
RPZ is RP™ — Int (B™).

We want to define a notion of blowing up in the algebraic category
in such a way that it coincides with our previous notion in the case of
nonsingular algebraic sets.
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DEFINITIONS 5.2. Let S C k™ be a Zopen set and let J C I'" (S) be an
ideal. For example, if T' C S is a Zclosed subset we can take J = Jg (T'). We
define the blowup 7 (S,J) : B (S,J) — S as follows. Let (fi,..., fm) be
generators of J. Then B (S, J) is the smallest Zclosed subset of S x kP™~1
which contains

A:{(x,[f1($),...,fm($)])‘IES—V(J)}.

We define 7 (S, J) to be the restriction of the projection map S x kP! —
S.

In the case k = R we can alternately define 95 (.5, J) to be ClxgC NS x
G(m, 1) where

C={(pu(fr@). . fm@))[2zeS-=V(])}

and where p: RP™~1 — G (m, 1) is the isomorphism introduced in section
4. These two definitions are equivalent by Corollary 4.2 since the map id x
carries A to C. The main point is that in the case ¥ = R we may assume
the blowup is an affine Zopen set.

The blowup 7 (S,J) : B (S,J) — S is independent of the generators
of J up to birational isomorphism of B (S,J) commuting with = (S, J).
To see this we need only consider the case of adding one generator since
any generating set may be obtained from any other by a sequence of such
additions and deletions. So let our generating set be (f1,..., fm) as above
and pick any f € J. Pick u; € T (S) so that f =Y u;f;. Now let

Ay = {(x7[f1(x)7"~7fm(x)])‘xES_V(J)}ﬂ
Ay = {(@[fi(@), o fm (@), f(2)]) [2€S5=V(J)} and
Az = {(z,[y1,- - Ymt1]) [z €S and ym+1=ZUi($)yi}-

Let B; and By be the Zariski closures of A; and As in S x kP™ ! and
S x kP™. Then As is a Zclosed subset of S x kP™ and Ay C Az, so By C As.
Define ¢: S x kP! — A3z and 0: A3 — S x kP! by ¢ (z,[y1...Ym]) =
(2, [y1 - Ym, Do ui (x)y;]) and @ = p~1. The maps ¢ and 6 are entire
rational functions and hence birational isomorphisms. Since ¢ (A;) = A
and ¢ and 6 take Zclosed subsets to Zclosed subsets (by the analogue of
Lemma 1.3a) we must have ¢ (B1) = By. Thus ¢ restricts to a birational
isomorphism of B; to Bs which commutes with projection to S. As an
exercise, the reader can fill in the details.
The following lemmas are easy exercises.

LEMMA 5.2. If M is a Zopen set and J C T"(M) is an ideal and T is
any irreducible component of the blowup B (M, J) then T ¢ m (M, J)"" (V (J)).
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LEMMA 5.3. If M is a Zopen set and J C T'"(M) is an ideal then the
map

T(M,J)|: B(M,J)—m(M,J)"  (V(J) = M-=V(J)

is a birational isomorphism.

EXCERCISE 5.5. Show that if U C V is a Zopen subset then there
is a unique birational isomorphism h: B(U,J) — «(V,J)"Y(U) so that
m(V,J)oh ==(U,J).

DEFINITIONS 5.3. We can do the same thing in the smooth category.
Note that on a smooth manifold M we have a ring C*° (M) of smooth real
valued functions on M. If K C M we have an ideal J33 (K) of smooth
functions vanishing on K. (We sometimes write J°°(K) instead of I35 (K)
when M is clear from context). Likewise if J is an ideal in C*° (M) we
have a set

V(J)={zeM|f(x)=0 forall feJ}.

If f: N — M is smooth and J is an ideal in C*° (M) we have a pullback
ideal f*(J) in C*° (N) defined just as in the algebraic case.

Note that f*(J) is finitely generated if J is. Not all ideals in C* (M)
are finitely generated though, for example (., Iz ([0,€]) in C* (R).

DEFINITION 5.4. If J is finitely generated and K C M we may define
a blowup

(K, J):B(K,J)—> K
just as in the algebraic case. Pick generators f;, ¢ = 0,...,k for J. We
let B (K,J) be the closure of {(x,[fo(z)...fr(x)]) € K x RP* | z €

K —V(J)} in K x RP* and let 7 (K,.J) be induced by projection to the
first factor.

EXCERCISE 5.6. Show that this blowup is independent of the generators
chosen.

EXCERCISE 5.7. Show that if L C M is a smooth proper submanifold
then J$7 (L) is finitely generated and 9B (M, I35 (L)) is a smooth submani-
fold of M x RP*.

We have a smooth analogue of Proposition 2.11.

LEMMA 5.4. Let L C M be a closed smooth submanifold of a smooth
manifold M. Pick p € L and pick f; € I35 (L), i = 1,...,n where n is
the codimension of L so that the gradients V f; (p) are linearly independent.
Then there is a neighborhood V' of p in M so that for any g € 353 (L) there
are smooth u;: V. — R so that g (x) =Y i u; (z) fi (x) for allz € V.
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Proof: By the inverse function theorem, we may pick a coordinate chart
0: U — M so that 07 (L) = {z € U | 2; = 0 forall i < n} and
fif () = x; for all x € U and i = 1,...,n where U is some ball in R™.
Then g0 () = 0 if x; = 0 for all i« < n. Hence

1 n
g9 (z) = / d/dt (g0 (tz1, ..., tTn, Tni1, ..., Tm))dt = Z:vigi (x)
0 i=1

where g; (z) = fol 090/0x; (twy,. .., tTn, Tns1,-..,Tm)dt. Now just let
V= Q(U) and u; = glﬂfl.

It would be very confusing if all these different types of blowups we
have defined were different. Fortunately, for smooth blowups this is not
the case, as the following Lemma shows. As a consequence of Lemma
5.5 below, if M and L are nonsingular algebraic sets we can always set
B(M,L) =B (M,I(L)). We will always do so, thus B (M, L) will always
be given an algebraic structure. This saves us from having to distinguish
notationally between topological and algebraic blowups.

LEMMA 5.5. If M is a smooth manifold and L C M is a smooth proper
submanifold then there is a unique diffeomorphism

w:B(M,L) — B (M,I% (L))
so that
m(M,L) =m(M,1%; (L)) o p.

If M is a nonsingular Zopen set and L is a nonsingular Zclosed subset
of M then B (M,J" (L)) is a nonsingular Zopen set and there is a unique
diffeomorphism

n: B (M,L) = B (M,T,, (L))
so that
m(M,L)=x(M,JTy, (L)) on.

Proof: We will just sketch the proof and leave the details as an exercise
for the reader. First we need to show that B (M, T, (L)) is nonsingular in
the algebraic case. This follows from Proposition 2.11.

Now we prove existence and uniqueness of 1 and p simultaneously. For
convenience we call them both p. Let J be I3, (L) or I35 (L) as the case
may be. Note that u restricted to « (M, L)™' (M — L) must be 7 (M, J) o
7 (M, L)|. But then the fact that = (M, L) (M — L) is dense in B (M, L)
gives uniqueness of p, once we have shown existence. Furthermore, we need
only prove that pu is a local diffeomorphism since p embeds the dense subset
7 (M,L)"" (M — L) onto a dense subset.

So pick p € L. If f;, i = 1,...,b are the generators of J used to
define B (M, J), we may after reordering assume that Vf; (p),i=1,...,n
are linearly independent where n is the codimension of L in M. Then
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by Proposition 2.11 or Lemma 5.4 we know that there is a neighborhood
V of pin M and smooth (or entire rational) functions u;;: V — k so that
fi (@) =uj1 (z) fr @)+ -+ujpn (z) fr (x) forallz € Vand j =n+1,...,0b.
We may also suppose VN L =V N, f; ' (0). By the inverse function
theorem we may pick a coordinate chart : U — M so that f;0 (z) = x;
for all i = 1,...,n, U is open in k™ and p € §(U) C V. We have a
diffeomorphism

0': B (U, (x1,...,20)) = 7 (M, J)"" (6(V))
given by

0 (2, [y1, - yn]) = (0(@), [y1s - Yns Y- U))
where y; = 37" uj; (0 (2)) - yi. On the other hand, Lemma 5.1 gives a
diffeomorphism
0": B (U, (z1,...,20)) = 7 (M, L) (0(U))
given by 0" (z,[y1,...,yn]) =

©i (y1/y¢, s 7yi—1/yiaxiayi+1/yi7 .- ~,yn/yi7xn+1, .- -,T/m)

where 7 is chosen so that y; # 0. Then pu is locally 6 o 0"~ which is a
diffeomorphism. Hence p is globally a diffeomorphism.

DEFINITION 5.5. Anideal J of functions is locally principal if each point
has a neighborhood so that if we restrict the ideal to the neighborhood, we
get a principal ideal (i.e., an ideal with one nonzero generator).

For example if L is nonsingular and codimension one then J (L) is lo-
cally principal. In fact, if L is any codimension one Zclosed subset of a
nonsingular Zopen set V' then Jj, (L) is locally principal, c.f., Corollary 1.30
of [M].

LEMMA 5.6. The map w (M, J): B (M,J) — M is a diffeomorphism
(or a birational isomorphism in the algebraic case) if and only if J is locally

principal.

Proof: We leave this as an exercise. Note that disallowing (0) as a principal
ideal is essential.

LEMMA 5.7. Suppose M and N are smooth manifolds or nonsingular
Zopen sets and J is a finitely generated ideal in C*° (M) or I'" (M) and
f: N — M is smooth or an entire rational function. Then there is a
unique smooth map p: B (N, f*(J)) — B (M, J) so that

T(M,J)opu=for(N,f"(J)).

The map p is an entire rational function in the algebraic case.



5. BLOWING UP 49

Proof: ~ This is an easy exercise. Just write down the definition of the
blowup using the obvious generators for the pullback ideal.

We will often want to lift a map to the blowup. The following Lemma
tells when we can do so.

LEMMA 5.8. Suppose M and N are smooth manifolds or nonsingular
Zopen sets and f: N — M is a smooth map (or entire rational function in
the algebraic case) and J is a finitely generated ideal in C° (M) or I (M).
Suppose also that f~1 (V (J)) is nowhere dense in N. Then the ideal f* (J)
is locally principal if and only if there is a smooth map (or entire rational
function) g: N — B (M, J) so that # (M,J)og = f.

Proof: ~ If f*(J) is locally principal, then Lemmas 5.6 and 5.7 imply
the existence of g. On the other hand, it is an easy exercise to see that
7 (M, J)" (J) islocally principal. Hence if g exists, f* (J) = g* (7 (M, J)" (J))
is locally principal also.

EXCERCISE 5.8. Where was nowhere density used in the above proof?

DEFINITION 5.6. We say a smooth map f: N — M hits a submanifold
L C M cleanly if f=* (L) is a submanifold and df injects the normal bundle
of f~1 (L) at each point into the normal bundle of L.

For example, if f is transverse to L or if f(N) C L then f hits L
cleanly.

LEMMA 5.9. Suppose M and N are smooth manifolds or nonsingular
Zopen sets, L is a smooth submanifold or nonsingular Zclosed subset of
M and the smooth map (or entire rational function) f: N — M hits L
cleanly. Then there is a unique smooth map w: B (N7 ft (L)) — B (M, L)
compatible with projections. The map u is an entire rational function in
the algebraic case.

B (N, f~1 (L)) - B (M, L)
(N fFHD)) 4 (ML)
N SN M

Proof: Notice that f* (95 (L)) = % (f~' (L)) by Lemma 5.4 and a par-
tition of unity argument. So Lemma 5.7 implies this result in the smooth
case.

In the algebraic case, we know by Proposition 2.11 that for each z € N
there is a Zariski open neighborhood U of x in N such that (f|)* (73, (L)) =
(J[r] (f_l(L) N U)) By Lemma 5.7 this means p is locally rational, hence
entire rational.

DEFINITION 5.7. Suppose that = (M, J) : B (M,J) — M is a blowup
map and suppose that N C M is a submanifold. Then the strict transform
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of N is the closure in B (M, J) of the subset 7 (M, J)”" (N — V (J)) (or the
Zariski closure in the algebraic case). We will also refer to a strict transform
as a strict pretmage.

It is immediate from the definition that the strict transform of N is
B (N, J|n). The point is that there is a natural embedding of the blowup
of a subset into the blowup of the whole. We will often use this in the
case where N is smooth, J = I3 (L) or J%, (L) and N hits L cleanly.
Then J|xy =IF (NN L) or I (NN L) so the strict transform of N is just
B(N,NNL).

LEMMA 5.10. Let Y be a smooth manifold or nonsingular Zopen set
and let W be a smooth proper submanifold or nonsingular Zclosed subset of
Y and let L be a smooth proper submanifold or nonsingular Zclosed subset
of W. Let X =B(W, L) and Z = B(Y,L). Then there is a unique smooth
map or entire rational function h: B(Z,X) — B(Y, W) compatible with
the blowup projections, i.e., the following commutes:

B(B(Y,L),B(W,L)) > B (Y, W)
L =z,x) L =y,w)
B(Y, L) mh0) Y

Proof: If h exists, it must be unique since it equals 7(Y, W) topon(Z, X)
on the dense subset 7(Z, X)~1p=1(Y — W). To prove existence, it suffices
by Lemma 5.8 to prove that m(Z, X)*p* (5, (W)) is locally principal. We
leave this as an exercise.

EXCERCISE 5.9. Show that 2.5.10 remains true if we assume L h W
instead of L C W. The natural conjecture at this point is that it is true if
L intersects W cleanly, but show that this is not true.

The alert reader will have noticed that whereas the blowup of an affine
real Zopen set is affine, the blowup of an affine complex Zopen set is usually
not affine. This leads to a problem, since we will usually want to do several
blowups in succession. What we could do is define blowups of projective
Zopen sets. The reader interested in doing so could try to do this as a
rather long exercise or look at how it is done in some standard algebraic
geometry text. (One idea is to glue together the blowups of a covering
by Zopen sets.) However, for the purposes of this book the reader has
the option of not worrying about this. We will define something we call
a semiblowup which has the advantage of being affine. It deletes certain
parts of the blowup, but for the cases we will be interested in the deleted
parts will be far away from the real points so we don’t need them. We
should emphasize that this is only an option, the proofs in this book can
use either these semiblowups or the traditional blowups.
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The idea of semiblowups is that we pretend we are in the real case and
try to make the blowup affine as we do in the real case. We will almost suc-
ceed, except that some points will be missing. To be precise we let G (m, 1)
be the complexification of G (m,1). We have a birational isomorphism
pc: CP™1 — Z — G (m,1); where Z is some projective algebraic subset
with no real points. In particular, puc ([21 ... z5]) is the complex m X m ma-
trix with (4,)-th coordinate z;z;/ Y 27 and Z = {[21...2,) | D22 =0}
If J={(f1,..., fm) then the semiblowup B~ (M, J) is the Zariski closure of

{Gue((f1(2) fm (D) [ 2€ M=V (J) and Y fi(2)* #0}.
Of course this depends on the generators chosen. Anyway, this semiblowup
is birationally isomorphic to a Zopen subset of the blowup. However it
is immediate that B~ (Mc,Jc) = B (M, J) for real M and J. Since
all the complex algebraic sets we look at will be complexifications of real
algebraic sets these semiblowups will be good enough, in fact the above
complexification property makes them preferable.

Hironaka’s celebrated resolution theorem in [H] (also see [BM]) says
that by a sequence of blowups an algebraic set can be made nonsingular ,
in particular:

THEOREM 5.11. ([H]) Let X be a Zopen set (real or complex), then
there is a smooth Zopen set X and an entire rational function m: X - X,
such that 7 is a composition of blowing up projections along smooth centers
of dimension less than dim X, i.e., X is obtained from X by a sequence of
blowing up operations.

The following Lemma would be vacuous for k& = C since Clg(X) =
Cl(X).

LEMMA 5.12. Let X be a real Zopen set and let X' = Clg(X). Then

X' — CIX) C SingX'.
If J is an ideal in T (X') and V(J) C X' — CI(X) then
Sing(B(X', J)) = m(X', J)" (Sing X').

Proof: Suppose z € Nonsing X’ — CI(X). Let T be the irreducible compo-
nent of X’ which contains z. By Corollary 2.7 we know that = € Nonsing T'.
Now X’ — X is a real algebraic set so T — X is a Zclosed subset of T'. Hence
dim(7T — X) < dim7T by Lemma 2.9. But since z ¢ Cl(X) we know that
T — X contains an open subset of Nonsing T" and thus dim(7 — X) = dim T,
a contradiction. So Nonsing X’ — CI(X) = 0, i.e., X’ — CI(X) C Sing X".

Let Z =9B(X',J) and 7 = w(X’, J). The second part now follows from
the first part since if Y = 771(X) then Clg(Y) = Z and thus

7 tWV(J)) € Z -7 HCI(X)) C Z - CI(Y) C SingZ
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but 7 restricts to a birational isomorphism over X’ — V(J) so by Lemma
2.10, Sing Z — 7~ Y(V(J)) = 7~ 1(Sing X’ — V(J)).

Recall that V' C R™ is projectively closed if 8 (V') is an algebraic subset
of RP™ where 0 () = [1,21,...,x,]. As opposed to other properties of al-
gebraic sets we have discussed, being projectively closed is not an algebraic
invariant. In fact the following Theorem implies that any compact real
algebraic set is birationally isomorphic to a projectively closed algebraic
set.

THEOREM 5.13. Let W be real Zopen set and let V' be a compact Zclosed
subset of W. Then there is a Zopen set Y and a birational isomorphism
©: W =Y so that ¢ (V) is a projectively closed real algebraic set.

Proof: By induction on dimension we may as well assume that Sing V' is
a projectively closed real algebraic set. Suppose W C R". Let u: RP™ —
G (n+1,1) be the isomorphism of section 4. Let 6: R™ — RP" be the
embedding 0 (z1,...,2,) = [1,21,...,2,]. Let W’ be the Zariski closure
of uf (W). Let P be the algebraic set W’ — uf(W). Let V' be the Zariski
closure of uf (V), let V" =V'NnP =V’ — puf(V) and let S = pf (Sing V).
Then S is an algebraic set by Proposition 4.1. Note that SingV’ = V" US
by Lemmas 5.12 and 2.10. Notice that W', V', V" and S are all projectively
closed since G (n 4 1,1) is contained in the unit sphere in R("+1D°.

By Theorem 5.11 we may blow up V' — S to make it nonsingular.
In particular, there are real Zclosed subsets L; C V; C Z;, 1 = 0,...,m
and entire rational functions p;: Z; — Z;_1 with Zo = G(n+1,1) — S,
Vo =V’ — S so that:

1) i (ZZ 1, ) V %( i— 1,LZ 1) andpi:W(Zi_l,Li_l).
2) L7 is a smooth chosed subset of V;.

3) pro---0p;(L;) CSingV'—S=V".

4) Sing V,,, = 0.

Let Xg = G(n+1,1) and Uy = V'. Since Ly C V" we know Clg(Lg) C
V", but then Lg is an algebraic set since it is a Zclosed subset of Vy = V/—S,
which means that Clg(Lg) — Lo C S. Thus Clg(Lg) — Lo C SNV" = 0.

Let X1 = B(Xo, Lo), m = 7(Xo, Lo) and let Uy C X7 be the strict
transform of Uy. We have a canonical inclusion Z; C X; so that p; is the
restriction of m and V; € Uy. Then L C wfl(V”) which is disjoint from
X1—-Z1= ﬂfl(S), So L is an algebraic set. Let Xo = B(X1, L) etc., and
we obtain real algebraic sets L, C U; C X;, ¢ =0,...,m and entire rational
functions m; : X; — X,;_1 so that:

a) XZ:%( i— 1, ) U %(Uifl,Lifl) andmzﬂ(Xi,l,Li,l).
b) mo---om (L Z) cv”.
¢) SingU,, =7,  o---om; (S).
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Note that if we take the usual model of the blowup, each X; is contained
in a product of G (n;,1)’s and hence is projectively closed. Thus U, is
projectively closed. Let 7: X,,, — X be the composition of the m;’s. Then
b) implies that «|: X,,, — 7~ (V") — Xo — V" is a birational isomorphism.

We will let Y = 7~ 1uf(W) and ¢ = 7~ uf|w. Then it suffices to show
that (V) = Up, i.e., 771 (V") N U,, is empty.

By repeated applications of Lemma 5.12 we know that SingV; = V; N
7y to- oyt (V). Setting i = m we then get () = Sing V,,, = V;,,nr~1(V")

3

som YV NUy =71 (V')N Uy, — Vi) =7 2(V") N7 1(S) = 0.

EXCERCISE 5.10. Why do we need to first make Sing V' projectively
closed to make the above proof work?

COROLLARY 5.14. Suppose X is a compact real Zopen set. Then X is
birationally isomorphic to a projectively closed algebraic set.

Proof: This is just a corollary of Theorem 5.13 with V =W = X.

6. Blowing Down

We call the opposite of an algebraic blowing up operation, an algebraic
blowing down. In the real algebraic category there are many other ways of
blowing down Zopen sets. For example we can crush down Zclosed subsets

by taking their algebraic quotient spaces as in the following proposition,
which generalizes [AK1] and [AK2].

ProposITION 6.1. ([AK15]) Suppose V and U are real Zopen sets
and W is a Zclosed subset of U. Suppose V' is compact and p: V. — U
is an entire rational function. Let X be the quotient space obtained from
the disjoint union of V. and W after identifying each v € p~1 (W) with
p(v) € W. Then there are a real Zopen set Y, entire rational functions
f:V—=>Yandg: W =Y and a homeomorphism h: Y — X so that

a) hf and hg are just the quotient maps V.C VU W — X and
WcCcVuw — X.

b) W' = g(W) is a Zclosed subset of Y.

c) g: W — W' is a birational isomorphism.

d) If dim W < dim(V — p=1(W)) then SingY C W' U f(SingV').

Proof: By Corollary 5.14 we may as well assume that V' is a projectively
closed algebraic set. Suppose V' C R™. After a translation, we may assume
that 0 € V. Pick polynomials ¢: R™ — R and r: U — R so that ¢ is overt,
V = ¢ 1(0) and W = r=1(0). By Proposition 1.1 we may write p = t/u
for polynomials ¢ and w so that u is nowhere 0 on V. Extend p to all of
R™ by setting p = tu/(u? + ¢*?*) where b is chosen so that the degree of
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FIGURE 2. Algebraic blowing down

u? + ¢ is greater than the degree of tu. Let the degree of ¢ be d. Define
s: R™ x U — R by

s(a,y) =)™ ((w=p@/r @) +a@/r@)).

Then after clearing denominators we see that s (z,y) is an entire rational
function.

Let Y = s71(0). Define f: V — R™ x U by f(v) = (v-rp(v),p(v))
and g: W = R™ x U by g (w) = (0,w) and let W = g(W) =0x W.
Assertion 6.1.1 Y = f(V)UW".

Proof: Notice that if y € W then r (y) = 0 and so s (z,y) = qq (z)> where
qq is the homogeneous part of ¢ (z) of degree d. Hence Y N (R™ x W) =
0 x W = W’ since overtness of ¢ guarantees that ¢4 () = 0 implies = 0.
Now suppose y ¢ U — W, then r(y) # 0. So if s(x,y) = 0 for some =z,
we have y = p(x/r (y)) and ¢ (z/r (y)) = 0 so z/r(y) € V. But then
(z,y) = f(z/r(y). SoY —R™ x W C f(V —p~t(W)). Conversely, if
v € V then

sf(w) = s(v-rp(v),p(v))
= " () ~p)* +q()) =0
since ¢ (v) =0,s0 f(V)CY andsoY = f(V)UW". m

Assertion 6.1.2 There is a homeomorphism h: Y — X so that hf and
hg are the quotient maps.

Proof: Suppose that f(v) = g(w) for some v € V and w € W. Then
w = p(v), so w ~ v. Likewise, if g (w) = g (w’) then w = w’. Finally, if
f)=f() then p(v) = p(¥') so v ~ v if p(v) € W. But we also have
v-rp(v) =0 - rp(v) so if p(v) ¢ W then rp(v) # 0 so v ='.

Conversely, if w ~ v for w € W and v € V then p(v) = w so
f() = (0,w) = g(w). So h exists by the universal property of the quotient
topology. ]

Assertion 6.1.3 W/ =Y N0 x U, so W' is a Zclosed subset of Y.
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Proof: If (0,y) € Y then

0=5(0.y) = r(®)* (4= (0)* +4(0)°).
But ¢(0) # 0 since 0 ¢ V so r(y) = 0 and hence y € W. O

So we only need check that SingY C W’ U f(SingV). The entire
rational function f': Y —W' — V —p~1 (W) defined by f/ (z,y) = z/r (y) is
the inverse of f|, so by Lemma 2.10, Sing(Y —W’) = f(Sing(V —p~1(W)) C
f(Sing V) and dim(Y — W’) = dim(V — p~1(W)). So d) follows.

A quick proof of Proposition 6.1 when W is a point can be seen from
the following since then X = V/p~!(W) = the one point compactification
of V.—p=L(W).

LEMMA 6.2. The one point compactification of a real Zopen set V is
homeomorphic to an algebraic set.

Proof: Since V is birationally isomorphic to an algebraic set, we may as
well assume V' is an algebraic subset of some R". We can assume 0 &
V. Let f: R® — R be a polynomial of degree d such that f=1(0) =
V. Define F (z) = |z[**f (z/|z|*), then after clearing denominators F
becomes a polynomial. But F~!(0) is homeomorphic to the one point
compactification of V', since z + z/|x|? is an inversion through the origin.

FIGURE 3. Squishing a sphere to a figure 8
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In Proposition 6.1 if U ¢ R®, V C U x R*, and p is induced by
projection p(u, z) = u then, as in [AK2] and [AKS6], for the equation of Y’
we can alternatively use:

r(u)q(u, 2/r(u)) =0

Here, q(u, 2) and 7(u) are polynomials with ¢=1(0) = V and r~1(0) = W,
d is the degree of ¢, and ¢ has the property that ¢;'(0) N (0 x R¥) = {0}
(notice that this is a weaker assumption than that ¢ be overt). In this
case, Y is topologically the crushing of V to W, i.e., it is obtained by
identifying of the points of V' which lie over W with W. For example, when
g=x2+y>+22—-2and r = 22 —y> we get a sphere folded over a cusp as in
the example in Chapter I, Figure ??. By replacing r by r = y* — 4y? + 422
we get a sphere folded over a figure eight as in Figure 2.6.2 above.

R

)

o
RSO

AN

N

L7

FI1GURE 4. Squishing a hyperboloid to a parabola
Similarly, by taking ¢ = 22 — y?> + 22 — 1 and r = y — 22 we obtain a
hyperboloid folded over a parabola as in Figure 4.

7. Algebraic Homology

DEFINITIONS 7.1. Let V be a subset of some R™. We let H* (V') denote
the subgroup of H; (V;Z/2Z) consisting of classes g. ([S]) where g: S — V
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is an entire rational function, S is a compact nonsingular i-dimensional
real algebraic set and [S] is the fundamental class of S in H; (S;Z/2Z). By
replacing S with the graph of g we can always assume that S C V x R” for
some 7 and g is induced by the projection. We call the elements of H2 (V)
algebraic homology classes.

EXCERCISE 7.1. Show that by the resolution theorem 2.5.11 the non-
singularity assumption on S is unnecessary. (In particular, a compact real
algebraic set has a fundamental class — a fact which can also be seen using
[Sul] and the triangulability of real algebraic sets [L2].)

EXCERCISE 7.2. Suppose f: V — W is an entire rational function.
Show that f.(HA(V)) c HA(W).

If V is a real Zopen set then we also know that HZA (V) is the subgroup
of H; (V;Z/27) generated by Zclosed subsets T of V' with VNCl(Nonsing T')
compact. To see this, suppose g: S — V is an entire rational function where
S is a nonsingular irreducible compact real algebraic set and g.([S]) # 0.
Then ¢ is generically odd to one, otherwise we would have g.([S]) = 0.
Hence by Corollary 3.3, if we take the Zariski closure T' = Clgg (S) NV of
g(S)in V, then T — ¢ (S) has smaller dimension than g (S). Consequently,
the fundamental class of T" represents g. ([S]).

DEFINITION 7.2. We say that V has totally algebraic homology if all
its homology classes are algebraic, i.e., H (V) = H, (V;Z/27).

For example the Grassmannian G(m, n) has totally algebraic homology,
since its homology is generated by the Schubert cycles which are easily seen
to be algebraic (c.f., [AK1]). This last fact along with Corollary 4.4 implies
that, if V' C W are nonsingular Zopen sets then the Poincare duals of the
Stiefel-Whitney classes of the the normal bundle as well as the tangent
bundle of V' are algebraic.

A very useful property of algebraic sets with totally algebraic homology
is that their bordism groups are generated by algebraic sets. Recall M. (V)
is the unoriented bordism group of V', generated by the bordism classes of
maps from closed smooth manifolds f: M — V.

LEMMA 7.1. A nonsingular real Zopen set V' has totally algebraic ho-
mology if and only if every element of N, (V') is represented by some w: W —
V' where W is a nonsingular algebraic set contained in V x R™ for some n
and m is induced by projection.

Proof: By [Th], the evaluation map ev: N, (V) — H, (V;Z/2Z) given by
ev(f: M — V) = f.[M] is onto, so one direction is proven.



58 2. ALGEBRAIC SETS

Assume that V is totally algebraic. By [Th] and [CF], 9. (V) is

generated by projections
7T”Y;XZ]—>ZJCK4V

where {Y;} generate 91, (point) and {ev (a;)} generate H, (V;Z/2Z). By
assumption we can take Z; to be nonsingular algebraic subsets of V xR"™ for
some m. By [Mi] we can assume that Y; are nonsingular algebraic sets in
some R™. Then Z; xY; C V xR™ xR" and the projections m;;: Z; xY; — V
generate 91, (V). By translating we can make all Z; x Y; disjoint, since the
group operation is the disjoint union we are done.

DEFINITION 7.3. Suppose V and W are nonsingular Zopen sets. A
rational diffeomorphism is an entire rational function f: V' — W which is
also a diffeomorphism.

Notice that we do not require f~! to be rational so f might not be a
birational isomorphism. For example, we could take V to be the algebraic
set 'V (y3 . — 1) C R? and let f: V — R be projection to the x axis.
Then f is a rational diffeomorphism but its inverse is not rational since
v/x2 4 1 is not an entire rational function.

The following exercise shows that the effect of a rational diffeomorphism
is to increase the number of entire rational functions on a Zopen set without
changing the diffeomorphism type.

EXCERCISE 7.3. Show that if f: V — W is a rational diffeomorphism,
then T (f) injects I'" (W) into I'" (V) but I'" (f) (T (W)) # I'" (V) unless
f~1is entire rational.

If f: V — W is a rational diffeomorphism and W has totally algebraic
homology, then V' has totally algebraic homology. This is a consequence of
the next Lemma.

LEMMA 7.2. If f: V — W is a rational diffeomorphism then
fo (HA(V)) = HE (W)
Proof: We leave this as an exercise. Use the pullback Zopen set

T={(v;s) eV xS[f(v)=g(s)}

T — V
3 \J
S — W
Note that the map T' — S is a rational diffeomorphism so T" — V represents

frlof S = W.

There are many examples of nonsingular algebraic sets V with the
property H2 (V) # H, (V;Z/27). Hence not every V has totally algebraic
homology. For example:
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THEOREM 7.3. ([AKT]) For anyn > 3 there exists a connected nonsin-
gular real algebraic set V' of dimension n such that H{* (V) # Hy, (V;Z/27)
forall k=2,3,...,n—1

Proof: The proof of this theorem uses a result from Section 8. For com-
pleteness we choose not to delay this proof to Section 8. Let Vi be any closed
smooth manifold of dimension n which contains two disjointly embedded
circles with trivial normal bundles Sy LI S C Vi such that the inclusion
induces an injection Hy (Sy U Sa;Z/27Z) — Hy (V1;Z/27). Let X C R™ be
an irreducible algebraic set diffeomorphic to Sy LI S5. For example,

X =V((x3+ (27— 1) (2] —4) ,23,...,7m))

in R™. If m > 2n we can extend the embedding of S; US; to an embedding
of V1 in R™. By Theorem 2.8.4 we can, after perhaps increasing m, isotop
V1 to a nonsingular algebraic set Vo keeping X fixed, i.e., X C V5. Let
V be the algebraic blow up V' = B (V5,X) — V5 and let 7 = n(V, X).
Write X = X1 U X, where X; are the components of X. Then, 77! (X) ~
X x RP"2. Let v; € H; (V;Z/2Z) be the homology classes corresponding
to X1 xRP/1 j=1,...,n—1. We claim that none of v; for j = 2,...,n—1
are algebraic.

Suppose ; were algebraic for some j > 2, then we could find a non-
singular algebraic set Y; C V x R® for s large, representing this class. By
using Theorem 8.6 we could isotop Y; in V' x R® so that it is transverse to
771 (X) xR?, see Figure 5. Then the algebraic set Y;_; = Y;Nn ! (X) xR®

R

FIGURE 5. V and Y}
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would represent ;1. This is because

D™ (y-1) “l(y)uD~ 1([ ~H(X1)
= D '(y)uD"- ([ (X))
= D (p[y;)uD ! (a1 (X))

= D' (p.Y;N 77—1 (X) x R%])

where D is the Poincare duality map, and p: Y; — V is the induced pro-
jection.

By repeating this process we eventually obtain a nonsingular algebraic
set Y1 C X x R® C V x R?® representing ;. Since 7, (1) = [X1], we have
meps ([Y1]) = [X1]. But then p~tn~!(x) is an odd number of points for
generic x € X7, and an even number of points for generic x € X5. This
contradicts Corollary 3.3. So none of the classes v; are algebraic.

Note that if one did not care about the connectedness of V', one could
just take V = X x RP"~! and also get H{*(V) # H,(V,Z/2Z). Also
this proof would be a bit simpler since it would not be necessary to use
Theorem 8.6 to construct V. Then this result just follows from the fact
that the algebraic cohomology is closed under cup product.

The existence of non-algebraic homology classes in nonsingular alge-
braic sets was also independently established by several other authors (c.f.,
[BT] and [BCR]). In [BD1] an example of a smooth manifold M along
with a homology class o of M is given, so that o can not be algebraic in
any nonsingular algebraic set V' which is diffeomorphic to M. On the other
hand it is amusing to note that:

THEOREM 7.4. ([AK11]) Every closed smooth manifold is homeomor-
phic to a real algebraic set with totally algebraic homology.

Hence the totally algebraic set in the conclusion of Theorem 7.4 must
sometimes have singularities.

8. Making Smooth Objects Algebraic

Suppose M C R” is a smooth compact manifold which you wish to
make diffeomorphic to a nonsingular Zopen set. The naive approach to
doing this would be to take a tubular neighborhood U of M and take a
map f: U — E(n,k) to the Grassmannian where k is the codimension of
M, so that f is transverse to G(n,k) and f~1(G(n,k)) = M. Then you
approximate f by a polynomial p. Transversality guarantees that p=1(0)
has a component near M which is diffeomorphic to M. There are two
problems with this approach however. One problem is that the image of
p might not be contained in E(n, k), just in the ambient Euclidean space.
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The second problem is that you have no control over the part of p=1(0)
outside of U.

The first problem is addressed in Theorem 8.4 below. Basically, it
says that the approximating polynomial p can have image in E(n, k) at the
expense of adding more variables to the domain. In Nash’s original paper
on the subject [N], he did this in a different way by exploiting particular
properties of E(n, k) but we choose a more general approach which is more
useful.

The second problem was solved in [Tol]. We address it in Theorem 8.6
below. The solution requires that more care be taken when approximating
f. In particular, if f is already a polynomial on a certain nonsingular
algebraic subset L we ask that the approximation p satisfy p|r, = f|r. The
question of when you can do this leads to the following definition.

DEFINITION 8.1. We call a Zopen set L C R"™ nice if for every x € L
there is a neighborhood U of x in R™ so that Jg?(U N L) = C*(U)I(L).
In other words, locally any smooth function vanishing on L is a linear
combination of polynomials vanishing on L.

Tognoli has given a precise characterization of such sets [To3]. How-
ever, in this book we only need a few special cases of nice Zopen sets
obtained from the following exercises. (Hint: Use Lemma 5.4.)

EXCERCISE 8.1. Nomnsingular Zopen sets are nice.
EXCERCISE 8.2. The disjoint union of nice real algebraic sets is nice.

EXCERCISE 8.3. The union of nonsingular codimension one Zclosed
subsets of a nonsingular Zopen set is nice.

The importance of nice algebraic sets is that any smooth function van-
ishing on a nice Zopen set L can be approximated near a compact set by a
polynomial still vanishing on L, as we shall see in Lemma 8.1.

But not all Zopen sets are nice, for example V = { (z,y) | y* = 2> —22}
fails to be nice at the isolated point (0,0) because, for example, = vanishes
on V NU for a neighborhood U of (0,0). For that reason we make the
following definition.

DEFINITION 8.2. Let L C R™ be a Zopen set and let P C R™ be a set so
L C P. Then we say (P, L) is an approzimable pair if for each x € L there
is an open neighborhood U of x in R™ so that I (U N P) C C(U)I(L).
In other words, locally any smooth function vanishing on P is a linear
combination of polynomials vanishing on L.

EXCERCISE 8.4. If L or P is nice, then (P, L) is an approximable pair.
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EXCERCISE 8.5. Suppose for each x € L there is a Zopen neighborhood
U, of z in R™ and a neighborhood V, of z in U, and a nice Zopen set K,
so that LNU, C K, and K, NV, C P. Then (P, L) is an approximable
pair.

LEMMA 8.1. Suppose L is a Zclosed subset of a Zopen set V., P C V,
(P, L) is an approximable pair, K C V is compact and f: (V,P) — (R,0)
is a smooth function.

a) Then [ can be arbitrarily closely C*°-approximated on K by poly-
nomials ¢: (V,L) — (R,0). In other words, for any € > 0 and
any integer k we may approzimate f by a polynomial ¢: (V,L) —
(R,0) so that for any partial derivative D of order < k and any
x € VN K we have |Dp(x) — Df(z)| <e.

b) Suppose f vanishes on V—K. Then for any € > 0 and any integers
k and m we may approximate f by an entire rational function
v: (V,L) = (R,0) so that for any partial derivative D of order
<k and any x € V we have |Dp(x) — Df(z)| < (1 + |z]?)~™.

Proof: Let J(L) = (p1,-..,pk). Suppose V C R™. Extend f in any way to
a smooth function f: (R, P) — (R, 0).

Assertion 8.1.1 For each © € V there are a neighborhood U of x in
V' and smooth functions u;: U — R for i = 1,...,k so that f(y) =
Sy wi(y)pi(y) for all y € U.

Proof: If x € L this is immediate since (P, L) is an approximable pair. If
x € V — L then p;(z) # 0 for some i. So set U =V —p; (0), wi = f/pi
and u; = 0 for j # 1. o

Assertion 8.1.2 There are smooth functions u;: V — R fori =1,...,k
so that f(y) = Zle u;(y)pi(y) for ally € V.

Proof: Piece together the local functions w; in Assertion 2.8.1.1 with a
partition of unity. o

Now we may prove a) by approximating u; on K by polynomials ¢; and

setting p = Zle qipi.-
Now suppose that f vanishes on V' — K. Pick any € > 0, k and m. Pick
a polynomial r: R™ — R so that Clg(V) —V = r~1(0). Define

p: R —r~1(0) — R
by w(x) = (x,1/r(z)). Let §: Rt — 0 — R™*! — 0 be inversion through
the unit sphere, §(x) = x/|z|?>. Note 6? is the identity.

Assertion 8.1.3 V/ = 0u(V)UO0 and L' = 0u(L) U0 are compact real
algebraic sets.
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Proof: First, u(V) is a real algebraic set since
p(V)={(z,t) e Clg(V) xR | tr(z) =1}.

Likewise p(L) is a real algebraic set. Then V' and L’ are real algebraic sets
by the proof of Lemma 6.2. They are compact since u(V') is closed and
misses 0, hence the inversion 6 (V') is compact. mi

Now Ou(K) is compact and misses 0 so there is a compact neighborhood
Q of 0 in R™"! 5o that Q NOu(K) = 0. Let P' = Q U Ou(P).
Assertion 8.1.4 (P’,L') is an approximable pair.
Proof: Pick any y € L'. If y = 0 then I¥(U N P’) = (0) C C>(U)I(L') for
small enough U. So suppose y # 0. Then y = Ou(z) for some x € L. Pick
an open neighborhood U of « in R™ so that Jg7(UNP) C C*°(U)I(L). The
image of Oy is a manifold T so there is a neighborhood U’ of 3 in R"*! so
that the restriction fu|y maps U diffeomorphically onto 7'N U’. Suppose
now that h: (U, U'NP") — (R,0) is smooth. Then hobopu|y € IF(UNP)
so we may find smooth v;: U — R so that hfu(z) = Ele v;(2)pi(z) for all
zeU.

Now if m: R*"*1 — R™ is projection, we have 70(0u(z)) = mu(z) = 2 so
for all u € u(U) we have

k
hé(u) =Y vi(m(u)pi(m(u)).
i=1

Note that p;m € J(u(L)). Let h’': (U’) — R be defined by
k

h'(u) = h(u) — Z vi (0 () )pi (6 (u)).

Then h' vanishes on the manifold p(U) which is given by the equation
tr(x) = 1. Hence by Lemma 5.4, we know

W (u) € (tr(z) — 1) € C=(0(U")I(u(L)).

So ho6 € C*(6(U"))I(u(L)) which implies that h € C°(U")I(0u(L)) since
0 is a birational isomorphism. But C*°(U")J(6u(L)) = C*°(U")I(L') as long
as we make sure 0 € U’, so we are done. i

Pick a very large integer b. How big we pick it depends on how big
m and k are. We can define a smooth function g: V. — R by g(z) = (1 +
|2|2)® f(x) and define h: (V', L") — (R,0) by by h(z) = gou~tof7(z) on
V’/—0and h(0) = 0. Note that h is smooth since g vanishes outside K. By
part a) of this lemma, h can be approximated by a polynomial ¢: (V/, L) —
(R,0). Let o(x) = ofopu(x)(1+|x|>)~°. Then ¢ approximates f, and if b
is chosen large enough and v is close enough, the approximation ¢ will be
as close as we wanted. The idea is that any partial derivative of yofopu—g
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can be written in terms of partials of ¢ — h (which are small) and partials
of # and 1 which are polynomials and hence bounded by |z| to some power.
The next theorem has a long history. Originally Seifert showed that any
compact codimension one submanifold of R™ is isotopic to a nonsingular
real algebraic subset. His ideas are easily extended to show that any null
homologous compact codimension one submanifold of a nonsingular real
algebraic set is isotopic to a nonsingular real algebraic set. This (and in
particular its relative version) is all we really need for the results in this
book. However it can be generalized. In [AK4] and [AKYTY], we showed
that a compact codimension one smooth submanifold of a nonsingular real
algebraic set is isotopic to a nonsingular algebraic subset if it is homologous
to a union of nonsingular algebraic subsets. Bochnak, Kucharz and Shiota
showed the nonsingularity of the algebraic sets was not needed [BKS]. The
following proof is based on the ideas in [BKS]. But first a definition.

DEFINITION 8.3. Let V be a real Zopen set of dimension n. We define
AH,_1(V) to be the subgroup of H,_i(NonsingV;Z/27Z) generated by
compact codimension one Zclosed subsets W of V so that W C Nonsing V.

Hence, if V is compact and nonsingular then AH,,_1(V) = HZ (V). In
fact the compactness is not necessary, if V' is nonsingular then AH,, (V) =
H2 (V). This is because by Theorem 5.11 and Lemma 6.2, V is bira-
tionally isomorphic to a Zopen subset of a compact nonsingular Zopen set
V'. Any class in HA | (V) is represented by Zclosed subset W of V' with
Cl(Nonsing W) compact. The Zariski closure W’ of W in V' represents
some homology class supported in V. By [Th], there is a compact smooth
submanifold M in V homologous to W’. By Theorem 8.2 below, there is
a nonsingular Zclosed subset X of V'’ e-isotopic to M. Then X C V is
homologous to W and represents an element of AH,,_1(V).

THEOREM 8.2. Suppose V' is an n dimensional real Zopen set and M
is a smooth closed codimension one submanifold of NonsingV. Then M
is €- isotopic to a nonsingular Zclosed subset of V if and only if [M] €
AH,_1(V).

Furthermore, a relative version is true. Suppose L C P C M where
L is a Zclosed subset of V. and (P, L) is an approzimable pair. Then M
is €- isotopic to a nonsingular Zclosed subset of V' fixing L if and only if
[M] € AH,,_1(V).

Proof: We prove the relative version which of course implies the nonrelative
version by setting L = P = (). One way is trivial since isotopy implies
homology. Let V/ = Nonsing V. Pick a compact codimension one Zclosed
subset W of V so W C V' and W is homologous to M in V'. We may
assume all irreducible components of W are codimension 1 by just throwing
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away all smaller dimensional irreducible components. Let J = IJj, ().
Note that J is locally principal by Corollary 1.30 of [M] applied to the
complexification W¢ of W. Let V' = B(V,J) and let 7: V" — V be
7w(V,J). Now by Lemma 5.6, there is an entire rational function p: V- — V"
so that 7y is the identity. Taking the standard model of the blowup, this
means that if J is generated by fi,..., f, € I (V) then there is an entire
rational function §: V' — G(n, 1) so that u(x) = (z,60(z)). In particular, for
x € V—W, 0(x) is the matrix of projection to the line through f(z) where
f@) = (fi(z),..., fu(z)). Now 6 induces a line bundle from the canonical
bundle E(n, 1) over G(n, 1), namely p: E — V where E = {(z,y) € V x
R™ | 6(x)(y) = y } and p(x,y) = x. This bundle has a section o: V — E
given by o(z) = (z, f(z)). Notice that W is the set of zeroes of o.

Assertion 8.2.1 There is a sectionn: V — E and a compact N so that n is
transverse to the zero section V x 0 and n=*(V x0) = M and o(x)/n(x) > 0
forallx € V — N.

Proof: Since M is homologous to W, there is a compact set N C V so
that M U W is the frontier of N. (For example, to get N you can after
e-isotoping M, triangulate V so that M and W are subpolyhedra. Then
let N be W union the simplices in the homology from M to W.) Now
pick a smooth function f: V — W — R so that f~!((—o0,0])) = N — W,
f71(0) = M —W and for any point 2 € V there is a neighborhood U of z in
V and smooth functions p: U — R and ¢: U — R so that f(x) = p(x)/q(x)
for all z € U — W and so that p is a generator of Ig¥ (M NU) if z € M and
so ¢ is a generator of Jj;(WNU) if x € W. We can certainly construct such
an f locally, but then we may piece together with a partition of unity to
get f globally. Now we just let n(x) = f(z)o(x) and it satisfies the required
properties.

The reader might feel more comfortable first perturbing o slightly to
a o' transverse to the zero section so that W’ = o'~ (V x 0) is transverse
to M. Then W is homologous to W’ and the above argument can be done
with W' replacing W. O

Pick n and N as in Assertion 2.8.2.1. The section 7 is given by n(x) =
(z,g(x)) for some smooth g: V. — R™. By Corollary 1.6 we may pick a
proper polynomial r: V — R so that L = r~1(0). Pick a large compact
neighborhood N’ of N in V. We want N’ to be so large that if b is the
maximum of r(z)? for z € N, then 4b is the minimum of r(x)? on V — N'.
Let N" ={x €V |r(z)><2b}, then N C N’ C N'.

By Lemma 8.1 we may approximate g on N’ by a polynomial p: V —
R™ so that p|, = 0. Then for z € N’, 0(z)(p(z)) = 0(z)(g(z)) = g(x)
so the section z — (z, 8(x)(p(x))) is rational and approximates n on N’,
although it may be wildly different outside N’.
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But for large enough m, the map

ANz) = (2, 0(x) (p(x) + (r(2)*/(3b)) "o (x))

is a section which is close to n near N” and has no zeroes on V. — N”. By
transversality, the zeroes X of A are a manifold isotopic to M. By Lemma
2.13, X is nonsingular. Also L C X so X is e-isotopic to M fixing L.

There is also a one dimensional version of this theorem [AK10], it
says that a smooth curve C' in a nonsingular Zopen set V is e-isotopic to
a nonsingular Zclosed subset if and only if the homology class [C] lies in
the subgroup AH,(V) of H1(V;Z/27Z), generated by nonsingular algebraic
curves in V; (W. Kucharz [Ku] had independently proved this in the special
case when V is orientable).

Before proving the next theorem, let us review a few facts about smooth
submanifolds of R™. Let M be a smooth m-dimensional submanifold of R™
and let 8: M — G(n,n —m) be the canonical map classifying its normal
bundle, so f(x) is the matrix of orthogonal projection to the subspace of
vectors perpendicular to the tangent space of M at z. We may write the
normal bundle of M as E = { (z,y) € M xR"™ | (z)y = y }. We have a map
0: E — R" given by 0(z,y) = z +y. Then the Jacobian of # is nonsingular
at all points of the zero section M x 0 of E, hence by the inverse function
theorem and a little elementary topology there is a neighborhood E’ of
M x 0 in F so that # maps E’ diffeomorphically onto a neighborhood U of
M in R™. (This is just the existence theorem for tubular neighborhoods.)
Note that we have a retraction p: U — M given by p(z) = z if z = 6(z,y)
for some (x,y) € E’. Actually, if U is chosen small enough, this is just the
closest point map.

The following Theorem 8.4 is our workhorse theorem for making smooth
objects algebraic. Roughly it says that after wiggling U a bit in V x R,
we may approximate a smooth function f: V' — W by an entire rational
function. Furthermore, this entire rational function equals f on nice sets
where f was already entire rational. For the sake of clarity we precede it
with an easy version:

THEOREM 8.3. ([AK1] Easier Version) Let L, V and W be real alge-
braic sets with L nice and W nonsingular. Let U C NonsingV be an open
neighborhood of L which has compact closure. Let f: V — W be a smooth
function so that f|;, = w for some entire rational function w: L — W.
Then there exists an algebraic set Z C V x R* for some k, an open set
Zy C Nonsing Z and an entire rational function p: Z — W such that

a) Lx0C Zy and p|pxo = u.

b) The projection w: V x RF — V induces a diffeomorphism from Z,
toU.
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c) plz, approzimates f ow|z,.

Proof: Suppose V' C R™ and W C R™, then by Proposition 4.3 we can find
an entire rational function §: W — G(m, m—dim W) C R™" such that 0(x)
is the normal plane to W at x. Since L is nice, f|y can be approximated
by an entire rational function g: U — R™ with g|;, = u. Define

Z={(z,y) eER"XR" [g(x)+y €W and d(g(x) +y)y =y}

and define p: Z — R™ by p(x,y) = g(z) + y.

Clearly Z is an algebraic set. Since for arbitrarily small € > 0 we have
|f(z) — g(x)] < € for all z € U, and f(x) € W, there is a unique closest
point w(z) on W to g(z). Let y(x) = w(z) — g(x) be the vector from g(z)
to w(z). Hence y(x) is perpendicular to W at w(z) = g(z) + y(z), so y(z)
is the unique ‘small’ solution of the equations

{g(wHyeW }_{9(%)+y€W }
yglx)+y)y=y | | yis Lto W at g(x)+y

Let Zog = {(z,y) € Z |z € U, |y| <€ }, henceif (z,y) € Zy then y = y(z),
and in particular p(z,y) = g(x) + y(x) = w(x).

FIGURE 6. Making a map algebraic

We now state and prove the more general version of Theorem 8.3.
Normally the following general case is applied when L = P C T and L
is nice.

THEOREM 8.4. Let L, V and W be real Zopen sets with L a Zclosed
subset of V' and suppose P C V s such that (P,L) is an approximable
pair. Let T C NonsingV be compact and let f: U — NonsingW be a
smooth function from an open neighborhood U of T in NonsingV so that
flpnu = u for some entire rational function u: PNU — R.
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Then there exists a Zclosed subset Z C V. x RF for some k, an open
set Zo C NonsingZ, a neighborhood U' of T in U and an entire rational
function p: Z — W such that

a) (LNU') x0C Zy and p(x,0) = u(x) for allx € LNU'.

b) The projection : V x R¥ — V induces a diffeomorphism from Z
to U’', and in fact Zy is e-isotopic to U’ x 0 fixing (LNU') x 0.

¢) plz, approzimates f omw|z,.

Proof: Suppose V C R™ and W C R™.

Assertion 8.4.1 There is an entire rational function g: V! — R™ from a
Zopen set V! C V and a neighborhood U’ of T in U so that U' C V', gl
approximates f|y. and f|prur = g|-

Proof: By Proposition 1.1, we may assume u is given as the quotient of two
polynomials u = s/t so that ¢ is nowhere 0 on PN U. Pick a polynomial p
so that VN p~1(0) = L. Let v/ = st/(t* + ep?) for some small € > 0. Note
that u’ is defined on all of U, in fact it is defined on V' =V —¢=1(0) N L.
There is a smooth f’: V — R™ approximating f on a neighborhood U’ of
T so that f'|pny = «/|. By changing f’ outside a neighborhood of T we
may as well assume that f/ — u’ has compact support and f’|p = v/|p. By
Lemma 8.1 we may choose an entire rational function r: (V/, L) — (R™,0)
approximating f/ —u’ on V’. Then g = r + v’ is an entire rational function
approximating f on U’ and it equals f on LNU. i

Let W' = Nonsing W. Then by Proposition 4.3 we can find an entire
rational function 8: W/ — G(m,dimW) C R™ such that S(z) is the
tangent plane to W’ at x. Let E = { (w,y) € W/ xR™ | f(w)y = 0} be the
normal bundle of W’. There is a neighborhood E’ of W’ x 0 in E so that
the map 6(w,y) = w + y maps E’ diffeomorphically onto a neighborhood
O of W'. Let p: O — W’ be the retraction so that p(z) = w if z = 0(w,y)
for some (w,y) € E'. If we choose g close enough to f then we may assume
g(U") C O. Define

B = {(vwy) eV xE|y=g(v)-w}

= {(v,w,y) eV xW xR" | gv) —w=y L W at w}
Z' = {(v,y) eV xR™ | (v,g(v) —y,y) € B'}
Z = CR(Z)NV xR™

and set p(v,y) = g(v) — .

Now if (v,y) € Z—Z' then either v € V-V’ or g(v)—y € Clg(W)—-W".
In particular, there are no such (v,y)’s for v € U’ and y near 0. Let By =
B'NU’ x E’. We have a map ¢: U’ — Z given by p(v) = (v, g(v) — pg(v)).
Since g approximates f, we know g(v) — pg(v) ~ 0. So we only need to
show that Zy = ¢(U’) is an open subset of Nonsing Z.
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We have a birational isomorphism h: B" — Z’ where h(v,w,y) = (v, y).
For v € U’, we know that h=tp(v) = (v, pg(v), g(v) — pg(v)). Since g(v) €
O, we know h~1p(v) € By.

But then since h~ 1y is an embedding, it suffices to show that all points
of By are nonsingular of dimension equal to dim V. But this follows from
Lemma 2.14 since By is the pullback of the maps (w,y) — w + y and g|y-
which are transverse since the first map is an embedding onto O.

We can improve Theorem 8.4 provided the bordism class of f is alge-
braic. For example, Lemma 7.1 says this will be true if W is nonsingular
and has totally algebraic homology. Again for clarity we precede it with an
easy version:

THEOREM 8.5. ([AK1] Easier Version) Let L C R™ and W be algebraic
sets such that L is nice and W is nonsingular. Suppose we have a closed
smooth manifold M C R™ and a smooth map f: M — W so that L C M,
fl = u is an entire rational function and the germ of M at L is a germ
of a nonsingular algebraic set, and the bordism class (M, f) in M, (W) is
algebraic. Then there is a nonsingular algebraic set V.C R"™ x R™ and a
diffeomorphism g: V. — M and an entire rational function p: V. — W such
that

a) Lx0cCV.

b) g|lrxo = the identity.

¢) plrxo = foglLxo and p approzimates fog.
Proof: 'To say (M, f) is algebraic means there is a bordism Fy: Xg - W
from f to an entire rational function r: Y — W where Y is a nonsingular
algebraic set. We double this cobordism and get a closed smooth manifold
X and a smooth map F: X — W with MUY C X, M homologous to Y,
F|y = f and F|y = r, see Figure 7. We can assume X C R” x R* so that

Xo~

X

FIGURE 7. The doubled cobordism

L corresponds to L x 0 and Y corresponds to 0 x Y. Let c =n+k —dim X
and let E = E(n+k,c) - G = G(n+k,c) be the universal bundle over the
Grassmannian. Let U be an open tubular neighborhood of X, and ¢: U —
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E be the normal bundle map. ¢ is transverse to G with ¢~}(G) = X, and
by Proposition 4.3 we can assume that ¢ is entire rational on L x 0U0 X Y.
Extend F' to U and apply Theorem 8.4 to F' x ¢: U — W x E. We get an
algebraic set Z C R™ x R¥ x R® for some b, and an open set Zy C Nonsing Z
and an entire rational function q: Z — W x E such that

1) Lx0x0U0xY x0C Z

2) g=Fxp on Lx0x0UOXY x0

3) w|: Zy — U is a diffeomorphism

4) q|z, approximates (F x ¢) o 7|z,
By 3), Zop = { (z,0(z)) | © € U } for some smooth function 6(z). Let g(x) =
q(z,0(x)). Then § is close to F x ¢, hence by transversality ¢~ (W x G) is
isotopic to (F x ¢) "} (W x G) = X. Since ¢ = §o 7 on Zy, we have

¢t W xG)NZy = (7|z,) NG (W x Q) =~ X.

Therefore ¢~ (W x G) has a nonsingular component X’ which is isotopic
toX,and Lx0x0UOXxY x0cC X'

OxY x 0—

Lx0x0

FIGURE 8. The doubled cobordism made algebraic

Under this isotopy, M corresponds to a codimension one smooth sub-
manifold M’ of the algebraic set ¢~ *(W x G) which is homologous to
0 xY x 0. Hence by Theorem 8.2 it is e-isotopic to a nonsingular alge-
braic subset V fixing L x 0 x 0. In particular V' C X’. We now let p be ¢|v
followed by the projection W x G — W.

We now give the more complete version of Theorem 8.5.

THEOREM 8.6. Let L C S and W be real Zopen sets such that L is a
Zclosed subset of S, and W is nonsingular. Suppose we have a closed smooth
manifold M C NonsingS, a set P C M and a smooth map f: M — W so
that (P, L) is an approzimable pair, the bordism class of fx inclusion in
N (W x Nonsing S) is algebraic and (f,a)|p is an entire rational function
where a: M — G(n, k) is the map classifying the normal bundle of M in
S. (i.e, if S C R™ then a(z) is the space of vectors tangent to S and
perpendicular to M at x.)
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Then there is a nonsingular Zclosed subset V' of S x R™, a diffeomor-
phism g: V. — M and an entire rational function p: V.— W such that

a) Lx0cCV.
b) ¢g(z,0) =z and p(x,0) = f(x) for all z € L.
c) p approximates f o g.

Proof:  Pick a bordism Fy: Xog — W from fx inclusion to an entire
rational function r: Y — W x Nonsing S where Y is a compact nonsingular
algebraic set. We double this cobordism and get a closed smooth manifold
X and a smooth map Fi: X — W x Nonsing S with MUY C X, M is
homologous to Y in X, Fi|y = fX inclusion and Fi|y = r. By replacing
Y with the graph of r we may as well assume Y C Nonsing S x RF for
some k. Let F: X — W be the composition of F’ and the projection
W x Nonsing S — W.
We can assume, after perhaps enlarging k, that X C S xR¥ xR so that
M corresponds to M x0x0 and Y corresponds to Y x 0 and a neighborhood
of MUY in X is M x0x [-1,1]UY x [-1,1]. Suppose S C R™. Let
c=dimS+1+k—dimX and let E = E(n+k+1,¢) = G=G(n+k+1,¢)
be the universal bundle over the Grassmannian. Let U be an open tubular
neighborhood of X and let ¢: U — E be the map classifying the normal
bundle of X in S x R¥ x R. In other words ¢(x) = (L, y) where, if z is the
closest point to x on X, then L is the space of vectors in the tangent space
to S x RF x R at z which are perpendicular to the tangent space to X at
z; and y is the projection of x — z to L.
Note ¢ is transverse to G with p~1(G) = X. Also using Corollary
4.4 we see that (F, ) is the restriction of an entire rational function on
Px0x0UY x0. Extend F to U and apply Theorem 8.4 to F' x p: U —
W x E. We get an algebraic set Z C S x R*¥ x R x R? for some b, and an
open set Zy C Nonsing Z and an entire rational function ¢q: Z — W x E
such that
1) Lx0x0x0UY x0x0C Z.
2) g=Fx¢ on Lx0x0x0UY x0x0.
3) The projection 7: S x RF x R x R® — S x R¥ x R induces a
diffeomorphism 7|: Zy — U and in fact, Zy = { (z,0(z)) |z € U }
for some small smooth function 6(x).
4) q|z, approximates (F' x ¢) o 7|z,
Let g(z) = q(z,0(x)). Now ¢ is close to F' X ¢, hence by transversality
X" =G YW x G) is isotopic to (F x ¢)~ (W x G) = X. Note that X is
transverse to S x RF x 0 and the intersection is M x 0 x 0UY x 0. Hence
X" is transverse to S x RF x 0 also and their intersection is M” UY x 0 for
some submanifold M"” C X" and there is a small isotopy taking X to X"
which carries M x 0 x 0 to M" and fixes L x 0 x 0UY x 0.
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Since g = o m on Zy,
W x Q)N Zo = (n|2,) "1 (@ (W x Q) = (7|z,)"H(X")

Therefore ¢~ (W x G) has a nonsingular union of connected components
X' which is isotopic to X, and Lx 0x 0x0UY x 0 x 0 C X'. Also the
Zopen set X NS x R¥ x 0 x R® N Z has a nonsingular union of connected
components M’ where M’ = (r|z,) " (M").

The codimension one smooth submanifold M’ of the algebraic set ¢ =1 (W x
G) is homologous to Y x 0 x 0. Also (M’, L x 0 x 0 x 0) is an approx-
imable pair since M’ is a component of Nonsing(Clg(M’)) which is nice.
So by Theorem 8.2, M’ is e-isotopic to a nonsingular Zclosed subset V' of
q Y (W x GQ), via an isotopy fixing L x 0 x 0 x 0. In particular V C X’. We
now let p be ¢|y composed with the projection W x G — W.

Theorem 8.6 in fact implies the following (by taking W to be a point
and L = P = 0).

COROLLARY 8.7. A closed smooth submanifold M of a nonsingular real
algebraic set S can be e-isotoped to a nonsingular algebraic subset of S x RF
for some k provided the bordism class of the inclusion M — S is algebraic.

The bordism condition is always satisfied if W has totally algebraic
homology, and in general it can not be avoided (c.f., Theorem 7.3). In
Corollary 8.7 by letting S = R™ we obtain a theorem of Tognoli which is
an improvement of a previous result of Nash [N].

COROLLARY 8.8. ([Tol]) Every closed smooth manifold is diffeomor-
phic to a nonsingular real algebraic set.

The next result gives a way of converting the image of an entire rational
embedding into subvariety. The image of an algebraic set under a rational
embedding does not have to be an algebraic set. The most we can say about
it is that its Zariski closure may only contain lower dimensional extra pieces
(Corollary 3.3). Theorem 8.9 says that the image of a rational embedding
can be made an algebraic subvariety if we are willing to relax the ambient
algebraic set by a rational diffeomorphism.

THEOREM 8.9. ([AKS8]) Let V, W be nonsingular real Zopen sets with
V' compact, and let p: V. — W be an entire rational function which is
an embedding. Then there are nonsingular algebraic sets V' C W' and a
rational diffeomorphism r: W' — W and a birational isomorphism q: V —
V' such that r o q = p.

Proof: We may as well assume V' and W are algebraic sets, since they are
birationally isomorphic to real algebraic sets. Suppose V' C R™, then pick
a smooth function with compact support a: W — R"™ so that a(p(z)) =«
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FIGURE 9. Making an algebraic embedding into an algebraic subset

forallz € V. Let V! = {(z,y) e VX W |y =p(z)} and let ¢: V — V'
be ¢(z) = (z,p(x)). Let W' = {(a(y),y) € R® x W}. Then W” is a
diffeomorphic copy of W containing the nonsingular algebraic set V.

Assertion 8.9.1 There is a smooth function f: R™ x W — R" transverse
to 0 € R™ so that f~1(0) = W”, and f restricts to an entire rational
function u € Iy, (V') outside of a compact set.

OV \VARRR A

\Q .Rnxw

FicurE 10. A smooth approximation

Proof: Pick a proper polynomial p: R® x W — R with p~1(0) = V’, and
pick a smooth function 5: R” x W — [0, 1] with compact support such that
B(z,y) = 1 when either |x| < |a(y)| or when (z,y) is in a neighborhood of
W' — 0 x W. Then we let

flz,y) = Bla,y)(z — aly) + (1 — B(z,y))p*(z, ).

It is clear that W” C f=1(0). If (z,y) € f~1(0) — W” then z # a(y).
But then if f(z,y) = 1 we would have 0 = f(z,y) = = — a(y) # 0, hence
B(z,y) # 1. We claim that 8(z,y) # 0 also, otherwise p?(z,y)z = 0 hence
x = 0so |a(y)] > 0 = |z| which implies 8(z,y) = 1 contradiction. Hence
0 < B(z,y) < 1, and by solving f(z,y) = 0 for a(y) we get a(y) = (1 +
p*/B — p?). Therefore |a(y)| > |z| implying B(z,y) = 1, a contradiction.
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So we have shown that W” = f~1(0). We leave the verification f 0
as an exercise. Now f equals p?(x,y)z outside of a compact set, so set

u = p*(z,y)z. o

By Lemma 8.1, f(z,y) — u(x,y) can be approximated by an entire
rational function ¢: (R"x W, V') — (R™,0). Then y(z,y) = §(z,y)+u(z,y)
is an entire rational function approximating f(z,y) on R™ x W.

Let W' = 4~1(0), then V/ C W’ and W' is e-isotopic to W by transver-
sality. Hence, W' = { (n(y),y) € R™ x W } for some smooth n: W — R"
with n &~ a. We may now let 7: W’ — W be the map induced by projection
R*"x W — W.

One can ask when a smooth map f between nonsingular algebraic sets
can be approximated by an entire rational function. The following theorem
says that if f is homotopic to an entire rational function then f can be
approximated by an entire rational function after relaxing the source by a
rational diffeomorphism.

THEOREM 8.10. ([AKS8]) Let V and W be nonsingular real Zopen sets
with V' compact. Let f: V — W be a smooth map which is homotopic to
an entire rational function. Then there exist a nonsingular algebraic set
V', an entire rational function @: V' — W, and a rational diffeomorphism
h: V' =V such that f o h is arbitrarily close to .

Proof: By Lemma 1.4, V is birationally isomorphic to a real algebraic set,
so we may as well assume V' is a real algebraic set. Let G: V x[0,1] — W be
a homotopy with G(x,0) = f(x) and G(z,1) = B(x) where (z) is an entire
rational function. By doubling G we get a smooth function H: V xS! — W
such that H(z,a) = f(x) and H(x,b) = B(z) for some a,b € S'. By
Theorem 8.4 we can find an algebraic set Z C (V x S') x R¥ for some
k, an entire rational function F': Z — W and a nonsingular component
Zy of Z such that the restriction of projection 7|z,: Zo — V x S!is a
diffeomorphism, H o 7|z, is close to F|z, and so V x b C Z;. Let M =
(m]z,)"H(V x a) C Zy. Then M is a diffeomorphic copy of V in Zy which
is homologous to V' x b C Zy. Hence by Theorem 8.2, M is e-isotopic to a
nonsingular algebraic subset V' of Z. Let ¢ = F|y» and h = por|y/: V' —
V where p: V x S' — V is a projection. Then the entire rational function
h is a diffeomorphism since 7(V") is a nearby copy of V xa C V x S1. Since
foplvxa = H|vxa we have

foh=fopomly:~Hor|y ~Fly =g

where ~ means approximation.
The following is a relative version of Theorem 8.6 and Corollary 8.7.
We delay its proof until after Lemma 8.14.
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THEOREM 8.11. ([AKS3]) Let M be a closed smooth submanifold of
a nonsingular real Zopen set V. with totally algebraic homology. Let M;,
1 =1,...,k be close smooth submanifolds of M in general position. Then
there is an e-isotopy of V- x R™ for some n, which simultaneously takes
M x 0 and all M; x 0 to nonsingular algebraic subsets.

COROLLARY 8.12. Let M be a closed smooth manifold, and M;, i =
1,...,k be closed smooth submanifolds of M in general position. Then there
exists a nonsingular algebraic set N and nonsingular algebraic subsets Nj,
i=1,...,k of N, and a diffeomorphism o: M — N with o(M;) = N;
i=1,...,k.

COROLLARY 8.13. If a closed smooth manifold is full, then it is diffeo-
morphic to a nonsingular algebraic set which has totally algebraic homology.

(We define full in the next section, it just means that the homology is
generated by embedded subsets.)

We first prove Theorem 8.11 up to cobordism, then deduce the proof
from this weaker version.

LEMMA 8.14. Let M be a closed smooth manifold, and let M;, i =
1,...,k be closed smooth submanifolds of M in general position. Let'V be a
nonsingular real Zopen set with totally algebraic homology, and p: M — V
be a map. Then there is a compact smooth manifold T with proper smooth
submanifolds T;, i = 1,..., k in general position and a map ¥: T — V such
that

a) 0T = U UM where U is a disjoint union of nonsingular Zclosed
subsets U* of V. x R™ and « runs over all subsets of {1,...,k}

such that (V;co Mi # 0.
b) 0T NT;, = 0T;, M NT; = M; and U* NT; = U where UY,
i=1,...,k are nonsingular algebraic subsets of U% transverse to

each other with U® =0 fori ¢ «.

¢) Y|a =, and Y|y, is induced by projection V x R™ — V.

d) For each such a and i € « there is an entire rational function
A8 U — G(m,¢;) such that

U ={ (z,y) € U? x R™ | (A (2),y) € B*(m, ;) }
In particular Ay classifies the normal bundle of UY in U* and U

is a sphere bundle over U{*. Also ¢; is the codimension of M; in

M.

Proof: For a C {1,...,k} we denote My = (;c, M; and My = M. We
prove the lemma by induction on the number of subsets « with the property
M, # 0. The case where all M, = () is vacuous. Now pick o C {1,...,k}
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FIGURE 11. The cobordism to the algebraic situation

so that M, # () but Mg = () for all 3 with a & 8. The normal bundle maps
fit M — G(m, ¢;) for some large m define a map f: My — [[;c, G(m, ;).
Let g: Mo — V X [[;co G(m,ci) be g = (¢, f). By Lemma 7.1 there is a
bordism v: K — V x [],., G(m,c;) such that 0K is disjoint union of M,

and a nonsingular algebraic set U C V x [[;,c, G(m,¢;) x R* for some a

with 7|y, = g and 7|y is the projection. Let u®: K — [[,c, G(m,c;) be
v followed by projection, and define
S = {(z,y) € K x R™N¥ | (u*(2),y) € [[ E*(m, i) }

ica
5S¢ = {(&y) eSS y=0}
where k' is the number of elements of a. So S¢ is the pullback
S« — [Lica E*(m,c;)
1 1
K 5 L, Gomc)
Notice S are in general position and (),., 5S¢ = K. Also note that if

i€a i

A& S¥ — G(m,c;) is the projection S¥ — K followed by the i-th coordi-
nate map of u®, then S is the pull back of E*(m,¢;) by A¢, i.e.,

S ={ (v,y) € SF x R [ (A\}(2),y) € E*(m,c) }

S is a cobordism from a nonsingular algebraic set U® to a smooth manifold
M® > M, such that S C 0S¢ = U*LUM*. Furthermore U = U*NJS§
are nonsingular algebraic sets, with A?|y« entire rational.

Since p®|p, = f there is a diffeomorphism h: A — B from a closed
tubular neighborhood A of M, in M% to a closed tubular neighborhood B
of M, in M, such that h(ANSY) = BN M,;. In other words near M,,
(M, M;) and (M*,05% N M?) are diffeomorphic.

Let S = S*U M x [0,1], where we identify A C 95 with B x 1 C
M % [0,1] via h (corners smoothed), and let S; = S* U M; x [0,1] C S.

Note that the S; are in general position in S. Let #: S — V be the map
obtained by first retracting S to S*U M, x [0,1]UM x 0, then mapping S*
by projection to K, mapping by v to V' x [[,., G(m, ¢;) and by projection
to V, and mapping M, x [0,1]U M x 0 by projection to M and then by ¢
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M x[0,1]

FIGURE 12. The inductive step, reducing the number of
nonempty M,'s

to V. Notice 0|prx0 = ¢, U* C U x RmTDE « 7« R™ for some large n,
and 6|y« is the projection. Define

M = (M*—TInt(A))| J(M - Int(B))
h
M, = M'nNnS;
M; x [01]
?\ M

N ©

M Mx 1

FIGURE 13. Detail of the added handle

Notice M, = 0, and Mj = () when Mg = (). Let o' = 0|y, then by in-
duction there are (7”,7}) and a map ¢': T’ — V satisfying the conclusions
of the lemma. Let T'=SUT', T; = S; UT/, and ¢ = ¢’ UH. We are done.

We now give the delayed proof of Theorem 8.11.

Proof: (of Theorem 8.11) Let ¢: M < V be the inclusion, and let ¢: T —
V be the bordism obtained from Lemma 8.14, where ¢|pr = ¢ and 9|y is
induced by projection U C V x R®™ — V. In the notation of the lemma,
U =|],U*, for simplicity call U; =| |,.,, US*. By choosing n large enough

[A<TeY
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(n > 2dim T — dim V suffices) we may pick a smooth function «: (T,U) —
(R™,0) so that (¢, k): T — V xR"™ is an embedding and (%, k)|y is inclusion
UcCV xR"™ Let ¢ denote (¢, k).

By doubling T' (and smoothing corners) we obtain smooth manifolds

X = oW(T)x[-1,1]) c (V xR") xR
Xi = 6(¢l(TZ) X [—1, 1]) cX

Xi

U M

U M;

FIGURE 14. X, the double of T

Identify U with U x 0 and M with M x 0 x 0. The manifolds M, U
and X; are in general position in X. Furthermore M is homologous to U
in X. Also notice that the germ of X at U is a germ of the nonsingular
algebraic set U x R at U. By Theorem 8.6 (with L = P :=U, M = X,
S:=V xR"” xR and W := a point) we may assume X is a nonsingular
Zclosed subset of V' x R™ x R.

Now let §;: X; — G(m,¢;) be the normal bundle map of X; in X. By
Lemma 8.14 we can assume that 3;|y= = A{" where A\ are the entire rational
functions defined by the lemma. Then Theorem 8.6 (with L = P := U,
M:=X,,S:=VxR"xR, W:=G(m,c;) and [ := ;) gives

VxR xReD Y/
i
) ¢
V xRl o X; & G(m, C,’)

where Y/ is a nonsingular algebraic set containing U; and p is a diffeomor-
phism fixing U; and ~y; is an entire rational function approximating (; o p
with v;|u, = 8;|. We define

Y/ ={(z,y) €Y/ xR™ | (vi(x),y) € E*(m, ;) }

Since 7;, and §; o p are homotopic, the normal bundle of Y/ in Y}” is equiv-
alent to the normal bundle of X; in X.

Notice that {(z,y) € Y" | « € U; } is a union of components of U.
Hence the germ of X at U U X; is diffeomorphic (in fact isotopic) to the
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Y{

FI1GURE 15. Y/

germ of the nonsingular algebraic set Y at UUY;. So X is e-isotopic fixing
U to a submanifold Y; C V x R¢ for some ¢ so that:

1) UuY/ CY,.
2) The germ of Y; at U UY] is the germ of the nonsingular algebraic
set Y/

So by Theorem 8.6 (with L:=UUY/, P=Y/, M :=Y;, S:=V xR and
W := a point) we may as well assume that Y; is a nonsingular Zopen set.
Note we have a diffeomorphism 7;: (X, U U X;) — (Y;,U UY/) such that:
7i|lv =identity and 7; is close to the identity.

Finally we apply Theorem 8.4 to the map 7: X — Y7 x Yo x ... x Yy,
where 7 = (71,...,7), and get an algebraic set Z C X x R® and an entire
rational function u: Z — Y7 X Y5 x ... X Y} and a nonsingular component
Zy of Z, such that if 7 is the projection X x R® — X then

i) 7|z,: Zo — X is a diffeomorphism.
ii) U C Zyand U|U = (Zd, S ,’Ld)
iii) u approximates 7o on Zj.

Since U and m~1(M) (a copy of M in Zy) are homologous, by Theorem 8.2
we know that 7=1(M) is e-isotopic in Zy to a nonsingular algebraic set N.
If u;: Zy — Y; is the map u followed by the projection to the i-th factor,
then u; ' (Y/) is a nearby copy of X;. Let N; = N Nu; ' (Y/), then N; are
nonsingular algebraic sets in N and (N, Ny, ..., Ng) is an isotopic copy of
(M, M, ..., My)

A useful application of Corollary 8.12 is the following theorem which
classifies real algebraic sets with isolated singularities.

ProposITION 8.15. ([AK1]) A set X is homeomorphic to a real alge-
braic set V with isolated singularities if and only if X is obtained by taking
a smooth compact manifold W with boundary OW = U]_,3%;, where each
¥, bounds a compact smooth manifold, then crushing some 3; ’s to points
and deleting the remaining 3; ’s.
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Proof: Let V be a real algebraic set with isolated singularities. By Lemma
6.2 the one point compactification V* is a real algebraic set with isolated
singularities. Then Hironaka’s resolution theorem (Theorem 5.11) applied
to V* implies that V must be in the form of X as described in the statement
of the theorem.

Conversely assume that we are given such X = W UJ;_, ¢(%;), with
3; = OW; for some compact smooth W;’s. We claim that after modifying
the interiors of W;’s we can assume each W, has a spine L; consisting
of a union of transversally intersecting closed smooth submanifolds, i.e.,
Wi/L; = ¢(%;). Assuming this claim we can construct a smooth manifold
X = WulJ;_, W;. By Corollary 8.12 we can assume that X is a nonsingular
algebraic set so that each L; is an algebraic subset of X. Note that X is
obtained from X by crushing some L;’s to points and deleting the remaining
L;’s. But by Proposition 6.1 and Lemma 1.4 we can do these operations
algebraically.

X X
FIGURE 16. Characterizing Zopen sets with isolated singularities

So it remains to prove the above claim about the W;’s. Let W be one
of these W;’s and W = ¥™. We can pick smooth balls D;, i = 1,2,...,7
in the interior of W such that:

i) U, D; is a spine of W.
ii) The spheres S; = 9D; intersect transversally with each other.
iii) (JD; —JOD; is a union of open balls J;_, B;.

FiGure 17. Balls D; making a spine of W
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Pick smaller balls B} C B;. Then Wy = W —Jj_, Int(Bj}) is a manifold
with spine JS;, and

oWy =% u | oB;

j=1

where of course each 6B§- is a sphere.

FIGURE 18. |JS; a spine of W

We can reindex the balls B} so that there is an arc from X to 9B
intersecting exactly one S;. Furthermore this intersection is transverse and
consists of a single point. Then we attach a 1-handle to OW; connecting X
to 0B] and get W1 = Wy U (1 — handle) as in Figure 19.

FIGURE 19. Adding a handle to reduce the number of
spheres in OW;

Then 0W; = X U szz 8B§- and |JS; U C] is a spine of Wi, where C
is the circle defined by the core of the 1-handle union of the arc. We have
improved matters since there are fewer spheres 8B§ in 0W;. By continuing
in this way we get a manifold Wy with OW; = X and the spine of W
is transversally intersecting codimension one spheres and circles |JS; U
Uj‘=1 C;. Then W is the required manifold. (the first step of the proof of
this claim came from a suggestion of L. Jones).

There is also an ambient version of this Proposition which says that
if a closed smooth submanifold ¥ of S™ is the boundary of a codimension
at least one submanifold of S™ with trivial normal bundle, then it can be
isotoped to the link of a real algebraic subset of R®™! with an isolated
singularity at the origin, [AK18].
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9. Homology of Blowups

In this section we discuss how homology groups change under blow-
ing up operations, and prove a resolution theorem for homology cycles of
algebraic sets, which originally appeared in [AKS8]. All homology and co-
homology groups in this section will have Z/27Z coeflicients.

DEFINITIONS 9.1. For a smooth manifold M we define Hi™ (M) to
be the subgroup of H, (M) generated by embedded closed smooth sub-
manifolds. That is, every element of H!™" (M) is a finite sum of classes

represented by i-dimensional smooth submanifolds. We say M is full if
Him™ (M) = H, (M).

We also want to define an algebraic analogue of fullness.

DEFINITIONS 9.2. Let V' be a nonsingular Zopen set, we define the
following subgroups of H, (V). Let RH,(V) be the subgroup generated
by ¢«[Z], where p: Z — V is an entire rational function from a compact
nonsingular algebraic set Z and ¢ is an embedding. Let RoH,.(V) be the
same as above, except Z is allowed to be a compact nonsingular component
of an algebraic set. In other words, RoH.(V) is the subgroup generated
by ¢«[Z], where p: Z — V is an entire rational function from a compact
nonsingular component of an algebraic set Z and ¢ is an embedding. We
say V' is algebraically full if RH, (V) = H, (V).

Clearly we have RH, (V) C H2 (V). Theorem 8.4 implies that RoH, (V) =
Him™" (M). Repeated applications of Theorem 8.9 along with Lemma 7.2
imply that, after changing V' by a rational diffeomorphism V =5 V we can
identify RH., (‘N/) as the subgroup generated by compact nonsingular alge-
braic subsets of V. Another nice feature of RH, (V) is that its elements can
be isotoped to make them transverse to any given smooth subcomplex of V.
This last property follows from Theorem 8.10, because first we can isotop a
given representative ¢: Z < V of RH, (V) to a smooth ¢g: Z < V such
that ¢ is transverse to a given subcomplex then by Theorem 8.10 we can
e-isotop o to an entire rational function ¢q: Z; <— V from a nonsingular
algebraic set Z;.

Before looking at the homology of blowups we need the following ele-
mentary lemmas.

PROPOSITION 9.1. Let f: V — W be a degree one map (in Z/27Z coef-
ficients) between closed smooth manifolds of the same dimension, then
&) H. (W) = [.H. (V)
b) HI™ (W) C f HI™ (V)
c) If V and W are nonsingular Zopen sets and f is entire rational,
then RH, (W) C f«RH. (V).
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Proof:  Conclusion a) follows since f has degree one. To see b) we
make f transverse to the generators of H!™Y(W). In particular, pick
[A] € HI™ (W) where A C W is a smooth submanifold. After isotop-
ing A, we may as well assume f is transverse to A. Let B = f~1(A). Let
and 8 be the Poincare duals of [A] and [B] respectively. Clearly f* («) = §,
and since f has degree one:

Bl = £ (BNV]) = £ (ff (@) n[V]) =an fi]V] = an[W] = [4].

To see c¢), pick a € RH, (W) represented by a rational embedding
w: D — W. Homotop f to a map fo: V — W which is transverse to .
By Theorem 8.10 there is a nonsingular algebraic set V'’ and a rational
diffeomorphism h: V' 3 V and an entire rational function f': V/ — W
such that fy o h is close to f’, in particular f’ is transverse to ¢. Now let
C be the fiber product

C={(z,y) e V' xD|f(z)=¢(y)}

Note that C' is nonsingular by Lemma 2.14. Also projection V' x D — V'
restricts to an embedding w: C' — V’. Let b = h,m.([C]) € RH.(V). Note
that f* of the Poincare dual of a is the Poincare dual of b. So as above we
get f. (b) = a.

The assumption that L be closed is not really necessary, but makes
things easier and is all we need.

LEMMA 9.2. Let p: E — L be a k-dimensional vector bundle over
a smooth closed manifold L and let m: P(E) — L be ils projectiviza-
tion, so P (E) is the space of lines through the origin in fibres of p. Let
n: K — P (FE) be the canonical line bundle. Then there is a H* (L)-module
isomorphism
¢: H* (P (E)) — H* (L) ® H* (RP*1)
s0 that if wy € H' (P (E)) is the first Stiefel-Whitney class of n, then

a) on* () =a®1 for alla € H* (L)

b) ¢ (w1) =1®¢ where & generates H' (RP™~1).

¢) If L is full then P (E) is full.

d) Suppose w: P(E) — L is algebraic. That is, suppose we have
P(E) = w(E,L) " (L) where = (E,L): B(E,L) — E is the
blowup of nonsingular Zopen set along a nonsingular Zclosed sub-
set L and 7 1is the restriction of the blowing up projection w(E, L).
Then P (E) is algebraically full if L is algebraically full.

Proof:  The existence of ¢ satisfying a) and b) is an immediate conse-
quence of Theorem 5.7.9 of [Sp] since 6: H* (RP*~') — H* (P (E)) is a
cohomology extension of the fiber where 6 (8) = wi.
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Now suppose that L is full. Let D: H* (P (E)) — H, (P (E)) be the
Poincare duality isomorphism. To show P (E) is full it suffices to show that

De~! (a@€™) € H™ (P (E))
for every m and aw € H* (L). But we have
e (a®E™) =" (o) U™

Now D (w;) is represented by an embedded submanifold S = P (E)NP (E)’
where P (E)" is a section of 7: K — P (E) transverse to the zero section
P (E). Let « be Poincare dual to Y [A;] for embedded closed submanifolds
A; C L. Let S1,...,S, C P(F) be isotopic copies of S in general position
with themselves and with each 771 (4;). Then if S’ = NS; we know that

D(n" () Uwi") =) [ (A) NS € HI™ (P (E))

The proof of d) is very similar to the proof of ¢), the only difference is
that we have embeddings of nonsingular Zopen sets as opposed to subman-
ifolds. As pointed out in the introduction they obey transversality. Now
the only place to modify the proof is that instead of 4; C L we will have
entire rational embeddings ¢;: A; < L, so in this case we replace 7! (4;)
by the fiber product B;

Bi — P(E)
4 4

4, = L

LEMMA 9.3. Let m: B — M be a blowup with center L, i.e., B =
B(M,L) and m = w (M, L). Assume M is a closed smooth manifold and
dim L < dim M, then the following hold:

a) If L is full then ker () C H™ (B)

b) If 7 is a blowup of nonsingular Zopen sets, and L is algebraically
full, then ker (7.) C RH, (B)

¢) If M and L are full, then B is full. In the algebraic case if M and
L are algebraically full, then B is algebraically full.

d) ker(m,) C jH.(m=Y(L)) where j: n=Y(L) — B is inclusion. In
fact ker(m,) = j. (n|;* (ker(H, (L) — H.(M)))).

Proof: Let P denote 7~ ! (L). We compare the following exact sequences
where the vertical maps are induced by 7

i — H/(P) >  H,B) 5 H,BP — -
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The third vertical map is an isomorphism by excision. Hence if o € ker ()
we must have k (o) = 0, so « € Image (j ), so d) is true. Then Lemma 9.2
implies a) and b). To see c), take any a € H;(B). By Proposition 9.1b
or ¢, there is a 8 € H!™"(B) or RH;(B) so that m,(a) = m.(8). But then
a — B € ker 7, so a) and b) imply c).

Note the following more general definition of uzunblowup supersedes
that in [AK4].

DEFINITIONS 9.3. Let V' be a nonsingular Zopen set. We call a map
m:V — V an uzunblowup if 7 is the composition

V=V, "V, "V V=V

where each ;41 is either a rational diffeomorphism or a blowup of V; along
a some nonsingular center L; C V;. We call {L;} the centers of r: V=V,
A multiblowup is an uzunblowup where each 7; is a blowup. We call an
uzunblowup full or algebraically full if all the centers are full or algebraically
full. (For the curious reader: wzun means long in Turkish.) We call a
multiblowup or uzunblowup nondegenerate if all centers L; have dim L; <
dim V.

Now we are ready to prove an algebraic version of the Steenrod repre-
sentability theorem for homology classes.

LEMMA 9.4. IfV is a compact nonsingular Zopen set, then there is a
nondegenerate multiblowup m: V =V with:
a) mH (V) = H, (V).
b) mRH.(V) = HA (V).
Proof: By Proposition 9.1, 7, is onto and each element of H™" (V) lifts
to an element of Hi™ (V). Hence a) follows by repeated applications of
the following assertion.

Assertion 9.4.1 Let 0 # 6 € Hy (V). Then there exists a multiblowup
w:V — V, a k-dimensional nonsingular Zclosed subset Z of V' and a com-
ponent Zy of Z such that m.[Zy] = 6.

Proof: By the Steenrod representability theorem [Th], we can find a map
f+ M — V such that M is a closed smooth manifold, and f.[M] = 6. By
transversality we can assume that f is one to one almost everywhere. By
Theorem 8.4 we can find an algebraic set @), an entire rational function
w: Q — V, a component of Qg of @ and a diffeomorphism h: M — Qg
so that ¢ o h ~ f, in particular ¢.[Qg] = 6 and ¢ is one to one almost
everywhere on Q.

Now, ¢ (Qo) is a semialgebraic set of dimension k, hence if YV is the
Zariski closure of ¢ (Qg) in V then dimY = k. Now by Theorem 5.11 there
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is a multiblowup 7: V — V such that the strict preimage Z of Y is a k-
dimensional nonsingular Zclosed subset of V and the centers lie over Sing Y.
By chapter 0, section 5 of [H] (c.f. Proposition 2.7) there is a multiblowup
p: @ — @ and a rational function @: @ — Z so that mp = ¢p, i.e., the
following commutes:

(Alternatively, one could avoid using chapter 0 section 5 of [H] by using
Lemma 5.9 and Theorem 8.10 and settling for an uzunblowup instead of a
multiblowup.)

For simplicity assume that Qg is connected. Hence p~1(Qq) = @0 is
connected. Let Zg = @(Qvo), then Z; is connected. Notice ¢ is one to one

almost everywhere on Qg since ¢ is one to one almost everywhere on Q.
Therefore [Zy] = ©«[Qo]. Hence

[ Zo) = T2 [Qo) = 0.+ [Qo] = ¢:[Qo] = 0

Since dim Z = k and Z; is a connected subset representing a non-zero k-
dimensional homology class, Zy must be the whole component of Z. ]

The proof of b) is similar, but simpler since in this case we can take
Q:QO al’le:Z().

The following is a homology version of the resolution Theorem 5.11. Tt
says in particular that we can make all Z/2Z-cycles of smooth manifolds
embedded after blowing up operations.

THEOREM 9.5. Every compacthonsmgular real Zopen set V. admits a
nondegenerate full uzunblowup w: V — V such that:
a) Vs full.
b) m.RH., (V) =HA (V).

Proof: Consider the following assertions:

Assertion A(v): Every compact nonsingular real Zopen set V withdim V =
v admits a nondegenNerate full uzunblowup 7: V. — V such that V is full
and so that m,RH, (V) =HA (V).

Assertion C(v): Suppose that V' is a compact nonsingular real Zopen set
withdimV = v andp: V — V is a nondegenerate multiblowup. Then there
exists a nondegenerate full uzunblowup w: V — V and an entire rational
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function g: V — V such that the following diagram commutes up to Z/2Z
homology
vV o< 1%

» 1 v (%)
\%

It suffices to prove that C(v) implies A(v) and to prove that A(i) for

all 4 < v implies C(v).
Proof: (of C(v) = A(v)) Suppose dimV = v. From Lemma 9.4 we get a
nondegenerate multiblowup p: V — V such that:

1) p HImb (V) =H, (V).

2) p«RH, (V) =H2 (V).
By C(v) there exists a nondegenerate full uzunblowup : V = V and
an entire rational function g: V5V making the diagram (%) commute
up to Z/27 homology. By Proposition 9.1, H™ (V) C g H™b (‘7) and
RH, (V) C g.RH, (‘7), hence

T (V) = pog. H™ (V) D p.H™ (V) = H. (V)

implying ., H™ (V) = H, (V). Similarly we get 7, RH., (V) = (V)
Furthermore the surjectivity of m, implies that H, ( ) = (ma) ® G
where m,: G — H, (V) is an isomorphism and G C H””b( ) By Lemma
9.3, ker (m,) C Himb(V). Therefore H, (V) = Himb( ) i.e V is full.
m

Proof: (of A(i) for all i < v == C(v)) Pick V with dimV = v and p: V —
V', which is a composition:
V=V, Vv, " v Y=V
such that each V;4 by V; is a blowup along a nonsingular center L; C V;
with dim L; < dimV; = dim V.
Assume we have constructed a nondegenerate full uzunblowup 7 () : Z; —

V and an entire rational function g;: Z; — V;, such that the following com-
mutes up to Z/2Z homology

Vi & Z
p) L ()

Vv

where p (i) = propao...op;, Zop =V and go = 7 (0) = id. If we call this
statement B (7), by induction it suffices to prove B (i) = B (i + 1).
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By Theorem 8.10 we can find a nonsingular algebraic set Z! and a ratio-
nal diffeomorphism «: Z; — Z; and an entire rational function ¢: Z/ —
V; which is transverse to L;, and ¢, = (g;), © . in homology. Then
N! = ¢~ (L;) is a nonsingular algebraic set of dimension less than v in Z.

By A (dim N}) there is a nondegenerate full uzunblowup N;” — N/ with
H, (N!") = H™"(N!"). Let ¢: Z!" — Z! be the induced full uzunblowup
with the same centers. Consider the blowups 8: Q = B (Z], N]) — Z] and
v: Ziy1 =B (Z!',N}') — Z!". By Lemma 2.5.9 and Lemma 5.10 we have
entire rational functions §; and Jo making the following diagram commute
in homology.

Q & Zin
61
\ A
Vier zl & gy
©
Vi <«— Z
{ v
\%

Then 7 (i +1): Z;y1 — V is a full-uzunblowup, where 7 (i + 1) = 7 (i) o
aotpory. If we let g;41 = d1 062 we get the homology commutative diagram:

gi+41
Vier +— Zip
Pi+1 1 / w(i+1)

\%4

In the above theorem we can not hope to make H, (V) = RH, (V), since
this would imply H, (V) = HA (V) contradicting Theorem 7.3. However
we can get :

THEOREM 9.6. Fvery algebraic set with totally algegraic homology ad-
mits _a nondegeriemte algebraically full uzunblowup w: V. — V, such that
H.(V)=RH,(V).

Proof: The proof is the same as the proof of Theorem 9.5 except in the
statement of the assertions we take m: V — V to be an algebraically full
uzunblowup.

The recent simple proof of resolution of singularities in [BM] allows a
simplification in the proof of Theorem 9.5 and probably allows a strength-
ening of the conclusion, namely that 7 can be an algebraic multiblowup
rather than just an uzunblowup. The reason the proof is simpler is that in
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[BM], a complexity is assigned to each point in an algebraic set and then
one does resolution of singularities by blowing up with center the points of
maximum complexity. But if one blows up a center contained in the set
of maximum complexity, the resulting complexity does not increase and in
fact, with a little bit of care, it decreases everywhere except on the strict
transform of the set of maximal complexity. Consequently, it is not nec-
essary to use homology commutative triangles, but instead give a simpler
direct proof of Theorem 9.5.

10. Isotoping Submanifolds to Algebraic Subsets

When is a closed smooth submanifold M™ of R™ isotopic to an algebraic
subset of R"? Seifert [S] showed that if M has a trivial normal bundle then
it can be isotoped to a nonsingular component Z; of an algebraic subset
Z. Furthermore, he showed that one can take Z = Zj if either n —m =1,
or n —m = 2 and M is orientable (c.f., Theorem 8.2). His method in fact
gives Z to be a complete intersection in R™. This conclusion makes his
result the best possible; because it turns out that there are homotopy the-
oretical obstructions to isotoping submanifolds with trivial normal bundle
to complete intersections [AKT7].

In [N] Nash showed that any closed smooth submanifold M can be
e-isotoped to a smooth sheet of an algebraic subset of R™ (the sheets might
intersect each other). Then by a normalization process he was able to sepa-
rate the sheets in R™ x R¥ for some &, thereby isotoping M to a nonsingular
component of an algebraic set in R” x R¥ . Then by generic projections he
was able to obtain the result that every M™ C R™ is isotopic to a nonsingu-
lar component of an algebraic subset provided n > 2m + 1. He conjectured
that the dimension restriction is not necessary.

This conjecture has a long history. Tognoli [Tol] strengthen the Nash’s
result by showing that when n > 2m + 1 the extra components in the con-
clusion of the Nash’s theorem can be removed (Corollary 8.8). In literature
sometimes [To1l] is incorrectly referred to as the solution of the Nash Con-
jecture. Furthermore in [I] and [To1] it was shown that Nash’s theorem can
be improved to n > 3m/2. There have been also two published incorrect
proofs of the conjecture ([W], [To2]). Finally the conjecture was proven
in [AK12] and generalized to immersions M ¢ R™. Moreover [AK13]
shows that the extra components of the algebraic set can be eliminated if
and only if this immersion has an algebraic representative. In this section
we will present a proof of Nash’s conjecture by summarizing the results
of [AK12]. One can ask for a generalization of these results when R”™ is
replaced by any nonsingular algebraic set. We will discuss some of this and
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refrain from the general case by referring the reader to the above papers,
since we don’t need these results for the rest of the book.

We refer to some algebraic geometric notions such as normalization and
the finiteness of rational functions which we have not yet introduced. See
[Sh] for their definitions.

DEerINITIONS 10.1. If X C C™ is a complex algebraic set we let Xg
denote X NR™. We let X denote the complex conjugate of X, i.e., X =
{z€C"|ze X} Wesay that X is defined over R if X = X. If X
and Y are complex algebraic sets defined over R, we say a rational function

p: X =Y is defined over R if p(Z) = ¢(z) for all z € X.

We need to prove a complex version of Lemma 8.1 which allows us to
approximate a smooth function with a complex polynomial in some situa-
tions. Proposition 10.2 provides an answer, but first we have an elementary
result.

LEMMA 10.1. Let FF C C™ be a finite set of points, and y € C™ such
thaty ¢ F andy ¢ F. Then there is a polynomial g: C™ — C defined over
R, such that q is C* close to 0 near F and C* close to 1 near y and y.

Proof: Pick any integer k. By picking a linear projection 7: C™ — C
defined over R so that 7(y) ¢ 7(F) and 7 (y) ¢ «(F) and replacing g by
moq it suffices to consider the casen = 1. If F = { a;+B;v/—1]i=1,...,b}
,let 04(2) = (2 — ;)? + 82 and o(2) = (0:(2))**!. Then o is C* close to
0 near F and o(y) # 0. Suppose o(y) = a + 8y/—1, then

q(z) =1 - (WZL Qf);f 52)k+l

has the required properties and its first k£ derivatives are close.

ProproSITION 10.2. Let §: C™ — C" be a polynomial map defined over
R. Let T be a compact subset of 0~ (R™) with T =T, and let f: T — C be
a continuous function with f(Z) = f(z) for all z € T. Suppose 0|1 is finite
to one. Then there is a polynomial h: C™ — C defined over R so that h|r
is a C° approzimation of f. Furthermore if for some S C T with S = S,
fls can be locally C* approzimated by polynomials defined over R, then we

can also conclude that h|s is a C* approzimation to f|s.

Proof: Suppose for each z € R™ there is a neighborhood U, of z in C"
and a polynomial h, : C™ — C such that h, is a C* approximation of f on
6~1(U,) NT. Then by compactness we can cover T by a finite number of
071 (Uy,)’s, i =1,2...,b. Let ¢;: R™ — [0, 1] be a partition of unity with
supp(v;) C Uy,,. Then approximate v; by real polynomials p; on 7. Think



10. ISOTOPING SUBMANIFOLDS TO ALGEBRAIC SUBSETS 91

of these polynomials as complex polynomials defined over R. We let

b
h(z) = ZPi(G(Z))hxi(Z)

So it suffices to find the polynomials h,. Let y € 6~ !(z) N T. Then
if y € S let g, be a polynomial defined over R which is C* close to f on
some neighborhood V,, of y, otherwise let g, be the constant f(y). We
may choose g, = gz, since for z € V, N T, g,(2) = g,(Z) which is close to
f(Z) = f(2). Now by Lemma 10.1 we can choose polynomials gy: C" = C
defined over R, such that ¢, approximates to 0 on 0~ (2)NT — {y,y} and
1 on {y,y}. Then we let

hy = Z GyQy

y€0—1(z)NT

We will be talking about isotoping immersed submanifolds to algebraic
subsets. To be able to to do that we need to make the following definition
for algebraic sets. It gives the correct notion of nonsingularity for algebraic
sets that are images of immersions of smooth manifolds:

DEFINITION 10.2. We say x is an almost nonsingular point of an al-
gebraic set X of dimension d, if a neighborhood of z in X is a union of
analytic manifolds of dimension d, and furthermore the complexification of
these analytic manifolds form a neighborhood of x in the complexification
Xc of X. An algebraic set consisting entirely of almost nonsingular points
of dimension d is called an almost nonsingular algebraic set.

Hence all nonsingular points are almost nonsingular, and the converse
is true if X is normal. Recall that the image of a real algebraic set under a
polynomial map may not be real algebraic. The following Proposition gives
a sufficient conditions which imply this.

PRrROPOSITION 10.3. Let Z C R™ be a real algebraic set and Z¢c C C™ be
its complezification. Let : Z¢c — C™ be a proper polynomial map defined
over R. Let Y = Clr(¢(Z)). Suppose:

a) NonsingZ is closed.

b) ¥ immerses NonsingZ and restricts to an embedding on an open
dense subset of Nonsing Z.

c) ¥~ (Nonsing Z) = Nonsing Z.

Then ¢(Nonsing Z) is the set of almost nonsingular points of Y. If in addi-
tion we know that ¢ is an embedding on Nonsing Z then we get 1»(Nonsing Z) =
NonsingY .
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Proof: Let k = dim Z and Zy = Nonsing Z. By applying the proposition
to each k-dimensional irreducible component of Z, we can assume Z is
irreducible.

Since v is proper, X = 1(Z¢) is a complex algebraic set. Since ¥(Z) C
¥(Zc) NR™ = Xg, we know that Y C Xg C X. Hence Y¢ C X. Also since

Z oy lY(Z) cyTHY) c v (Ye)
we have Z¢ C ¢~ (Yc). Therefore
X =(Zc) C Yy~ (Ye) C Yo C X.

So X =Ycand Y = X NR"™

Let z € Zy. Then by b) and c), ¢~ 11(z) is a finite set of points of Zj.
Let = 14(2) = {21...2}. By b), dib,, has rank k, so there are small open
neighborhoods U; of z; in Zy such that 9|y, is a complex embedding. By
properness ¥(Z¢ — UY_,U;) is closed hence ¥ (UY_,U;) is a neighborhood
of (z) in X. Since each 9(U;) is a complexification of the real analytic
manifold ¥(U; N Z), ¥(z) is an almost nonsingular point of Y.

If 9|z, is an embedding then b = 1, hence 9(z) € NonsingY. So
¥(Zy) C NonsingY. We claim NonsingY C (Zp). If this were not
true then we could pick € NonsingY — ¥(Zy). Hence z has an open
k-dimensional neighborhood U in Y. Since (Zp) is closed (¢ is proper) we
may assume U C NonsingY — ¢ (Zp). In particular dim(Y — ¢(Zy)) = k.
Also since 1¥: Z — Y embeds an open dense subset Zj, it has degree 1.
By Corollary 3.3 dim(Y — ¢(Z)) < dim(Z) = k. Also dim(¢(Sing Z) <
dim(SingZ) < k. But Y — ¢(Zy) = (Y — ¢(Z)) U ¢(Sing Z), hence
dim(Y — ¢ (Zp)) < k, a contradiction. Therefore 1)(Zy) = Nonsing Y.

—
ZC\

R" c"
F1GURE 20. An almost nonsingular immersion

Next we need to prove a certain generalization of the Theorem 8.6.

THEOREM 10.4. Let f: M 3 V be a smooth immersion from a closed
smooth manifold M to a monsingular algebraic set V. Assume that the
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bordism class of f is algebraic. Then there are a real algebraic set Z and a
diffeomorphism h: M — NonsingZ and a polynomial p: Z — V' such that:

a) poh: M — V approzimates f.
b) The complezification pc: Zc — Vi of p is a finite regular map to
its 1mage.
¢) NonsingZ is a union of connected components of p(El(V).
Furthermore in case V.=R"™ (and hence the cobordism condition is always
satisfied) we may take Z¢c to be nonsingular.

Proof: ~ We first show that conclusion c¢) is a consequence of a) and b).
Nonsing Z is closed in pg 1(V) since it is the image of a compact set M.
Hence it suffices to show Nonsing Z is open in pél(V). Let m = dim M.
Pick z € Nonsing Z, note that dpc has rank m at z. Hence, after an
analytic coordinate change defined over R, pc is locally an injective linear
map defined over R. So locally pc takes nonreal points to nonreal points.
Hence Nonsing Z is open in pg ' (V).

To see a) and b) we apply Theorem 8.6 and get a nonsingular algebraic
set X and a diffeomorphism g: M — X and an entire rational function
1¥: X — V so that ¥ o g approximates f. The only problem is ¥¢ may
not be finite. Let us show how to make ¢ finite when V = R". By
Lemma 2.15 we may assume X¢ is nonsingular. Suppose X¢ C CF. Let
Z ={(x,y) € X xR" |y =9(x) }, then Z¢ = {(z,y) € Xc xC" |y =
Ye(z) } € CF x C". By the proof of Theorem 10 in Chapter 1 and Section 5
of [Sh] the restriction to Z¢ of a generic linear retraction C¥ x C* — C" is
finite. So choose a linear retraction 7: C* x C* — C”, defined over R and
close to the standard projection, so that 7|: Z¢ — 7(Z¢) is finite. Then by
letting h(xz) = (g(x),¢¥g(x)) and p = |z we are finished.

The proof for the general V' (which we don’t need for the proof of the
Nash Conjecture) is a more sophisticated version of the above procedure.
We refer the interested reader to [AK12]

We are now ready to prove a generalized version of the Conjecture of
Nash.

THEOREM 10.5. Let f: M & R™ be a smooth immersion of a closed
smooth manifold. Then [ is e-regularly homotopic to an immersion f': M &
R™ such that f'(M) is the set of almost nonsingular points of an algebraic
subset of R™. In particular f'(M) is a union of components of a real alge-
braic subset of R™.

Proof: We apply Theorem 10.4 to the immersion f and obtain a nonsin-
gular real algebraic set Z, a diffeomorphism h: M iy , and a polynomial
p: Z — R™ such that if Y = pe(Zc) then:

1) poh: M — R"™ approximates f
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2) pc: Zc — Y is a finite regular map
3) Z is a union of connected components of p' (R™)

Take a generic projection m: C* — L onto a codimension one linear
subspace L defined over R such that |y is finite [Sh]. Let v be a unit
vector perpendicular to L in R™, then

pc(2) = m(pe(2)) + (pe(z), v)v

Let K be a compact neighborhood of 7mp(Z) in L NR™ and let T =
pglwfl(K). Since 7 o p¢ is finite it is proper, hence T is compact. We
know that Z has a neighborhood U in Z¢ such that pc|y is a complex
analytic immersion and hence pc(U — Z) has no real points.

Pick a smooth function a: T — [0, 1] such that & = 0 on a neighbor-
hood U of Zin TNU,a=10onT —U and a(z) = «(z). By Proposition
10.2 we can find a polynomial o’: Z¢ — C defined over R so that o/|r ap-

proximates o and this approximation is C' on U’. Let b be the maximum
of [{pc(z),v)| for z € T, then we define ¢: Z¢g — C™ by:

U(z) = pclz) +2(0+ 1o’ (z)v
= mpe(2) + [{pc(2),v) +2(b + 1)/ (2)]v
Since m o4 = 7o pc, ¥ is proper. Also 1 is defined over R. Since ¢ is C!
close to pc on U’, v is an immersion on U’. Hence Proposition 10.3 would
imply the theorem once we can show ¢~ 11(z) C Z for all z € Z.

Suppose ¥(z) = (u) for z € Z and v € Z¢ — Z. Since mpc(u) =
mp(u) = mp(z) = mwpe(z) = mp(z) € K we have u € T. Since ) is defined
over R and an immersion on U’, after an analytic coordinate change over
R it becomes locally an injective linear map defined over R. Hence v takes

nonreal points of U’ to nonreal points. So (U’ — Z) has no real points.
Therefore u e T —U'. If u € UNT — U’ then:

P(u) ~ pe(u) + 2(b+ 1)a(u)v

where ~ means close to. Notice v and a(u) are real and pc(U — Z) has
no real points. Therefore ¥ (u) is not real, a contradiction. So u € T — U.
Then

¥(u) = mpe(u) ~ [{pe(u), v) +2b+2Jv
On the other hand
P(u) = mpe(u) = ¢(z) = mpe(z) ~ (pe(2),v)v
This gives a contradiction, because |{pc(z),v)| < b. But
[(pe(u),v) +2b+2[ 2 2(b+1) = [(pc(2),v)| = b+ 1.

Therefore ¢~ 4)(2) C Z for all z € Z.
As a special case of this theorem we obtain:
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R" c"

FIGURE 21. Making an immersion algebraic

COROLLARY 10.6. Any closed smooth submanifold M C R™ is e-isotopic
to the nonsingular points of an algebraic subset of R™. In particular, M is
isotopic to a union of components of a real algebraic subset of R™.

By applying the proof of Lemma 1.4 we get:

COROLLARY 10.7. Any closed smooth submanifold M C R"™ is isotopic
to a nonsingular real algebraic subset of R™+1.

We can try to generalize Theorem 10.5 by replacing R™ by any nonsin-
gular algebraic set V. Of course in this case we must have the bordism class
of f algebraic. Also we need the notion of projection V' onto a hyperplane.
To be able to do this we replace V by V x R.

THEOREM 10.8. Let f: M & V be an tmmersion of a closed smooth
manifold into a nonsingular algebraic set V' such that the bordism class of
f 1s algebraic. Then f is e-reqularly homotopic to an immersion f': M &
V XR such that f'(M) is the set of almost nonsingular points of an algebraic
set. Hence f'(M) is a union of components of an algebraic subset of V- x R.

Proof: As before we apply Theorem 10.4 to the immersion f and get: an
algebraic set Z, a diffeomorphism h: M 5 Nonsing Z, and a polynomial
p: Z — R™ satisfying the conclusions a), b), ¢) of Theorem 10.4.

Let K C V be a compact set containing a neighborhood of p(Nonsing 7).
Then since pc is proper the set T = p(El(K) is compact. Define g: T — C by
g(z) =0 for all z € Nonsing Z, and g(z) = 2 for all z € T — Nonsing Z. By
Proposition 10.2 there is a polynomial v: Z¢ — C defined over R such that
v|r approximates g. Let ¥ = (pc,v): Zc — Ye x C where Yo = pe(Ze).
Then 1 is proper, hence ¥(Z¢) is a complex algebraic subset of Y¢ x C.
Since toh is close to (f,0), they are e-regularly homotopic to 1(Nonsing Z).
To conclude the proof we apply Proposition 10.3. So we only have to check
¢) of Proposition 10.3.

Let z € Nonsing Z. If 1(z) = ¢(w) then pc(z) = pc(w), hence w € T.
But if w € T — Nonsing Z, then (w) is near 2, but (z) is near 0, hence
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we can not have v(z) = y(w). Therefore w € Nonsing Z. Hence ¢~ tp(2) C
Nonsing Z. We are done.
Again by applying the proof of Lemma 1.4 we get:

COROLLARY 10.9. If M C V is a smooth closed submanifold of a non-
singular algebraic set V' and the bordism class of the inclusion f: M — V is
algebraic, then M is e-isotopic to a nonsingular algebraic subset in V x R2.

Finally we state without proof the following theorem which says that
the extra components of the algebraic set in the conclusion of Theorem 10.5
can be removed if they can be removed up to immersed cobordism:

THEOREM 10.10. ([AK13]) Let f: M — R™ be a smooth immersion
of a smooth closed manifold M. Then [ is e-regularly homotopic to an
immersion onto an almost nonsingular real algebraic subset of R™ if and
only if f is immersion cobordant to a degree one immersion onto an almost
nonsingular real algebraic set in R™.



CHAPTER 3

TICOS

In this chapter we study ticos which are the basic topological objects
underlying our work. Before defining them we will give a few results on
smooth functions.

1. Some Results about Smooth Functions

LEMMA 1.1. Let f : (R*,R}) — (R,0) be a smooth function. Then
there is a smooth map g: R™ — R so that f(x) = x19(x) for all x € R.
Furthermore, the map f — f/x1 from I (R}) to C* (R™) is continuous
in the C'*° topology.

Proof: The existence of g follows easily from Lemma 5.4. Suppose now
that f; € 3°° (RY) is a sequence of smooth functions and f; — 0 in the C*°
topology. We have not explained which C'*° topology we are using, but the
Lemma is true for all the ones we know of. We will give a proof for the
weak topology which is sufficient for our needs. The proof is similar for
the strong topology where |Df (z)| < € (z) for all D of order less than n,
e: R" — (0,00) gives neighborhoods of 0. Let

1
gi () = fi (x) /21 :/0 Ofi/0xy (txy,xa,. .., x,) dt.

We need to show that g; — 0. Pick a compactum K and an € > 0 and an
n. We need to find an N so that |Dg; (z)| < € for all x € K, for all i > N
and all partial derivatives D of order less than or equal to n. Pick a ball B
with center at the origin so that K C B. Pick an N so that |Df; (z)]| < e
for all? > N, all z € B and all partial derivatives D of order < n+1. Then
if ¢ > N and D is a partial derivative of order < n and = € B we have

[Dgi () |

v,
aiDi ) yeesdn
/Ot pr fi (tzy, 2o z)dt‘
1 8 1
—Df; (te1,...,zy dtS/ edt =€
/0 0z f( ! ) 0

where « is the number of 9/0z1’s in D.
The next lemma shows that for example, there is a smooth function
f:R® = R so that f(z,y,0) = sin(z+y?), f(2,0,2) = sin(ze”) and

IN
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f(0,y,2) =yz?+ e *sin (y?). It is a special case of a more general result,
c.f., [L1].

LEMMA 1.2. Let fi: R} = R, i =1,...,k be smooth functions which

agree on overlaps, i.e., so that fi|R?mR§L = fJ|R?”R? foralli,j =1,... k.
Then there is a smooth f: R™ — R so that flgn = f; for alli=1,... k.

Proof: By induction on k there is an f': R® — R so that f’| = f; for
i=1,....,k =1 Let g: R} — R be fx — f'|. Then glgrrry = 0 for

i=1,...,k—1. So by Lemma 1.1 we know that

k—1
9@ = ([[2)h (@)

for some smooth h: R} — R. Let p: R®™ — R} be orthogonal projection.
Now let

k—1
f@) = @+ ([T#)hw ().
i=1

Then flry = f| = fi for i <k and flep = f/|+T115 @i h = f'|+9 = f.
So we are done.

The next lemma shows that for example, if f: RZ - R and g: R2 - R
are somewhere zero smooth functions and fg = zy, then either f or g is
x times a nowhere zero function. We presume that this is a special case
of a more general result where the x; are replaced by arbitrary irreducible
analytic germs, but we do not know a reference. In any case, this Lemma
has an elementary proof.

LEMMA 1.3. Suppose f;: R* = R, i =1,...,m are smooth functions so
that [[i~, fi (z) = H?=1 x;” for all z, where a; are non-negative integers.
Then there are non-negative integers b;; and nowhere zero smooth functions
gi: R" = R —0 so that f; (z) = [;_, x?”gi (z) for all x and i.

Proof: It suffices to prove the case m = 2. Pick maximal exponents b;;
so that f; () = [Ij_, gc?’gZ (x) for some smooth functions g;: R® — R,
i =1,2. Suppose R} C g; * (0) for some 7, j. Then by Lemma 1.1, g; (x) =
x4} (x) for some smooth g¢; which violates the maximality of the b;;’s. So
we may assume that R} ¢ g; 1 (0) for all i,5. Let ¢; = aj — bij — byj.
Then g1 (z) g2 (z) = H;L:l x;’ If ¢; = 0 for all j then we are done since
g1 (z) g2 (x) = 1 s0 g; (R") C R—0. We must also have ¢; > 0 for all j,
otherwise g1 or g would approach oo near RY. So we may assume that
cr > 0 for some k. We will arrive at a contradiction and thus prove the
lemma.

Let b = (b1,...,b,) be an n-tuple of non-negative integers. Then let
Dyg denote the partial derivative 9%% g/ Bxll’lang -+~ 0xb». We claim that
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if 2 € R? — g5 (0) and by < cx then Dygy (2) = 0. To see this, note that
D, (H;L:l x;’) is 0 at z, so
0= Dy (9192) (2) = Y CanDagr (2) Dy—aga (2)
d

for some non-zero constants Cg, = [] (2’) where d runs over all n-tuples
with 0 < d; < b; for all j. By induction we may assume that Dgg; (2) =0
for all such d except possibly d = b. Then we have 0 = CyppDpg1 (2) g2 (2).
So Dyg1 (2) = 0 as we wish. Similarly, Dygo (2) = 0 if z € R} — g;' (0) and
b < c.

Suppose now that ¢ > 0 and z is in the frontier of R} — g;l (0), i.e.,
z € CL(R} — g5 (0)) N g5 ' (0). By continuity we know that Dyg; (2) = 0
for all b with by < ¢,,. Hence

c! H z]CJ = 0% G192/ 0¥ (2) = g2 (2) 0% g1 /0x}F (2) = 0.
1<j#k

So z; = 0 for some j # k with ¢; > 0. So the frontier of R} — g5 * (0) is
contained in a union of coordinate hyperplanes, hence CI (R} — g5* (0)) is
a union of orthants. Since we are assuming that R} — g5 1 (0) is non-empty,
this implies that 0 € Cl (R} — g5 (0)). Similarly, 0 € Cl1 (R} — grt (0)).
Consequently Dyg; (0) = 0 for all b with by, < ¢, for some k and all i = 1, 2.
So

n
I ¢! = Degrg2 (0) =D~ CacDagy (0) De—aga (0) =0,
Jj=1 d

a contradiction. So ¢; = 0 for all j and we are finished.

2. Ticos

The fundamental entity we will use is called a tico (an acronym for
transversally intersecting codimension one, also similar to the greek Toiyos
meaning wall). This section develops the fundamental properties of ticos
and tico maps.

DEFINITIONS 2.1. A tico A in a smooth manifold M is a finite collec-
tion of proper immersed codimension one smooth submanifolds in general
position. Let [A] = J,c 4 A denote the union of all the immersed subman-
ifolds. We call |A| the realization of A. Notice that |A| is an immersed
submanifold and {|A|} is a tico also. Let [].A denote (), 4 A. The ele-
ments of A are called sheets of the tico. For convenience we allow sheets to
be the empty submanifold.

Let us explain our terms proper and general position more carefully.
They are equivalent to the following. Take any z € M. Then if z ¢ OM
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FIGURE 1. A tico in the disc

we ask that there be a smooth coordinate chart ¢: (R™,0) — (M, z) so
that =1 (|A]) = Uj_, R? for some a > 0. If z € OM we ask that there
be a smooth chart ¥: (R"7! x[0,1),0) — (M,z2) so that ¥~ (JA]) =
UL, RP % [0,1). (We allow a = 0 in case z ¢ |A|.) We call such a chart
a tico chart.

To simplify proofs, we will consistently ignore boundary points. If we
were to take them into account, it would only mean that whenever we refer
to a tico chart we would also have to consider the case of the half space tico
charts. Doing so would only clutter up the argument and help to obscure
the ideas in the proof. We only use boundaries in Chapter VII where we
must understand bordism.

If Ais atico in M we will sometimes find it convenient to abuse notation
by saying (M, A) is a tico.

We have a naturally defined stratification of M, called the tico strat-
ification, where a codimension d stratum is connected and |A| is a union
of strata. In particular, let Iy be the set of d-fold self intersections of |A],
i.e., the set of ¢ € M so that there is a tico chart ¥: (R™,0) — (M, q) (or
b (R [0,1),0) = (M.q)) with v (14]) = UL, RY" (or 9~ (JA]) =
ngl R”7! x[0,1)). Then the codimension d strata are the connected com-
ponents of I;. We should emphasize that all strata are connected. We
will sometimes use the phrase “connected stratum” to remind the reader
of this fact. Note that in the bounded case, the strata are manifolds with
boundary.

DEFINITION 2.2. We say that a tico A is finite if this stratification has
only a finite number of strata. In other words, each I; has a finite number
of connected components d = 0, ..., m. Of course if M is compact, any tico
in M is finite.

DEFINITION 2.3. If S is a sheet of a tico A in M then the immersion
associated to S is the proper immersion h: S” — M so that h(S") = S
and the restriction h|: h=1(S — Q) — S — @Q is one to one where as above,
Q = U2, 14 is the set of self intersections of |A|. Any other immersion
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with image S is just a covering of S’. Note that if S is embedded, S’ = S
and h is inclusion.

DEFINITIONS 2.4. A tico A is regular if each sheet of A is an embedded
submanifold. A tico A in M is algebraic if M is a nonsingular real Zopen

set, A is finite and each sheet A € A is a nonsingular real Zclosed subset of
M.

Allowing nonregular ticos is merely a technical convenience (since local
constructions are then automatically global). One should really think of a
tico as being regular. Thus, if assuming regularity will make a definition or
result easier and we do not need the nonregular form, we will not hesitate
to assume regularity.

Note that any algebraic tico is regular by definition and also has empty
boundary. By Theorem 8.11, any regular tico in a closed manifold is iso-
morphic to an algebraic tico in a nonsingular Zopen set. In fact, one can
show that any regular tico (M, A) in a compact manifold with boundary
can be made algebraic in the sense that there is an algebraic tico B in a
nonsingular real algebraic set V' isomorphic the interior of (M,.A). Hence
for sufficiently large balls B we have (V N B, B N B) isomorphic to (M, A).

DEFINITION 2.5. If (M, A) and (N,B) are ticos then a smooth map
f: M — N is called a tico map if it satisfies the following property. Pick
any ¢ € M. Then we ask that there be tico charts ¢¥: (R™,0) — (M,q)
and 0: (R™,0) — (N, f (¢)) so that:

1) ¢~ (JA]) = Uiz, R, 071 (1B]) = Ui, R and o (R™) C 6 (R™).

2) Let k; (7) be the i-th coordinate of §=1 f1/ (), then there are non-
negative integers oy, 1 <4 < b, 1 < j < a and smooth functions
@i R™ — R so that ¢; (0) # 0 and &; (z) = []j_, x?” @i (z) for
all z near 0 and ¢ =1,...,b.

For example, let M = R3 N = R?, A = {R},R3} and B = {R?}. Then
f(z,y,2) = (x?’y,e:” sin (y + z)) is a tico map. The only relevant fact to
check is that the first coordinate is x3y, a monomial. Other examples of
tico maps are (£C3, 0)7 (zye®, z) and (ln (1 + x2y2) , COS z)

LEMMA 2.1. Tico maps have the following properties:

a) Up to permutations of j =1,...,a andi=1,...,b the exponents
ai; above depend only on the point q, not on v and 0. Further-
more, for any tico charts satisfying 1) above, k; will satisfy 2).

b) |A| D f~1(|B|). In fact, if A is regular then f=1(|B|) is a union
of components of sheets of A.
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¢) Given any tico charts ¥ and ¢ there is a unique smooth function

@i so that ki (z) = [[j_, x?” wi (x) for all x € R™ and so that

<p;1 (0) is empty.
Proof: First let us prove a). Suppose we had other tico charts ¢': (R™,0) —
(M, g)and 0': (R",0) = (N, f (q)) so that '~ (JA]) = Ui, R, 0" (|B]) =
U?/:l R? and f¢' (R™) C ¢ (R™). Clearly a = o/ and b = b'. Also, after
permuting the coordinates we may as well assume that =16’ (R?) and
Ly’ (R;”) are open subsets of R}" and R’" respectively ¢ = 1,...,b and
j=1,...,a. Let \; (z) be the i-th coordinate of # 6 (x) and let 1 (x) be
the j-th coordinate of =11’ (z). Then since \; (R?) = 0fori = 1,...,band
i (R7") =0 for j =1,...,a we know by Lemma 1.1 that \; (x) = z;\] (z)
for 0 <i <band p; (z) = xju3 (z) for 0 < j < a for some smooth functions
A; and pf. Then the i-th coordinate of 0y (2) is

i (070 (2)) ki (WY () - NSO fY ()
= T @)™ o™ (@) X0~ 0 @

— H x]a” H ‘u; (x)a” (p“/flw/ (1‘) . A;971f¢' (a:)
j=1 j=1
So we need to show that
TT 4 (0)°% - i1/ (0) - N6~ o/ (0) # 0.
j=1

But ;719" (0) = ¢; (0) # 0 and X0~ £ (0) = X0~ f (q) = X (0). So
we need only show that A (0) # 0 and p; (0) # 0 for all ¢ and j. But the

Jacobian matrix of ¢¥~1¢ at 0 is of the form < l: 2 ) where D is an

a x a diagonal matrix with j-th diagonal entry 4 (0). Since this matrix is
nonsingular, we must have y; (0) # 0 for j = 1,...,a. Likewise by looking
at the Jacobian matrix of §710" we see that . (0) # 0 for i = 1,...,b. So
the exponents «a;; are independent of 1 and 6.

Now we will prove part b). In fact we will show that if i < b and A =
Y7110 (R?) then A = Ujes R} where J = {j[1<j <a and oy >
0}. This will certainly imply part b).

Pick z€ Aandlet B, ={j € Z|1<j<a and z; =0}. Define
a chart ¢,: (R™,0) = (R™, z) where the j-th coordinate of ¥, (x) is z; if
j € B,, zj+ z; if j > a and z; expx; otherwise. Then ()" (JA]) =
Uien. R} s0 99, is a tico chart centered at ¢(z). By a) and the definition of
tico map there are non-negative integers o;;, j € B, and smooth functions
0Z: R™ — R so that ¢? (0) # 0 and the i-th coordinate of 6~ fyn), ()
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. af. . . .
is HjeB 7@? (x) for x near 0 and ¢ < b. In particular, the functions
z = o are continuous on A N R, since if we take 2z’ near z in A then

B, C B, and if 2’ € ANRY then of; = af; and

ei (x)= ][ (Z§)a“ exp (zj05;) @f (V7 ' (2)) -
jEB.—B,/
Notice also that for some neighborhood U of z,

UNA={reU]|xz;=0forsomeje€ B, with af; >0}.

Thus A C Uj:1 RY". Also if we pick any j = 1,..., a then R?”LQA—U,C# R}
is an open subset of R} — J, 2; Ry Hence it is a union of connected
components of R — (J,, 2; Ry since A is closed. But every connected
component of R}" — Uk ) R;}* contains a point near 0. If a;; > 0 then every
point of R7" near 0 is in A, hence R7" — Uk# Ry" C Aso R C A If
a;; = 0 then no point of RY — Up,; Ry near 0 is in A so A C U, Ry
Consequently A = s R} and b) is proven.

Now let us prove c). Slnce each ANRJ" is connected and each o is
integer-valued and continuous in z, «f; is constant. So «f; = «;; for all
z € ANRY.

Consequently, for every z € A the function H] 17 Ui (x) is well-
defined, smooth and non-zero on a neighborhood of z since it is just

[T o™i (vt (@)

Jj€B:
But for # ¢ A, we have [Tj_; 2" # 0so [1_; ;* k; (x) is also smooth
and non-zero. Hence we may take ¢; to be the unique function so that

wi(x) = H? 1 xj_a“ i (z) for x ¢ A. Then ¢; is well-defined, smooth and

— Qg

nowhere zero.

DEFINITION 2.6. If A and B are regular ticos and f: (M,A) — (N,B)
is a tico map then to each S € A and T' € B we may assign a function
agr: S — 7 as follows. Pick g€ S. If f(q) € T set asr(¢) =0. If f(q) €
T pick tico charts ¢: (R™,0) — (M, q) and 8: (R™,0) — (N, f (¢)) so that

“L(A]) = Ui R™, 71 (S) = R and 9_1( ) = R?. Then we know
that the first coordinate of 07! fy (z) is [[{_, 3¢ () where ¢ (0) # 0. We
then define agr (¢) = a;. We call agr the local exponent map for f.

Note that if A is not regular (but B is), we still have a local exponent
map agr: S" — Z where h: S’ — M is the immersion associated to S. We
will avoid using it however.

The following Lemma is an easy consequence of Lemma 2.1.

LEMMA 2.2. Let f: (M, A) — (N,B) be a tico map where A and B are
reqular. For sheets S € A andT € B let agp: S — 7Z be the local exponent
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map for f. Then agr is continuous, hence it is constant on any connected
component S’ of S. Also, [~ (T) = Ugea agr (Z—0).

In the algebraic case we get a stronger result below.

LEMMA 2.3. Let f: (V,A) — (W,B) be an entire rational tico map
between algebraic ticos (i.e., f is both an entire rational function and a tico
map). For sheets S € A and T € B let agy: S — Z be the local exponent
map for f. Then agr is constant on any irreducible component S’ of S.

Proof: First suppose that f(S’) ¢ T. Then dim (S’ nft (T)) < dim S’
by Lemma 2.9. In particular, S’ — f~1 (T) is dense in S’. But agr () =0
forx € S — f~1(T), so asr (z) =0 for all z € S’ by continuity.

Now suppose that f (S’) C T. Pick any z € ' —|A — {S}|, i.e., x € 5
is not a double point of |A|. Pick polynomials p: (V,5) — (R,0) and
q: (W,T) — (R,0) so that x is a regular point of p and f (z) is a regular
point of g. We may pick tico charts ¢: (R”,0) — (V,z) and §: (R™,0) —
(W, f (x)) so that pi (z) = z; for all z € R™ near 0 and ¢f (z) = 2, for all
z € R™ near 0. Since f is a tico map we have ¢f (y) = p(y)a/ ' (y) for
y near x where o’ = agr (z) and 7’ is some smooth function defined on a
neighborhood of x with r’ (z) # 0. By repeated applications of Proposition
2.11 there is a Zopen neighborhood Z of  in V and an entire rational
function r: Z — R so that

af W) =pW)"ry)

for all y € Z, and so that r does not vanish identically on S’ N Z. By
Lemma 2.9, S’ N7~ (0) N Z is nowhere dense in S’. But for y near x,

r(y) =p ) " (y)

soa=da =agr(z) and r(x) #0.
Let

Y=8nZ- (" (0)USpu 1 (Sq)UJA - {S}])

where Yp and Yq are the sets of critical points of p and ¢ respectively. Then
Y is a Zopen neighborhood of z in S” and dim (S" — Y) < dim S’ by Lemma
2.9. But agr (y) = « for all y € Y since we may take local charts at y and
f (y) so that one of the coordinates in V' is p and one of the coordinates in
W is q. Hence by continuity we know that asr (y) = « for all y € S’.

DEFINITIONS 2.7. If the functions ag7 are constant on all of S for all
S €A and T € B we say that the map f has constant exponents. In this
case we say that the constant value of agy is the exponent of S in T for
the map f.



2. TICOS 105

One consequence of a map having constant exponents is that f (S) C T
if and only if the exponent of S in T is positive. This is because f~1 (T) =
Usex agr (Z —0) = [Ar| where Ar = {S € A | asr > 0}.

EXCERCISE 2.1. Show that if A and B are regular ticos then f: (M, A) —
(N, B) is a tico map with constant exponents agp if and only if

frOx ) =TT 03 (s)*"

SeA
for all T € B.

We now show that the composition of tico maps is a tico map, and the
exponents are given by matrix multiplication.

LEMMA 2.4. Let f: (M,A) — (N,B) and g: (N,B) — (P,C) be tico
maps.

a) Then go f: (M,A) — (P,C) is a tico map.

b) Suppose A, B and C are regular ticos. For A € A, B € B and
CeCletaap: A —7Z, apc: B — Z and aac: A — Z be the
exponent maps for f,g and go f. Extend each apc to any perhaps
discontinuous function on N. Then for all x € A,

apc (z) = Z aap(x)-ape (f (x)).
BeB
In particular, if f and g have constant exponents then g o f has
constant exponents also.

Proof: Let us first prove part a). Pick any x € M. As usual, pick tico
charts ¢: (R™,0) — (M,x), 0: (R™,0) — (N, f(x)) and ¢: (RP,0) —
(P,gf (z)) so that fu(R™) C O(R"), gb(R") C @ (R?), v~ (JA]) =
U R, 01 (1B]) = UL, R? and ¢~ (€]) = UL, B, Let f; (y) be the
i-th coordinate of 8~ f1 (y), let g; (y) be the i-th coordinate of p~1gf (y)
and let h; (y) be the i-th coordinate of ¢ =g f1 (y). Then we know f; (y) =
15—, y?9; (y) and n; (0) # 0 for i < b. Also g; (y) = Hg.:l Yy \i (y) and
Ai(0) # 0 for i < c. Hence hi(y) = [[j_, y; i (y) for i < ¢ where
the exponents ¢;; are given by ¢;; = 22:1 vitBr; and where p; (y) =
i (0710 (y)) H?zl nj (y)" so p; (0) # 0. So we have shown that gf
is a tico map.

Now let us prove part b). Pick € A and let ¢, ¢ and € be as above. Let
A;eAfori=1,...;a,B;eBfori=1,....band C; € Cfori=1,...,c
be such that ¥~ (4;) = R™, 671 (B;) = R? and ¢! (C;) = RY. Note
A is some Aj, say A;. Then By = aap, (%), vir = ap,c, (f(z)) and
€i1 = aac, (2). Also aap () =0if Be€ B —{By,...,Bp} and asc () =
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0=ap,c(f(z)ifCel—-{C,...,C.} by Lemma 2.2. So

aac; () = €1 = Z YikBr1 = Z ap.c, (f (@) aap, (z)

= Z aap (v) ase, (f (x))
BeB
as we desire. If C € € —{Cy,...,C.} then Y 5.5 aap (z)apc (f (v)) =
0 = aac (z) since if B € B — {By,...,By} then asp(xr) = 0 and if
B = B; then ap,c (f (x)) = 0. So in either case aac (z) = D gecp @aB (T)-
ape (f (z)). This formula then implies that if f and g have constant expo-
nents then ¢gf has constant exponents.

Except for the notion of a tico map having constant exponents (which
we need in Chapter V) and a submanifold being unskewed (defined later)
it does not really matter how we divide up |A| into sheets. For all other
purposes, if |A| = |B| the ticos A and B are interchangeable. For example
one consequence of Lemma 2.5 below is that the question of whether a map
is a tico map or not is independent of the sheet decomposition.

LEMMA 2.5. Let f: (M, A) — (N,B) be a tico map. Let D be a tico in
N with |D| C |B|. Then there is a tico € in M with |[A| D |€| = f~1(|D]).
Furthermore, if & is any tico in M with |&] D f=1(|D]) we know that
fi (M,€) = (N,D) is a tico map.

Proof:  Pick any * € M. We may choose tico charts ¢: (R™,0) —
(M, x) and 0: (R™,0) — (N, f (z)) so that fi (R™) C 6 (R"), =L (|A|) =
Ui R, 671 (1B)) = Ui, Ry and 671 (D) = UL, R}. Let fi(2) be
the i-th coordinate of 6! f1 (z). Then f; (z) = 1= Ja” goz( ) for some
smooth ¢;: R™ — R —0, i =1,...,b. Notice then that ¢~ (f~*(|D])) is
Ujes R} where J = {j | j < a and there is an i < d so that a;; > 0}. So
{f~H(|D])} = € is a tico (with a single sheet).

After reordering we may assume that J = {1,...,c} for some ¢ < a.
Then we may take another chart n: (R™,0) — (M, z) so that n=! (|&]) =
U;_; R and the j-th coordinate of 1)~ 'n (z) is z; for all j < c. Let g; (z) be
the i-th coordinate of §=1fn (2). Then for i < d, f; (2) = [[5_, 2; 7 i (2)

j=1%j

50 gi (2) =[5, 27 i~ (2). So f: (M,€) — (N, D) is a tico map.

LEMMA 2.6. Let f: (M,A) — (N,B) be a tico map. Let S be any
stratum of the tico stratification of M. Then for every stratum T of the
tico stratification of N either f(S) C T or f(S)NT is empty. In other
words, f(S)NT is empty for all but one stratum T of N.

Proof:  Let T' be a stratum of N so that f(S) N T’ is nonempty and
furthermore 7" has smallest dimension among strata intersecting f (.9).
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Then f(S)NT" = f(S)NCI(T")so SN f~2(T") = SN f~L(CI(T")) is a
closed subset of S. We will show that SN =1 (T”) is also open in S, hence
by connectivity of S we know that SN f~! (T") = S so our result follows.

Pick any ¢ € SN f~(T"). Pick tico charts v: (R™,0) — (M, q) and
0: (R",0) — (N, f(q)) so that f¢(R™) C 0 (R"), v~ (4]) = Ui, R}
and 01 (|B|) = Uli):1 R?. Then we know that ' (S) = Ni_; R" and
0~ (T") = ﬂ?:l R?. Let f; (z) be the i-th coordinate of =1 f¢) (z). Then
for some smooth ¢;: R™ — R — 0 we have f; (z) = H?Zl a:;x] @i (z) for all
i < b. Since 711 (0) = 671 f (q) = 0 we know that f; (0) = 0 for all 4,
hence for each 7 < b there is a j < a so that a;; > 0. But then f; () =0
for all z € ﬂ?:l R = ¢~ (S). So ¢ (M=, Ry") C f~H(T"). So our result
follows since ¢ (N7, RY") is a neighborhood of ¢ in S.

The following Lemma 2.7 is a bit surprising. Basically, it says the lifting
of a tico map must be a tico map. The similar statement, where f and h

are tico maps and you wish to conclude that g is a tico map, is false.

LEMMA 2.7. Let (M, A), (N,B) and (P,C) be ticos. Let f: (M,A) —
(P,C) and g: (N, B) — (P,C) be tico maps and let h: M — N be a smooth
map so that goh = f. If g~ (|C]) = |B| then h: (M,A) — (N,B) is a tico
map.

(N,B)
h lg

(M,A) L (P
Proof: ~ Pick any ¢ € M and pick charts ¢: (R™,0) — (M,q) and
0: (R",0) = (N,h(q)) so that hep(R™) C O(R"), v~ (JA]) = Ui, R
and 0~' (|B|) = U’_, R?. After perhaps shrinking ¢ and 6 we may also
assume there is a chart n: (R¥,0) — (P, f (q)) so that g6 (R") C n (R¥)
and 771 (|€]) = Ui_, RF. Let f; (2), g; (x) and h; () be the i-th coordi-
nates of 71 f (x), n71g0 () and 6~ 1hiy) () respectively. Then we know
that f; (x) = [[j_, m;’” i (z) and g; (x) = szl xf" ;i (x) for some smooth
functions A;: R™ - R —0 and p;: R - R -0, for i < c.
Since f = gh we know that

a b
T 259 x @) = T e (2)** ui0~ by ()
j=1 k=1

SO
b

i ()% 1,07 hap () /Ni ().

a

QG
H Ty =
j=1
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So by Lemma 1.3 we know that if 8;; > 0 for some i then
hk (m) = H x;lkj Pk (l‘)
j=1

forallz € R™and k =1,...,bwhere ¢ : R™ — R—0 is some smooth func-
tion. But if B;; = 0 for some k < b and all i < ¢ then R} ¢ |J5_, g; ' (0) =
0~ 171 (|€)) = 6~ (|B]) = U’_, R, a contradiction. So h is a tico map.

DEFINITION 2.8. If A and B are ticos in M and N respectively we may
define the product tico Ax NUM x B in M x N where AXx N ={AxN |
AcAland M xB={M xB|BeB}.

DEFINITION 2.9. A tico homotopy fi: (M,A) — (N,B), t € I, is a
homotopy fi: M — N so that F': (M x I,AxI)— (N,B) is a tico map
where F (x,t) = f; (z).

LEMMA 2.8. Let f: (M, A) — (N,B) be a tico map so that all local
exponents are either 0 or 1. Then any e-homotopy of f rel |A| is a tico
homotopy. (An e-homotopy just means a homotopy which is C* small.)

Proof: Let fi: M — N, t € [0,1] be an e-homotopy rel |A| such that
o = f. Pick any v € M and pick tico charts §: (R",0) — (M,v) and
i (R™,0) = (N, f(v)) so that 71 (JA]) = UL, R} and &1 (|B]) =
U?Zl R™. Let ; (z,t) be the j-th coordinate of ¢~'f;0 (). Then since
[ is a tico map we know that for j < b, ; (2,0) = [[,ce, #i; () where
C; € {1,2,...,a} and ¢, () is never 0. Now f;(z) = f(x) if x € |A]
so kj(z,t) = 0 if ; = 0 for some i € C;. Consequently, x;(z,t) =
Hie(ij x;Aj (x,t) for some smooth A; (z,t) by Lemma 1.1. But since each f;
is close to f, Lemma 1.1 tells us that \; (x,t) is close to A; (z,0) = ¢; (x) #
0. Hence Aj (z,t) # 0 so f; is a tico homotopy.

3. Tico Blowups

If A is a tico in a manifold M it will be useful to have a good notion of
when some blowup of M is compatible with the tico. This is what we will
discuss in this section. The reader acquainted with Hironaka’s resolution
of singularities [H] will recognize that a tico blowup is just one where |A|
has only normal crossings with the center.

The important results of this section are Propositions 3.8 and 3.9.
Proposition 3.8 says you can blow up a tico to make it regular. Propo-
sition 3.9 says that tico blowups can be pulled back by tico maps. Because
of Proposition 3.8, when we state a theorem we need not hesitate to add
the hypothesis that a tico be regular if it will make the proof easier.
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DEFINITIONS 3.1. Let A be a tico in M and let f: N — M be a map.

We say that f intersects A cleanly if for any z € N there is a neighborhood
U of zin N and a tico chart ¢: (R™,0) — (M, f (z)) so that:

1) o=t (JA]) = Ui RY™

2) f(U) € (Micpa RY)-

3) f is transverse to w(ﬂle R at z.
We say that f is transverse to A if f is transverse to |A|, i.e., f intersects
A cleanly and we may take b = a above.

Thus if A is regular and NV is connected, then f intersects A cleanly if
there is a B C A so that f(N) C (B and f is transverse to A — B.

DEFINITION 3.2. Let A be a tico in M and let f: N — M be a map
intersecting A cleanly. Then we have an induced tico f* (A) in N as follows.
Let S € A be any sheet. We will define a sheet f*(S) C N and then let
A = {f(S) | S e A}. If S is embedded then f*(S5) is easy to
describe. Let N’ be a connected component of N. Then f*(S) NN’ =
F7L(S)N N"if f|n is transverse to S and f* (S)N N’ =0 if f(N') C S.
(These are the only two possibilities.) If S is not embedded we just do the
same thing, only locally. Let g: S — M be the immersion associated to S.
Then f* (S) is the set of x € N so that for some open V' C S, g|y is an
embedding, f is transverse to g (V) at z and f (z) € g (V). In terms of our
local chart ¢ above we thus have U N [f* (A)|=UnN f’ld)(U?:l R7).

LEMMA 3.1. Let A be a tico in M and suppose f: N — M intersects

A cleanly. Then f* (A) is a tico in N and f* (A) is reqular if A is regular.
If C is any tico in M with |C| C |A| then f intersects C cleanly. If f
is transverse to A then f: (N, f*(A)) — (M, A) is a tico map. If [ is
transverse to A and A is regular then f has constant exponents, agr = 1
if S =f*(T) and agr =0 if S # f*(T).
Proof: Pick any z € N. Pick a neighborhood U of z in N and a tico
chart ¢: (R™,0) — (M, f(z)) so that ¥~ (JA]) = Ui, R", f(U) C
¥ (N>, RY) and f is transverse to w(ﬂszl R?) at z. Since ¢! f is trans-
verse to ﬂgzl R™, we may pick a chart n: (R”,0) — (U, 2) so that the
i-th coordinate of ¢~ fn(z) is z; for all i < b and all z near 0. Hence
n | (A)]) = U?:l R? near 0 so f* (A) is a tico.

If A is regular then n=1 (f*(A)) = R if A € A and 1 (A) = R
for some i < b. Otherwise 7! (f*(A4)) = 0. So f*(A) is an embedded
submanifold so f* (A) is regular.

If € is a tico with |C| C |A|, let J C {1,---,a} be the index subset so
that ¥~ (|€]) = U,c; R™. Then f (U) C ¢ ((),c,r R7") and f is transverse
to ¥ ((,e s R") where J' = {i€ J|i>b}and J’ = J — J'. Hence f
intersects € cleanly.
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If f is transverse to A then b = a so since the i-th coordinate of
Y= fn(a) is 2 for all i < a we know that f is a tico map. The expo-
nent o;; = 0 for 4 # j and oy = 1 so if A is regular then the required
formulae for g hold.

LEMMA 3.2. Let A and C be ticos in M with A C C. Pick any S € C—A
and let g: S — M be the immersion associated to S. Then g is transverse
to A. (Hence g: (S',9* (A)) — (M, A) is a tico map by Lemma 3.1.)

Proof: Pick any z € §'. Pick a tico chart ¢: (R™,0) — (M,g(x)) so
that ¢! (JA]) = UL, R™ and ¢~ (|€]) = U;_; R". Let d be such that
¢~1g (U) = R for some neighborhood U of x in S’. Since S ¢ A we know
that d > a so 1~ !g|y is transverse to N;_, R™. Hence g is transverse to A.

DEFINITIONS 3.3. If A is a tico in M and L C M is a proper smooth
submanifold, we say that L intersects A cleanly if the embedding map L —
M hits A cleanly, i.e., for each z € L there is a chart ¢: (R™,0) — (M, z)
so that ¢~ (JA]) = Ui, R and ¢~ (L) = ;_, R". We say that L
is unobtrusive if L hits A cleanly and L C |A|, i.e., we can always take
b < a in the above chart. We say that L is unskewed if for every connected
component L’ of L and every S € A then L’ C S implies L. C S. In other
words, either L C S or dim (LN S) < dim L. We say that L is fat if it is
unskewed and it is a union of connected components of strata, (so, we can
always take ¢ < a in the above). For example M is fat but not unobtrusive.

If A is regular this means that L hits A cleanly if for each component
L’ of L there is a B C A so that L’ is transverse to |A —B| and L' C NB. If
L is unskewed then B is independent of L', i.e., L is transverse to |A — B|
and L C NB. If L is fat then L is a union of connected components of [ B.

LEmMMA 3.3. Let (X, A) be an algebraic tico and suppose Y C X is
an irreducible nonsingular Zclosed subset of X which intersects A cleanly.
Then Y s unskewed.

Proof: Suppose K is some connected component of Y and S is some sheet
of A. If K C SthendimY NS =dimY. Hence Y NS =Y by irreducibility
of Y and Lemma 2.9. So Y C S, thus Y is unskewed.

DEFINITION 3.4. If L is any submanifold of M such that the inclusion
map i: L — M hits A cleanly we let AN L or LN A denote i* (A). Tt is
worth emphasizing the case where L is an open subset of M. Then the
inclusion ¢: L — M always hits A cleanly (in fact it is transverse to A) and
LNA={LNA|AecA}. Also,if A isregular and S € A then SN A is
the tico {SNT |T €A, T#S}.
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DEFINITIONS 3.5. We say that w: (M', A") — (M, A) is a tico blowup
with center L if L is a proper smooth submanifold of M, L intersects A
cleanly, M’ = B (M, L) is the blowup of M with center L, 7 = 7 (M, L) : M’
M is the blowup map and A’ is the tico

A ={r " (L)}u{Cl(x " (A-L)) |A€ A}

Lemma 3.4 below will show that A’ is a tico and 7 is a tico map. We call
A’ the total transform of A and we call {Cl (7' (A—L)) | A€ A} the
strict transform of A. We sometimes use the notation A" = B (A, L). We
say m: (M',A") — (M, A) is a tico multiblowup if there is a sequence of
tico blowups m;: (M;, A;) — (M;—1,A;—1) with centers L; C M;_; for i =
1,...,ns0 that (My, Ag) = (M, A), (M,,A,)=(M',A)and r =m0---0
. We say the centers of 7 lie over a subset K C M if myme -+ -m;—1 (L;) C
K for all i = 1,...,n. We say 7 is a fat multiblowup, an unobtrusive
multiblowup or an unskewed multiblowup if each center L; is respectively
fat, unobtrusive or unskewed. We say that A’ is the total transform of A.
If A is a sheet of A then the strict preimage or strict transform of A is
a sheet A, € A" where Ay = A and A; is the strict preimage of A;_; for
i = 1,...,n. The strict transform of A is the set of strict preimages of
sheets A € A. By Lemmas 2.4 and 3.4, a tico multiblowup is a tico map.

DEFINITION 3.6. If (X, A) is an algebraic tico then an algebraic tico
multiblowup is a tico multiblowup 7: (X', A’) — (X, A) where each center
is a nonsingular Zclosed subset. (In particular, (X', A’) is an algebraic tico
also.)

LEMMA 34. Letm: (M',A") — (M, A) be a tico blowup with center L.
Then A’ is a tico, 7 is a tico map and |A'| = 7~ (|A|U L). Furthermore,
if A is reqular then A’ is reqular and the exponent map asr: S — 7Z for
SeA, TeAisas follows:

1 if S=B(T,TNL)
0 if S=B(I",T'NL), T+T
ast(z)=<¢ 1 if S=n"Y(L) and L, CT whereL,

is the component of L containing 7 (z)
0 if S=a1(L) and L. ¢ T

In particular, if L is unskewed then m has constant exponents.

Proof: Let E = n~'(L). We know that 7|: M' — E — M — L is a
diffeomorphism and A’ N (M’ — E) = (n|)" (A)U{0}. Hence the restriction
map

7l (M —E, An(M' —E))— (M—L, An (M — L))
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is a tico map by Lemmas 3.1 and 2.5. If A is regular, S =B (T, 7' N L)
and z € S — F we may apply Lemma 3.1 to 7| and obtain:

1 if T=1
agsT (Z): 0 if T#T’

Since S — FE is dense in S, the above formulae hold for all z € S. Conse-
quently, we only need to show that 7 is a tico map at points of £ and the
agr formulae for S = F hold if A is regular.

So pick any z € E. Pick a chart §: (R™,0) — (M, 7 (z)) so that
0= (JA]) = Uj— R™ and 67! (L) = N;_,R™. By Lemma 5.1 we have
charts ¢;: R™ — M’, j = b,...,c covering 710 (R™) so that if \j; (y) is
the i-th coordinate of ', (y) then \j; (y) = y; for i < bor i > c or
i=jand \j; (y) =yy; for b<i<e, i#j.

Choose some j so that z € 1; (R™). Notice w;l (E) = R7". For any
AcAlet Jy={i€Z|1<i<aandf(R")C A}. (In the regular case,
of course J4 has at most one element). Then

P (B(A,ANL) = ¢ (Cl(r ! (A-1)))
= Cl{y e R™| ;i (y) =0for somesi € Juy
and \j; (y) # 0 for some ¢ € {b,...,c}}
= Cl{yeR™ —RT" |y; =0 for somei € Ja }

= U R

i€Ja—j

So A’ is a tico and ¢; ' (JA']) = Ui, RP URT = o 'n~ ! (JA|U L), so
|A’| =71 (JA| U L). Furthermore since the \;; maps are all monomials we
know that 7 is a tico map.

Now suppose A is regular. Let Ti,...,7, € A be the sheets so that
0= (T;) = R". Let S; = B (T3, TiNL). Then ¢; ' (S;) = Ry if i # j,
zpj_l () = RT* and wj_l (S) is empty for all S € A’ with S # F and
S # 8,1 <i<a,i7# j. Suppose z € EN,;(R™). Then looking
at the exponents of \j; (y) we see that agr (2) = 1 if T = T; for some
i € {b,...,a} and apr (z) = 0 otherwise. So our exponent map is just
what we wish for 2 € E = 71 (L). So we are done.

LEMMA 3.5. Let m: (N',B") — (N,B) be a tico blowup with fat center
L and let f: (M,A) — (N,B) be a tico map. Suppose there is a map
g: M — N' so that g = f. Then g: (M, A) — (N',B’) is a tico map.

Furthermore, if A and B are reqular, L is an intersection of sheets of
B and f has constant exponents then g has constant exponents also. In
particular, if S € A and T € B let agy be the exponent of S in T. Let og
be the minimum of agy over all T € B with L C T. Then the exponents
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Bsu of g are as follows.

asTt if U=B(T, TNL) and LgZT
Bsy =< asr — 05 if U=%B(T,L) and LCT
os if U=n"1(L)

Proof: Lemmas 2.7 and 3.4 imply g is a tico map since |B’| = 71 (|B|) by
Lemma 3.4. (Note either L C |B| or else dim L = dim N so 7~ ! (L) = (.)

Now suppose A and B are regular, L = NL for some £ C B and f has
constant exponents. Let agr, Ssy and yyr be the exponent maps of f, g
and 7 respectively. Notice agr is constant and gy is constant by Lemma
3.4. But by Lemma 2.4 we know that asr = Y ;.5 Bsv (x) - yur for any
x € S. By Lemma 3.4 we know that yyr = 1if U = B(T,TNL) or if
U=nm1(L) and T € £. Otherwise yyr = 0. Hence agr = Bgr () if
T ¢ Land T =B (T, TNL). Also asy = Bsr (z) + Bsg (z) if T € £,
T' =B (T,L) and E denotes 7! (L). So we only need show Bsg (z) = og
for all Sand z € S.

Suppose that f (S”) ¢ L for some component S’ of a sheet S € A. Then
by Lemma 2.2 we know that agp» = 0 for some T” € £, hence o5 = 0
and f(S”) ¢ L for all components S” of S. But then we must also have
g (8") ¢ E for all components S” of S. Hence by Lemma 2.2 we must have
Bsp(x)=0=o0g forallz € S.

Now suppose that f(S’) C L for some component S’ of S € A. Then
by Lemma 2.2 we know that agp > 0 for all T € £ and hence f(S) C L
and og > 0. Suppose that Ssg () < og for some z € S. Then Sgr () > 0
for all T in the strict transform £’ of £ since Bsr (z) = asr — Bsk ().
Hence g (x) € Npee B (T, L) =B (NL, L) =B (L, L) = 0, a contradiction.
So Bsg(x) > og for all z € S. But if Bsg () > og then pick T' € £
with 0g = agr and let 7" = B (T, L). Then Bs7 () = asr — Bse (z) =
05— PBse () < 0, contradicting the positivity of Ssr+. Hence Bsg (z) = 0g
for all z € S.

Ifm: (M',A") —» (M,A) is a tico multiblowup, then 7 is a tico map
by Lemma 3.4. Hence Lemma 2.6 implies that if 77 is a stratum of M’,
then 7 (T”) is contained in a stratum of M. A fat tico multiblowup has a
stronger property as the next lemma shows.

LEMMA 3.6. Let w: (M',A") — (M,A) be a fat tico multiblowup. Let
T’ be any stratum of the tico stratification of M’ and let T be the stratum
of M such that 7 (T') C T. Then 7|: T" — T is a locally trivial fibration
(in fact the fibre is a disjoint union of Fuclidean spaces, so T" is a vector
bundle over a finite cover of T'). In particular dimT" > dim T'.

Proof: It suffices to consider the case where 7 is a single blowup with
center L. If T'¢ L then TN L ={. So x|: T" — T is a diffeomorphism,
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hence a fibration. On the other hand, if T C L then 7|: 7= (T) — T is a
fibration with projective space fiber.

Furthermore, the stratification on 7=! (T') is obtained by taking the
fiber RP*~!, taking k codimension one linear subspaces in RP¥~! in gen-
eral position, taking the resulting tico stratification and then forming some
bundle over T'. Here k is the codimension of I and the linear subspaces are
the tangent directions in the various sheets containing L. Hence n|: T/ — T
is a fibration with fiber diffeomorphic to a disjoint union of Euclidean spaces
R™, since it is easy to see that each stratum of RP*~! is diffeomorphic to
some Euclidean space.

For an example of this lemma, suppose dim M = 3 and L is a circle
with trivial normal bundle. Suppose also that L is a stratum, i.e., there
are no triple points of |A| on L. Then a neighborhood of L in |A]| is an X
bundle over L where X is taken literally, i.e., it is two lines with midpoints
identified. Suppose this bundle is nontrivial and as you go around L once,
X rotates 90°. Then 71 (L) is LxRP! = S*x S'. Now 7! (L) intersected
with the strict transform of |.A| is a curve which runs twice around the torus
71 (L). This stratum of M’ double covers L. The other stratum over L
has fiber RP' with two points deleted, i.e., two copies of R.

LEMMA 3.7. Let m: (M',A") — (M, A) be a fat tico multiblowup with
A regular and suppose B is a tico in M such that |A| C |B| and each sheet of
A is unskewed in B. Then w: (M',B') — (M, B) is a fat tico multiblowup,
i.e., all the centers are fat with respect to B and the total transforms of B.

Proof: 'We will prove this by induction on the number of blowups in 7.
Suppose ™ = 7" o 7’/ where ©”: (M",A") — (M, A) is a tico blowup with
fat center L. For each z € L, pick a chart ¢p: (R™,0) — (M, z) so that
Y H(JA]) = Ui, R? and 1 (|B]) = U?Zl R?™. Since |B| D |A| we know
that b > a. Since L is fat (with respect to A), ! (L) = ;e R for
some C' C {1,...,a}. Hence L is a union of strata (with respect to the B
stratification).

So we must show that L is unskewed (with respect to B). Take a
connected component L’ of L. Suppose L' C B € B. By the above local
analysis there is a sheet A € A so that L’ € A. But then L C A by
unskewedness of L in A. Let A’ be the component of A containing L'.
Then A’ C B so A C B by unskewedness. So L C A C B so L is unskewed
in B.

So if B” is the total transform of B we must show |A”| C |B”| and each
sheet of A” is unskewed in B”. But |B”| = """ (|B]) > ="' (JA]) = |A"].



3. TICO BLOWUPS 115

Also
B’ = {B(B,BNL)|BecB}u{r""'(L)} and
A" = {BAANL) |Ac A u{r" (L)}

Certainly 7"~ " (L) is unskewed in B”. A component of B (A, AN L) for
Ae Ais B(A,ANL) for some component A" of A (with A" ¢ L). If
B(AANL) C B(B,BNL) for B € B then A/ C Bso A C B so
B (A, AN L) is unskewed.

By induction, «": (M',B") — (M",%8 (B, L)) is a fat tico multiblowup
so we are done.

PROPOSITION 3.8. Let (M, A) be a tico. Then there is a tico multi-
blowup m: (M',A") — (M, A) with fat unobtrusive centers so that A’ is
regular.

Proof: For example let M = R? and |A| = a figure eight. After blowing up
the double point of the figure eight we see M’ is a M&bius strip, 71 (L) is
the center circle and the strict transform of the figure eight is an embedded
circle intersecting 7! (L) in two points.

We now prove the proposition. For any S € A let 8 (S) be the depth
of S, i.e., the maximum number of self intersections of S. Let d(A) =
maxgea 0 (S) and let e (A) be the number of sheets S € A with 5(S) =
d (A). Our proof will be by induction on (d (A), e (A)) with lexicographical
order. Let d = d(A). Notice that if d = 1 we are done, since all sheets
are then embedded. So assume d > 1. Pick Sy € A with 8(Sp) = d and
let T C Sy be the points where Sy has d-fold self intersection. Then T
is a fat unobtrusive proper submanifold of M (with codimension d). Let
N =% (M,T),p=n(M,T) and let B be the total transform of A. Then if
SeA,S#Syand S is the strict preimage of S we see that 5 (S”) = 8 (.9).
If S} is the strict preimage of Sy then 3 (S}) =d—1. Also 8 (p~* (T)) =1
since p~1 (T) is embedded. Hence if e (A) > 1 we have d (B) = d (A) and
e(B)=e(A)—1. If e(A) =1 we have d(B) = d(A) — 1. So by induction
we are done (c.f., Lemma 2.3 of [AKS]).

The next result, Proposition 3.9, is very important since it allows us
to lift a tico map to a multiblowup. Actually one can weaken the fatness
hypothesis, but it does make the proof easier.

PROPOSITION 3.9. Let f: (M, A) — (N,B) be a tico map where A is
a finite tico and let w: (N',B') — (N,B) be a fat tico multiblowup with
centers lying over some Z C N. Then there is a fat tico multiblowup
p: (M A) — (M,A) and a tico map g: (M',A") — (N',B’) so that
g = fp and the centers of p lie over f~1(Z).

If the multiblowup p is unobtrusive we may guarantee that the centers of
p are unobtrusive. If (M, A), (N, B) and 7 are algebraic and f is an entire
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rational function, we may guarantee that p is an algebraic tico multiblowup
and g is an entire rational function.

Proof: Tt suffices to consider the case where 7 consists of a single blowup
with fat center L and L = Z. The general result then follows by repeated
applications of the single blowup case.

First suppose that L is not unobtrusive. Then L is a union of compo-
nents of N and N’ = N — L. We just let K = f~1(L), then K is a union
of components of M and we may let M = M — K =8B(M, K).

So we may as well assume that L is unobtrusive. Recall that by Lemma
5.8 our goal is to make p* f*J°° (L) locally principal.

Before doing the general proof, we will give an example. We let M =
RY A = {R},R3 RY R}, N = R2, B = {R? R2}, L = (0,0) and f(z) =
(2374, T1237322). Let A; = R

Now f does not lift to the blowup because

(L)) = (@324, vr230322) = w324 (?, 212524)
is not locally principal at 0. We describe the map f by the following data:

1234 0931 4 1

The 1234 means that the center of this chart is the point intersection A; N
Ay N A3 N Ay, The next entry gives the exponents of f on the chart. The
next two entries give v(D) and A(D) for D = {1,2,3,4} where v and A
are as in the proof below. To see where (D) comes from, look at the
ideal (2%, z123x4) which is the reduced form of f*(J(L)) and note that the
highest exponent in the first coordinate is 23 and the highest exponent in
the second is 23, then (D) = 2 + 2 is the sum of the exponents. The next
entry A(D) is the number of pairs which give (D), in this case only the
one pair (3,2).

We now blow up Az N A3 because the pair (3,2) gave the largest v(D).
In the blowup, the tico transform of A has five sheets, the strict transforms
of A; for i =1,2,3,4 (which we just call A; again) and the inverse image
of the center which we call A5. We describe the map f on the blowup by
the following data:
1245 0913 *
1345 9313 3 2
The * indicates that on the first chart the pullback of the ideal has be-
come locally principal, it is just (z423). So we can ignore this chart and
concentrate on the chart 1345, i.e., the chart with center A;NA3NA4N As.

Now either (3,1) or (3,4) gives the maximal -, we choose one of them
for our blowup, say (3,4). So we blow up AsNA,. Then f can be described
by:
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1356 0834 3 1
1456 9134 2 2
We ignore the blowup of the chart 1245, since f will lift on that chart.

Next we blow up A; N Ajz since that pair gives the maximal . We
obtain:

1567 0343 2 2
3567 3343 *
1456 0134 2 2
Next we blow up A; N Ag and obtain:
5678 3434 *
1578 0834 2 1
4568 1334 2 1
458 0134
Next we blow up A; N A7 to obtain:
5789 3343 *
1589 0343 *
4568 1334 2 1
Finally we blow up A4 N Ag to obtain:
5680 3442 *
4580 1342 *

So at last we know f will lift everywhere on the blowup.

The preceeding example gives the main idea behind this proof, we must
just exercise a certain amount of care to make sure everything works. We
now give the proof.

Assertion 3.9.1 After perhaps replacing (M,A) with some tico multi-
blowup, we may as well assume that f~1(L) = |C| for some regular tico C.
Furthermore, for each sheet S € C there is a regular tico Ag in S so that
|[As| =[S NAJ

Proof: If A is regular, this is easy since f~!(L) is a finite union of fat
submanifolds of M. After blowing these up one by one f~!(L) becomes a
finite union of codimension one fat submanifolds, i.e., the realization of a
regular tico. The second part follows by taking Ag =S NA.

The nonregular case is similar, but now f~!(L) is a finite union of things
which are like fat submanifolds, only immersed. So you turn them into
embedded fat submanifolds by first blowing up their d-fold self intersections
as we did in Proposition 3.8. Then you blow them up one by one as above
and get f~1(L) to be the realization of a regular tico. Now for any sheet
S, the tico (S,S N .A) may not be regular but by Proposition 3.8 there is
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a fat unobtrusive tico multiblowup of S which makes it regular. Using the
same centers, you obtain a fat unobtrusive tico multiblowup of M. Do this
for each sheet in f~1(L) and eventually the required condition is reached.

The reader dissatisfied with this proof outline could alternatively first
blow up (M, A) using Proposition 3.8 to make it regular, then proceed as
in the above regular case. We lose the conclusion that the centers lie over
f71(L), but they still lie over |A| U f~1(L) which is all we need in the
applications in this book. ]

Assume that the conclusions of Assertion 3.3.9.1 hold. Let U(f) denote
the set of points at which the ideal f*J*°(L) is locally principal.

Assertion 3.9.2 U(f) is open and is a union of strata of M. If m: M' — M
is any multiblowup then 7= *(U(f)) C U(fT).

Proof: Pick any y € U(f). As usual, pick tico charts 8: (R™,0) — (N, f(y))
and : (R™,0) — (M,y) so that §~1(L) = N°_, R, 6~ 1(|B]) = U'_, R?,
¢ < b, v A]) = Uj_, R} and so that fi(R™) C O(R™). Let fi(x)
be the i-th coordinate of 67! fy(x). Then fi(z) = []j_, 27" pi(z) and
©i(0) # 0 for i < b. Notice that tp* f*J°°(L) is the ideal with the ¢ generators
H?Zl z]a” for i = 1,...,c. Now f*J*°(L) is locally principal at y if and
only if ¢* f*J>°(L) is locally principal at 0, i.e., for some iy < ¢, we have
@ip; < ag; forall ¢ = 1,...,cand j = 1,...,a. But then ¢*f*I>*(L)
is principal so ¥(R™) C U(f). We also see that any stratum containing a
point of ¢»(R™) must be in U( f) since the exponents ;; are locally constant.

Finally, if 7 is a multiblowup (or indeed any map) and w(z) € U(f)
then locally near z, we know (fm)*I°(L) = (gom) if f*I°°(L) = (g) near
7(x). So m~HU(F)) € U(fr). o

If B were a regular tico then the following proof could be simplified a
bit since we could talk about the exponent map for f. But we need to apply
this in the situation where B is not regular, so we only have the exponents
locally, which entails a more complicated proof. In particular the proof will
proceed by taking a stratum 73 of M, then finding a multiblowup 71 : M; —
M so that m; ' (Ty) € U(fm;). We then pick another stratum T, and find
a multiblowup 7o : My — Mj so that wglwfl(Tg) C U(fmima). Since A is
finite this process eventually terminates. By Lemma 3.6 we know that ;
maps each stratum onto its target stratum. So to show that 7, 'm; ' (T3) C
U(frmz) for example, we only need to show that m, 'y (y) € U(fmima)
for some point y € To. Thus we essentially reduce to a local question.

So we may suppose we are in the following situation. We have a fat
unobtrusive tico multiblowup 7y : (M, A1) — (M, A) so that all centers of
71 are allowable. We will define what an allowable center is below. Pick a
stratum 7" of M and a point y € T. Then we want to find a fat unobtrusive



3. TICO BLOWUPS 119

tico multiblowup 7o: (Ms, As) — (Mj, A1) so that all centers of m are
allowable and so that for each stratum 7" of My with mm(T") C T we
have T/ N7y 'ry Hy) € U(fmima). If we can do this we have proven our
Proposition. So let us try to find this multiblowup 5.

First we say what we mean for a center L’ to be allowable. Of course
L’ must be fat and unobtrusive and lie over f~!(L). In addition, let €;
be the tico transform of C and let S be a sheet of €; which contains the
center L’. We know that |S NA;| = |Agi1]| for some regular tico Agy in S.
Then, unless we are in the algebraic case, we ask that L’ be a connected
component of a sheet of Ag;. In the algebraic case we ask that L’ be an
irreducible component of a sheet of Agi. In particular L’ has codimension
2 and is unskewed.

Now pick tico charts 6 and v exactly as we did in the proof of Assertion
3.3.9.2. Let the exponents o;; for i < c and j < a be as in the proof also.
After reordering the coordinates we may assume that ¢ ~1(|€|) = Uj—a RT".
So for each j < d we must have o;; = 0 for some i < ¢, otherwise we would
have R7* C ¢! f~1(L) = ¢~ *(|€|). Likewise, for each j > d we must have
ay; > 0 for all 7 < c.

Let V. = ¢(R™), Vi = 77 4(V) and W = O(R"). Let A; = (R})
for i = 1,...,a and B; = O(R?) for i = 1,...,c. Then A’ = {4;} and
B’ = {B;} are ticos in V and W respectively. Note that |V N A| = |A].
Suppose that the multiblowup 7 consists of s blowups. Then the total
transform of A" is a tico A} in V) where A} = {A],... A}, } and A] is
the strict transform of A; for i < a and A}, ; is the strict transform of the
inverse image of the i-th blowup fori=1,...,s.

The restriction f|: (V;A") — (W, B’) is a tico map with constant ex-
ponents. Hence by Lemmas 2.4 and 3.4 we know that fm|: (V1,A}) —
(W, B’) has constant exponents. Let aj;; be the exponent of A; in B,.
Lemmas 2.4 and 3.4 imply that this agrees with our earlier notation when
1 < a.

Let
D(m) = {Dc{l,...,a+s} | [)A#0 and D¢ {1,...,d—1}}
i€D
D/(ﬂ'l) = {DED(Wl)‘ﬂA;ﬂu(fﬂ'l):@}

ieD
Thus D(my) parameterizes the fat submanifolds of V3 which are contained
in 7' f~1(L). The following result shows that in fact, D(m;) also param-
eterizes components of fat submanifolds in ;' =1 (L) which hit V;.
Assertion 3.9.3 Suppose D € D(my). Then there is a unique fat subman-
ifold K C M, so that K N'Vi = (\,cp A} and so that K is connected (or
irreducible in the algebraic case).
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Proof: We prove this by induction on the number of blowups in 7. If there
are no blowups, let S € € be a sheet so that SNV = A; for some i € D with
i > d. Now (S, Ag) is a regular tico. Let D’ = D — {i}. For each j € D’ let
E; € Ag be the sheet so that E; NV = 5N A;. Then we must have K be
the connected (or irreducible) component of (. 5, £; which contains y.

Now suppose that the assertion is true for m. Let L’ be an allowable
center and let 7’/ = 7w(My, L) and M’ = B(M;, L'). Pick any D" € D(my 7).
Let D=D"—{a+s+1}. Then D € D(m). Let K C M; be the unique
fat submanifold so that K N'V; = ;. A; and so that K is connected (or
irreducible in the algebraic case).

ID =Dweset K = B(K,KNL). If D'# D then set K' =
B(K,KNL)Na'~'(L'). Then K’ Na'~1 (V1) = ;e ps A7, where A} is the
strict transform of A} for i <a+sand A, ., =7 "' (L'NV). a)

Assertion 3.9.4 Suppose D € D(my). Then for some i < ¢ we have

ai; =0 for all j € D with j <d.
Proof: If not, then by Lemma 2.2, § # ﬂ;ég Al C (fm)” (L) which
contradicts the fact that 7' f~1(L) N V; = Ji0s AL a]

Let ¢ denote the set {1,2,...,c}. Pick any D € D(m1). Let
C(D)={i€c|ay;=0 forall jeD with j<d}.
By Assertion 3.3.9.4 we know that C(D) is nonempty. Let
B(D) = {(i,i') € C(D)xc | aj; > aiyrj and ayj» < a0 for some 7,5 € D }.

The significance of B(D) comes from the following:

Assertion 3.3.9.5 Suppose D € D(m) and either B(D) = () or D &
D'(m1). Then N;ep A; — Uigp 4i € U(fm1). Hence B(D) # 0 for all
D e D'(my). Also, if D'(m1) =0 then Vi C U(fmy).

Proof: Pick any y € (\;cp A; — U,;gp A;- Pick a tico chart ¢": (R™,0) —
(Vi,y) so that /71 (JA;]) = U;_, R, For i = 1,...,e let B(i) € D be
defined by R = w’*l(A’B(i)). So B is a bijection of {1,...,e} with D.
Then

(fW1¢/)*jm(L) = <H xjo_‘w(j), o H x?cg(j)>.
j=1 j=1

If D ¢ D’'(m) then by openness of U(fm;) we could have picked y €
U(fm1), in which case we see that the only way for (fmv’)*I°(L) to be
locally principal is to have some i’ so that ajj < gy forall 1 <4 < cand
j € D. But the exponents «;; do not depend on the point y so this implies
that (Ve p A — Usgp A7 C U(fm1).

Now suppose B(D) = ). Pick some ¢’ € C(D) such that in lexico-
graphical order we have (ayg(1),-.., Qi) < (Qig),---,Qige)) for all
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i € C(D). Pick any i € c. If [[{_; 2" is not a multiple of T]_, x?'“ﬁ”)
then we may pick the smallest j so that a;ig(;) > aig(y. If i € C(D) then
a0 > 0 for some j' € D with j° < d. But oy = 0s0 (i/,1) € B(D), contra-
dicting the fact that B(D) = (). So we must have i € C(D), but then there
is a first j' so that ajg(jr) < a,p(j7) and we again get (i',i) € B(D) = 0.
So (fmiy')*3(L) = ([15-, 2,79 and thus y € U(fm). o

In light of Assertion 3.3.9.5 we may as well assume that D’(m) # 0.

We now assign a complexity 71(D) to any D € D’(w;). Let e be
the number of elements in D and let €’ be the number of elements in
Dn{l,...,d —1}. We let (i,4') be the lexicographical maximum of all
elements of B(D) and we let 11 (D) = (e, €’,4,4"). We order the complexities
m (D) using lexicographical order.

Let L' € M; be an allowable center. Let 7’ be the blowup map
(M, L'). If L'’ NVy = @ then D(my) = D(mr’). For D € D(m) and
D’ € D(m7’) we say in this case that D' — D if D’ = D.

If L'NV; # () then by Assertion 3.3.9.3 there are k and k¥’ with L'V, =
Aj, N A}, and k > d. The total transform of A} is the tico {A7} for
j=1,...,a+s+1 where A] = B(A}, L' N A’} for j =1,...,a+ s and
Al .., =n""YL'). By Lemmas 2.4b and 3.4 we know that the exponent
for A;’ in By is ayj for j # a+ s+ 1 and is o qys41 = up + agp for
j=a+ s+ 1. Thus we see that D(m7’') = Dy U Dy U Dy U D3 where

Do = {DeD(m) | {k K} ¢ D}

Dy = {(D-{k})u{a+s+1} | D e D(m)— Do}
Dy = {(D-{K})U{a+s+1} | De D(m)— Do}
Dy = {(D-{kK})U{a+s+1} | D e D(m)— Do}

Suppose D € D(m;) and D' € D(myn’). Then we say that D' — D if
either D' =D € Dyor a+s+1 € D' and D—{k,k'} = D' —{k,k',a+s+1}.
Note that D’ — D means 7" maps ();cp, A7 onto (;cp Al

Assertion 3.3.9.6 Let L' be an allowable center. Let n’ be the blowup
map w(My,L"). Pick any D' € D'(mn’'). Then D' — D for some unique
D € D(m1) and we must have 01 (D") < n1(D).

jeD

Proof: By definition, there is a unique D € D(m) with D’ — D. By
Assertion 3.3.9.2 and Lemma 3.6 we know that D € D’(my).

If '’ NVy = B then the assertion is trivial so we may assume that
L'NnVy #0. Let k, k' and D; be as above.

If D' € Dy then D = D’ and the complexity is the same. If D’ € D3
then D’ has fewer elements than D so the complexity decreases. So we may
assume D' € D1 UD,y. If k' < d and D’ € Dy then D' N {1,...,d — 1} has
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one less element than DN{1,...,d—1} so the complexity decreases. Hence
by symmetry we need only consider the case D’ € D;.

Note that the first two coordinates of 11 (D) and 7;(D’) are the same,
so it suffices to prove that B(D') C B(D). We have C(D’) = C(D) so
letting D" = D' — {a+ s+ 1} = D — {k} we have:

B(D/) = {(272/) € C(D) X C | Q5 > Qg and Qi < Qyrgr
for some j,j5' € D'}
= BiUByUB;
where
Br = {(i,7) | iy > apr; and «a;j < o for some j,5° € D"}
By = {(i,7) | air + i > @ik + i and iy < arjo for some j° € D'}
By = {(i,7) | asj > aprj and g + i < i + e for some j € D}

The sets By and Bjs correspond to setting j =a+s+1and 5 =a+s+1
respectively.

Note that By C B(D). To see that By C B(D), pick any (i,i') € Ba.
Then either ayp > g or a;p > ajrge so setting 7 = k or k' we see that
(i,i") € B(D). Likewise By C B(D). Hence B(D') C B(D). o

We need finer invariants than just 77 however. Let (e,e’,4,i") be the
lexicographical maximum of n,(D) over all D € D'(m). Let 6 = a;; +
O[i/j/ - ai/j - 041]/ If (’L7’Ll) S B(D) let

’Y(D) = max{ 5]']'/ | Q5 > Qg and Qi < Qurgr with 7, j/ S D}

Let A(D) be the number of pairs (j,5') € D x D so that a” > g,
ajr < ey and 6550 = (D). If (i,4') & B(D) set y(D) = A(D) =

We define na(D) = (m1(D),y(D),A(D)). Let (e,e’,i,z”,fy,/\) be the
lexicographical maximum of 7(D) over all D € D’(m). Let u be the
number of D € D'(m) with (D) = (e, €’,4,4',v,A). Finally define an
invariant of the multiblowup, n(71) = (e, €', 4,4, v, \, p).

Pick some D* € D’(my) so that no(D*) = (e, €’,4,7',7v,A). Pick k, k' €
D* so that ;x> ayrg, i < aprgr and Ogrr = . Note that ayp > 0 and
i € C(D*) so we must have k > d. Let L' C M; be the allowable center so
that L' NV4 = A, N A},. Let n’: M" — M; be the blowup with center L'.

Assertion 3.3.9.7 If D' € D'(mn’), D' — D and n1(D) = (e,€,i,4)
then no(D') < ma(D). If no(D’) = no(D) then D' = D # D*.

Proof: If D = D' then D # D* and n2(D’) = n2(D). So assume D # D’.
From the proof of Assertion 3.3.9.6 we may assume that D’ € D;. We
may also assume that (i,i") € B(D’), otherwise m (D) < m (D). So if
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D"=D"—{a+s+1} =D — {k} we have:
y(D') = max{d;j | ai; > ap; and a;j < oy with 4,5 € D'}
= max({d;; | j,j' € D" and ai; > apjr and i < iy}
U {0kjr + cviwr — e | j' € D,
Qi+ Qi > g+ and oy < oy}
U{djw + ik —aix | j €D,
a;; > oy and oup + o < Qg + Qg }).
But o — oy < 0 and ayrp — o < 0. So
y(D') =max{d;; | j,j € D" and a;; > ayj and iy < iy}

So y(D') < 4(D) and if v(D) = v(D’) we must have A\(D) < A(D') since
{(J,7)Ye D' x D' | aj > vijr, ayj < ajr and 65 =~(D')}
c{(4,j') € DxD|ajj > aj, aij <a and ;5 =~v(D)} — {(k,k")}.

0

It is now easy to finish the proof, since from Assertion 3.3.9.7 we see
that either D'(my7’) = 0 or n(m7’) < n(mw1). So there is a multiblowup o
with D’ (mry72) = (0. Now Assertion 3.3.9.5 implies that we are done.

One could also go about this proof in a slightly different way which
some readers might prefer. First of all, it suffices to only consider D with
cardinality a. To see this, note that any stratum in V; with codimension
< a has in its frontier a stratum of codimension a. So if we know all
the codimension a strata of V; are in U(f) then we know all strata of
V1 are in U(fm). This is what we did in our example above, we only
considered codimension 4 strata. Thus one could proceed by taking any
pair (i,4') € ¢ x ¢ and blowing up until (i,i") € B(D) (i.e., v(D) = 0) for
all D € D’'(my), just as we did in the example. Do this for all pairs (4,4")
and eventually you are done.

Next we have an algebraic analogue of Lemma 1.2.

LEMMA 3.10. Let (V,.A) be an algebraic tico and let K and L be Zclosed
subsets of V' which are unions of strata. Let r: K — R and s: L — R be
entire rational functions so that r|xnr = s|. Suppose L is nonsingular and
KNL=I|LNA|. ThenrUs: KUL — R is an entire rational function.

Proof: Extend r to an entire rational function r: V' — R. Define ¢t: K U
L—Rbytlg =0and t|p =s—7r. Then r+t|x = r|x and r + |, = s
and we are done if ¢ is an entire rational function. It suffices to show ¢ is
entire rational in a neighborhood of K N L.

So pick any y € KN L. Let

{A1,..., Ay} ={AcA|lyecA and LhAaty}.
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Let u;: (V,A;) = (R,0), i =1,...,k be polynomials so that du; has rank
laty. Bu KNL=|ANLsoUNLNK =UnLNnUJ, 4 =Un
LN Ule u;l (0) for some neighborhood U of y. Also s — r|pax = 0,
so repeated applications of Proposition 2.11 show that there is a Zopen
neighborhood U of y in L and an entire rational function v: U — R so that
s(x) —r(x) = (Hf:1 u; (z))v (z) for all z € U. Extend v to any entire
rational function v: U’ — R where U’ is a Zopen neighborhood of y in
KUL. Then t = (], u, (z))v (x) for all z in some Zopen neighborhood
of yin KU L. Sot is entire rational.

Finally, the following lemma shows that under mild conditions, restrict-
ing to fat submanifolds preserves ticoness of a map.

LEMMA 3.11. Let f: (M, A) — (N,B) be a tico map between regular
ticos. Let S C M be a fat submanifold and let T C N be the smallest fat
submanifold of N so that f(S) C T. Suppose that either

1) S is connected or

2) f has constant exponents or

3) M and N are algebraic, f is an entire rational function and S is
irreducible.

Then fl: (S,SNA) — (T, T NB) is a tico map.

Proof: For any sheets A € A and B € B let ayp: A — Z be the exponent
map of Ain B for f. Let S ={A € A|S C A}. Then S is a union of
connected components of NS. Let € = {B € B | aap(x) > 0 for some
A € 8 and for some z € S}. Either of conditions 1,2 or 3 guarantee that
each a4 p is constant on S. Hence

C={BeB|asp(r)>0forsome AcSandallzeS}.

Assertion 3.3.11.1 T is a union of connected components of NC.

Proof: By Lemma 2.2, f (S) C NC. On the other hand, if dim 7" < dim (NC)
then there is a B € B — € so that T C NC€N B, hence f (S) C B. But then
by Lemma 2.2 we must have aap (z) > 0 for some x € S, A € 8. So B € C,
a contradiction. So dimT = dim (N€), so T is a union of components of
NC. m

Now take any z € S. Pick tico charts ¢: (R™,0) — (M, %) and
0: (R",0) = (N, f(2))so fy(R™) C 0 (R"), v~ (JA]) = Ui, R v~ (18]) =
UL, R, 671 (1B]) = UL, RD and 0= (|€]) = US_, RZ. Let f; (@) be the
i-th coordinate of §~!fi (z). Then there are nowhere 0 functions ¢; so
that f; (z) = [Ij_, m?” w; (x) for all i« < b. For each ¢ < i < b we must
have a;; = 0 for all j < d, otherwise R? would be in 67! (|€|). Hence
fi(x) = Iljsq 3:]0‘” @i (z) for all ¢ < i < b. So by considering the charts
Y|gxrm-a and O|gxgrn—c we see that f|s is a tico map.
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4. Full Ticos

DEFINITIONS 4.1. Recall a manifold M is full if all of its Z /27 homology
is generated by embedded smooth submanifolds (see 2.9). A tico (M, .A)
is full if it is regular and if M, all sheets of A and all intersections of
sheets of A are full manifolds. That is, ND is full for all D C A. A tico
blowup 7: (M',A") — (M, A) with center L is full if (L,LNA) is a full
tico. Likewise a tico multiblowup is full if each of its blowups is full.

LEMMA 4.1. Let m: (Y, B) — (X, A) be a full tico multiblowup of a
regular tico A in a closed manifold X .

a) Suppose B € B is such that (B, B N B) is not full. Then B is the
strict preimage of some A € A so that (A, AN A) is not full.
b) If (X, A) is full then (Y, B) is full.

Proof: 1t suffices to prove this in the case where 7 is a single blowup. Let
the center of m be L. Since 7 is full we know (L, AN L) is full.

If B is the strict preimage of some A € A then B N B is the total
transform of A N A under the full tico blowup with center A N L. Hence
by induction on dimension we cannot have (A4, AN A) full since b) would
imply that (B, B N B) is full.

The only other case is where B = 7~ (L). Let L’ be a connected
component of L and B’ = 7! (L’). Tt suffices to show that (B’, B’ N B) is
full since B’ is just a connected component of B.

For each A € A let A’ € B be the strict preimage of A. Let C={ A €
A| L C A}. Weneed to show that (B, BN B’) is full. The sheets of BNB’
are just A’ N B’ for sheets A € A. So pick any D C BN B’. Let € C A be
such that D = {A'NB' | A€ &} Then ND =71 (L)NnB(NENENL)
is the projectivized normal bundle of L' N (&) in () €. By Lemma 9.2 and
the fact that L' N (N &) is full, we know that (D is full. So (B', BN B’)is
full.

To finish off the proof we must show that if (X,.A) is full, then (Y, B)
is full. By a) we know that ND is full for all non-empty D C B so we must
only show that Y is full. But this follows from fullness of L and Lemma
9.3c.

LEMMA 4.2. Let m: (Y, B) — (X, A) be a tico multiblowup. Suppose
that X is closed and full and B is full for every B € B. Then Y is full.

Proof: Let the multiblowup be
(Y, B) = (Xny-An) % (Xn—laAn—l) — l> (X07-A0) = (X,.A)

where m; is the blowup with center L; C X;_;. Let p;: X,, — X, be the
composition 71 0 T4 0 -+ 0 7,. For any manifold Z, recall H™" (Z) be
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the subgroup of the homology H, (Z) generated by embedded submanifolds
of Z (all homology is with Z/27Z coefficients).

Suppose H, (Y) # H™?(Y). Then take a € H, (Y) — HI™ (Y). By
Proposition 9.1b we know that 7, (H™ (Y)) D Hi™" (X). But Hi™ (X) =
H, (X). Hence thereis a 8 € H™® (V) so that 7. (a« — 8) = 0. Note 7 = pg
so there is some smallest ¢ > 0 so that (p;)« (o —7) # 0 in H, (X;) for all
v € Hi™ (V). Then there is some v € HI™b (V) with p;_1, (a« —7) = 0.
Let 6 = p;, (o — ), then m;, (§) = 0. So by Lemma 9.3d, § € j. (H, (P))
where P is 7; ' (L;) and j: P < X; is inclusion.

Let B be the strict transform of P under the multiblowup p;: X,, —
X;. We know (pi|B), : H« (B) — H. (P) is onto by Proposition 9.1a. So
0 = pi, (e) for some € in the image H, (B) — H.(Y). But H,(B) =
Hi™ (B) since B € B so € € H™"(Y) and p;, (o — (7 +¢€)) = 0 which is
a contradiction. So H, (Y) = HI™ (Y), i.e., Y is full.

5. Type N Tico Maps

We will need tico maps with certain stability properties. Submersive
tico maps are very stable; this is shown in Chapter V. At the moment,
however, we do not know how to transform an entire rational function into
a submersive tico map except in low dimensions. Thus we take what we
can do and call it type N.

DEFINITION 5.1. Let f: (M,A) — (N,B) be a tico map. Then f
has type N if for every z € M there are charts v: Z — M, 6: (R™,0) —
(N, f (2)) so that
) Z is an open subset of R™.

) ¥ (Z) is neighborhood of z.

) fu(Z) 0 (RM).

1) 61 (A) = Ui, RP O 2,

) 0-1(|B]) = U7, Ry

6) fi(x) =TIj-, 2" forall z € Z and 7 < b where f; (z) is the i-th
coordinate of =1 f1 (x) and ¢ > a.

7) The b x ¢ matrix a = («;;) is onto, i.e., has rank b.

The basic idea is that the ¢;’s in the definition of tico map are pure
monomials [[5_, :17?” and the matrix of exponents is onto.

DEFINITION 5.2. The map f above is submersive if in addition m —c >
n—>band f; (x) = xj_pym for all i > b and all z € Z.

At the moment the difference between submersive and type N is the
only thing which stands in the way of a complete topological classification
of real algebraic sets in all dimensions. This is explained in Chapter V and
Chapter VI.
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The goal for this section is Proposition 5.3 which says that by doing
fat unobtrusive blowups we may transform any tico map to a tico map of
type N. Before proving this, we introduce some notation.

Let (M, A) be a regular tico and let S be a stratum of M. Then we
may associate to S the vector space Z”s where Ag = {A € A|S C A}.
Note that the dimension of this vector space is the codimension of S in M.
For convenience, if 0 =3, 04 A€ Z”s and A € A we define o - A to
be o4 if S C A and 0 otherwise.

Now let f: (M, A) — (N,B) be a tico map with A and B regular. If
T is a stratum of M let S be the stratum of N so that f(T') C S. Then
we may define a linear map ps r: 7Bs — 7AT by

/Lf,T( Z O'B'B)Z Z Z aAB(T)UB-A.

BeBg AeAr BEBg

Here ayap (T) is the local exponent for f of A in B at points of T'. This is
well defined by Lemma 2.2 since T is connected. We could interpret Z®s
and Z"7 as being the space of monomial maps in tico coordinates for S
and 7" and then py 7 is just the pullback map f*.

If f is as above, define U (f) to be the maximal open subset of M so
that f|: (UW(f),ANU(f)) = (N, B) has type N. For each stratum S of N,
let € (f,S) be the set of strata T" of M so that T' ¢ U(f) and f(T) C S.
Define X (f,T) to be the kernel of pf 7.

LEMMA 5.1. Suppose f: (M, A) — (N,B) is a tico map with A and B
reqular. Suppose T and S are strata so that f (T) C S. Then:

a) Ifg: (N,B) = (P,C) is a tico map (with C regular), then g5 =
WFT O g, S

b) Suppose s is injective, i.e., X (f,T) ={0}. Then T C U(f).

c) If f is a fat unobtrusive multiblowup then psr is onto. Conse-
quently, if dimT = dim S we know that pyr is an isomorphism.

d) Suppose f is a fat unobtrusive multiblowup, T' is a stratum of M,
T"CAeAr, f(T') C S anddimT’ =dimT. Then pys g (0)-A =
wrr (o)A for all o € Z%s.

Proof: Note that by Lemma 2.2 if A € Ay thenasp = 0forall B € B—Bg.
Hence a) follows from Lemma 2.4.

Now let us prove b). Pick any x € T. Pick standard tico charts
Y: (R™,0) = (M,z) and 0: (R™,0) — (N, f(z)) for f. So f¢ (R™) C
0(R"), =1 (JA]) = Ui, R and 071 (|B]) = U, R} Let 4; € A4,
i=1,...,aand B; € B, i = 1,...,b be such that ¥~ (4;) = R and
0=1 (B;) = R?. Notice ¢~ (T) = N, R™, 671 (S) = N°_, R?, Bg =
{Bl,...,Bb} and AT = {Ah...,Aa}.
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Let f; (2) be the i-th coordinate of 71 f (2). Then we know that
fi(z) = H]a 1 z Vi (2)if i <bwhere g; (R") C R—0and a;; = aq;p, (T).
After composmg 0 with reflections through R} we may also suppose that
;i (R™) C (0,00). Now since the matrix (a;;) of puyr is injective, its
transpose is surjective after tensoring with Q. So there are v;, € Q, j =
1,...,a, k=1,...,bso that Z;zl @ik = Ok, the Kronecker delta.

Define k: R™ — R” by letting the j-th coordinate of x (2) be z; if j > a
and z; szl ok (2)7* if j < a. The Jacobian matrix of x at 0 is diagonal
with positive entries so there is a neighborhood U of 0 in R™ on which x~!
is deﬁned We claim that for i < b, the i-th coordinate of =1 fyr=1 (2) is
| HencexGU(f)soTCU(f).

To prove the claim, let x! (2) = y. Then 071 fyr=! (2) = 01 fy (y)

Qg

whose i-th coordinate is HJ 1 Y; i (y). But 2z =k (y) so

S|

a

a
Qg
I

b
H ’Y]kau
a
=TT e ()
j=1

<.
\ |

s}

11
Hﬁ

Now let us prove c). By part a) and Lemma 3.6 it suffices to consider
the case where f is a single blowup with fat unobtrusive center L. If
f(T) ¢ Lthen Ap ={B(B,BNL)|B¢€ Bg} sopyr is an isomorphism
by Lemma 3.4. Infact we have iy (3 op-B) =Y 058 (B,BNL). Now
suppose f (T) C L. Let £ C B be such that L is a union of components
of | £. Let D C B be such that Ar = {f~ (L)} U{B(B,BNL) |
B e D}. Then DU L C Bg. Note that L # D N L since otherwise,
T CfYL)NNgee B (B, L) = f~HL)NB (N £,L) = 0. Take By € L—D.
Then by Lemma 3.4 prr (Bo) = f~' (L), pyr (B — By) = B(B,L) for
BeDnLand pyr (B)=B(B,BNL)for BeD—L. So puyr is onto. If
dim 7T = dim S then py 7 is injective because Z*7 and 75 have the same
rank.

Now let us prove d). Suppose we have two fat unobtrusive multiblowups
m: (M,A) —» (N',B’) and «’: (N',B’) = (N,B) so that f = 7'm and =
consists of a single blowup with fat unobtrusive center L. Let Q and Q' be
the strata of N” with 7 (T') C Q and 7 (T") C Q.

First suppose A = 771 (L). Let £ C B’ be the sheets of B’ which
contain L. Then 7 (T") C L and 7 (T) C L so we know that QU Q' C C
for each C € £. Hence pir. (0) - C = ppr g (0)-C for all C € £, o € ZPs
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by induction. But by Lemma 3.4 and part a),
prr (o) A = pxrpc g (o) A
= Z pinr,q (o) - C
CeL
D g (0)-C = pgri(0) - A
CeL

So d) is true in this case. Now suppose A = 95 (C,C N L) for some C € B’.
Then QU Q' C C so

prr(0) A= prrpin q(0) A= pin g (0)C = i g (0)-C=pyr (0) A

So d) is true in all cases.

LEMMA 5.2. Let f: (M,A) = (N,B) be a tico map. Suppose that we
have fat unobtrusive tico multiblowups p: (M',A") — (M, A) andw: (N',B’) —
(N, B) and suppose f': M' — N’ is a smooth function so that wf = fp.
(Note f’ is a tico map by Lemma 2.7.) Suppose also that A and B are
regular. Then

a) W(f") D p t(U(F)), i.e., if f is locally type N at p(x) then f' is
locally type N at x.

b) Suppose S,S',T and T' are strata for N,N', M and M’ respec-
tively and w(S") € S, p(T") € T and T" € C(f',S"). Then
TeC(f,S).

c) Suppose S and S" are strata of N and N’ respectively and 7 (S") C
S. Suppose T and T’ are strata of M and M’ respectively, dim T =
dimT", p(T") C T, and f' (T") C S’. Then X (f',T") = pr, 5K (f,T).

Proof:  Let us prove a). It suffices to consider the cases where one of
p or w is the identity and the other is a single blowup with fat unob-
trusive center L. First suppose that m = identity. Since the restriction
pl: p7H(UW(f) — L) — U(f) — L is a tico isomorphism and f' = fp we
easily see that p=' (U(f) — L) € U(f'). So pick z € U(f) N L. We
may pick coordinate charts ¢¥: Z — M and 6: (R™,0) — (N, f(x)) so
that fo (Z) C 0(Z™), Z C R™ is open, v (Z) is a neighborhood of z,
(AN =Us, RPN Z, 071 (|B)) = Y, RY and if f; () is the i-th co-
ordinate of 0! f1) (z) then f; (2) = H?Zl 25" for all i < b and some d > a.
We may also assume after reordering that v~ (L) = (N;_, RN Z for some
¢ < a. By Lemma 5.1 we have charts 95: Z, — M’, k = 1,...,c so that
the j-th coordinate of ¥t pyy, (2) is z; if j > cor j =k and is 22 if j < ¢
and j # k. Also these charts cover a neighborhood of p~! (x). Then the
i-th coordinate of 0= f'1y, (2) is H?Zl z;l?j for all i < b where of; = «; for

j#kand ok = 25:1 aij. So p~t(z) CU(f'). So p=t (U(F)) CU(f).
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Now suppose p = identity and 7 is a single blowup with center L. Since
77 Y: N—L— N'—a~!(L) is a tico isomorphism and f'|: M — f~1 (L) —
N’ — 771 (L) is 71 f we know that U(f) — f~' (L) € U(f’). So pick
x € UW(f)n f~1(L). Pick ¢ and @ as above, only now we have 6! (L) =
N;—; R? for some ¢ < b. We have charts ;: R™ — N’, k =1,...,c covering
7710 (R™) so that the j-th coordinate of 6~ 17y (2) is z; if j > cor j =k
and zxz; if j < c and j # k. Then the i-th coordinate of lelf’w (z) is

k

[15_, 2; " foralli < bwhere af; = ay; if i > cori =k and of; = ai;; —ay;
if i <candi# k. Since ;' (|B'|) = U$:1 R? we have thus shown that
U(f") DU(S). So a) is proven.

Let us now prove b). Pick T/ € C(f',S5"). Now f(T) D fp(T")
af' (T") and wf' (T") C 7w (S") C S. Hence f (T) intersects S, so f (T) C
by Lemma 2.6. Also § # T'—U(f") C T'—p~"U(f). So B # p (T" — p=* (U(
p(TH =U(f)CcT—-U(f). SoT ¢ U(f)soT €C(f,S).

We will now prove c¢). By Lemma 5.1 we know that p, 7 is an iso-
morphism, i, g is onto and pp v pr g0 = pp 1 pirr. Consequently, c) is
true.

Proposition 5.3 below shows that a tico map may be made type N by
blowing up. Before proving this we will show this for two examples which
help illustrate the ideas of the proof.

The first example is the map f: M — N where M = R?, N = R? and
f is given by f(z,y) = (x2y,z2y (1 +y2)). We have the ticos {A;, As}
and {By, B} in M and N respectively where A; = R? and B; = R?. So
Ay = {zx =0}, Ay = {y = 0}, etc. Then U(f) = R? — Ay. To see this note
that if y # 0 the coordinate change 2’ = glc|y\1/27 y' =1+ y2 in the source

w0

makes the map (im’ 2 a2y ) The + sign may be eliminated by doing
reflections in the target.

EXCERCISE 5.1. If y = 0, show that f is not locally of type N.

There are four types of strata, the connected components of R? — (A4; U
Ag), Ay — Ay, Ay — Ay and A; N Ay, If T is a component of R? — (A; U Ay)
then X (f,T) = 0. Otherwise, X (f,T') is generated by By — By. We now
blow up the point 0 in N. This gives two charts N; and N above N, both
diffeomorphic to R2. The blowup maps 7: N; — N and 7: Ny — N are
given by (z,y) — (z,zy) and (z,y) — (zy,y) respectively. The map f lifts
to a map to either chart. The map to N; is (m2y, 1+ yz). Thus the lifted
f is type N since it maps to a codimension one stratum.

The next example is the map f: M — N with M = N = R? and
f(z,y,2) = (22,922, zyz (1 + 2?)). We have ticos {4;} and {B;} where
A; =R} and B; =R} for i = 1,2,3.

EXCERCISE 5.2. Show that U (f) = R*—{z=0,2 =0} = M —A3NA;.
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EXCERCISE 5.3. Show that X (f,T) = 0 if T is a component of the big
stratum M — (A1 U A3 U As), K (f,T) = (By —2Bs) for T a component
of Ay — (A2 U A3), X (f,T) = (B2 — 2B3) for T a component of A5 — Ay,
Ay — Ay or Ao N Az — Ay and X (f,T) = (By + By — 2B3) for all other
strata T'.

Notice that X (f,T) # 0 even for some T’s where f has type N.

We will want to blow up the line B, N B3 in N. We choose By N Bg
since for T a stratum in Az N A;, the coeflicients of By and Bs in X (f,T)
have opposite sign and largest magnitude. The map f does not lift to
the blowup since f*(J(BsN B3)) = (y?22,xyz) is not locally principal.
So we must blow up the source as in Proposition 3.9. We first blow up
A; N Ay = {x =y =0}. This gives us two charts M; and M, with blowup
maps (z,zy,z) and (zy,y, z) respectively. The maps from M; to N are
given by:

My — N (xzmzyzzz,xzyz (1 + 22))

My —- N (x2y2, y222,:cy22 (1 + 22))
The map from M lifts but the map from M does not, since the pullback of
the ideal is y?z(x, z). So we blow up = z = 0 in M obtaining two charts
M3 and M, with projection maps (z,y,zz) and (xz,y, z) respectively. The
maps from M; to N for i = 3,4 are given by:

M3z — N (x2y2,;z:2y222,;z:2y22 (1 + x2z2))

My — N (332y2z2,y222,xy2z2 (1 + 22))
Both of these maps now lift.

Let us look more carefully at the lifted maps. We have charts IV; and
N3 in the blowup of N with blowup maps given by (z,y,yz) and (z,yz, 2)
respectively. The tico in the blowup of IV has four sheets. Three of them
are the strict transforms of By, By and Bs; we will just call them By, B
and Bs also and hope no confusion will ensue. The fourth sheet By is the
inverse image of the center. The sheets By, B4 and Bs are in Ny and By, Bo
and By are in Na. The liftings of the maps from the M;’s to the N;’s are
given as follows. The last column gives generators for X of the zero stratum
in Mz

M; — Ny (xQ,yz/ (1+z2) ,x2yz (1+z2)) By + By — By
M3 — Ny ?y? 2/ (1 +2?2%) ,2%y*2 (1 + 222%))  Bi+ By — By
My — Ny 22222 222 (1 + x2)) By — By —2Bs

We now blow up B; N B3 which only lies in N7 and misses No. Thus
N is replaced by two charts N3 and N4s. Meanwhile, No remains the same.
The blowup map from N3 and Ny to Ny is given by (z,y, zz) and (22, y, 2)
respectively. The map from M, lifts to N4 and becomes the map

My — Ny (xy2z2/ (1 + 22) Y22 (1 + 22)) By — By — By



132 3. TICOS

where Bj is the new sheet, the inverse image of the center.

We now blow up B; N B4 which lies in both charts Ny and N4. We thus
replace Ny and N4 with two charts each. However, as with N3 above, we
only need one of the charts over each and can ignore the other two. Let N5
be the chart over Ny with blowup map (z,y,zz) and let Ng be the chart
over Ny with blowup map (xy,y, z). Our lifted maps are now as follows:

M, — Nj (x27yz/ (1+22),yz (1—|—z2)) By — By
M3 — Nj (x2y2, z/ (1 + :17222) , 2 (1 + x222)) By — By
M, — Ng (a:/ (1+z2),y2z2,x(1+z2)) B, — Bs

We now blow up By N By. Let N7 be the chart over N5 with blowup
map (z,y,yz). Then the maps from M; and Ms both lift and now have
type N (and X = 0).

M, — Ny 22 yz/ (1+22),(1+z2)2>
Ms — N7 22y 2/ (1 + m2z2) , (1 + x2z2)2)

Note they now map to a neighborhood of the codimension two stratum
Bg N By, since the last coordinate is never zero.

To finish off, we blow up By N Bs. Let Ng be the chart over Ng with
blowup map (z,y,zz). Then the map My — Ng is given by

M, — Ng (33/ (1 + 22) Y222, (1 + z2)2)
which is type N (and has K = 0).

Now that we have seen some examples, let us prove this result in gen-
eral.

PROPOSITION 5.3. Let f: (M, A) — (N, B) be a tico map with A and B
finite. Then there are tico multiblowups 7: N' — N and p: M' — M with
fat unobtrusive centers and a tico map g: M' — N’ so that fp=mg and g
has type N. Furthermore, if A is reqular we may guarantee that the centers
of p lie over f~Y(|B|). If M, N, A and B are algebraic and f is entire
rational we may also guarantee that m and p are algebraic multiblowups and
g 1s entire rational.

Proof: By Propositions 3.8 and 3.9 we may as well assume that A and
B are regular. Let M, and N, denote the union of all strata of M and
N with dimension < ¢. Suppose we know that for some integers a and b,
U(f) D Mg—q U (Ma nft (Nb,l)). What we will do is show that there
are tico multiblowups p: M’ — M and 7: N’ — N with fat unobtrusive
centers so that the centers of p lie over f~1 (|B|), there is a smooth map
f's M' — N’ with 7f’ = fp and so that U (f) D M/._, U (M.0f'~" (N])).
Then by induction we will be done.
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Assertion 5.3.1 Ifp: M’ — M and w: N’ — N are any tico multiblowups
with fat unobtrusive centers and there is a smooth f': M’ — N’ with
mf = fp then W(f") > M._, U (Mnf' " (N}_))).

Proof: Let T” be a stratum of M’ with dimension < a. Let T be the
stratum of M with p(T”") C T. Then dim7 < dim7” < a by Lemma 3.6 so
T CU(f)soT" C p~*U(f) C U(f') by Lemma 5.2. Hence M,_; C U(f).
Now suppose T" is a stratum of M’ with dimension a and S’ is the stratum
of N with f/(T77) C §' and dimS” < b. Let T and S be the strata of M
and N with p(77) ¢ T and 7 (S") € S. Now dim7T < dim7” = @ and
dim$S < dimS’ < band f(T) C SsoT C M, N f~1(Np_1) C U(f).
Hence T" C p~ 1 (T) C p~'U(f) € U(f'). So we have shown U(f') D
M. _ U (MINFH(NE)). o

Thus if we find 7, p and f’ with U (f') D> (M[, — M,_,) nf ot (N} = N{_1),
the rest is automatic.

So suppose we have tico multiblowups p: M’ — M and 7: N’ — N
with fat unobtrusive centers, the centers of p lie over f~! (|B|) and there
is a smooth map ¢g: M’ — N’ with mg = fp. Let A’ and B’ be the total
transforms of A and B respectively. For each stratum S of N’ let

D(g,5)={T €C(g,S) | T has dimension a }.

So D (g,S) is the set of a dimensional strata T of g~! (S) which contain
points where g is not locally of type N. Let

3(9,5) ={X (g, T) | T €D(g,5) }-
Note that by taking p and 7 to be identities, we have defined D (f, R) and
J (f, R) for any stratum R of N.

For each dimension b stratum R of N let € (g, R) be the set of dimension
b strata S of N’ so that 7 (S) C R and D (g,5) # 0, i.e.,, g(M, —U(g)) N
S £ 0.

Let R be a dimension b stratum of N and suppose J (f, R) # 0. Define
v (g, R) to be the number of K € J(f, R) so that pr s (K) € J(g,S5) for
some S € € (g, R).

Suppose 7 is factored as w7’ and p is factored as p”’p’ where the
maps 7: (N”,B") — (N,B), n': (N',B') = (N",B"), p": (M" A") —
(M,A)and p': (M',A") — (M",A") are fat unobtrusive multiblowups and
there is a map f: (M",A”) — (N",B")so n"f' = fa" and n'g = f'p’.
Assertion 5.3.2 For all S € €(g, R)

3(9,5) C {nars (K) | K € 8(7,8))
where S’ is the stratum of N” such that S’ D 7’ (S).
Proof: Suppose X (g,T") € J(g,5) with T" € D (g,S). Let T be the stra-
tum of M containing p (T”) and let T" be the stratum of M"” containing
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P (M) dimT < dimT" =athenT C My,—1 CU(f)soT" C U(g), a con-
tradiction. So dim7T = dimT"” = dimT" = a so K (g,7") = pr sK (f', T")
by Lemma 5.2c. But 7" ¢ U (f’) (otherwise 7" C U(g)) and f' (T") C S".
Then T € D (f',5") so K (f/,T") € 4 (f',S"). o

As a consequence of Assertion 3.5.3.2 and Lemma 5.1a and ¢, we see
that as we blow up more and more then « (g, R) cannot increase. We will
show below that if v (g, R) > 0 then we may choose multiblowups so that
v (g, R) decreases. Consequently we may as well assume that all v (g, R)’s
are 0, in other words each J (g, .5) is empty. But that means each D (g, 5) is
empty so (M}, — M} _;)ng=' (N, — N;_;) C U(g) which is all we needed
to prove.

So it only remains to prove the claim that we can make v (g, R) de-
crease. So suppose v (g, R) > 0. Then we may pick Ko € J(f, R) so that
pr.s (Ko) € d(g,S) for some S € € (g, R). Notice Ky # 0 by Lemma 5.1b.
So we may pick o € Ky — 0. For each S € € (g, R) let og denote pir s (o)
and Kg = pr s (Ko). For each By, By € B’ define

os-Byg—o0s-B; if SC BynNB,
A(g,R,S,By,B1) = and og-By>0>o0s5-B;
0 otherwise
Note that A (g, R, S, By, B1) is independent of S as long as S C By N By,
S e€&(g,R)and Kg € J(g,5). Thisis because if S’ C BynNBy, S’ € € (g9, R)
and Kg € J(g,5’) then by Lemma 5.1d:
os: - Bi = pir,s: (0) - Bi = pin, s (0) - B; =0g - B; for i=0,1.
So we can define A(g, R, Byo,B1) = A(g,R, S, By, B1) if there is an S €
E(g,R) with SC BynN By, Ksg€J(g9,5) and 0g- By > 0> 05 B;y. If no
such S exists we set A (g, R, By, B1) = 0. Now let
Mg, R) = max{\(g,R,Bo,B1)| B; € B} and
n(g,R) = the number of pairs (By, B1) € B’ x B’
such that A (g, R, By, B1) = A(g,R).

Suppose A(g,R) > 0. Pick Lo,L; € B’ so that A(g,R, Lo, L1) =
A(g,R). Let 7': N” — N’ be the blowup with center Lo N L;. By Propo-
sition 3.9 there is a tico multiblowup p’: M"” — M’ with fat unobtrusive
centers lying over g~ (]B’|) so that there is a smooth ¢': M” — N with
m'g" = gp'. Note that g~ (|B']) = g~'7~ 1 (|B]) = p~"f~"(|B]) so the
centers of pp’ lie over f=1 (|B|).

Assertion 5.3.3 (A (¢, R),n (¢, R)) < (A(g,R),n (g, R)) with lexicograph-
ical ordering.

Proof: Let us calculate A (¢', R). Take S" € €(¢', R) with Kg» € J(¢',5").
Let S be the stratum of N’ containing 7' (S’). Pick 77 € D (¢/,5’) so
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that Kg» = KX (¢',T’). Let T be the stratum of M’ with o' (T") Cc T. If
dim7T < dim7T’" = a then T C U(g) so T’ C U(g’), contradiction. So
dimT = a. Hence X (¢',T") = pr 5K (9, T) by Lemma 5.2. If dim S < b
then T C U(g) so T" C U(g'), a contradiction. So dim S = b so pirr g/ is
injective by Lemma 5.1c. But

K (g, T") = Ks' = prnr 50 (Ko) = piar 50 (.5 (Ko)) = pinr 50 (Ks)
so X (g,T) = Kg by the injectivity of pi/ s:. Because Kg/ = pr s (Kg),
we have og/ - B (B,BNL)=0g-B forall Be B’ with S’ Cc B (B,BNL).
Also ogr - 7T/71 (L) =o0gs-Lo+os-L1if S C L andog -’/Tli1 (L) =0 if
S¢ L.

Now suppose 7(g,R) = 1. Then A(g,R, By, B1) < A(g,R) unless
By = Lp and By = Ly. Suppose A (¢', R, B}, B{) > 0 for B; in the transform
B"” of B'. Then thereisan S’ € € (¢/, R) with S’ € BynB}, Ks € J (¢, 5")
and og/ - By >0 > og - Bf. Let S be the stratum containing 7’ (S"). First
suppose that B = B (B;,B;NL) for some B; € B, i = 0,1. Note we
cannot have B; = L;, i = 0,1 since we would have S’ C Bj N B} =
B (Bo N By, L) =B (L,L) = 0. We have seen above that og - B, = 05+ B;.
Hence

Mg R, By, B)) = 0s - Bo —0s - Bi = \(g,R, By, B1) < A(g, R) .

Now suppose B, = 7'~' (L) and B} = B (B, By N L). Then

)\(gl,R,Bé,Bi) = o0g-Log+os-L1—0s5-B;
< o0g- LO —0gs Bl
)\(nga L07B1) < )‘(gaR) .
Likewise A (¢', R, B}, B}) < A (g, R, Bo, L1) < A(g9,R) if B = B (B, By N L)
and B} = 7'~' (L). In any case we have seen A (¢/, R) < A (g, R).

If (g, R) > 1 then the above calculations show that A (¢’, R) < A\ (g, R)
but n(g",R) < n(g,R) if A(¢",R) = A(g,R), since A(¢", R, By, By) =
A (g, R) implies B; =B (Bz, B'L N L), A (g, R, BO7 Bl) =A (g, R) and (Bo, Bl) 75
(Lo,Ll). O

By Assertion 3.5.3.3, we may as well assume that A (g, R) = 0. Then
for each S € & (g, R) either Kg & J(g,S) or 0g- B > 0 for all B € B’ or
os+-B <0forall Be B (Recall that cg-B=01if S ¢ B.)

If Ae A’ and B € B’ let aap be the exponent of A in B for g.

Suppose Kg € J(g,5) and 05 - B < 0 for all B € B’. Pick any T €
D (g,S) with X (¢9,T) = Kg. In particular, og € KX (g, 7). U T C A e A’
then pyr(0s) = Y gen (0s5-B)aap (T) = 0 so since aqp (T) > 0 for
all B and og - B < 0 for all B we must have (0g-B)aap(T) = 0 for
each B € B’. By Lemma 5.1c, ur s is injective so og # 0. So we must
have o0g - B < 0 for some B € B’. But then we know ¢(T) C S C B.
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Hence aap (T) > 0 for some A € A’ with T C A by Lemma 2.2. This is a
contradiction since (og - B) aap (T) = 0.

Likewise we cannot have Kg € J(g,S5) and og- B > 0 for all B € B'.
Consequently we must have Kg & J (g,S) for each S € €(g,R). If we do
this for each Ky € J(f, R) we are finished since then J (g, S) = 0 for each
Seé(g,R).

6. Submersive Tico Maps

Let us recall the definition of submersive tico map in a slightly different
form; in particular we leave out the assumption of surjection of the matrix
(Bi;). However we prove in Lemma 6.1 that this property will hold anyway,
so our definitions are equivalent.

DEFINITION 6.1. A tico map f: (M,A) — (N, B) is submersive if for
each ¢ € M there are charts ¢: Z — M and 0: (R™,0) — (N, f (¢)) where
Z is an open subset of R™ so that

1) ¥ (Z) is a neighborhood of g.

2) f ( ) CO(R").

3) v (A =UL. R N Z.

9 0 (B) = Ul, R, d < c.

5) If f; (x) is the i-th coordinate of 6~ fi (z) then f; (z) = =, for
i <d.

6) For some nonnegative integers 3;;, f; () = H;’;d 2% for i > d

and for all z € Z.

We should emphasize the case where f(¢) & |B|, for instance when
q & |A|. Then f is locally a submersion. So f|: M — f=1(|B|) - N — |B|
is a smooth submersion.

The basic idea is that by 5), f submerses each stratum of M to its target
stratum and by 6) the ¢;’s in the definition of tico map have a particularly

simple form. Recall, since f is a tico map, f; (z) = H;’;c B“cpl( ) (with
©; nowhere zero). So ¢; () = H;>d x;)? In particular, we must have

z;#0for j=d+1,...,cand z near ¢! (q).
LEMMA 6.1. The matriz (3;;) formed by the exponents in 6) is onto.

Proof: Take the Jacobian matrix of 67! f1 (x) at some point z with z; # 0
for all j. This matrix is onto since z € ¢~ (M — |A|) so 071 fy is a
submersion at x. Multiply each j-th column by z;. Divide each i-th row

by f;. The resulting matrix is still onto. It is ( é 2 ) So B = (Bi;) is

onto.
Notice that the integers d and ¢ are independent of all choices of 8 and
1 since n — d is the number of local sheets of B containing f (¢) and m — ¢
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is the number of local sheets of A containing q. However the next lemma
shows that there are essentially no restrictions on 6, since if 0 satisfies 4)
we may find a 1 so that 1)-6) are satisfied after perhaps composing 6 with
some hyperplane reflections.

LEMMA 6.2. Let f: (M, A) — (N,B) be a submersive tico map. Pick
any ¢ € M and any chart 6: (R™,0) — (N, f(q)) so that 61 (|B]) =
ULy R Then we may pick a chart ¥: Z — M so that 1)-5) in the
definition of submersive tico map hold. In addition a slightly weakened 6)
holds, we have f; (x) = £ [}, xfj fori>d.

Proof:  Since this is a local result, we may as well assume that M is an
open subset of R™, N =R", |[A| =L, R N M, |B| =L, R and

j>c i>d N
m 5 m 5
f ()= (21,..., 24, H a:jd“”,...,H ™).
j>d ji>d

By permuting coordinates we may as well assume that 6! (R?') = R?
for all ¢ > d. It suffices to find a coordinate chart ¢: Z — M with Z C R™
so that ¢ € ¥ (Z), ! (R;”) =R7"NZ forall j > cand 0f = fy.

Let 6; (z) and ; () denote the i-th coordinates of 6 (z) and ¢ (z)
respectively. Since 6 (R?) C R? for ¢« > d we know 6; (R?) = 0 so by
Lemma 3.1.1, 6; (x) = x;0, (z) for some smooth function 6, i > d. Notice
that the i-th row of the Jacobian of 0 is (0,0,...,60} (z),...,0) at any point
z € R?. Hence 0, (z) # 0 for all z € R?. But R} =6~ (R?) = 6;'(0) =
R U @';' (0) so 0] is nowhere zero for i > d. After composing 0 with
reflections about the hyperplane R? we may as well assume that each 6/ is
positive, ¢ > d. (This is the source of the =+ signs.)

We wish to solve 8 f = fi). In other words,

i) 0,f (x) =i (z) for i < d.

i) 0:f (x) = [17%q ¥ (2)°7 for i > d.
So equation i) defines ¢; (x) for ¢ < d. For ii) we know that if i > d
then 0; (f (z)) = [[}<4 xf”&é (f (z)). By Lemma 6.1 the matrix (3;;) is
onto so we can find rational numbers v;i, d < j < m, d < k < n so that
Z?;d BijVik = dir, the Kronecker delta.

Given this, observe that ¢; (z) = 2; [[~, 0}, (f (2))"’* will solve equa-
tion ii). So we have a solution ¥ to 8f = fi, we must only show that ¢
is a local diffeomorphism. But by computing the Jacobian we can see that
it is. In particular, the Jacobian of ¢ at ¢ is of the form (% 123 Ig) where
D and F are diagonal with nonzero i-th entry [],., 0}, (f (¢))""* and A is
nonsingular since the Jacobian of 6 at f(q) is of the form (4 &) and is
nonsingular.
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Finally, we have the following result about submersive tico maps. Its
proof is very similar to the proof of Lemma 5.2a, so we leave it as an
exercise.

LEMMA 6.3. Suppose p: (M',A") — (M, A) and: (N',B") — (N,B)
are fat unobtrusive tico multiblowups and f: (M, A) — (N, B) is a submer-
sive tico map. Suppose f': M' — N’ is a smooth map so that wf' = fp.
Then ' is a submersive tico map.

7. Micos

We will need some notion of a tico map which is defined on only part
of a manifold.

DEFINITION 7.1. Let (M, A) and (N, B) be ticos and suppose € C A.
We say f: |C| — N is a mico if f is the restriction of a tico map, i.e., there is
a neighborhood U of |C| in M and a ticomap f': (U,UN (A —-C)) = (N, B)
so that f = f’|. We say the mico has type N if the extension f’ can be
taken so that f': (U,UNA) — (N, B) has type N. Likewise f is submersive
if f/: (U,UNA)— (N,B) is submersive.

LEMMA 7.1. Let (M,A) and (N,B) be ticos. Suppose C C A and
f|€| = N is a smooth map. For every S € C let gs: S — M be the
immersion associated to S. Then

a) fis a mico if and only if fgs: (S, 95 (A —C)) — (N, B) is a tico
map for each S € C.

b) If f is a mico then f is a mico of type N if fgs: (5,95 (A)) —
(N,B) has type N for all S € C.

c) If f is a mico then f is a submersive mico if fgs: (S, 95 (A)) —
(N, B) is submersive for all S € C.

Proof: Suppose that f is a mico. Then f extends to a tico map f’ on
a neighborhood U of |€|. Pick any sheet S € @, let gs: S’ — M be the
immersion associated to S. By Lemma 3.2 we know that gg: (S, g§(A —
C)) = (U,UN(A—C)) is a tico map and hence fgg is a tico map also.
Now suppose that fgg: (5,95 (A—C)) — (N,B) is a tico map for
each S € C. Pick any z € |€|. Pick tico charts ¢: (R™,0) — (M, z) and
6: (R",0) = (N, f (2)) so that 6~ (JA]) = Uy R, 6 ((€]) = ULy R,
F (R™) € §(R™) and 971 (|B]) = Ul_, R?. For y € =1 (|€]) let \; (y) be
the i-th coordinate of 01 f1 (y).
Since fgs: (57,95 (A —C€)) — (N, B) is a tico map for each S € C we
k

know that there are integers «;; and smooth functions PR 5 R-0

k
for1<k<c,1<i<bandc<j<aso that )\i(y):H?:cH yja%pf(y)
k

for all y € Ry, But if y € R NRY, we have [[7_.,; ;"¢ (y) =
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| F— y;lfj @5 (y). Consequently, we know that af; = af; for all i =
L...,byj=c+l,...,aand ¢ (y) = ¢f (y) foralli = 1,...,b,y € RPPNRY.
Hence by Lemma 1.2 we may find smooth functions ¢;: R™ — R so that
oilrp :goi? foralli=1,...,band k=1,...,c

Now we may extend each A; to R™ by letting

N =TI v e )

j=c+1
for 4 < b and taking any extension we please for i > b. So we can extend f
to U = (Rm — U?:1 o7t (O)) by setting

fr@) =0y (z),..., 0 (2)).

Furthermore, there is a relative version. Suppose we already have a tico
map f": (U',(A—-C)NU") — (N, B) so that f"[|yqje| = f| and U’ is some
open set. Let K C U’ be closed. Then we claim there is a neighborhood
U” of (€] Ny (R™))UK and a tico map f”: (U",(A—-C)NU") — (N,B)
so that f"[yje = | and | = f"|x.

To see this relative version, note that on 1~! (U’) we already have an
extension of the \;’s and the ;’s. So we need only pick our extensions of
the A;’s and ¢;’s to R™ so that they agree with the previous extensions on
=1 (K") for some closed neighborhood K’ of K in U’. We may then let
U" =Int(K'UU) and let f" |1yt oo = f”] and f"'|y = f'. Since f" and f’
agree on the open set U NInt K/, we know that f”’ is smooth and is clearly
a tico map.

Now that we have the relative version we easily get the compact global
version. More specifically, let L C M be compact and suppose f': (U, (A—-C)NU’) —
(N, B) is an extension where U’ is open and K C U’ is closed. Then there
is a closed neighborhood U"” of K U (L N|C|) and an extension f” so that
"Ik = f'|. We prove this by covering L N |C| with a finite number of
charts and applying the above relative version a finite number of times. In
particular, if M is compact we may set L = M, U’ = () and the lemma is
proven.

So suppose M is not compact. Pick a sequence of open sets W; € M
so that for each ¢, C1(W;) is compact, CL(W;) C W;41 and ;o Wi = M.
Let Wy = (. Since CI(WW;) is compact for all ¢ we know that for each
i =0,1,... there is a neighborhood U; of Cl(W4;4+3) N|C| and a tico map
fir Uy, (A=C)NU;) — (N,B) extending f|. Pick closed neighborhoods
K; of Cl(Wy;43) N|C| in U;. We know that for each i = 0,1,... there is a
neighborhood U] of C1(Wy;46)N|€| and a tico map f/: (U!,(A—-C)NU}) —
(N, B) extending f| so that

i) ff agrees with f; on K; N U/ N Wy;y3.
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11) fll agrees with fi+1 on Ki-i—l n Uz/ — W4i+4~

Let

<
[
(G

(Int K;n (W4i+3 — CZ(W;M))) U (Ul/ n (W4i+5 — Cl(W4z+2))) .
0

.
I

Then certainly U is a neighborhood of |€]. We define f': U — N as
follows. If z € Int K; N (W4i+3 — CI(WM)) let f/ (33) = fz (J,‘) If z €
Ul'N (W5 — Cl(Wyit2)) let f(x) = f! (). This is well defined by i) and
ii). It is certainly a tico map since it is locally either f; or f/. Hence the
lemma is proven, since f’': (U,(A—C)NU) — (N,B) being a tico map
implies that f': (U, ANU) — (N,B) is a tico map also by Lemma 2.5.

Now suppose that f is a mico and fgs: (5, g% (A)) — (IV, B) has type
N for all S € C. Pick any z € |€|. Pick S € C so that z € S. We may pick
charts ¢': Z' — S’ and 6: (R",0) — (N, f(2)) where Z’ is a connected
open subset of R, ¢’ (Z’) is a neighborhood of some point 2z’ € ggl (2),
Fasi/ (Z) COR™), '~ (15 (A)]) = Uiy B' N 27, 671 (|B]) = Uy, R,
fi(x) = TTj= 3" for i < b and the matrix (cv;) is onto, where f; (x) is
the i-th coordinate of 671 fgst)’ (z). We may also assume Z' NR? is empty
fora<i<e.

Pick any chart ¢: Z — M where Z is some connected neighborhood
of Z' in R™ so that ZNRY = Z', gs¢' = 9|, v L (JA|) = Ui, R"NZ
and Z NRY is empty for all a < i < ¢. Let h; (x) be the i-th coordinate of
0~1 'y (z) where f’ is any extension of f to a tico map on a neighborhood
of z. Then for i < b, we have h; (z) = []j_, wf] @i (z) for some smooth
maps @;: Z — R — 0. Since h;|z- = f; we know that 8;; = 0 for all ¢ < b,
Bij =ayj foralli <b, 1< j<aandy;(x)= H;>a x;x] forx € Z'.

Since (oy;) is onto we may pick rational numbers v for 2 < j <
¢, 1 < k < b so that 2522 0;jVjk = Oik, the Kronecker delta. Define
it Z — Rfor 1 < j < m by letting p; () = z; if j =1, or j > ¢ and
wj (@) = 2 Thhey (0r (@) TTis, ;@)™ for 2 < j < c. Define p: Z — R™
by p(x) = (p1(z),..., m (x)). Note that u|z: is the identity. Then the
Jacobian matrix of p at any point of Z’ is the identity (except for some
garbage in the first columns of rows 2 to ¢). Hence there is a neighborhood
Z" of =1 (2) in Z on which p~! is well defined.

Let g; (z) be the i-th coordinate of §~!f'yu=t(z) for x € Z”. We
claim that g; (v) = [[;_, ;" for all i < b. To see this, let y = ="' ().
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Then g; (v) = hi (y) = [1j_, ¥; 7 ¢i (y)- But

c (&3
M= - Mwor
j=2 =2
c c b c
= 11 v ITTI Ger ) I wa )™
=2

j=2k=1 d>a
c b c 5.
= T v IT (e @ IT wa*)™
j=2 k=1 d>a

C C a
= [y el v =11 v "0 @ =g .
=2 =2

d>a

141

So f’ has type N. The proof for submersive micos is similar to the above

type N proof.






CHAPTER 4

RESOLUTION TOWERS

1. Definition of Resolution Towers

Finally we are in a position to define resolution towers. The main result
of this chapter is Theorem 2.8 which says that once we have a resolution
tower, we can blow it up to make it nicer.

DEFINITION 1.1. A resolution tower T = {V;,A;,p;}g is a partially
ordered index set J, a collection of ticos (V;, A;), i € J and collections of
proper maps p; = {pji};<i; where pj;: V;; — V; so that for each j < 1,
Vji = |.Aﬂ| for some .Aji C A; and:

L If V;; N Vi; # 0 then either j < k or k < j or k = j. Moreover,
Pji (ijz n sz) C ij if k<j<i.
I prj o pjil = prilv,nva, if B < j <.
L p3' (Urem Vii) = Uiem Vi N Vi if m < j <.
IV. A; is the disjoint union Uj<i Aji.
V. p;H(0V;) = 0V, NV if j <.

Note that although Aj;; N Ay, is empty if j # k, [Aji| N A is not
usually empty.

We normally take the index set J to be {0,...,n}, indeed if there are
n + 1 elements of J there is a one to one order preserving map of J onto

{0,...,n} so we might as well do so. However we will sometimes find it
convenient to use other indexing sets.

DEFINITIONS 1.2. A subset ' C J is called an upper index subset if
1< jand ¢ € J implies j € J'. A subset I’ C J is called a lower index subset
ifi > jand i€ J implies j € 7.

DEFINITION 1.3. A resolution tower is finite if each tico (V;,A;) is
finite.

To make a resolution tower useful we will usually need some additional
properties. The ones we will use here are:

R - Each tico A; is regular
M - Each pj; is a mico

143
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E - Each tico A; is regular and also each p;; is a mico
with constant exponents

- Each pj; is a submersive mico

S

N - Each pj; has type N
F - Each (V;, A;) is full
U

- Djils is a submersion for every stratum S of (V;, A;)
with S C ‘/ﬂ — Uk<j Vi
We can combine these properties. Thus a resolution tower for which
properties R and M hold is said to be of type RM (or type MR). A
resolution tower of type E is automatically of type M R.

DEFINITION 1.4. If T = {V;, A;,p;}7 is a resolution tower, then 9T is
the tower {V7, A5, pi}s where Vi’ = 0V, A;j; = Aji N OV; and pj; = pjilvy,-

EXCERCISE 1.1. 0% is a resolution tower.

As for the case of ticos, we will tend to ignore boundary points in
proofs. Taking them into account would only complicate the proofs and
obscure the ideas.

DEFINITION 1.5. If ¥ = {V;, A;, p; }7 is a resolution tower and I’ C Jis a
lower index subset then the truncated resolution tower X[J'] is {V;, Ai, pi }or.
In other words we just forget V;, A; and p; for i € 3. In case I = {0,...,n}
we make the convention that T[m] = [{0,1,...,m}].

DerFINITION 1.6. If T = {V;, A;,p;}9 is a resolution tower then [%|
denotes the realization of T. This is the quotient space obtained from the
disjoint union J;.4 V; by identifying every x € Vj; with pj; (x) € V.

EXCERCISE 1.2. |%| is a locally compact Hausdorff space. (Hint: you
need the properness of the p;’s).

Notice that |T| is a stratified set with strata V;—|A;|. The reader should
think of V; as being a resolution of the singularities of the i-skeleton of |Z|
and think of V;; C V; as the closure of the inverse image of the j strata.
The maps pj; glue all these different resolutions together. We normally
think of V; as having dimension i but for convenience we do not actually
require this.

For example, if n =1, V; is a circle, Ap; is 3 points, Vj is 2 points and
po1 (|Ao1]) is one point in Vp, then the realization will be as in Figure 1, a
three-leaf rose union a point.

The following gives another example of a resolution tower. Consider
the resolution tower T = {V;, A;,p;}?_, where Vo = St x St Agy = {S? x
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FIGURE 1. A realization of a resolution tower

a,S' x b}, A1a = {a x S}, Vi = S, Agr = {a,b} where a # b are
points on S, Vo = S° = {a’,b'}, po2 collapses S! x a and S* x b to o
and b’ respectively, po1 takes a,b to o',V respectively, pi1o is the obvious
homeomorphism a x S! — S' induced by projection. This tower is shown
in Figure 2. The realization of this resolution tower is the suspension of

axst

slxa slx b a b a b
Vo
Vs Vi

FIGURE 2. A resolution tower

two circles shown in Figure 3.

FIGURE 3. The realization of the resolution tower

Throughout this book, when we mention a resolution tower ¥ then
unless we state otherwise, we automatically mean that ¥ = {V;, A;,p;}s,
for some J, pj; is an element of the collection p;, Vj; is the domain of p;; and
Aji C A; is such that Vj; = |Aj;|. Likewise if we have another resolution
tower T we will mean that ¥ = {V/, A}, p;}s, pj; will be an element of
the collection p’, VJ; will be the domain of p; and [A%;| = V];. A similar
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convention holds for ¥” etc. Thus, naming ¥ automatically names each
Vi, A, pis Vji, Aji and pj; and we may begin using these symbols without
explicitly defining them. By default, unless we state otherwise, the index
set J will be {0,...,n}.

DEFINITION 1.7. We call a resolution tower T = {V;, A;,p;}7 an alge-
braic resolution tower if each (V;,A;) is an algebraic tico and all p;; are
entire rational functions. In particular all algebraic resolution towers are
of type R. Sometimes to emphasize the fact that resolution towers are
topological objects we will call them topological resolution towers.

DEFINITIONS 1.8. Let ¥ = {Vj, A;,pi}g and ¥ = {V/, A}, pi}s be
resolution towers. Let a: J — J’ be an order preserving map and let f =
{fi}s be a collection of smooth maps f;: V; — Vé(i). Then we say that
f: T — % is a tower morphism if

1) fi(JAjz]) C |A’a(j)a(i)| for all j < i.

2) f7 (Uj<o Maml) = Uagy<p il for all b < afi).

3) p;(j)a(l)flhj{ﬂ‘ = fjpji fOI‘ allj < 7.
We say that f is a tico tower morphism if in addition, each f;: (V;, A;) —
(V/, A%) is a tico map. If T and T’ are algebraic, each f; is an entire rational

function and { f;}5 is a tower morphism we say that {f;}7 is a rational tower
morphism.

DEFINITION 1.9. An isomorphism h = (h;), between two resolution
towers T = {V;, A, pi}s and ' = {V/, A}, pi}y is an invertible tower mor-
phism. In other words, it is an isomorphism a: J — J’ of ordered sets and
a set of diffeomorphisms h;: V; — Vo’t(i)7 1 € J, so that hZ.A’a(j)a(i) = Aj; for
all j < i and hjpj; = p;(j)a(i)hi| for all j < i.

DEFINITION 1.10. In Chapter VII we will find a weaker notion use-
ful. A weak isomorphism h = (h;), between two resolution towers T =
{Vi,Ai,pi}s and ' = {V/, A}, p,}s is an isomorphism «:J — I of or-
dered sets and a set of homeomorphisms h;: V; — V! (i) i € J, so that
h;‘A’a(j)a(i) = Aj; for all j < ¢ and h;p;; = p’a(j)a(i)hi\ for all j < 7 and
so that each h; restricts to a diffeomorphism of V; — [A; to V) — A7, |-
Notice that a weak isomorphism induces an isomorphism of stratified sets
from the realization |Z| to |¥'].

We often will say that a collection of functions {f;}ics is a tower mor-
phism, tico tower morphism, etc., without mentioning the map « since «
can be recovered from {f;}ic7 anyway. But sometimes it is convenient to
mention a.
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Let TR and AR be the set of all topological and algebraic resolution
towers respectively. When we put subscripts R, M, E,S, N, F,U to TR or
AR they will denote the subsets of TR or AR of that type. For example,
TRra is the set of resolution towers of type RM. Clearly we can map
AR — TR by the forgetful map. Notice TRs C TRyy C TRy, ARs C
ARny C ARy and AR = ARpg.

Let us make the convention that if D is any subset of TR or AR then
|D|={|%|| T € D}. We think of |D| as lying in the collection of smooth
stratified sets up to P.L. isomorphism, i.e., we identify two stratified sets if
they have isomorphic refinements.

Theorem 2.8 and Proposition 2.7 below have the following corollary.

THEOREM 1.1. |{IR| = |(.TfRR| and|‘J'fRM| = |{IRERN‘ Infact |.AfR*M| =
AR ERN], |[TR| = |TRugr| and |TRps| = |TRegrN| where * is any string
of symbols from {F,U, N, S}.

Let us now prove some results about resolution towers.

LEMMA 1.2. Let ¥ = {V;, A;, pi }g be a resolution tower of type M. Pick
any extension p;i of pji to a neighborhood U of Vi; so that p;i: (U,UNA;) —
(Vj, Aj) is a tico map. Then for any m, there is a neighborhood U’ of Vj;
so that

P U, U0 | Ak) = (Vi | Awg)
k<m k<m

18 a tico map.

Proof: By Lemma 2.5 we may as well assume that m < j. We know that
-1 _
Pji ( U Vi) 0 Vi :pjil( U Vi) = VjiN U V-

k<m k<m k<m
Since pgi_l(ngm Vij) € |UNA;|, Lemma 2.2 implies that we can find a
neighborhood U’ of Vj; so that U’ ﬂp}fl(UkSm Vi) = U N U< Vai-
The result now follows from Lemma 2.5.
DEFINITION 1.11. A resolution tower T = {V;, A;, p; }7_, is called well
indexed with bias m if dimV; = i+m for all i = a,...,n. It is simply called
well indexed if it is well indexed with some bias.

PROPOSITION 1.3. Suppose ¥ = {V;, A;,pi}s is a resolution tower and
dimV; < dimV; whenever V;; # (. Then there is a canonical way of
changing T into a well indexed resolution tower T = {V/ A} pi}™ with

bias 0 so that |%| = |¥'|. Furthermore, if ¥ is of type R, M, E, S, N, F or
U or is algebraic, so is T'.

Proof: Let m = maxdimV; and let Dy ={i€J|dimV; =k}. Let V] =

Uiep, Vir Ak = Uiep, A and Ay = U;ep, Uiep, Aji- Our hypothesis
implies that:
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Assertion 1.3.1 Aj = Uy, Apy-
We also know that:
Assertion 1.3.2 V;; N Vy,; =0 if k < j and dim V}; < dim V.
Proof: Suppose not. Then 0 # p;;(V;; N Vi) C Viy. So dimVj, < dimVj, a

contradiction. O

So we may define p;.: [Aj.| = Vj by py.|a,, = pjiif j € Dy and i € D...
By Assertion 4.1.2.2, this is well defined since if £ # j and dim V; = dim Vj,
we must have Vj; N Vj,; = 0.
Assertion 1.3.3 %' is a resolution tower.

Proof: Note that Assertion 4.1.2.1 implies condition IV in the definition of
resolution tower. The first part of condition I is trivial. For the last part
of condition I, if 0 < a < b < ¢ < m then

PV W) =phe (| U U VenVi)) = U U U psi(VenVio).
k€Dg jEDy €D, k€Dg jEDy €D,

But by Assertion 4.1.2.2, Vi, NV}; # 0 for k € D, and j € D, implies k < j
0

k<
peVeen Vi) = U U U peVnvi) c U U Vi = [
j€Dy €D k€D, k€D, jEDy

Now condition IT is immediate from condition I and the definition of pj.
For condition III, pick integers d < b < ¢ then by condition I we know that

p;)cil ( U Valb) 2 U (V(;c N Vb/c)

a<d a<d

So take any = € pj,. " (U,<q V). Then z € p;il(ij) for some i € D,
j € Dy, k€ D, with £k < j < i and a < d. Choose a minimal m so that
k < m < j. Then by condition III we know that x € V; N'Vj; for some
¢ < m. Then pj;(x) € Vy;NV4; so we know from condition I that either ¢ < k
or £ >k or £ = k. We can not have ¢ > k since the minimality of m would
be violated. So ¢ < k and thus by Assertion 4.1.2 dimV, < dim V}, < d so
2 € Vi N Vji € Ugea(Vae N Vi) o

We leave the verification that the types don’t change as an exercise.

LEMMA 1.4. Suppose T = {V;, A;, pi}y is a resolution tower of type U.
Then dimV; < dimV; whenever V;; # 0.

Proof: Pick i and j so Vj; # 0. Pick a stratum S of V; so that S C Vj; —
Ub<j Vbi. Then pj;|g submerses S to V. Hence dim V; < dim S < dim Vj.
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2. Blowing up Resolution Towers

We need to develop a notion of blowing up resolution towers. The first
step is to blow up a single level of a resolution tower.

DEFINITION 2.1. Let ¥ = {V;, A;,pi}s be a resolution tower and let
m: (V], AL) = (Vi, Ak) be a tico multiblowup with unobtrusive, unskewed
centers. We will define the tower transforms A’ ,p’ and pj of Ajk,pjk
and py, with A% C A, ply o [A% | =V and pp = {p; }j<k. Factor m into a
composition of a single blowup «": (V/, A}) — (V}, A}) with center L and
a multiblowup ©”: (V}, A}) = (Vi, Ai). We may suppose we have already
defined the tower transforms A7) of Ajx, 0 < j < k (via the multiblowup
"), so that A} is the disjoint union |J;_,, A’y and so that A%, = Ajj in
case " is the identity. Let m be the smallest index with L C |A!,|. We
define A’ to be the strict transform of A%, (via the blowup 7') if j # m
and let A, be the total transform of A7, . Let p: [A%| — Vj be pjpn

and let pj, = {p;k}j<k.
LEMMA 2.1. With the notation as above,

m (|Aixl) = Al and

(U M) = U M5

J<i J<i

foralli < k.

Proof: We may assume 7 is a single blowup with center L. That m (|A%,]) =
|A;r| follows from the definition of strict transform and the fact that L is
nowhere dense in |[Aj| if i # m. As usual, let V}, denote [A%;|. Pick
any x € m ' (Vj) with j < 4. Then either z € V}, or m(x) € L. If
m(x) € L suppose first that L is transverse to Vjx at m(z). Then V},
coincides with 7! (V) near x so x € j/k. If L is not transverse, then
L C Vi som " (L) € A, for some m < j. So in any case x € [Jy<; Vi)
So 7' (Vik) C U< Vii- But 7(Vy) C Vi, so we are done.

In order for a blowup of a single level to fit into the resolution tower,
we need liftings of maps from all the higher levels. The liftings may not
exist but the following lemma says that if they do, a resolution tower is
obtained.

LEMMA 2.2. Let T = {V;, A, pi}s be a resolution tower and suppose
that w: (V}, A}) = (Vi, Ag) is a tico blowup with unobtrusive, unskewed
center L. Suppose further that there are maps pj,;: Vii — V)| for all i > k
so that Tpy,; = pri. Let A%y, py, D), be the tower transforms of Ajk, pr
and pj, j < k. Fori# k let V/ =V, A, = A; and p} = {p;}j<i where
Pi = pji fori # k # j. Then T = {V/, A}, pi}7 is a resolution tower.
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Also T’ has type U if T has type U and if pji| submerses all strata of
LNV —U Vink for all j < k.

m<j
Proof: First let us show that the maps p;-i are proper. This is trivial for
j # k #£ i since p;-i = pji- Now p;-k = p;rm which is proper since p;; and
m are. So let us consider pj;. Take a compact set K C V. Then 7 (K)
is compact so p,;ilw (K) is compact by properness of py;. But pﬁgfl (K) is
a closed subset of p}ci_lr’lw (K) = p;.;'m (K) which is compact. So p}, is
proper.

Let us prove condition I in the definition of resolution tower. If Vj’k N
Vi # 0 then 0 # 7(Vj), N V;}) C Vi N Vig so either i < j, j <iori=j.
Next, if 7 <4 < k, then

!

Pie(Vie O Vi) = pam (Vi N Vi) C pin(Vik 0 Vi) C Vi = V.
If j < k <i then pick any z € Vi, NV;; — Um<j Vini. Then

Pri (®) € 77 pri (2) €7 (Vig — U Vink) = Vi — U Vink
m<jg m<j

by Lemma 2.1. So py; (Vj: N Vi) C Vj, by continuity. So condition I is
true.

The only nontrivial case in condition II is to show that if £ < j < 4 then
Dy, () = p;jpji (w) for all z € Vj;NVy;. First take x € VN Vi —U,,, <1, Vini-
Then py; (z) € Vi — Al C Ve — L. But w|: V/ =771 (L) - Vp — L is a
diffeomorphism. So p}; (z) = 7 'pgi (¥) = 7 'ppji (x) = pl’,ﬂjpﬁ (x).
Since J,,, <1, Vimi is nowhere dense in Vj; N Vi; we know that pj; (z) =
pszji (x) for all x € Vj; N Vi, by continuity.

To see condition III, note that if m < i < k then

P (U Vi) = Viena ot (U Vi)

j<m g<m
= Vina(Vien [J Vie) = Vien J Vi
j<m g<m

by Lemma 2.1. If m < k < i then
p;ci_l( U j,k) :p;ci_lﬂil( U ij) = pl;il( U ij) =ViiN U Vii
j<m j<m j<m j<m

So III is shown. Condition IV is immediate, and condition V follows since
7 preserves the boundary. Hence ¥ is a resolution tower.

Now suppose that ¥ is of type U. We must show that T’ is of type
U also. Pick a stratum 7T of V; — Uj<k Vji. Since pii|: T — Vi — |Ag]
is a submersion and 7 !|: Vj, — |Ax| — V{ — |A}| is a diffeomorphism,
we know that pl,;| = 7 'pki|: T — V! — |A}| is submersion. Now pick a
connected component S of a stratum of Vi, —J,_; Vjy. If 7(S) ¢ L then
7w (S)NL is empty so 7|g is an embedding onto an open subset of a stratum



2. BLOWING UP RESOLUTION TOWERS 151

of Vi — Uj<i Vik. Hence pi.|s = pixm|s is a submersion. If 7 (S) C L
then 7|: S — S’ is a bundle over a stratum S" of L NV, — Uj<i Vik. By
assumption, p;|: S — V; is a submersion. Hence p,|s is a submersion.
So ¥’ is of type U.

We can now blow up a resolution tower.

DEFINITION 2.2. A multiblowup of a resolution tower ¥ = {V;, A;,p; }g
is a collection {m; }5 of unobtrusive unskewed tico multiblowups

mis (VA7) = (Vi Ad)
and maps
P;'z* |‘A;7,| - Vj/
where each A; is the tower transform of Aj; so that
TPy = Pjiil.
Lemma 2.3 below shows that ¥ = {V/, AL, p}}5 is a resolution tower.

LEMMA 2.3. If {m}s: ¥ — T is a multiblowup then:

a) T is a resolution tower.

b) |¥'] = [%].

Proof: Note that Lemma 2.2 implies that a) is true if all but one of the m;’s
are the identity. We may as well assume that 3 = {0,...,n}. But {m},
may be factored into n 4+ 1 such multiblowups, first do {id,id,...,id, m,}
then {id,id, ..., mh_1,id} and so forth.

To prove b), note that {m; }?*_, induces a continuous proper map 7: |¥'| —
|Z|. By unobtrusiveness of each m;, 7 restricts to a diffeomorphism on each
stratum since m;|: V/ — |A}| — V; — |A;] is a diffeomorphism. So 7 is one to
one and onto. Hence 71

Hausdorff.

exists since |T'| and || are both locally compact

EXCERCISE 2.1. Any multiblowup is a tico tower morphism.

LEMMA 2.4. Let {m;}5: ¥ — T be a multiblowup and let { fi}gr: T —
T, a:J" — J be a tower morphism. Suppose for each i € J’, we have a
map g;: V' — Vo’((i) s0 that 7o) gi = fi. Then {gi}gr: T = T is a tower
morphism. If {fi}y is a tico tower morphism then {g;}9~ is a tico tower
morphism also.

Proof: Let T ={V;, A, pi}g,let T = {V/ A}, pi}yand let " = {V}", A, pl/ }90r.
Then Lemma 2.7 implies that g;: (V/', A)) — (V(Q(i),fl;(io is a tico map
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if fi: (V! AY) = (Vag), Aag) is a tico map. So we must only show that
g9i ([A51) € MAugran)]
g (U Miaw!) = U A%l and
d<b a(c)<b

9iPfi = Pa(ail

for all j < i and b < «(i).

It suffices to consider the case where for some k, 7; = identity for i # k
and 7y, is a single blowup with center L. This is because, as in Lemma 2.3,
we may factorize the multiblowup into such simple multiblowups.

If a(i) # k then g; = f;. Hence for all i € a~!(k), we only need show
that:

gi (|A;’Z|) C |A;(j)k| forall j <1

gfl(U Agl) = U |AZ| for all b<k
d<b a(c)<b
9P = p;(j)kgil for all j <i
gip;:/j = pﬁm(j)gj for all j >1

Pick the smallest m so that L C |Apk|. Pick any i € a~!(k). By
definition of the tower transform, we know that 7, ' (|A;1]) = |A%y| for all
Jj <m. Hence if j < i and a(j) < m,

gi ([A%1) € e fi (M%) € T (Magiel) = Mokl
If j < and a(j) > m then take any = € [AT;| — U,; [Ap;|- Then

fi @) € Magl = | Mokl € Magel — L
b<a(j)

But m ! ([Aagkl = L) = [ALgyl = mc (L) so gi(2) € |A]

" a(j)k\. So by

continuity, ¢; (|-A3/1|) - |A/a(j)k|'
We also know that for any b < k, Udgb ‘Aiik| = Wk_l(UdSb |Adk|) by
Lemma 2.1 so

g (U M) =57 (U Ma) = U 1454

d<b d<b a(c)<b
Next, for z € [A%;| we know that

Paiiiedi () = Pa(i)emrgi () = pagirfi (x) = fip]; (x) = g;p7; (x).
Finally, for any j > 4, pick any x € |A}}| — U, ., [Ap;|. Then

TkPka (797 (T) = Pra() [7 (x) = fip}j (x) = Tgipy; (v).
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But pj; (z) € V" — [A]] so fip; (x) € Vi — |Ai] C V; — L. Consequently
TkPha(9i (¥) = Trgipy; (x) € Vi — L means that p;m(j)gj (z) = gip}; (z).
Since [A”jj|=Up<; [Ap;| is dense in | A7} we know by continuity that g;p}; =
Pha(;)9il- So we are finished.

The following technical lemma allows one to lift a map - something you
must do if you wish to construct multiblowups of resolution towers.

LEMMA 2.5. Let ¥ = {V;, Ai,pi}g be a finite resolution tower of type
M. Let (N,B) be a tico and let p: (N',B') — (N,B) be a fat unobtrusive
tico multiblowup. Let q: Vj; — N be a mico. Suppose that A; is a regular
tico and for some k < j, q|: (S, SN (Uper Ami)) — (N,B) is a tico
map for all S € Aj;. Then there is a fat unobtrusive tico multiblowup
m: (Vi AY) — (Vi, As) with centers lying over |, ., Vimi and there is a
mico r: |[A%;| — N’ so that pr = gr| where A’; is the tower transform of

Furthermore, in the algebraic case where T, (N, B), (N',B) and p are
algebraic and q is an entire rational function, we may guarantee that w is
an algebraic multiblowup and v is an entire rational function.

Proof:  Suppose we have a mico f: |C| — N’ so that pf = ¢| for some
C C Aj;. Furthermore, suppose f is an entire rational function if we are in
the algebraic case. If C = A;; we are done, so we may as well assume that
C # Aj;.

Pick S € Aj; — €. By Proposition 3.9 there is a fat unobtrusive tico
multiblowup w: (5,&) — (5,5 N (U,,<p, Ami)) and aticomap g: (5',€) —
(N’,B’) so that pg = fr. By Lemma 3.7, 7 gives a fat unobtrusive tico
multiblowup of (S, S N A;). This induces a fat unobtrusive tico multiblowup
w: (V/,A)) — (V;,A;) with the same centers so that S’ C V/. Notice that
the centers of m all lie over J,, <k Vmi, hence the tower transform of A,,;
is the strict transform of A,,; for all m > k, in particular for m = j. Let
€’ be the strict transform of € and let A, be the tower transform of each
Assertion 2.5.1 9|S/m\e/| = f7T|S/|’T\(?/|'

Proof: Since S N |C| N U,,<), Vini is nowhere dense in SN [C[, " N[C"[N
U<k A is nowhere dense in S” N [€|. Hence if g| # f| there is an
v € 8" NI — U, [Am;| such that g(x) # fr(z). But then 7 (z) €

SNC| = U<k Vini s0 g (z) € N —|B|. But p~! is single valued on N — |B|
so g (z) = fm (x) since pg (v) = g7 (x) = pfm (x). So g| = f|. o

By Lemma 1.2 there is a smooth h: S’ U|C| — N’ so that h|lss = ¢
and hlje; = fr|. By Lemma 3.11, h is an entire rational function in the

algebraic case.

Assertion 2.5.2 h is a mico.
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Proof: Pick any T” € ¢’ U{S'}. Pick T € Aj; so T' C V/ is the strict trans-
form of T. We know that «|: (", T" N U,,cp Ami) = (Ts TNO Uy Ami)
is a tico map by Lemmas 2.5, 2.1 and 3.4. Hence by Lemma 2.4 we know

phl = qrl: (T", T NUpek Ar) — (N, B) is a tico map. Then Lemma
2.7 implies that A|: (77, T" N U, < Ari) — (N',B') is a tico map. But
then Lemmas 7.1 and 2.5 imply that h is a mico. o

So we may as well replace V; by V/, € by €' U {S’} and f by h. But
then Aj; — C has fewer elements so eventually we are finished.

DEFINITION 2.3. Let ¥ = {V;, A;,pi}s be a resolution tower and let
T Vj’ — V; be a tico multiblowup. Then we say that 7 extends to a
multiblowup {m;}5: ¥ — Tif m; = 7w, V/ = V; and m; = the identity unless
i > j. Note that in particular, 7 must have unobtrusive, unskewed centers.

PROPOSITION 2.6. Let ¥ = {V;, A;,pi}s be a finite resolution tower
of type M and let m: (V, A}) = (Vi, Ax) be a tico multiblowup with fat
unobtrusive centers. Then 7 extends to a multiblowup {m;}5: T — T with
fat unobtrusive centers. Furthermore, if ¥ is of type R and the centers of
w lie over Ujgm Vik we may guarantee that the centers of each m; lie over
Ujgm Vii. In addition, if T and m are algebraic we may guarantee that
each multiblowup 7; is algebraic also.

Proof: We will prove this by induction on the number of indices ¢ with
1 > k. If k is a maximal element of J then we may take m; = the identity
for i # k and 7, = 7. So we may assume that k is not maximal.

Pick a maximal b > k so that for all k < ¢ < b there is a map p},;: Vi —
V) such that 7p}, = pr;. Furthermore, suppose p},; is entire rational in the
algebraic case. By Proposition 3.8 there is a tico multiblowup A: V) =V,
with fat unobtrusive centers so that the total transform of A is regular. By
induction A extends to a multiblowup, hence we may as well assume that A,
is regular. Notice that for every sheet S € Agp, pis): (S, Sny .Ajb) —
(Vk, Ujgm .Ajk) is a tico map by Lemmas 3.2 and 2.5.

So by Lemma 2.5 there is a fat unobtrusive tico multiblowup p: V) —
Vp and a mico 7: |A,| — Vi so that mr = pgyu| where A}, is the tower
transform of Ag,. Furthermore, p is algebraic and r is entire rational in
the algebraic case. Also the centers of p lie over | J i<m Vib- By induction
we may extend p to a multiblowup. Hence we may as well assume there is
a mico r: Vi, — V so that mr = pgp,. But then setting r = pj, we have
improved matters. So we may as well assume that for all ¢ > £ there is a
map pj,: Vii — V) such that 7p}, = pri.

But then this proposition is implied by Lemma 2.3 and the multiblowup
{m;}s where m; = the identity for ¢ # k and 7y, = .

jsm



2. BLOWING UP RESOLUTION TOWERS 155

PROPOSITION 2.7. Let ¥ — T be a multiblowup of resolution towers.
Then T’ has type R if T has type R and %' has type M if T has type M. If
the centers of the multiblowup are all fat, then T’ has type N if T has type
N, % has type F if T is compact and has type F, ¥ has type U if T has
type U and X' has type S if T has type S.

Proof: 'We may as well assume that V/ =V, for i # m and n: V), = V;,,
is a single blowup with unobtrusive unskewed center L.

If ¥ has type R then T’ has type R by Lemma 3.3. Now suppose ¥ has
type M. We must show that p},,: Vi, — V,/ is a mico for all ¢ > m and
Pl = Pim|: Vi, — V; is a mico for all i < m.

Pick any S € A,,,; for i > m. Let g: S’ — V; be the immersion associ-
ated to S. We know that p;g9: (S7,9* (Ai — Ami)) = (Vin, Am) 1s a tico
map by Lemmas 3.2, 1.2, 2.4 and 2.5. But then p! ,g: (S',9* (A; — Ami)) —
(V. Al ) is a tico map by Lemma 2.7. Hence by Lemma 7.1 we know that
pl.; is a mico. Notice that if ¥ has type N then each p,,;g: (57, 9* (A;)) —
(Vin, Am) has type N. But then if L is fat, we know that p/_.g: (5, g* (A;)) —
(V. Al) has type N by Lemma 5.2a. So Lemma 7.1 implies that p/ , is a
mico of type N.

For 7 < m pick a neighborhood U of V;,,, and pick an extension of p;,, to
a tico map pl\ : (U, UN (Apm —Aim)) = (Vi, A;). Since VI, € 7=t (Vi)
we may find a neighborhood U’ of V! in V,, so that 7 (U’) C U. Then

m

by Lemmas 2.4 and 3.4, pj,,, 7|y is a tico map. Hence pj,, = pj,7lv/
is a mico. If ¥ is of type N and the centers are fat, we may assume
P (U, UNA) = (Vi, A;) has type N so pll m|y will have type N by
Lemma 5.2a. So ¥’ has type N.

The proof that T’ has type S if T has type S is very similar to the
proof for type N, using Lemma 6.3 in place of Lemma 5.2a.

If ¥ has type F and L is fat then (L, L N A,,) is a full tico, so (V,,,,AL,)
is full by Lemma 4.1. So ¥’ has type F.

If ¥ has type U and L is fat, then each stratum of LNV, — Uj<1’ Vim

is a stratum of Vi, —U;.; Vjm. Hence T’ has type U by Lemma 2.2.

THEOREM 2.8. Let ¥ be a finite resolution tower. Then there is a
multiblowup T — T with fat centers so that ¥’ is of type R. Moreover, if ¥
s of type M we may also guarantee that T’ is of type NE. If ¥ is algebraic
then we can take the multiblowup to be algebraic also.

Proof: Suppose some A; is not regular. By Proposition 3.8 there is a tico
multiblowup m;: V! — V; with fat unobtrusive centers so that the total
transform of A; is regular. By Proposition 2.6 we may extend m; to a
multiblowup of ¥ with fat unobtrusive centers. Continuing in this way, we
have a multiblowup ¥ — ¥ with fat unobtrusive centers so that ¥’ has
type R.
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Now suppose T is of type M. We know by Proposition 2.7 that ¥’ is
still of type M. We will blow up some more to make it type N. We will
then blow up even more to make it type E also.

For convenience, we may as well assume that J = {0,...,n}. Let
Ni; € A% be the set of S € A); such that pl|: (S, NA;) — (V],A}) is
a tico map of type N. If N}; = A’ for all j < i then Lemma 7.1 implies
that each p’; is a mico of type N, hence T has type N. So if T is not of
type N we may pick k£ and m so that N;Z- = A}i ifi <mori:=mand
Jj>kbut Ny, # A, Pick S € A}, —Nj,.. By Proposition 5.3 there
are fat unobtrusive tico multiblowups 7: V; — V/ and p: S” — S’ and a
tico map g: S” — V! so that p),, p = mg, g has type N and the centers of
plie over ' Np,. ~'(JAL]) = SN U;<k Vi The multiblowup p induces a
fat unobtrusive multiblowup p': V,” — V! with the same centers as p (so
S" C V' and p = p'|). By Proposition 2.6, p’ extends to a multiblowup
{m{}: ¥ — T and then 7 extends to a multiblowup {7}'}: " — .
Furthermore, each 7} and 7 has fat unobtrusive centers and the centers of
m; all lie over U, V}}.

Recall ¥'[m — 1] is the truncated tower {V/, A% pi}7 . Note that
T'[m—1] = T"”[m —1]. By Lemma 7.1 we know that ¥'[m — 1] has type N,
then Proposition 2.7 implies that T [m—1] has type N. Thus N’/ = A’} for
all 0 < j < i < m where N7} is defined similarly to N’;. Since the centers of
oy, lie over U, V}7, and the centers of 7}, = p' lie over U, , V},,, we know
that A’ is the strict transform of A and A’ is the strict transform of
Al for all j > k.

Assertion 2.8.1 N7/ = A’}
strict transform of Ny, U {S"}.
Proof: Pick any T"" € A for j > k. Then T" is the strict transform
of some T" € A, . If T" € Nj,,, then pj,, |: (T',T'NA,,) —= (V],A}) is a
tico map of type N. Hence by Lemma 5.2a, pf, |: (T",&) — (V" A}
is a tico map of type N where & is the total transform of 7/ N A} via the
multiblowup on 7" induced by 77, my;,. But € =T"" NA7 so T € N . 1f
T = S’ then T" is the strict transform of S (via 7//). So again Lemma
5.2 implies that 7" € N7, o

for all k < j < m. Also, N}/ contains the

By Assertion 4.2.8.1 we have improved matters, so by induction we
may as well assume that N’/ = A’/ for all 0 < j < i < n. But then Lemma
7.1 implies that T has type N.

So we have proven that we may as well assume that €' has type RN.
We will now blow up some more to get type E. By Proposition 2.7 T’ will
still remain type RN after blowing up, so we will be finished.

Pick 0 < £ < m < n so that p;i: Vj'i — Vj’ has constant exponents
for all j and i satisfying 0 < j < i < mor k < j < ¢ = m. What
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we will do is find a tico multiblowup 7: V! — V!, with fat unobtrusive
connected centers so that p, m[: [A7 | — V] has constant exponents, for
all k < j < m, where A7, is the tower transform of A’ . By Proposition
2.6 we may extend 7 to a multiblowup of T with fat unobtrusive centers.
Hence by induction we eventually find a multiblowup of type E. So let us

find the promised multiblowup 7. For T € Al with ¢ < k let

B(T) = the number of connected components of TNV, .
~(T) = Z (the number of connected components of S NT)
SE‘A;\?’VTL
B = max{f(T)|Te|JAl}
i<k
v = max{y(T)|T e |JAl, and 5(T) =5}
i<k
A= t{Te| A, |B(T)=8 and 7 (T)=7~}

i<k

where § means ‘the cardinality of ’.

If B =1 then TNV, is connected for all T € A} with i < k.
Consequently the exponent of T in any sheet U € Aj for pj, is constant
by continuity. But if T € A, with i > k the exponent of T in any sheet
U € A}, is zero by Lemmas 1.2 and 2.2 hence it is constant. So pj,, has
constant exponents and no blowup is necessary, we are done.

So suppose S > 1. Pick T' € A}, for some i < k so that 8(T) = 8
and v (T) = . Pick S € A}, so that SNT # () and let L be a connected
component of SNT.

Assertion 2.8.2 After blowing up V! with center L the corresponding
triple (8,7, \) is smaller (with lexicographical order).

Proof: Let m: V;; — V5, be the blowup with center L. Let A7, be the
tower transform of A’,,. So A7, is the strict transform of A, if j # i and
AZ - is the total transform of A}, . Let §',+" and X be the analogues of
B,~ and X for this blowup. Let us calculate 8’,7" and \.

Pick a sheet 7" € A%, with j < k. First suppose 7" # 7~ (L). Then
thereisa 7" € A}, so that T" = B (1", 7" N L) = the strict transform of 7".
If T" # T then L is transverse to T” so it is easy to see that 5’ (T") = 5 (T")
and v (T") =~ (T"). U T' =T then L C T'. If L is an isolated component
of TNV], then g/ (T") = p(I") — 1. Otherwise, 8’ (I") = £ (I") and
7' (T") = v (T") — 1. Now suppose T” = w1 (L). Notice 7|: 7" — L is a
circle bundle. Now L intersects A}, — S| transversally and L C S so

T" 0 A = 77 (M N L) U (B (S, L) N7~ (L))
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So T” N |AY,.| is the section B (S, L) N w~! (L) union a bunch of circle
fibers. So T" N|AY,,| is connected since L is connected. Hence 8’ (T") = 1.
Consequently we have (8,7, \) < (8,7, ). 0

By Assertion 4.2.8.2; after a multiblowup 7’: V' — V! we reach the
stage where § = 1. But then p), 7’| has constant exponents. For i > k
let U; be a neighborhood of V/  so that there is an extension of pl,, to
Gim: (Ui, UiNAL) — (V] AL), a tico map with constant exponents. Let
U! = 7«71 (U;), then the tico map ginn'|: (UL, U NAY) — (V/,A}) has
constant exponents by Lemmas 2.4 and 3.4. Hence p,, 7’| has constant
exponents for all ¢ > k and so we are done by induction.

The algebraic case is proven in the analogous way. For the most part,
one just substitutes ‘irreducible component’ for ‘connected component’.
The only exception is in the definition of 5 (T'). We put an equivalence rela-
tion on the connected components of TNV}, , the one generated by saying
two connected components K; and Ky are equivalent if for all U € A},
arylk, = arulk, where apy is the exponent for T in U for pj,,. Then
we let 8 (T') be the number of equivalence classes. This will guarantee that
B (7= (L)) = 1, using Lemmas 2.3, 2.4, 3.3 and 3.4.

3. Realizations of Resolution Towers

In this section we make a detailed study of the topology of the realiza-
tion of a resolution tower of type UM. It turns out that the stratified set
we obtain has some nice properties, it is not only locally conelike, but each
stratum has a sort of tubular neighborhood and the various tubular neigh-
borhoods are compatible. Furthermore, the link of any stratum is itself the
realization of a resolution tower. First some definitions.

DEFINITIONS 3.1. A Thom stratified set is a smooth stratified set X
such that for each stratum U of X there is a neighborhood Xy of U in X
and continuous maps 7y : Xy — U and py: Xy — [0,00) so that:

1) my(z) =x forall z € U.
2) pgl(0) = U.
3) For each stratum V of X — U, (7y, pv)|: Xy NV = U x (0,00)
is a smooth submersion.
4) TfV is a stratum of X with UNCLV # ) then 7y (x) = my omy ()
and py(x) = py oy (z) for all z € Xy N Xy
The maps my: Xy — U and py: Xy — [0,00) are called tubular data for
X.

DEFINITION 3.2. A stratified cone bundle m: E — X is a fibre bundle
over a smooth manifold X with fibre the cone on a stratified set. More
precisely, E is a smooth stratified set and there is a smooth stratified set L
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(called the link of the cone bundle) and there are stratified set isomorphisms
hy: Uxc¢L — 7w~ 1(U) for certain open subsets U of X so that the U’s cover
X and so if UNV # 0 then hy'hy|: (UNV) xcL — (UNV) x ¢ L is given
by hy'hy(z, (y,1) = (7, (98 (y),t)) where g, is a family of stratified
isomorphisms of L. In other words, E is the open mapping cylinder of a
fibre bundle over X with fibre L.

PROPOSITION 3.1. (Tubular neighborhood theorem) Let X be a locally
compact Thom stratified set with tubular data 7y : Xy — U and py: Xy —
[0,00). For each connected component T of a stratum U pick a point x € T
and a sufficiently small e > 0 and let Ly = m;"(x) N p;(e). Then there
is a stratified cone bundle O : Ep — T with link Ly, a neighborhood EZ. of
its zero section and an embedding hr: Ef, — Xy so that:

a) hr is the identity on the zero section.
b) 7TUhT = 9T|
c) Cone levels go to py levels.

Proof: This is the usual controlled vector field argument, c.f., [GWPL].
They assume that X is realized as a Whitney stratified set, but this is not
really needed.

One consequence of Proposition 3.1 is that for each connected compo-
nent T of a stratum U there is a canonical link of T" obtained by taking
any € T and small enough € > 0 and taking the link 7' (x) N pg* (e).
Proposition 3.1 implies that up to isomorphism, this link is independent of
the choice of z and e. We call it the canonical link. Note that by restric-
tion the canonical link inherits a Thom stratification. In particular, for any
stratum V of L = 7, (z) Npg ' (€) there is a unique stratum W of X so that
V =WnNL. Wethen let Ly = LN Xw, 7v = 7mw|r, and py = pwL, -

EXCERCISE 3.1. Check that Ly, my and py are tubular data. (Note
that ;' (L) = Ly.)

We will now show that the realization of any resolution tower of type
UM has a Thom stratification. It all comes from the following Lemma.

LEMMA 3.2. Let ¥ = {V;, A;, pi}g be a resolution tower of type UM. For
eachi €7, let W; = V; —|A;| and for each j < i, let Wj; = Vji_Um<j Vi -
Then for each j < i there is a neighborhood Uj; of Wj; in Vi, a smooth
submersion mj;: Uj; — W and a smooth map pj;: Uj; — [0,00) so that:

a) ﬂjl( x) = pji(x) for all x € W,.
b) p5;(0) = Wji.
c) (W]l,pﬂ)| Ujs — Wj; = W; x (0, oo) is a smooth submersion.
d) Ifk<j<ithenUj;NU = T (Uk]) and for all x € Uj; N Uy,
Ty © Wji (@) = ki (@) and pr; o Trjl( x) = pri(x).
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Proof: Pick some n € J so that dim V,, > dim Vj for all ¢ € J. By induction
on the size of J we may apply the Lemma to the truncation T[J — {n}]
and obtain 7j;: U;; — W, and pj;: Uj; — [0,00) satisfying a)-d) for all
j < i # n. Furthermore, we ask that condition e) below be satisfied.

e) Let 0: R* — Uj; be a tico chart with 0(0) € W;;. Let 071(Vy,;) =
Uien, RE. Let § = {k €I | By # 0}. Note that g is linearly
ordered. For k € J let C}, = ;<) B¢. Then we ask that for = in
a neighborhood of 0, -

pjif(x) =>_ ] «2** M(x)

ked seCy

where the A, are smooth functions with A;(0) > 0 and where the
positive integers ays are determined in some locally constant way
from J and the sheet containing #(R%). (It actually turns out that
aps = 1 if k is a maximal element of J and aj, = the sum of the
exponents of R? in sheets of Ay for py;0 where ¢ is the smallest
element of J which is bigger than k).

Pick a maximal lower index subset J C J so that for all j < 4 with
j €3 ori#n we have mj;: Uj; — Wj and pj;: Uj; — [0,00) satisfying
a)-e) and in addition, if ¥ < j < n and k € J’ then for all z € Vj, N Uy,
Thkj © Pjn(x) = Tpn(x) and pr; 0 pjn(z) = prn(x). After shrinking the Uj;’s
if necessary we may assume that Uj; N Ug; # (0 implies that Vj; N Vi, # 0.
If I = J we are done, so choose a minimal element m of J — J'.

Assertion 3.2.1 We may pick a neighborhood U of W,,, in Vn—Uk<m Vin
and a smooth map w: U — W, so that:

1) m(x) = pmn(x) for all x € Wiy,
) If m < i < n then pi,(UN V) C Upi-
iii) If m < i <n then w(x) = mp; o pin(x) for all x € U N Wi,.
) For each stratum S of the tico stratification of V,,, |: UNS — W,
is a smooth submersion.

Proof: Note that if m < i < n then py(Win N Vin) C Wi, so any
sufficiently small U will satisfy ii). Also note that since ¥ has type U, iii)
and i) imply iv) except when S has codimension 0. But since the smaller
strata are submersed, m will certainly be a submersion nearby, so a small
enough U will satisfy iv).

Pick a proper embedding of W, in some R%. Let A: O — W,, be the
closest point map, A\(x) is the closest point to x in W,,, O is a neighborhood
of Wy, in R%. Then A is smooth if O is sufficiently small. We may pick
a smooth map pu: U’ — R* from some neighborhood U’ of W,,, so that
w(x) = pmn () for all z € Wy, and if m < i < n then pi, (U NW;p) C Upg
and p(x) = Tpmi 0 pin () for all z € UNW;,. (Just extend locally and piece
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together with a partition of unity). Now let U = U’ N p~1(0) and 7 = Ap.
o

Now pick a maximal upper index subset 7 C J’ so that there exists
a m: U — W, satisfying i)-iv) above so that in addition for each i € J"”
with ¢ < m there is a neighborhood U}, of W, in U;, so that for all
S Wﬁl(Uim) N Ui/m Tim © T(x) = Tin(x) and pim, o T(x) = pin(z).
Assertion 3.2.2 IfJ’ =7 we have a contradiction to the maximality of
7.
Proof: Set Uy, = U and 7, = m. We must now define p,,,. To have
Pmn satisfy conditions b),d) and e) it suffices to find py,, locally and piece
together with a partition of unity. We will then show that e) implies c).

So let us construct p,, locally. Pick any tico chart §: R®* — U so
0(0) € Win. Let J, B and Cj be as in condition e). If J = {m} then
we may just let ppnf(z) = [[,ep, 22 If J # {m}, we know we want
PmkPen0(x) = pmnb(x) for all k € § — {m}. But by condition e) and the
fact that pg,, is a mico we know that

1<k

pmkpk:ne(x) = Z H xga“AZ(m>

ted seCy

> I e @)

legd seCy

for all z € 671(Vi,) where A\;(0) > 0. So to define p,,, locally, we just
extend each Ay defined on 0*1( ié; V;m) to a neighborhood of 0 in R* and
add in the term > -, 22 for the maximal £ € J.

Now after perhaps shrinking U,,, we may piece these local expressions
together with a partition of unity to obtain p,,,. We will now show that
(Tmn, Pmn) satisfies ¢), after perhaps shrinking U,,,, some more.

Take a chart 6 as above. Let ¢: (R® 0) = (Vin, pmn6(0)) be a smooth
chart. Then by type U and the inverse function theorem we may pick 6 so
that ¥ 'm,n0(x) = (21,...,23) for all x and also s € By, for any s < b and
k € 3. Then the Jacobian matrix of (¢~ 7, 0(), pmnb(z)) has maximal
rank b+ 1 if and only if the vector (9pmn8(z)/0xps1, .-, Opmnb(x)/0z,)
is nonzero. But if ¢t € By, and @ & 671 (Wynn) = U,cp RE, then

Opmn 0 0/0x(z) = (1/2,) > [] 23 Qaade(@) + 21000/ 0y (x)) .
Legd seCy
We know that 2cpiAe(z) + £0A¢/Ox¢(2) > 0 for x near 0, so we only need
find some £ so that [[ ., x2%s =£ 0. But since pm,(z) > 0 we know that
such an £ exists. So Opmp 0 8/0z(x) # 0 for x near 0. So after perhaps
shrinking Uy, c) is satisfied.
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Now we just shrink the Uj;’s so that Uj; N Uy; = 7, (Uk]) and see that
the maximality of J’ is violated. m

So we may pick a maximal element k of ' —J”. Pick a smooth 3: U —
[0, 1] so that C1(871((0,1]) C Uk, and for some neighborhood U}, of Wy,
in Ugyp, B(z)=1forallz e UNU],.
Assertion 3.2.3 For some open neighborhood Z of the graph G of the
restriction (Tgm, Pkm)|Uem — Wi 1 (Ukm — Wem) X Wi x (0,00) there is
a smooth map pu: Z x [0,1] — Ukm — Wiy so that p(z,y,t,0) = =z,
Temt(T, Y, 6, 1) =y, prmp(x,y,t,1) =t and p(x, Tem (), prem (), 8) = 2.
Proof: Put a Riemannian metric on Uy, (or optionally embed it prop-
erly in some Euclidean space). Define A\: Z — Uy, — Wiy, for a small
neighborhood Z of G by letting A(x,y,t) be the closest point to z in the
submanifold W,c_%(y) ﬂp,;i(t). Now let u(x,y,t, s) be the point which is s of
the way along the geodesic from z to A(x,y,t) (or optionally u(x,y,t,s) =
k((1 — s)z + s\(x,y,t)) where & is the closest point map for Uy, C R?).

Define «’: U — W,, by
() = () it xzelU—U,,
u(n (@), Tan(2), pan(2), B(z)) i @ €U N Ui

Let us show that after perhaps shrinking U, n’': U — W, satisfies
conditions i)-iv) above. If € W,,,,, N Uy, then

m(z) = wp(r(x), men(x), pen (), B(x))
= ,u(pmn(x), kapmn(x)a pkmpmn(x)a /B(I)) = pmn(z)-

(This also shows that after perhaps shrinking U, 7’ is defined.) If m < i < n
and z € U N W, N Uk, then

m(x) = (), Ten (@), prn (@), B(2))
= p(TmiPin(T); TkmTmiPin (T ), Pem TmiDin (), B(T))
= TmiPin(T).
So after perhaps shrinking U to satisfy iv), 7’ satisfies conditions i)-iv).
Now pick i € 3" with i < m. Pick any 2 € U N 7'~ (Um) N UL, N Ug.
If U is small enough, we know that m(x) € Uj,, since 7’ approximates .
Now since U;, N Uy, # 0 we know that k < 4. Then

m(z) = p(r(), men(2), pra(@), B(2))
pm(r 7Tkz7rm( ) szﬂm( ) (Z‘))

(
(z),
T(2), ThiTim T (2), priTim™(2), B(2))
(z)
)-

=

(), ThemT (), pem7 (), B(z))

X

(
(
1(
(

|
3
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Consequently, 7, o 7' (x) = T o w(x) = min(x) and piy, o 7' () = pim ©
m(x) = pin(x). But if z € U N7~ (Ugsn) N U

Thm 0 7 (T) = Thm o p(m (@), Thn(2), Pin(2), 1) = T (2)
Prm 0 (x) = prm © (7 (@), T (@), pra (), 1) = prn ().
So we have a contradiction to the maximality of J”.

The functions in the preceding Lemma give rise to tubular data on |T]|.
For simplicity, we only bother with the unbounded case.

PROPOSITION 3.3. Let T be a resolution tower of type UM without
boundary. Then |T| is a Thom stratified set.

P?”OOf.’ Let W, =V, — |.Az| and let T4t Uji — Wj and Pji: Uji — [0,00)
satisfy the conclusions of Lemma 3.2. Note that the strata of | %] are exactly
the WZ‘7S. Let U; C ‘(3:| be W, U Uj>i Uz'j- Define 7r; : U, — W; by WZ(I) =
mij(z) it ¢ € U;; and m(x) = « if « € W;. This is well defined since
the equivalence relation on || is generated by = ~ py;(z) for all x € Vi,
and if © € U;; N Vi, then ¢ < k and m;;(z) = my o pr;(x) if 4 < k and
mij(x) = prj(x) if i = k. Likewise define p;: U; — [0,00) by p;(x) = pij(x)
if x € Uj; and p;(z) =0if x € W,.

PROPOSITION 3.4. Let S be a connected component of a stratum of |Z|
for a resolution tower T of type UM. Then there are compact resolution
towers ¥ and T of type UM so that |T'| is a link of S, |T"| = ¢|T'| and
I = 9%". Furthermore, if T has type R,N,E,S or any combination thereof,
so do T and T'.

P’l"OOf.' Let W, =V, — |Az| and let Tji Uji — W]’ and Pji: Uji — [0,00)
satisfy the conclusions of Lemma 3.2. Let 7;: U; — W; and p; — [0, 00) be
the tubular data for |¥| constructed as in Proposition 3.3. Let k& be such
that S is a connected component of Wj. Pick any x € S, let X = W;l(l‘)
and pick a compact neighborhood K of x in X. Let § > 0 be the minimum
of py on the frontier of K. Pick any e with 0 < e < J. Let L = X N p; ' (e).
Then L is a canonical link of S.

We claim that L = |T'| and ¢L = |2"”| for some T' and T”. In particular,
let V' ={ieJ|i>k}andJ" ={ie€J|i>k} Foranyi >k let
V! = m(@)Npy (€) and AL = A;NV/. Foranyi > j > klet Al = AunVy,
Vi =V;NV/ and pj; = pji|. For any i > k let V" = Tt (2) N p ([0, €])
and A = A; N V. Forany i > j > klet A}, = A;; NV, Vii=V; NV
and p;'/i = p_”|
Assertion 3.4.1 ¥ and T" are resolution towers.

Proof: We will prove that T" is a resolution tower, then note that €' = 9%"”
must be a resolution tower. First of all, if y € V] then my;pji(y) = mri(y) =

x and pr;p;i(y) = pri(y) € [0, €] so (V) C V.
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To see I, note that
P (Vi N V) = pju(Vii O V) Cpja(Vii N Vi) NV C Vi NV = V.
Condition II, IIT and IV are now immediate. To see condition V, note that
ov/" = V!. So if pj;(y) € OV," we have py;p7;(y) = € so pri(y) = € so
y € oV, a]

Assertion 3.4.2 |%'| =L and |3"| = ¢L.

Proof: Let h;: Vi — || be the quotient map. Let L' = X N p, ' ([0,¢]). By
Proposition 3.1, L’ = ¢L. But V/ = h;l(L) and V! = h;l(L’) and pgz and
p;-’i are the restrictions of pj;. So the maps h; induce isomorphisms from
|T'| and |T| to L and L. o

Assertion 3.4.3 ' and ¥" have type UM and also have type R, N, S or
E if ¥ does.
Proof: We will just do T”, the result for T’ follows since T = 0%".

Pick any stratum S of (V//, A}) with S C Wj,. To see that " has type
U we must show that p/;|s is a submersion. Let " be the stratum of V;
which contains S. We know that pj;|s is a submersion and (7, pr;): Ukj—
Wy — Wi xRis a submersion. Also mx;pjils = Tkils and pg;pjils = prils-
Hence the restriction of p;; to S = S" NV} is a submersion to V.

Now let us see that T’ has type M. Pick any point y € V}. Pick any
chart p: (R*,0) — (Vi,mki(y)). By the inverse function theorem, we may
pick tico charts 0: (R%,0) — (V},p;i(y)) and 9: (R?,0) — (V;,y) so that
pri0(2) = pri(y) + ze—q for all z near 0, pit(2) = pri(y) + 26—q for all z
near 0, the (-th coordinate of u~'my;0(2) is z.—¢41 and the ¢-th coordinate
of = tmpi0(2) is 2p_ry1. But then f|ge—o and |gs-a give tico charts for T
and show that p7; is a mico.

In a similar manner, we show that T has type S, N or E if ¥ does. It
is trivial to show that " has type R if T does. O

Note that the above assertions prove the Proposition.

We find the following result convenient. For various reasons this was
proven in several places, see [G], [J] or [V] for a history. We do not require
the axiom of the frontier in our stratified sets, but this is not really essential.

PRrROPOSITION 3.5. Any compact Thom stratified set is homeomorphic
to a polyhedron in such a way that each open simplex is a smooth subman-
ifold of a stratum.



CHAPTER 5

ALGEBRAIC STRUCTURES ON
RESOLUTION TOWERS

The main consequence of this chapter is

THEOREM 0.6. If ¥ is any compact resolution tower of type SF then
the realization |T| is homeomorphic to a real algebraic set. In fact |T|
is isomorphic as a stratified set to the singular stratification of some real
algebraic set.

Proof: By Theorem 2.8 and Proposition 2.7 we may as well assume ¥ is

of type RESF. But then we may assume ¥ is quasialgebraic by Theorem

5.4.1 below. But then Theorem 3.1 and Corollary 3.3 will imply this result.
In this chapter, all ticos will be regular.

1. Making Tico Maps Algebraic

We start out with a relative version of Theorem 8.10, which says that
if a map is homotopic to an entire rational function and is already rational
on a tico, then it can be made algebraic.

LEMMA 1.1. Suppose (V,A) is a compact algebraic tico, W is a nonsin-
gular real Zopen set and f: V — W is a smooth map so that fl|4) is entire
rational and f is homotopic to an entire rational function. Then there are
a nonsingular real Zopen set V', a rational diffeomorphism h: V' —V and
an entire rational function g: V' — W so that |A| C V', h|jq = identity
and so that f is € homotopic rel |A| to gh=. (More precisely given any
neighborhood U of f in the C* topology, there are h, V' and g as above so
that gh=' and all maps in the homotopy are in U.

Proof: There is a smooth function p: V' x S* — W so that if a and b are
certain distinct points of S* then p (z,a) = f (z) for all z € V and so that
plv xp is an entire rational function (just take the double of some homotopy
of f to an entire rational function). By Theorem 8.4 (with T :=U :=V :=
VxS fi=pand P:=L :=V xbU|A| x a) there is a Zclosed subset
Z C V x S' x RF for some k and an entire rational function ¢: Z — W
and a Zy C Nonsing Z so that Zy is a union of connected components of

165
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Z, Vxbx0C Zy,|Al xax0C Zy, q(x,b,0) = p(x,b) for all z € V|,
q(z,a,0) = f(z) for all z € |A|, m: Zy — V x St is a diffeomorphism
where 7 is induced by projection V x S' x R¥ — V x St and ¢|z, is a close
approximation to pmr. By Theorem 8.2 there is a nonsingular real algebraic
set V! C Z so that V' is isotopic to 77! (V x a) by a small isotopy and
|A| x @ x 0 C V'. Then projection V x S x R¥ — V induces an entire
rational function h: V' — V which is a diffeomorphism since V' is close to
V xax0. Also g = ¢]y+ is a close approximation to pr|, hence it closely
approximates fh. So g is e-homotopic to fh rel |A| X a x 0.

If f is a tico map we can strengthen Lemma 1.1 to the following propo-
sition, to make the approximation e-tico homotopic to f.

PROPOSITION 1.2. Let (V,A) and (W, B) be compact algebraic ticos
and let f: (V,A) — (W, B) be a tico map so that f| 4| is an entire rational
function and f is homotopic to an entire rational function. Then there is
a nonsingular real Zopen set V' and a rational diffeomorphism h: V! —V
and an entire rational function g: V' — W so that |A| C V' and so that f
and gh™! are e-tico homotopic rel |Al.

Proof: By replacing A with the collection of irreducible components of
|A| we may as well assume f has constant exponents by Lemma 2.3. For
convenience let A = {V4,...,V,,} and B = {W1,...,W,}. Let a;; denote
the exponent of V; in W;. The proof will be by induction on the quantity
B(f) =2, by max(0,a; —1).

First suppose 8 (f) = 0. By Lemma 1.1 we may find a rational diffeo-
morphism h: V/ — V and an entire rational function g: V' — W so that
|A| C V', hlja| = identity and f is e-homotopic to gh™! rel |A|. But since
each a;; is 1 or 0, any e-homotopy rel |A| automatically is a tico homotopy,
so this case is done by Lemma 2.8.

Now assume S (f) > 0. After renumbering we may assume that ay; >
1. In particular we know that f(V7) C Wi by Lemma 2.2. Let f': V —
W xV be f'(x) = (f (x),x). We have the product tico € = BxVUW x A
in W x V. Notice that f': (V,A) — (W x V,€) is a tico map with constant
exponents, the exponent of V; in W; x V' is «;; and the exponent of V; in
W x Vj is 6;; the Kronecker delta. Consequently, 5 (f') = 8 (f).

Let 7: (W",D) — (W x V,€) be the tico blow-up with center Wy x V7.
Note that this center is fat; in fact it is the intersection of two sheets
Wi x V and W x V. Since f’ hits W7 x V; cleanly and f/*1 (W71 x V) has
codimension one, we know by Lemmas 5.9 and 5.6 that there is a unique
smooth map f”: V — W' so that wf” = f’. Alternatively, this is true
because f*J°° (W7 x Vi) = I3 (V4) which is locally principal.

But then Lemma 3.5 implies that f” is a tico map with constant expo-
nents. In particular, let D; be the strict preimage of W; x V| let E; be the
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strict preimage of W x V; and let P = 7~! (W x V;). Then
D= {D;|i=1,....kYU{E|i=1,...,m}U{P).

By Lemma 3.5 the exponent of V; in D; is aj; if ¢ # 1 or j # 1 and it
is a;; —1if ¢ = j = 1. The exponent of V; in Ej; is d;; if j # 1 and
it is 0 if 5 = 1. Finally, the exponent of V; in P is d;;. Consequently,
B =8(f")—1=p8(f)—1 so we will be able to apply induction to f”.

First we show that f” is homotopic to an entire rational function. By
Lemma 1.1 we have a homotopy H: V x I — W so that H (z,0) = f (z)
for all  and H|y «1 is entire rational and H (x,t) = f (z) for all x € |A].
Now H x id hits Wy x V; cleanly and (H x id)f1 (Wi xVy) =V x1I
which has codimension one. Hence H x id lifts to H': V x I — W". But
H' (2,0) = f"” () for all x € V by uniqueness of lifting and H'|y 1 is
entire rational, i.e., f” is homotopic to an entire rational function. Also
since H|y, 1 is entire rational and V; x INH ™' (Wy x Vi) = (V; NVi) x I
we know that H'|y,«r is entire rational for j # 1, in particular we know
that f”|y, is entire rational for j # 1. We now show f|y, is entire rational.
Since the exponent of V; in Dy is a3 — 1 > 0 we know that f” (V1) C D;.
But 7|: Dy — Wj x V is a birational isomorphism since the center Wy x V;
has codimension one in Wiy x V. Let A: Wi x V' — D; be the inverse of 7|.
Then we must have |y, = Af’|v, so f”|y, is entire rational.

Now since 8 (f") < B(f') = B(f) we can by induction find a rational
diffeomorphism h: V' — V and an entire rational ¢': V' — W" so that f”
and g’h~?! are € tico homotopic rel |[A|. But f = my7f” where m: W xV —
W is projection and 7 and 7 are tico maps. So f and mywg’h ™!
homotopic rel |A|. So setting g = m17mg’ we are done.

are € tico

PROPOSITION 1.3. Let (V,A) be a compact nonsingular Zopen set with
an algebraic tico and let W be a totally algebraic nonsingular Zopen set.
Let f: V. — W be a smooth map such that f|4| is an entire rational func-
tion. Then there is a nonsingular Zopen set V' with |A| C V' and a dif-
feomorphism 0: V' — V with 0|4 = id and an entire rational function
g: V' — W such that g is e-close to f o6 and glja) = flja|-

Proof: By Lemma 1.1 we only need find a nonsingular algebraic set V' with
|A| € V" and a diffeomorphism 6: V' — V' with 6];4) = identity so that
f6 is homotopic to an entire rational function. This follows from Theorem
8.6, (with M :=V, P:=|A|, L :=|A] and S :=R").

2. Nice Charts on Resolution Towers

The following technical lemma is essentially the generalization of Lemma
6.2 to resolution towers.
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LEMMA 2.1. Let ¥ = {V;, A;,pi}s be a resolution tower of type S. Pick
any z € (jeqr Vijn for some indices n and 3" CJ—{n}. Let 3" =7 U {n}.
Assume for simplicity of notation that the index n is an integer and 3" =
{0,...,n}. Then there are charts Vy: Zy — Vi for k € 3", so that

a) Zy is an open subset of R* with aj = dimV}, for k € 3".
b) ¥ (Zy) is a neighborhood of prn(2) for all k € I and iy, (Z,,) is
a neighborhood of z.

¢) There are integers ary < a1 < --- < app = ax, k € I’ so that
Ut (Vik) = Zi N Ugg;;? R, for all j < k.

d) pjx (W (Z) N Vji) C 0y (Z5) for all j k € " with j < k.
e) Forj < k, t < ap and x € ;" (Vir), let Kjp (z) be the t-th
coordinate of w;lpjkl/}k (). Then Kkjgt (x) = x¢ fort < ajo.
f) If t > ajo then kjg (x) = HZ’;CL],O 22 for some integers Bikts-
Also, Bijres = 0 if t < aj; and s > ay; for some i.
g) For anyi,j,k €7’ withi < j <k, Birts = Bijts for aio < s < ajo
and Biges = Zzgajo BijtuBikus for s > ajo.
Proof: 'We reduce to the case of finding 1;,’s satisfying a)-e) and the weaker
f’) below.
Assertion 2.1.1 Condition g) follows from e) and f).
Proof: We know that piptr () = pijpjes (x) for o € @[1,;1 (Vie N V).
Hence for t > a;o,

a; ajo aj aj
_ Bijtu __ Biit BjkusBijtu
Kige () = | I Kjku (Z) = apte Tl )
u>ago uU>aio u>ajo $>ajo

Hence g) follows since k;xt (x) is not identically 0 for z € 1/1,;1 (Vie N V).
o

Assertion 2.1.2 It suffices to prove a weaker version of f), namely:

") Ift > ajo then ki () = & HZ;GN 227 for some integers Bikts-
Proof: Suppose we can pick ¥y: Zp, — Vi, for k = 0,...,n satisfying a)-e)
and f’). First let us show that f;xs = 0 if ¢ < aj; and s > ay; for some i.

Suppose that 3;is # 0 for some ¢ < aj; and s > ag;. Then
pik(P(RS) N Vi) CRE C | Vi

£<i
But this violates condition III in the definition of resolution tower since
¢k(ng) N V]k - Ug<1' Vi # 0.

We now get rid of the minus signs in f’). What we will do is to modify
the 11’s by composing them with reflections until f) is satisfied. The first
step is to compose each v, with a reflection about Ry* for each t < agg
such that the t-th coordinate z; of 1, 1(2) is negative. Then a)-e) and f’)
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are still satisfied, but we now have z; > 0 for each t. We also know by e)
that the ¢-th coordinate of @ij_lp;m(z) is nonnegative if ¢t < akg.

Suppose that after composing the ;’s with reflections about some
hyperplanes Ry* with ¢ > ayo that f) holds for all £ < m. We now compose
each vy, for kK < m with a reflection about Ry* for each ¢ > ag such that
Kimt (x) = — [[¢7.  aBemis. With these new vy’s we will have kg () =

s>ako
Hzgako xPkmes Qo f) holds for & = m, we must only check that f) still
holds for k < m.
So suppose that rji (2) = —[[,%,,, 2% for some 0 < j < k < m

and t > ajo. Then for z € ¢,,' (Vjm N Vi) we have

Am

[T «tre = mjme @)

s>ajo

u>ag o
ako ag Am
— _ H xﬁjktu H H xfkm,usﬂjktu.
u>ajo u>ako S>ako

Since ¥, pmn(2) has s-th coordinates nonnegative for s < a,,g and 0 for
5 > Qo we may pick an x € ;1 (Vim N Vi) so that x5 > 0 for all s < ap;
and z, > 0 for all s > a,,;. But we showed above that B, = 0 for all
5 > amy, so the left hand side above is positive and the right hand side is
nonpositive, a contradiction. So in fact there are no sign changes and f)
still holds for j < k < m.

So by induction on m we are done. ]

So let us proceed to find v’s satisfying a)-e) and ). By induction
on n we may assume we have ¢y : Zp — Vi for k =0,...,n — 1 satisfying
a)-e) and f’). By definition of submersive mico we may extend p,_1,, to
a submersive tico map p;,_; ,, defined on a neighborhood of V;,_; ,. Then
by Lemma 6.2 applied to p;hl’n we may pick some chart ¢,,: Z,, — V,
satisfying a)-e) and also satisfying f’) for j = n — 1 and k¥ = n. Suppose
that for some d > 0, f’) holds for all j > d. We will show that after
perturbing ¢, a bit, f’) will hold for all j > d. Hence by induction we will
be done.

So suppose that for some d > 0, ') holds for all j > d. We may suppose
d <n—1. Let us look at kant (z). If & € ¢, (V},, N V) for some j > d
then

Kdnt (x) = Kdjt (¢;1pjn¢n (517)) .
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So if t < ago, Kant () = Kjnt () = x4 since ajo > aqo. Likewise if aqo < ¢,
we have

a; a;o aj an
Bdjts Bajts BjinsubBdjts
SRR | PSS | O i
s$>ado s$>aqo s>ajo u>a o
a;
Define Bdnts = uJ>aj0 5jnusﬁdjtu for ajo < 8 and define Bdnts = ﬁdjts for

ago < s < a;o- Then

an
Kant () = £ H ghants for x € Pyt (Vi N V) -
s$>ado
At first glance, Bgnts seems to depend on the choice of j. Let £/, ,. be

defined using some ;' instead of j.
Then for = € ¢, (Vin N Vi, N Vag),

And And

B Bants

+ H xamts = Kany () = £ H Tgints,
s$>agqo s$>aqo

But for a generic point of 1! (Vin N Vji, N V) we know x5 # 0 for s <
anq. So the exponents are equal, S0 Bants = [ for all ¢ > ago and
S > aqo-

We can define \;: 1,1 (Va,) — R by the equation

Kdnt () = £ H aPanes ) (z)

s$>aqo

for € ¢, (Vy,) and for agg < t where the + sign is chosen so that
At o1 (z) > 0. Then we just showed that A¢ (z) = 1 for @ € ¢, (Vi N
Uj>d an) By Lemma 6.1, we know there are s, for aq < s < a, and
ago < u < aq so that leliado BantsVsu = O#, the Kronecker delta, for
aqgo < t. For agg > t define y;: Z, — R to be some extension of kg, so
that p (z) = ap if x € w;l(Uj>d an) Likewise for s > aqg, extend A; to
Zy so that Ay = 1 on ¢, (U5 Vin). Define p; (x) = o T[52,, s (2)7
for t > agq9. Define p: Z,, = R by p(x) = (u1 (x),. .., tha, (x)). Then u
is the identity on 1! (Uj>d Vin)-

It is easy to check that the Jacobian matrix of p is the identity at
1 (2). Hence pu~': Z!, — Z, is defined for some neighborhood Z/, of

wipt (2). But for x € pab; ! (Vg,) we have

Kanept (2) = " o ¢~ o
- = + Han mgdnts’ for t> ago

s$>ado
Also Kjpip ™t (@) = Kjpe () for all € pp, ! (Viy), j > d. So by replacing
Y by ¥u~t we can make f') be satisfied for all j > d. Therefore we are
through by induction.
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LEMMA 2.2. Let T = {V;, A, pi}l be a resolution tower of type RS.
Let S C |Ay| be a connected fat submanifold of V,, and let k be the largest
index so that S C Vi,. Let T be the smallest fat submanifold of Vi so
that pgn (S) € T. Let Gy: (S,SNA,) — (T, TNAg), t € I be an e-
tico homotopy rel |S N A,| with Gy = pgn|. Then there is an € isotopy
H;:V, =>V,, tel so that:

a) Hy is the identity.

b) H:(A) = A for all A € A,,.

c) Gy = prnHyls.

d) pmHt|A = pinla for all sheets A € A, with S ¢ A.

Proof: We will find a smooth vector field (w (z,t),1) on V,, x I so that:

i. w(z,t) is small.
il. w(x,t) is tangent to each A € A,,.
ili. dpin, (w(z,t)) = 0G:/0t for x € S.
iv. dpin (w(z,t)) = 0 for x € A where A is any sheet in A;, with
S ¢ A.

Then integrating this vector field will give us the desired isotopy H;. Notice
that it suffices to find w locally and piece together with a partition of unity.

So take any z € V,. If z € S we may as well take w = 0 locally and
our conditions will be satisfied. Now suppose z € S — |SNA,|. Then since
DPinl: S—]SNA,| — T is a submersion we may pick a small family of small
vector fields w (z,t) on S, tangent to S so that dpg,w (z,t) = G, (x) /Ot.
Now just extend w (x,t) to a neighborhood of z in V,, so that w is tangent
to each A € A,, and all our conditions will be met. (Note that any sheet A
with § ¢ A must have SN A C |SNA,|, so A is far from z.)

So the remaining case is where z € |S N A,|. Pick jo < j1 < -+ <
Jm—1 < jm = m so that z = Vj, if and only if j = j; for some ¢ =
0,...,m —1. By Lemma 2.1 we may find charts ¢;: Z; — V}, for i =
0,...,m satisfying the conclusions of Lemma 2.1. In particular:

1) Z; is an open subset of R%
2) Y (Zm) is a neighborhood of z
3) Djyji (¥i (Zi) N ijji) C (Zb)
4) Tf kpiq (x) is the ¢ coordinate of 1y, 'pj, ;.9 () for @ € ;7 (V},;.)
then

() Zq for g < ap
Kbig () = A )
big 1% 22 for g > ay

s>apo

Let @ C {1,...,a,,} be the index subset so that .} (S) = {x € Z,, |
rs=0 forall s€ Q}. Let d be such that k = jg. Let \, (z,t) be the ¢'*
coordinate of ¥ ' Gy, (x) for x € ¥ (S).
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Suppose g > agqp is such that z/)d_1 (T) ¢ Rge. Then ), is not identically
0 on ;1 (S) x I, so we have A, (z,t) = [[*, 2™y, (2,t) for some

smooth 7,. Note that 7, (z,0) = 1. By repeate>d daopplications of Lemma 1.1
we know that n, (x,t) ~ 1, since A, (z,t) = Ay (x,0). We may extend A, to
all of Z,,, x I by ignoring the coordinates zs with s € @, i.e., first you project
to Nyeq Re™ x I, then apply Aq. For g > aqo with Y (T) C Rg¢ we may
set g (z,t) = 1. Note that A\; (x,t) = Kamg (z) for all ¢t if z € Z,, NRI™
with § > a0 and s € @ since Gy is a homotopy rel |[S N Ag|.
What we need is a family of vector fields v (x,t) on Z,,, x € Z,,, t € I
so that:
i. v(x,t) is small.
ii. v(x,t) is tangent to each R% for s > amg.
iii. didmg (v (x,t)) = ONg(w,t)/0t for all ¢ and = € ;! (S)
iv. dkpmg (v (z,t)) =0forz € Z,,NRI", s ¢ Q and amp < 5 < Ampt1-
Then letting w (z,t) = dmv (z,t) we will be done.
Let v (7,t) denote the s*" coordinate of v (x,t). By Lemma 6.1 we
may pick Ve, Gdo < 8 < U, ado < 1 < ag so that ZZ;"%O BamagsVsr = Ogr
the Kronecker §. Define

.4 { Ts Y0l o YsrOny (,1) /Ot for s> aqo
vs (z,t) =
OXs (z,t) /Ot for s < ago

Clearly v, (z,t) is small and it is tangent to each R%m for s > a0 since
Amo = Ado-
For ¢ < ago and x € 9.1 (9),

AR dmg (U (2,1)) = vy (x,t) = ONg(x,t)/0L.

For ¢ > ago and z € ¥} (9),

dkdmgq (v (z,1)) = Z Vs (2,t) ORdmgq (x) /0
s$>ado
Am ad

= Z Z TsVsr 877r/at Bqusﬁqu (x) /xs

$>aqdo T>ado

ad Am
= Kdmgq (fﬂ) Z (577r/8t Z ﬂqusf)/sr)
T>ado s>aqo

= Kdmg (T) Ong (z,t) /Ot = 0N (x,1) /Ot

So it remains to show that if we pick so € @ with amp < sog < Ampt1
then dkymqv (7,t) = 0 for all ¢ and all x € Z,, NRg™. So pick such an s.
If b > d then we know SBgmqs, = 0 for all ¢ > aqo by Lemma 2.1f. Hence
Mg (x,t) = Xg (7,t) /Kamq (x) is defined on a dense subset of Z,, "R¢™. But
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Ag (1) = Kamg (z) for x € Z,, NRE™ so g (x,t) =1 on Z,, NREm. Hence
Ong/0t =0 so v (x,t) =0 for x € Z,, NRE™.

If b = d we have already seen that dkgmq (v (x,t)) = 0Aq (x,t) /Ot but
forx € RimNZp, Ay (2,1) = Kamq () is independent of £ 50 dkdmgq (v (2,t)) =
0 for z € R{™ N Zyy,.

Now suppose b < d. Then for g < ap,

ARpmqv (z,t) = vg (z,t) = 0N (z,t) /Ot =0

for z € RE¢m N Zy. For g > ayo,

Am

dlibmqv (JL‘, t) = Z Vs ($, t) Bbmqs/fbmq (13) /xs
s$>apo

ado

= > 0N (1) /Ot Bomgskibmg () [

s>apo

Am ad

+ Z Z ’Ysranr (l‘, t) /at ﬁbmqs’ﬂ)mq (.17)
§>aqo T>ado

ado

= Z (9)\3 (33‘, t)/at ﬂbmqs"ibmq (CL‘) /‘TS

s>apo

Am ad

+ Z Z Z Vsr anr (1'7 t)/at ﬁbdquﬁdmus"{bmq(x)

§>ado r>adqo0 u>ado
ado

= Z a)\s($,t)/atﬂbmqs’ibmq(‘r)/xs

s>apo

+ > Onel,t) /0t Boagrhibma ()-

T>a40

But for x € Z,, "R we know that 9, (x,t) /0t = 0 so

aq
dﬂbmqv (xa t) = Z 37% (l‘, t)/ar Bbdqrﬂbmq (93)

T>a40

Suppose that r > aqo is such that Bpger # 0. Then Bpger > 0. If
Bamrso > 0 then Bumgsy = BbdgrBdmrs, + Nonnegative stuff so Bpmgs, > 0.
Hence kpmgq (z) = 0 for all x € Z,, "R, If Bayrs, = 0 then n, (2,t) =
Ar (2,t) /Kamr () and Kgm, () is nonzero on a dense subset of Z,, NR¢m.
But A (z,t) = Kgmr (x) for x € Z,, NRE™ so n, (z,t) =1 on Z,, NRE™. So
for any r > ago we have dn, (x,t) /Ot Byagrkbmg (x) = 0 for x € Z,, NRE™.
Hence dkpmqv (2,t) = 0 for z € Z,, "R and we are finished.
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3. Quasialgebraic Towers are Algebraic

DEFINITION 3.1. A resolution tower ¥ = {V;, A;, p;}s is quasialgebraic
if each (V;,A;) is an algebraic tico and the following is true. Suppose
S C Vj; is any fat nonsingular Zclosed subset. Let T be the smallest
fat nonsingular Zclosed subset of V; with pj; (S) C T. Then we require
that p;;|: S — T be homotopic to an entire rational function. Hence, a
resolution tower is algebraic if it is quasialgebraic and each pj;: V;; — V;
is an entire rational function.

THEOREM 3.1. Any quasialgebraic resolution tower of type RSE is iso-
morphic to an algebraic resolution tower.

Proof: Let ¥ = {V;, A;,pi}s be a quasialgebraic resolution tower of type
RSE. What we will show is that there are rational diffeomorphisms p;: V; —
V; and e-automorphisms h;: V; — V; so that:

1) h; (P) = P for all sheets P € A; with ¢ € J.
2) pj;: Vj; — V] is an entire rational function where V};, = ot (Vi)
and pf; = p; thy 'pjikipilv,-
Then the diffeomorphisms h;p;: V;/ — V;, i € J give an isomorphism from
an algebraic resolution tower to our quasialgebraic resolution tower.

Pick a maximal index n € J. By induction we may assume that there
are rational diffeomorphisms p;: V/ — V;, i # n and e-automorphisms
h;: Vi — V; so that 1) and 2) above hold for ¢ # n. We will now induct on
the number of strata in the subset K defined below.

Suppose that there are a Zclosed subset K of V,,, a rational diffeomor-
phism p,,: V,, — V,, and an e-automorphism h,,: V,, — V,, so that:

i) hy (P) = P for each sheet P € A,,.

ii) p;-n|V]v,nm p=1(Kc) is an entire rational function for each j < n where

Vi = pnt (Vin) and plj,, = p; thy ' pjnhnplvy, -
ili) K is a union of strata.
If K =V, we are done, so suppose that K # V.

Assertion 3.1.1 There is a fat nonsingular irreducible Zclosed subset S
of V,, so that SN K = |SNA,|.

Proof: Let k > 0 be such that all fat nonsingular Zclosed subsets of di-
mension < k are contained in K, but some k-dimensional fat nonsingular
Zclosed subsets are not. Now let S be any irreducible k-dimensional fat
nonsingular Zclosed subset not contained in K. Since |S N A| is a union of
fat nonsingular Zclosed subsets of dimension < k we know |SNA| = SNK.

o
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So pick an S as in Assertion 5.3.1.1. We will show that there is a
rational diffeomorphism r: V/ — V! and an e-automorphism h: V,, =V,
so that:

i) h(P) = P for each sheet P € A,,.
ii") pY,|s~ is an entire rational function for each j with S C V;,, where
P = p; 1y ' pinhnhppr and 7 = rp 1 (S).
iil') pinhnh () = pinhy (z) for all i < n and x € K N V;,.
Then by Lemma 3.10 and induction on the number of strata of K we will
be done, since we may replace p,, by p,r and replace h,, by h,h and replace
Kby KUS.
So let us try to find this . Pick the largest j so that S C Vj, and let
T be the smallest fat nonsingular Zclosed subset of V; so that p;,, (S) C T
Note that by Lemma 3.11 we know that p;,|: (S,SNAy,) = (T,TNA;) is
a tico map. First we shall find a rational diffeomorphism r’: S" — p,-1 (S)
so that pf,r': S" — pj_1 (T) is homotopic to an entire rational function.
This is easy; just take the pullback of the maps ¢p,, and p; where g: S — T
is an entire rational function homotopic to p;,|: S — T

’

q —1
s - p; (T)
v Lo
ot (s) o5 4 T

Notice that since h; and h,, are e-automorphisms they are isotopic to the
identity so ¢ is also homotopic to hj_lpjnhn. Hence the entire rational
function ¢’ is homotopic to pj_lhj_lpjnhnpnr’ = pl,r.

Let K" = (pnr’) " (K)NS'. Since pj, 7’| is entire rational we know
by Proposition 1.2 that there is a rational diffeomorphism r”: S” — S’
and an entire rational function ¢”: " — pj_1 (T') so that K" C S”, the
restriction 7|, is the identity and so that ¢" and p},r'r"
motopic rel K. By Theorem 8.9 we may find a rational diffeomorphism
r: V) — V. so that S” C V,/ and r|g~ is r'r".

Let V! = r=1(V!) and K’ = r~!p 1 (K). By Lemma 2.2 there is
an e-isotopy Hy: V' — V! so that Hp is the identity, Hyr—1p, ! (P) =
rtp,t(P) for all P e Ay, pj,rHilsw = ¢ and pj,rH; (z) = pj,r(x)
for all € V7 N K'. Now define an e-automorphism h: V,, — V, by
h = p,rHir~'p; 1. Define p}, : V! — V! by

are € tico ho-

—1p—1
Pin = p; hy pinhnhpnﬂvi’; = p;nTH1|Vi’,’L~
Then p;, |k'vy: = P, xAvy Which is entire rational.
If S C V, then we must have i < j. If i = j we have already seen
that p;,|s~ is entire rational. If ¢ < j then pf [s» = p};p,|s/. So pil,|s»
is the composition of entire rational functions and so is entire rational. So
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by Lemma 3.10, p;/n|r*1p;1((KUS)ﬁVm) is entire rational for all 7, and we are
done.

THEOREM 3.2. If T is any compact algebraic resolution tower then
|Z| is homeomorphic to a real algebraic set Y. In fact if T is such that
dimV; < dimV; for all i < j, then |%| is isomorphic as a stratified set to
the singular stratification of Y.

Proof: Let ¥ = {V;,A;,pi}s. If dimV; < dimVj for all ¢ < j, we may
assume by Proposition 1.3 that ¥ is well indexed with bias 0. Pick a
maximal n € J. Let I = J — {n} and let ' = T[] be the truncation of
T, ¥ ={V;,A;,pi}y. We may assume by induction that there is a real
algebraic set W and entire rational functions ¢;: V; — W, i € J and a
homeomorphism h: W — |T’| so that for each i, the map hq;: V; — |T']
is just the quotient map V; C U,y Vi — |T] and so each ¢; (Vi) is an
algebraic set. Furthermore, in case dimV; < dimVj for all i < j we also
assume by induction that ¢; (V;) D Sing¢i+1 (Vig1), ¢ = 0,...,n — 2 and
Slng qo (Vo) = @

Suppose z € Vi, N Vj, with j < @ < n. Then pj;pi, () = pjn (x)
80 pin(x) and pj,(z) are equivalent in |T'|. So hq;pjn () = hgipin (x)
80 q;Pjn () = qipin (). Hence if W C R™, by repeated applications of
Lemma 3.10 we may find an entire rational function r: V,, — R™ so that
7l|4, | = @iPin- Pick some polynomial s: V;, — R so that s71(0) = |Ayl
Let p: V,, = R™ x R be defined by p(x) = (r(z),s(z)). By Proposition
6.1 there are an algebraic set Y, entire rational functions f: V,, — Y and
g: W — Y and a homeomorphism h': Y — X where X is the quotient
space V,, UW/ ~ and ~ is the equivalence relation generated by x ~ y for
x €V, and y € W with p(x) = (y,0). Furthermore g: W — g (W) is a
birational isomorphism and if dimV;, > dim W then g (W) D SingY. In
particular, each gg; (V;) is an algebraic set, and if dim V; < dim V}, all ¢ < j,
then gg; (V;) O Sing ggit1 (Viy1) for i =0,...,n — 1 and Sing ggo (Vo) = 0.

Define a map ¢: ;g Vi = Y as follows. Let |y, = f and let oy, =
gq; for i # n. First of all ¢ is onto. To see this, pick any y € Y. Then
either y = f(z) = ¢ (x) for some z € V,, or y = g (w) for some w € W.
If y = g(w) then w = ¢; (x) for some = € V; for some i, so y = ¢ ().
It is easy to see that if ¢ (z) = ¢ (2’) for x € V;, 2’ € V}, j < i, then
either = 2/, pj; (x) = 2’ or pi; (x) = pi; (2/) for some k < j. Hence
we know that |T| is homeomorphic to Y. But now if dimV; < dimVj for
all i < j then Proposition 2.16 implies that after perhaps modifying Y a
bit we may assume that ¢ (V;) = Sing (¢ (Vi41)) for ¢ =0,...,n — 1 and
Sing ¢ (Vp) = 0. So we are done.

Now Lemma 1.4 gives the following:
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COROLLARY 3.3. Let T be any compact algebraic resolution tower of
type U. Then |Z| is isomorphic to the singular stratification of some real
algebraic set.

4. RF Towers are Quasialgebraic

In this section we will show that any topological resolution tower of
type RF is quasialgebraic.

THEOREM 4.1. Let T be a topological resolution tower of type RF.
Then ¥ is isomorphic to a quasialgebraic resolution tower.

Proof: First we make a few temporary definitions. Let A be a tico in
V. Let o (A) be the set of connected fat submanifolds of V. We will call
B C o (A) admissible if for every S € B and T € o (A) then S D T implies
T € B, in other words if S € B then any connected fat submanifold of S' is
also in B.

Let |B| denote Jpcp T. We call B C o (A) algebraic if V' is a non-
singular real Zopen set and each S € B is a nonsingular Zclosed subset of
V. We call B C o (A) totally algebraic if B is algebraic and furthermore V
and each S € B has totally algebraic homology.

We now start the proof. For convenience, change the indexing set
so that T = {V;,A;,pi}l,- Recall that for each k¥ < n, T[k] denotes
the truncation T[k] = {Vi, Ai, p;}F_,. Since each V; is full we may as well
assume each V; is a nonsingular totally algebraic set by Corollary 8.13. This
will in fact imply that each connected component of each V; is irreducible
and totally algebraic, but in any case by applying Corollary 8.13 to each
component separately we can arrange this.

We say a resolution tower ¥ satisfies C' (k, B) if:

1) The truncation [k — 1] is a quasialgebraic resolution tower. Fur-
thermore, o (A;) is totally algebraic for all i < k.
2) B C o (Ay) is admissible and totally algebraic.
3) For each i < k and fat submanifold T' C V;, the map p|: |B| N
pii- (T) — T is homotopic to an entire rational function.
4) For each S € o (Ax) — B there is a nonsingular totally algebraic
set Wg and a diffeomorphism Ag: .S — Wy so that
a) If S is a component of Vi, then Wg = S and Ag = identity.
b) As|iBjns is an entire rational function.
Assertion 4.1.1 If the resolution tower ¥ satisfies C (k,o (Ay)) then it
satisfies C' (k + 1,0).
Proof: Conditions 1), 2) and 3) are immediate. So we must only show
that for each S € o (Ak+1) there is a nonsingular totally algebraic set Wy
diffeomorphic to S. This follows from Corollary 8.13. a
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Assertion 4.1.2 If ¥ satisfies C (k, B) with B # o (Ay) then ¥ is isomor-
phic to some ¥ satisfying C (k, B") for some B" bigger than B.

Proof: Pick some S € o (Ax)— B of smallest dimension. Then if U € o (Ay)
and U C S we must have either U = S or U € B. Hence B U {S} is
admissible.

Suppose first that dim S = dim Vi, i.e., S is a component of Vi. Then
|B| D |Ak| so T satisfies C (k, o (Ag)) and we are done.

Now suppose that dim S < dim V4, so S C |Ag|. Let

D = {Te€oA)|i<k and SCp,'(T)} and
€ = {Uco(Ar)|ScCU}.

By 3), for each T € o (A;) with i < k, pix|: p;! (T) — T is homotopic to a
map fr so that fr restricted to |B|Npj,' (T) is an entire rational function
rr. Consider the embedding h: S — [[;cp TX[[yee Wu given by mpoh =
frls and my o h = Ay|s where mp and 7y are the projections to T and Wy
respectively. Notice |S N Ag| = SN |B| and h|gn4,| is an entire rational
function. Let Aj denote SN Aj. By Proposition 1.3 there is a nonsingular
algebraic set S’ with |A}| C S and a diffeomorphism 6: S" — S with
0lj4;) = id and an entire rational function g: S = [[rcp T X [[yce W
such that g| ;| = hlja;) and g is a e-close to hof. In particular, if V" is the
component of Vi, containing S, then my- o g is an embedding. By Theorem
8.9 there is a nonsingular algebraic set V', and a rational diffeomorphism
w: Vi — Vi sothat 7 = p!
to a nonsingular S” C V. Since ho 6 is e-close to g and 7go hof is a
diffeomorphism we know that mg o g is a rational diffeomorphism. Hence

oy o g is a birational isomorphism of S’

S’ is totally algebraic by Lemma 7.2. So S” is totally algebraic also. The
embeddings S — V}, given by = — 6 (z) and z — my o g are e-close and
they agree on |Aj} | since 6(z) = my+ o ho6(z). Hence these embeddings are
isotopic rel |A}|. We may cover this isotopy with an isotopy ¥: Vi, — Vi,
t € I rel |B] so that 19 = identity and 11 o my» 0 g = 0 (z) for all z € S”.
Now define a resolution tower ' = {V/", A/ p/}? , which is isomor-
phic to T by replacing V}” with V. To be precise, let
LV =Viand V/ =V, ifi £k
ii. AY = (¢10op)" Ag and AY = A; ilfi # k.
iil. pf), = pjrorop, py; = (Y1 0p)  opy; and pj; = pj; fori £ k # j.
The diffeomorphism 1 o ju: Vi, — Vi gives an identification of o (Aj) with
o (A). Let B' = {u~'(U) | U € B} C o (A}). Let B" = B'U{S"} C
o (AY).
We claim " satisfies C' (k, B”). Condition 1) is immediate. Condition
2) follows from Lemma 7.2. To see condition 3), pick any fat submanifold
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T C V; with i < k. First suppose that T ¢ D. Then
1 _ _
|B"|p" 3, (T) = =" (| Bl N py! (1))
e 18 pir; © p| which is homotopic to the entire rational
function r7 o p|. Now suppose that T € D, so p; (S) C T. We denote

K = [B"|np";, (T) = 8" Up~t (|1B] npl (1))

so the restriction of p

Recall that p}}.|xk = pik © 11 o pf, so our first step is to homotop p}, |k to
frovioplk. On p=t (|B|Np;' (T)) we know that fr oty o p is just
the entire rational function rr o u|. Hence by Lemma 3.10 we only need to
homotop fr oy op|gr rel S”Nu~t (|B]) to an entire rational function and
we will be done showing 3). But

frovyoplsn = froromyiogort = frofor!

which is e-close to the entire rational function 77 0 go7~! and agrees with
it on S” N u~!(|B|). Hence they are homotopic rel S” N p~! (|B|) and 3)
is verified.

So we must only show condition 4). So pick any U € o(A}) — B”.
If dmU = dimVy we let Wy = U and Ay = identity. Otherwise, let
U = Y1 (U) S J(Ak) and let Wy =Wy, If S §Z U’ we let Au = Ay p.
If S c U’ then U’ € G, so the embedding S’ 2§ < U is close to /\5,17TU/g.
Hence there is an e-isotopy ¥ : U’ — U’ rel |B|NU’ so that ¢ = identity
and Y o 0 = A/ mprg. Define Ay = A\prp¥ b1 . We must now only check
condition 4b). First we will do the case when S ¢ U’. Then for x € |B’|NU,

Av (z) = Auprp () = Avrp(z) = Aol Bjnor © 1 (2)
which is an entire rational function. But since dim (S NU) < dim S” we
know that S”" NU C |B’|, so |B'|NU = |B”|NU so this case is proven.
Now suppose S C U’. For z € |B'|NU,
A () = Aoy apu () = Aprpe ()
which is an entire rational function. For x € " NU = §”,
A (&) = Aot i (x) = Aoy 0774 () = mongr ™" (2)

which is also an entire rational function. Hence by Lemma 3.10 Ay ||p/nv
is entire rational. So C (k, B”) is satisfied. o

We have already shown we may as well assume ¥ satisfies C (0, 0). By
induction and Assertion 5.4.1.1 and 5.4.1.2, we find that ¥ is isomorphic to
a tower satisfying C (n + 1,0), i.e., a quasialgebraic resolution tower.

COROLLARY 4.2. If (V,A) is a closed smooth manifold with a regular
tico such that (V,A) is full then there exists a nonsingular algebraic set
with an algebraic tico (V', A’) which is totally algebraic such that there is a
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diffeomorphism ¢: V. — V' with o* A’ = A. In fact, each fat submanifold
S of V' has H, (S,Z/2Z) generated by nonsingular algebraic subsets.



CHAPTER 6

RESOLUTION TOWER STRUCTURES ON
ALGEBRAIC SETS

In this chapter we show that any compact real algebraic set is home-
omorphic to the realization of a (real algebraic) resolution tower of type
REFUN. This homeomorphism is an isomorphism of stratified sets for
some algebraic stratification of the algebraic set. In combination with the
results in Chapter V it brings us much closer to classifying real algebraic
sets in all dimensions since we showed there that any resolution tower of
type REF'S is isomorphic to an algebraic resolution tower. Thus the only
obstruction to our classifying all real algebraic sets is the difference be-
tween type UN and type S. We presume that there is an as yet unproven
resolution of singularities theorem for rational functions which bridges this
difference. In Section 4 of Chapter VII we prove this in low dimensions.

We should mention that although we only explicitly talk about the real
algebraic case, the proof will work for complex varieties also. In particular,
the following theorem is true.

THEOREM 0.3. Any complex algebraic set is homeomorphic to the real-
ization of a (complex algebraic) resolution tower of type UNE. This home-
omorphism is an isomorphism of complex stratified sets for some algebraic
stratification of the algebraic set.

The definition of a complex resolution tower is exactly analogous to
the definition of a resolution tower, except that one uses complex manifolds
instead of smooth manifolds. We define complex ticos and tico maps below
in section 2.

EXCERCISE 0.1. Prove Theorem 0.3 while reading through this chapter.
This is a good exercise since the proof is the same as the real case except
that it is easier since some steps are unnecessary. In particular, all references
to type F' are ignored and of course one need not resort to complexifying.

1. Uzunblowups and Fullness

In Chapter II we introduced the notion of an uzunblowup, which is a
topological multiblowup which relaxes the idea of an algebraic multiblowup

181
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by allowing rational diffeomorphisms. In a similar way, we wish to extend
the notion of a tico multiblowup to an algebraic setting.

DEFINITION 1.1. We say that m: (X', A’) — (X,A) is a tico uzun-
blowup ifr= 1O+ O0Tp, T;: (XZ.AZ) — (Xifl,ﬂifl), (X, .A) = (Xo,.Ao),
(X", A") = (X,,Apn) and each m; is either a tico blowup with nonsingu-
lar algebraic center or a rational diffeomorphism. In case 7; is a rational
diffeomorphism then A; = {7, ' (A) | A€ A; 1} = 7F (Ai1).

Thus any algebraic tico multiblowup is a tico uzunblowup. Although
any tico uzunblowup is a tico multiblowup, it might not be an algebraic
tico multiblowup.

DEFINITIONS 1.2. We say that a tico uzunblowup 7 o---om, as above
is full if each blowup m; is full. We say that it is unobtrusive if each m; is
unobtrusive. We say that it is unskewed if each 7; is unskewed.

The following lemma shows that an uzunblowup of a clean submanifold
will induce an uzunblowup of the whole. This induced uzunblowup may
not be unique. However, one can show that it will be unique up to rational
diffeomorphism.

LEMMA 1.1. Let (V, A) be an algebraic tico and let W C V be a compact
nonsingular Zclosed subset of V' which intersects A cleanly. Let

Wy Br) ™ (W1, Bro1) = -+ 5 (W, Bo) = (W, W N A)
be any tico uzunblowup. Then there is a tico uzunblowup
(Vi An) & (Vae1, Ano1) = - 5 (Vo, Ag) = (V. A)

with the same centers. In other words, if W] C V; is the strict transform
of W then there are birational isomorphisms h;: W; — W/ so that

a) W/ intersects A; cleanly.
) hE(W/NA;) =B,.
) pihi = hi_1m;.
d) ho = identity.
) pi is a rational diffeomorphism if w; is a rational diffeomorphism.
) If m; is the blowup with center L; C W;_1 then p; is the blowup
with center h;—1 (L;).
Furthermore, if each m; is an algebraic tico blowup (i.e., we have an alge-
braic tico multiblowup) this lemma remains true even if W is not compact.

Proof: We may as well assume n = 1. If m; is a rational diffeomorphism,
then by Theorem 8.9, there is a rational diffeomorphism p;: V4 — V so
that W7 C Vi and py| = m. If m is a blowup with center L, just let
Vi = B(V,L) and p; = w(V,L). Then L intersects A cleanly since L
intersects W N A cleanly. Hence p; is a tico blowup so the results follow.
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PROPOSITION 1.2. Let (X, A) be an algebraic tico with X compact.
Then there is a full algebraic tico uzunblowup m: (Y,B) — (X, A) so that
(Y, B) is full. Furthermore, all the centers of m are irreducible and have
dimension less than dim X .

Proof: 'We first find a nondegenerate full tico uzunblowup p: (X', A") —
(X, A) with irreducible centers so that X’ is full. The proof that we can
do this is identical to the proof of Theorem 9.5 except that we require all
uzunblowups we construct to be full tico uzunblowups.

So we may as well assume that X is full. Let

C={AcA| (A, ANA) is not a full tico }.

If € is empty we are done, so pick C' € C. By induction on dimension, we
know that there is a nondegenerate full tico uzunblowup with irreducible
centers m: (C', &) — (C,CNA) so that (C',€&) is full. By Lemma 1.1, 7
induces a nondegenerate full tico uzunblowup 7’': (X", A”) — (X, A) with
the same centers so that ¢’ C X", € = C'NA” and 7’ |= 7. By Lemma
4.1 we know that if

C={AeA”| (A, ANA") is not a full tico }

then €’ is contained in the strict transform of € — {C}. So €' has fewer
members than € so after a finite number of steps we are done.

PROPOSITION 1.3. Let (X, A) be a full algebraic tico with X compact.
Let m: (Y,B) — (X, A) be an algebraic tico uzunblowup with centers ly-
ing over some W C X. Then there is a full algebraic tico uzunblowup
7': (Z,C) — (Y, B) with all centers irreducible and lying over 7=t (W) so
that (Z,C) is full.

Proof: We will prove this by induction on the dimension of X and the
number of B € B so that the tico (B, B N B) is not full. To start off, notice
that if (B,B N B) is full for all B € B, then Y is full by Lemma 4.2. Hence
(Y, B) is full.

Now assume (B, B N B) is not full for some B € B.

Assertion 1.3.1 There is a full tico uzunblowup «”': (B’,B’') — (B,B N B)
with irreducible centers lying over 7= (W) N B so that (B’,B’) is full.
Proof: First suppose that B is the strict transform of some A € A. Then
7|: (B,BNB) — (A, AN A) is an algebraic tico uzunblowup. The asser-
tion then follows from this Proposition by induction on dim X.

Now suppose that B is not the strict transform of some A € A. Then
7w (B) C W. By Proposition 1.2 there is a full algebraic tico uzunblowup
7" (B',B') — (B,B N B) with irreducible centers so that (B’, B') is full.
Since B C m~! (W) we know that all centers lie over 7= (W) N B = B.

=
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So take a full uzunblowup 7 as in Assertion 6.1.3.1. By Lemma 1.1
the uzunblowup 7" induces a full tico uzunblowup «”’: (Y, B"”) — (Y, B)
with irreducible centers lying over 7= (W) N B with B’ C Y’ the strict
transform of B. By Lemma 4.1 we know that B” has fewer sheets B” so
that (B”, B” N'B") is not full. So by induction we are done.

2. Complex Ticos and Complexifications

DEFINITIONS 2.1. We may define complex ticos in a way similar to
our definition of ticos. A complex tico A in a complex manifold M is a
collection of immersed complex codimension 1 proper submanifolds of M
in general position. A complex tico is reqular if all its sheets are embedded.
A complex tico is algebraic if it is regular, if M is a nonsingular complex
Zopen set and each sheet of A is a nonsingular complex Zclosed subset of
M.

DEFINITION 2.2. Let (V,A) and (W,B) be complex ticos. Then a
complex analytic function f: V — W is a complex tico map if f=1 (|B|) C
A

Let us see why this gives the local expression analogous to real tico
maps. Let C! denote {(z1,...,2,) € C" | z; = 0}. Pick z € V and pick
analytic coordinates ¢: (U,0) — (V,z) and 0: (U’,0) — (W, f (z)) with U
and U’ neighborhoods of 0 in C™ and C" so that ¢~ (|A]) = J;_, C"NU,
01 (B]) = U, CP N U, and fo (U) C §(U’). Let A;: U — C be the
i-th coordinate of = fi. Since f~!(|B|) C |A| we know that A;! (0) C
un U;Zl CJ* for i < b. Hence by Lemma 2.1 below we know that \; (2) =
H?Zl z;l” @i (2) for some analytic p; with ¢; (0) # 0. So we get the same
local expression as in the real case.

LEMMA 2.1. Let f: U — C be a complex analytic map where U is some
ball around the origin in C™. Suppose f~1(0) C Ule Cr. Then f(z) =
Hle 2 g (z) for some integers oy and some analytic g with g (0) # 0.

Proof: Pick maximal «;’s so that f(z) = Hf:o 2 g (z) for some ana-

Iytic g. If g (0) # 0 we are done. So suppose g (0) = 0. Notice g=1 (0) C
710 c Ule C™. But every irreducible component of g=! (0) must have
codimension one. Since each C7" is irreducible and g~! (0) C Ule cr,
this means that each irreducible component K of g=!(0) must be C" N
U for some ¢ < k. But then g(z) = z;h(z) for the analytic h(z) =
fol 0g/0z; (z1,...,tziy ..., ..., zn) dt which contradicts the maximality of
the o;’s.

LEMMA 2.2. Let f: V. — W be an analytic function between real ana-
lytic manifolds. Let A and B be analytic ticos in V. and W respectively (i.e.,
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they are regular ticos and each sheet is an analytic submanifold). Suppose
that complezifications exist and for some complezifications, fc: (Ve, Ac) —
(We, Be) is a complex tico map. Then f: (V,A) — (W, B) is a tico map.

Proof: 1t suffices to prove this locally. So we may assume that V and W are
open sets around the origin in R” and R™ respectively, A is {R?NV }F_| and
Bis {RPNW}_,. But then Ac is {CPNVc}r | and Be is {CPNWel_,.
Let f; denote the i-th coordinate of f. Then figl 0)cUCrnicifi<p
so Lemma 2.1 implies that fic (2) =[] z?jg (2) for some integers a; and
analytic g with ¢ (0) # 0. Plugging in z real gives us the desired result.

At some point in this chapter we will need to use Hironaka’s resolution
of singularities (Theorem 5.11) To understand his paper we must have some
understanding of schemes. What follows is a dictionary which will allow
the reader unfamiliar with schemes to translate the language in [H] to the
more accessible language of complex algebraic sets. For the purposes of this
chapter, the reader may consider an affine algebraic scheme X over R to be
a complex Zopen set X which is invariant under complex conjugation. Let
o denote the complex conjugation involution. The scheme is irreducible
if X = X' Uo(X') for some irreducible complex Zopen set X’ and it is
nonsingular if X is a nonsingular complex Zopen set. A (reduced) sub-
scheme Y of X is a complex Zclosed subset Y of X which is also invariant
under complex conjugation. A morphism f: X — Y between schemes is
an equivariant rational function, in other words a rational function whose
coefficients are real (perhaps not defined on all of X).

If D C X is a nonsingular subscheme of a scheme X then the monoidal
transformation of X with center D is just the blowup of X with center
D. A subscheme E of a nonsingular scheme X has only normal crossings
if and only if E = |A| for some complex algebraic tico A in X so that
each sheet of A is invariant under complex conjugation, i.e., each sheet is
a nonsingular subscheme. If E has only normal crossings and D C X is
a nonsingular subscheme then E has only normal crossings with D if and
only if D intersects the above A cleanly.

Notice that if an algebraic scheme over R is nonsingular and irreducible
and if X is the complex variety associated to it, then either X has no real
points or X is irreducible. This is because X = X' U o (X’) with X’
irreducible. But the intersection of two different irreducible components of
an algebraic set is always contained in the singularity set by Proposition
2.6. Hence either X' No (X’) = X' or X' No(X’') = 0. But the real
points of X are contained in the fixed point set of o which is contained in
X'No(X'). Soif X has real points we must have X' = o (X’) = X so X
is irreducible.
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If V.C R" is a real algebraic set we may associate to V an algebraic
scheme over R, namely Spec (R[z1,...,2,]/I (V)). The complex variety we
identify with this scheme turns out to be V¢, the complexification of V.

For example, let X = {(z,y) € C? | 22 + 4> + 1 = 0}. Then X is
a nonsingular irreducible complex algebraic set invariant under complex
conjugation. It represents a nonsingular scheme over R with no real points.
The scheme is Spec (R[z, y]/(z? + y? + 1)).

For another example, let X = {(z,y) € C* | (2?2 +y2)2 +1=0}
Then X is a nonsingular complex algebraic set invariant under complex
conjugation, but it is reducible. Its two components are

Xi={(z,y) €C? | 2® +y* £ V/~-1=0}.
Notice o (X4) = X_ and 0 (X_) = X. It represents an irreducible nonsin-

gular scheme over R with no real points, namely Spec (R[x, yl/{(=? + y2)2 + 1>) :

For a nonsingular scheme with real points, let X = {(x,y) € C? | 22 +
y? —1=0}. Then X is a nonsingular irreducible complex algebraic set in-
variant under complex conjugation. The scheme is Spec (R[z,y]/(z? + y* — 1)).

LEMMA 2.3. Let (X,A) be a complex algebraic tico and let W C X
be a complex Zclosed subset. Suppose that W, X and each S € A are all
invariant under complex conjugation. Then there is a complex algebraic tico
multiblowup w: (X', A") = (X, A) so that the strict transform W' of W is
nonsingular and W' intersects A’ cleanly. Furthermore, all the centers of
the multiblowup are invariant under complex conjugation, have irreducible
real points and lie over the algebraic set Z where Z = Z' U SingW and

Z' ={y € NonsingW | W does not intersect A cleanly neary }.

Proof: This is just an interpretation of Hironaka’s resolution theorem in
[H]. First of all we may as well assume that X is either irreducible or the
disjoint union of an irreducible algebraic set and its complex conjugate.
Now think of X as being a nonsingular irreducible algebraic scheme over R.
Think of W, Z and the sheets of A as being reduced subschemes. Then in
the terminology of [H], ((JA|;; W), W — Z) is a resolution datum of type
fRIIV’" with open restriction on X, where N = dim¢c X and n = dim¢c W. By
Theorem I2N ™ of [H] there is a finite succession of monoidal transformations
f=Afi: Xiz1 = X;}, 0 <i < m and Xy = X which is permissible for
((JA];; W), W — Z) such that f* ((JA|;; W)) is resolved everywhere. Let
B; be the center of f; and let R; = ((Ey;; W;),U;) for 0 < i < m be the
resolution data on X; which is the transform of ((|Al;; W), W — Z). Since
f is permissible we know that each B; is irreducible and nonsingular, F;
has only normal crossings with B; and B; D W; — U;. By definition of
the transform in [H] we know that Ey = |A|, Wo = W, Uy = W — Z,
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Eiy1 = 7Y (E;UB;) = 71 (B;) U the strict transform of E;. Also Wiy
is the strict transform of W; and U;y1 = f;* (U;). Since f* ((|A];;W)) =
(Em;; W) is resolved everywhere we know that W, is nonsingular and
E,, has only normal crossings with W,,. Since U; 41 = fi_1 (U;) for all i we
know that each center B; lies over Z.

We claim that f actually gives a complex tico multiblowup and if A;
is the tico in X; which is the total transform of A, then |A;| = E;. This is
because |A1‘+1| = fi_l (‘Al| @] Bl) = fi_l (El U Bz) = Ei+1 if |'Az| = El and
fi is a tico blowup since F; has only normal crossings with B;, hence B;
intersects A; cleanly.

LEMMA 2.4. Let m: (X', A") = (X¢,Ac) be a complez algebraic tico
multiblowup of a complezification of a real algebraic tico (X, A). Suppose
that the centers are all invariant under complex conjugation. Then there is
a real algebraic tico multiblowup p: (X", A") = (X, A) so that (X", A"”)
is the real points of (X',.A") and the centers of p are the real points of the
centers of .

Proof: Depending on ones point of view, this result is either tautological
or easy. Our official point of view for this book is that real algebraic sets are
all affine. This simplifies things and keeps the results on a concrete, down
to earth level. However, as we pointed out in Chapter II, we cannot do the
same with complex algebraic sets because the blowup of an affine complex
algebraic set is not affine. However, if we replace all the blowups in the
multiblowup 7 with the semiblowups of Chapter II we get this lemma.

From Lemma 2.3 we can derive the following consequence for real al-
gebraic sets.

LEMMA 2.5. Let (X,A) be an algebraic tico and suppose W C X is a
Zclosed subset. Then there is an algebraic tico multiblowup 7: (Y, B) —
(X, A) whose centers are irreducible and lie over W so that 7=+ (W) = |B/|
for some B’ C B.

Proof: First consider the real case. Let (X¢, Ac) be a complexification of
(X, A). Let W C X¢ be the complexification of W. By Lemma 2.3 there is
an equivariant complex algebraic tico multiblowup 7": (X', A’) — (X¢,Ac)
so that the centers all lie over W and have irreducible real points and so
that the strict transform W' of W¢ is nonsingular and intersects A’ cleanly.
By Lemma 2.4 this induces a real tico multiblowup 7”: (X", A") — (X, A)
with all centers irreducible and lying over W so that the strict transform
W' of W is nonsingular and intersects A" cleanly. Note that 7= (W) =
W’ U |B"| for some B” C A" since 7~1(W) contains the strict transform
of the inverse image of all centers of the multiblowup. In particular, B =
A" — { strict transforms of A € A}. Let (Y,B) — (X", A”) be the tico
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multiblowup which blows up the irreducible components of W one by one.
Then the composition (Y, B) — (X", A”) — (X, A) satisfies the conclusions
of our lemma.

The complex version is done similarly only of course it is not necessary
to complexify.

LEMMA 2.6. Suppose f:V — W is an entire rational function be-
tween two nonsingular real algebraic sets and suppose A and B are algebraic
ticos in V and W respectively. Then there is an algebraic tico multiblowup
m: V' = V with irreducible centers so that if A’ is the total transform of A
then fm: (V',A") — (W, B) is a tico map.

Furthermore, if Z CV is a closed subset so that the restriction

fl: V=2,(V-2Z)nA)— (W,B)
s a tico map then we may assume the centers of  all lie over Z.

Proof: Let (V¢, Ac) be a complexification of (V, A) and let (W¢, B¢) be a
complexification of (W, B). Let fc be the complexification of f. Then after
perhaps shrinking V¢ a bit we may assume that fc: Vo — W is defined
on all of V¢. Let Y C Ve be the Zariski closure of f5' (|B¢|) — [Ac/.
Assertion 2.6.1 f is locally a tico map aty € V ifand only ify € V =Y.
In particular, Z contains the real points of Y.

Proof: Notice that
fel: (Ve =Y, (Ve = Y) N Ac) = (We, Be)
is a complex tico map since
Jet (BN (Ve = Y) € JAcl-
Hence by Lemma 2.2,
fle (V=Y (V-Y)nA) = (W,B)

is a real tico map. So one direction is proven. Now suppose f is locally a
tico map at y € V. Pick integers a and b and pick polynomials p;: V — R,
i=1,...,aand ¢;: W = R, i=1,...,bso that |[A|NU = ., p; ' (0)NU
and |B|NU' = U?Zl q; 1 (0) N U’ for some neighborhood U of y in V and
U’ of f(y) in W and so that (p1,...,ps) =V — R® has rank a at y and
(q1,...,q5) : W — R® has rank b at f (y). After shrinking U a bit, we know
from the fact that f|y is a tico map that ¢; f (z) = H?Zl p; ()7 1 (x) for
some nonzero smooth functions r;: U — R—0. By repeated applications of
Proposition 2.11 we see that r; is an entire rational function, and U may be
taken to be Zariski open. Notice that g;cfc (z) = [[j_; pjc ()™ ric ()
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and r;c (y) # 0. Hence
a
U0 f (1Bel) c U n [ pye (0) € U7 N JAc]
j=1

for some Zariski open neighborhood U” of y in Vz. So Y C Ve — U” so
yeV -Y. ]

By Lemma 2.3 there is an equivariant complex algebraic tico multi-
blowup «': (V’,A") — (Vg,Ac) so that all centers lie over Y and have
irreducible real points, the strict transform Y of Y is nonsingular and
Y" intersects A" cleanly. After further blowups with centers the irre-
ducible components of Y we may as well assume that Y is empty. Let
m: (V/,A") = (V,A) be the corresponding real algebraic tico multiblowup
obtained from Lemma 2.4. Its centers lie over the real points of Y, hence
over Z. Also V" is a complexification of V', A” minus the complexification
Ag of A’ is a collection of sheets with no real points and 7’ is the complex-
ification of . Notice that W’_lf(c_l (IBe|) € #'~' (Y U |Ac|) = |A”|. Hence
fer's (V" A" — (We,Be) is a complex tico map, so fx: (V/,A) —
(W, B) is a tico map by Lemma 2.2.

PROPOSITION 2.7. Let f: X — Y be an entire rational function be-
tween real Zopen sets X and Y. Suppose X is nonsingular and A is an
algebraic tico in X. Let m: Y' — Y be an uzunblowup with centers lying
over Z CY.

Then there is a tico uzunblowup p: X' — X and an entire rational
function g: X' — Y’ so that mg = fu and all the centers of u are irre-
ducible and lie over f=1(Z). Furthermore, if Y’ is nonsingular and D’ is
an algebraic tico in' Y with w (|D’]) C Z we may guarantee that g is a tico
map.

Proof: We will prove only the first part. The second part, that g can be
taken to be a tico map, will then follow from Lemma 2.6.

It suffices to consider the case where 7 is a single rational diffeomor-
phism or blowup. If 7 is a rational diffeomorphism then Y must be non-
singular so we may just take the pullback.

X 4y
v I
x 4y

More explicitly, X’ = {(z,y) € X xY' | 7w (y) = f(2) }, g(z,y) = y and
1 (z,y) = z. Then p is a rational diffeomorphism, ! (z) = (z, 771 f (z)).

If 7w is a blowup, this Lemma follows from Chapter 0, Section 5 of
[H] using the same translation between schemes and real algebraic sets
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we used in Lemma 2.3. It is amusing to note that we can also prove this
using Proposition 3.9 and resolution of singularities. Suppose the center
of mis L and J(L) = (hy,...,h,). Think of X as a scheme over R or
equivalently, take its complexification and do everything equivariantly. By a
Sard’s theorem argument, there is a linear transformation A: R™ — R" and
an algebraic tico Cin X — f~1(L) so that |A|—f~1(L) C |C] and so f": (X —
fYL),C) — (R", &) is a tico map where f' = A(hyof,...,hyof)and € =
{RI'}™ ;. By Lemma 2.5, we may assume after doing a tico multiblowup
of the tico (X, A) that f~1(L) is a tico. After further multiblowups with
centers lying over f~1(L), we may assume that € extends to a tico on X.
But now Proposition 3.9 says that after further multiblowups, the map
f lifts. A more careful argument could show that in fact the centers of
blowups not only lie over f~1(L), but lie over the set of points at which
f*(I(L)) is not locally principal. Of course the the proof of resolution of
singularities in [H] is entwined with the proof that such lifts exist, so strictly
speaking this proof is circular. But there are other proofs of resolution of
singularities, c.f., [BM].

ProrosITION 2.8. Let X and Y be real Zopen sets. Suppose X is
nonsingular and A is an algebraic tico in X. Let f: |B| — Y be an entire
rational function for some B C A. Suppose \: Y' — Y is an uzunblowup
with centers lying over some Z C'Y and suppose W C X is a Zclosed subset
containing f =1 (Z). Then there is a tico uzunblowup : (X', A’) — (X,A)
and an entire rational function h: |B'| — Y’ where B’ is the strict transform
of B so that
The centers of m are all irreducible and lie over W.

Ah = fr.
7L (W) = |€] for some algebraic tico & C A,
IfY' is nonsingular and D is an algebraic tico in Y with A (|]D]) C

a
b

o

)
)
)
d)

Z then h is a mico.

e) If (X,A) is full, then (X', A") is full also.

Proof: Suppose that for some € C B (possibly empty) there is an entire
rational function g: |€| — Y’ so that A\g = f|. Furthermore, if the condi-
tions of d) are met, then suppose g|: (.7 N (A —B)) — (Y',D) is a tico
map for all T € C. If € # B, pick any S € B — €. By Proposition 2.7 we
know there is an algebraic tico uzunblowup p: (S’, &) — (5,5 N A) and an
entire rational function r: S — Y’ so that the centers of u are irreducible
and lie over SNW, so that \r = fu and so that if the conditions of d) hold,
r: (8,&) — (Y',D) is a tico map. Let & C &' be the strict transform
of SN B. For reasons which will become apparent later, we would like to
have p (L") ¢ W for each irreducible component L’ of each sheet L € £”.
This is easy to arrange after further blowups since if p (L) C W we may
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just blow up S’ with center L’. Since L’ has codimension one, this blowup
map is just the identity. However, the strict transform of L is L — L’ so
we have improved matters. So we may as well assume that pu (L") ¢ W for
each irreducible component of L’ of each sheet L € &”. The reader may
well be puzzled as to why we bother to blow up L’ since the blowup map is
just the identity. The reason is that we will eventually extend the blowup
to all of X, then this blowup will become meaningful.

Assertion 2.8.1 Let K be the strict transform of SN |€|. Then r|x =
gk

Proof: Pick any x € K. Then x € L for some strict transform L of a sheet
of SNE. Let L' be the irreducible component of L which contains x. Since
w(L') ¢ W we know dim (p=! (W)NL') < dim L' by Lemma 2.9. So we
may take 2’ € L' — pu~t (W) with 2 close to . But fu(z') € Z, hence
A~1fu (2") has just one point so r (2') = gu (2') since M (z') = fu(2') =
Agp (). So r(x) = gu (z) by continuity. o

By Lemma 1.1 we have an extension p: (X", A”) = (X, A) of u to a
tico uzunblowup with the same centers so S’ C X" and & = S’N.A". Note
then that if ¢’ C A” is the strict transform of € then S’ N|C¢’| = K. By
Lemma 3.11 there is an entire rational function ¢': S’ U || — Y’ so that
g'lsr = r and ¢'|je/; = gu|. But then \g" = fpu.

Assertion 2.8.2 If the conditions of d) are satisfied then for T' = S’ and
forall ' e C, ¢ (T, T'"N (A" —=B")) = (Y',D) is a tico map where B"
is the strict transform of B.

Proof: Take T" € €’ which is the strict transform of some T' € €. We know
that the restriction g|: (7,7 N (A —B)) = (Y',D) is a tico map. But then
g (T, T'n(A" = B") = (Y',D) is a tico map by Lemmas 2.4 and 3.4.
So now consider T/ = S’. We know that ¢'| = r: (5,9’ N A") — (Y, D)
is a tico map since & = S’ N A”. Take any irreducible component L’ of
any sheet L € & = 8" NnB". If r (L") C |D| then fu (L) = M (L") C
A|D)) € Zsou(L') C f~1(Z) c W, a contradiction. So r (L’) ¢ |D|, so
dim (L’ nr~'(|D])) < dim L by Lemma 2.9. Hence v~ (|D|) C |&’ — &”
sor: (8,8 —&") = (Y, D) is a tico map by Lemma 2.5. But & — &" =
S'n (A" —B"). o

So after replacing (X, A) by (X", A”), f by fu, W by u=* (W), B by
B” g by ¢’ and € by €' U {S’} we see we have enlarged C. Hence we may
as well assume that ¢ = B. By Lemma 2.5 we may as well assume that
W is the realization of an algebraic tico € C A. By Proposition 1.3, if our
original (X, A) was full we can blow up further so that (X', A’) will be full.
So we have proven a), b), ¢) and e). But d) follows from Lemma 7.1.



192 6. TOWERS FOR ALGEBRAIC SETS

3. Extending Algebraic Resolution Towers

DEFINITION 3.1. An wuzunblowup of an algebraic resolution tower T =
{Vi, A, pi}s is an algebraic resolution tower ¥ = {V/, A}, p;}s and an un-
obtrusive, unskewed tico uzunblowup m;: (V/, A}) — (Vi, A;) for each i € J
so that the uzunblowups m; are compatible with the maps in p; and pl.
More precisely, .A;-i is the tower transform of Aj; and ij}i () = pjim; (x)
for all x € |A’;[.

In other words, by forgetting the algebraic structure the uzunblowups
m; become multiblowups and we ask that {m;} be a multiblowup of ¥.

We first show that an uzunblowup of part of a resolution tower can be
extended to the whole tower.

PROPOSITION 3.1. Let T be an algebraic resolution tower and let {m;}g:: T —
T[T'] be an uzunblowup of the truncation T[I'] for some lower index subset
I C J. Then there is an uzunblowup {m;}s: ¥’ — T so that T"[7] = ¥
and 7} = m; for all i € I'. Furthermore, if the centers of each m; lie over
some Z; C V; for all i € I’ then the centers of each w. lie over Z] where
Zl=Z;N|A| for alli €3 and Z] = Uj<ip;i1(Z§) if i € 3—=7". Addition-
ally, if € and ' are both type F, we may may require that T’ have type F
also.
Proof: Let ¥ = {V;, Ai,p;}s and T = {V/ A}, pi}g,. Tt suffices to prove the
case ' = J — {n} for some maximal index n € J. By repeated applications
of Proposition 2.8 (with B := Aj,, Y :=V;, f :=pjn, and Y’ :=V/ for j <
n), there is a tico uzunblowup 7,: (V.,Al) = (Va,A,) with unobtrusive
unskewed centers so that if .A;n is the tower transform of A, then there are
nl = V] sothat m;p}, = pinmal, 0 < j<n
and so that the centers lie over Z/,. By Proposition 2.8e or 1.3 we may also
assume that (V!  Al) is full if (V,,A,,) is full. Now the Proposition follows
from Lemma 2.3, setting V" = V//, A7, = A; and pfj; = p}; for j <i <n.

entire rational functions p’,, : |A

LEMMA 3.2. Let ¥ = {V;, A;,pi}g be a compact algebraic resolution
tower and suppose that for each i € J we have a subtico B; C A; and an
entire rational function q;: |B;| = Y to some algebraic setY . Suppose also
that the maps q; are compatible with each other. In other words, ¢;p;; (z) =
qi (x) for all x € |Bs| N py,' (IB;]) if j < i

|Bi]
a N
Py (1B5]) N |By] Y
pji\‘ /}]j
| B
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Let Z CY and Z; C |Ai| be algebraic sets so that Z; O q; * (Z) for alli € J
and Z; D pj_i1 (Z;) for all j <i. Suppose \: Y' =Y is an uzunblowup with
centers lying over Z. Then there is an uzunblowup {m;}5: T — ¥ so that:
a) The centers of m; all lie over Z;.
b) Let B} be the strict transform B;. Then there are entire rational
functions h;: |Bi| — Y so that A\h; = q;m;).
¢) Each 7; ' (Z;) is the realization of an algebraic tico €;.
d) IfY' is nonsingular and D is an algebraic tico in Y with X (]D]) D
Z then each h; is a mico.
e) If T has type F then T’ also has type F.

&l = Vo« B %y
J b i I
Zi = Vi o« B v
U @] U
g " (2) = 'z — Z

Proof: Let n be a maximal index in J and let 7* = J — {n}. By induction
on the size of J, there is an uzunblowup {7} }g«: T — T[J*] satisfying a)-e).
By Proposition 3.1 we may extend this to an uzunblowup {n}'}5: ¥’ - %
so that T'[J*] = T*, 7/ = «} for all ¢ € J* and the centers of «/! lie over
Uicn Pin (Zi) C Z,. Let BY and A! be the strict transforms of B,, and
Ay, over /. By Proposition 2.8 there is a tico uzunblowup =, : (V,), Al) —
(V7 A”) and an entire rational function h,: |B!| — Y’ where B/ is the
strict transform of B! so that a)-e) hold. Let (V/,A}) = (V/, AY) and
7, = the identity for ¢ # n. Then by Lemma 2.3, {n}}s: ¥ — T" is an
uzunblowup, so setting m; = 7w} o 7w, we are done.

The following does two things, it lifts a rational tower morphism to a
blowup and makes it a tico tower morphism as well.

PROPOSITION 3.3. Let m: T — ¥ be an uzunblowup of algebraic reso-
lution towers and let f: T — T be a rational tower morphism of algebraic
resolution towers. Then there is an uzunblowup p: " — T and a rational
tico tower morphism g: " — ¥’ so that the following commutes.

i £> 1Y
1w 1
v 5o

Proof: Let T ={V;, A, pi}g, let T = {V/ A,
Let n € J be a maximal index. Let a: 7 — J be the index map for f and
let J =J—{n} and J” = a~1(J). By induction we may assume there
is an uzunblowup p': T — ¥”[J”] and a rational tico tower morphism

g T = ¥'[J] so that g’ = fu’. By Proposition 3.1 we may assume there

,pi}s andlet T = {V}", A7, p{ }or.

3
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is an uzunblowup p’: T* — T so that T = T**[J"] and ' = " |z~. Let
T =V AT P b

Let 7, : V;, = V,, be the blowup given by m. Then the centers of 7, lie
over |A,| since 7, is unobtrusive.

If (i) = n, let fip!: V** — V,, be the map given by fu’: T —
%. Then by Proposition 2.8, there is a tico uzunblowup A;: (V/”, A}") —
(V*, A¥*) and an entire rational tico map g;: (V/", A}") — (V,Al) so
that m,g; = fip!/ A and all the centers of \; are irreducible and lie over
(i)™  (|An]). But £ (lA,]) = |AZ] since f is a tower morphism and

w'y . (lAZ]) = |A7*| by Lemma 2.1. So (fip/)”" (JAn]) = |AF*| and so the

Centers of \; lie over |A}*|, hence the centers are unobtrusive. But the
centers are also unskewed by Lemma 3.3. Also, since « is order preserving,
if a(i) = n then 7 is maximal in J”. Hence the \; induce an uzunblowup
{Ni}gr: " — T where T"[J"] = T**[F"] = T* and \; = identity for
a(i) # n. Define g: " — T’ by gle+ = ¢’ and let g;: V"' — V! be as
above if a(i) = n. Then ¢ is a tico tower morphism by Lemma 2.4. So
letting pu = {\;}g o p’" we are done.

4. Resolution Towers for Algebraic Sets

DEFINITION 4.1. A partial resolution of an algebraic set X is a nested
collection of algebraic subsets X,,, C X;+1 C --- C X,, = X, proper entire
rational functions ¢;: V; — X; for i = m +1,...,n and a resolution tower
{Vi, Ai, pi Y1, so that:

1) dimX;_; <dimX; for m+1<i<n.
i—1 O Sing X; form+1<i<n.
¢t (X)) = Up<j Vii form < j <i <n.
quﬂfqzh/ form+1<j<i<n.
il: Vi— A = X; — X1 is a diffeomorphism for m+1 < i < n.

2
3
4
5
We call n —m the height of the partial resolution.

) X
)
)
) 4

Notice that the maps ¢; induce a homeomorphism from the realization
of the tower minus V,,, to X — X,,,. The stratification of the realization
corresponds to the stratification of X — X,,, with strata X; — X;_y. This
indicates the source of the term partial resolution since it resolves X — X,,.

Any real algebraic set has a partial resolution, for example, with n = m,
X = X,, and V,,, = a point.

PROPOSITION 4.1. Suppose T = {V;, As,pi}i ., ;2 Vi = X4, i >m is
a partial resolution of X with height n — m and X is compact. Then there
s a partial resolution of X with height n —m + 1.

Furthermore, if T is of type F, M or U (or any combination), we may
suppose the new partial resolution is of type F, M or U also.
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Proof: We may assume, by collapsing V,, to a point, that dim V,,, = 0 and
A, = 0. Tt is easy to see that T still remains a resolution tower and it is
still of type F, M or U if it was originally so.

By [H] and Theorem 9.5 there is an uzunblowup ¢': X/, — X, so that
all of its centers have dimension less than dim X, and X/, is nonsingular
and full. Let A be the union of the projection of the centers of ¢’ to
X,,. Then A is a semialgebraic set of dimension less than dim X,,. Also
A D Sing X,,, since X/, is nonsingular. Let A; be the union of the critical
values of ¢;|: S — q{l (Sing X,,,) — X,,, — Sing X, for all strata S of the
tico stratification of V; with S C V,,;. Then each A; is a semialgebraic set
and dim A; < dim X,,, by Sard’s theorem.

Let X,,—1 be the Zariski closure of AU(J
dim X,,, and X,,_1 D Sing X,,.

By Lemma 2.5 and Proposition 1.3 (applied with A empty) there is an
uzunblowup ¢”: X/, — X! with centers lying over ¢’ (Xm_1) so that
¢ g (X puo1) = |AY| where (X7, A”) is a full algebraic tico. Let
g: X' — X, be ¢'g”.

Notice that

pj_ilqj_l (X’H'L—l) - iji N ql‘_l (X’"L—l) - Qi_l (Xm—l) .

Hence by Lemma 3.2 (with Z; := qi_1 (Xm-1), Z :=Xpm1, Y =X, Y :=
X/, B;:=Am; and ¢; := g;|v,,,) there is an uzunblowup {m;}", : ¥ — %
with T = {V/, A}, p,}1_,. so that the centers of each 7; lie over ¢; ! (X,n_1),
7 g (Xm—1) = |€i] for some &; C A} and there are entire rational micos
hi: |Bl| — X/ so that gh; = ¢;m;| for i = m + 1,...,n where B is the

strict transform of A,,; for i = m + 1,...,n. Furthermore, ¥’ is of type F
if ¥ is of type F.

A;. Then dim X,,,_1 <

n
i=m-+1

&l o Ve B s X =
dmi 4 dg
Il Vi e Ml X,
@] @]
(Ii_l (mel) = Qi_l (mel) — Xm
Let V// =V/ fori=m+1,...,n,let V! = X/ and V,/_, = a point.

Let A = Al form+1<i<mn, letA;v’iz.A;i form+1<j<i<mnand
let AV . =&;. Let Al . = A" . —&; for m+1 <i<n. (Recall that by
convention, A, is the tower transform of Aj;). We have already defined
Ay = A, above, recall |A7 | = g7 (Xom_1).

Notice B; D Ay ;. Define p7;: [A%| — V]’ as follows. If j > m + 1
let pf;, = ply. If j = m, pj,; = hi|. 1If j = m—1, p;,_,; is the unique
map to V,;_; = a point. Let pj = {p;} Define ¢/: V! — X, for

i=m—1"
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i=m,...,nby ¢/ =qgm ifi>m+1and ¢ =g. Then we claim that
S ={V/" Al Y 1, ¢ V! = X;,i=m,...,nis a partial resolution
of X.

First we must show that T" is a resolution tower. Let us prove condition
L

Assertion 4.1.1 p;.’i (V;’z’ n Vk’;) - Vk’; form—-1<k<j<i<n.
Proof: Since ¥’ is a resolution tower, we know this for k& > m.

If t=m —1and j > m then

g5 (Vi N Vo1 3) = gpjimi (Vi NV _14)
- q;Pji (‘/]z n Qi_l (Xm—l)) =g (ij N Qi_l (Xm—l)) - Xm—l-

Sopfi (ViinVy_ ;) C 7T]'_1Qj_1 (Xm—1) =Vi_1;

If k=m—1and j =m then gpl,, = ¢;m| so

9Pmi Veni OVVin—13) = aimi (Vi 0V _13) € @imi (V—13) € X1
S0 prn; (anéz N #—1,2‘) Cg ' (Xm1) = —1,m

If kK = m then

q]'ﬂ'jp;'/z' (‘/]/z, n Vrlrii - 7;1—11') = q;jP;jiT; (Vglz, n Vrlr:i - 711—11:)
Cq;pji (ViiNVini — ¢ (Xm=1)) = @ (Vi O Vini — ¢; " (Xim—1))
Cq; (le N sz) —Xm—1 C Xy — X1

Hence p; (V;’l/ NVy, —Vr )NV . isempty. But V., C V] so

m—1,% —17
P;/i (‘/]/7{ N Vn/;z) - P;n' (Vg/z N Vrlrn) - Vr;zj = Vf/r{j U Vr/r;—lj
So by continuity, pf; (Vi NV,) C V.. a]

Let us now prove condition III.
Assertion 4.1.2 ' (Uey Vi) = ViN (Uper Vi) ifm <0< j < i <
n
Proof: If £ > m then
-1 -1
P"ji (U Vi) = v (U Vi) =Vin (U Vi) =Vjin (U Vii)-
k<t k<t k<t k<t
If j > £ = m then
-1 -1 1 11—
p,/ji ( U Vk/;) :p”ji T 1%’ ! (Xm—1) = lez/ nm; 1pji1q]‘ ! (Xm-1)
k<m
=Vinm e (X)) =Vin U Vi
k<m
If j = ¢ =m then
P i (U Vi) = Vi b g™ (Xm)

k<m
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= Vi N (Xmen) = V0 U W
k<m
o
Assertion 4.1.3 pyp7; (z) = py; (z) for all x € VN Vi, m—1 <k <

j<i<n.
Proof: This is trivial if & # m so assume k = m. Suppose z € Vi NV, —
V) ;. Then pmjpﬂ (z) = hjp;-l- (x) and p}; () = h; (x). But
gh;p}; (x) = qmpl; (x) = qipjimi (x) = qims (x) = ghi (x) .
Also
ghi (z) = qimi (z) € ¢ (Vii NV Vi — ¢ (Xin—1)) € Xom — X1

and g is one to one on X, — g~ (Xp-1) so h;p); (x) = h;(z). Hence
p;’ljp;.’i =pl.| on VJ’{ NV by continuity. o

So T is a resolution tower. To see that it gives a partial resolution, we
have already shown that X,, 1 D Sing X, and dim X,,,_1 < dim X,,,. But

qg’_l (X;) = = 'g (X)) =77 U Vii) = U Viif > m.
k<j kE<j
~1 1 e .
@ (X)) = w7 X)) =V if j=m—1 and m <i.
-1 _ e .
' Xpme1) = g X)) =V, if j=m—1 and i=m.

It is trivial that ¢7p}; = ¢j'| for m < j < i < n. So we have a partial
resolution of X since:

Assertion 4.1.4 Fori > m, ¢/|: V! — |AY| — X; — X;_1 is a diffeomor-
phism.

Proof: For i > m+ 1, ¢/'| is the composition of m;|: V" — |[AY| = V; — |A4]
(which is a diffeomorphism since the centers of m; lie over g, Y Xpmo1) ©

|A;]) and ¢;|: V; —|A;| = X; — X;—1 which is a diffeomorphism by assump-
tion. Hence q;’ | is a diffecomorphism. Likewise ¢/, | is the map g|: X/ —
91 (X;n_1) = X — X1 which is a diffeomorphism since the centers of
g lie over X,,_1. O

Assertion 4.1.5 If ¥ is of type M, then T if of type M also.

Proof: Proposition 2.7 implies that ¥’ has type M. So we know that
P Vii — V]’ is a mico for j > m + 1 since it is just pj,;: Vj; — V. But

it V,Zz V” is a mico since it is a restriction of the mico h;: |B;| — X .
So € is of type M. O

Assertion 4.1.6 If T is of type F, then T" if of type F also.

Proof: If ¥ is of type F, we know that ¥’ is of type F', hence (V/', A}) is
full for all ¢ > m + 1. But (V,/, A" ) = (X, A)) which is full. Also V,_,
is a point which is full. Hence T" is of type F. m
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Assertion 4.1.7 If ¥ is of type U, then T if of type U also.

Proof: We claim that T’ has type U also. To see this, note that the centers
of m; lie over q[l (Xm-1) and q[l (Xpm—1) C q[l (Xom) = Vini. Hence for
Jj > m any stratum S of V; =, _; V4; is mapped diffeomorphically by m; to
a stratum of Vj; — Uk<j Vi which is submersed by pj;; to V; —|A;| which is
mapped diffeomorphically to V/—[A%| by 71';1. Since p;|s = F;lpjiﬂ'i|5 this
means that p’; submerses . But if 7" is any stratum of V;, p;,,;|: T — V,
is certainly a submersion since dimV;, = 0.

So to show that T” has type U we only need to show that p/.|: V./!. —
Vi—1i = Vo=V —im
But g|: X! — g7 (X;ns1) = Xm — X1 is a diffeomorphism so we only
need to show that gpl'.| = ghi|: V!, = V" . — X, — X;m—1 submerses

each stratum. But gh;| = q;m;| and m;|: V2, = V" 10— Vi — ¢ (Xyn—1)

m—17

= X! —g~1 (X,,_1) is a submersion on each stratum.

is a diffeomorphism on each stratum so that result follows from the fact
that ¢;: Vi — qi_1 (Xim—1) = X;n — X,n—1 submerses each stratum.

THEOREM 4.2. Let X be a real algebraic set. Then there is an (alge-
braic) resolution tower ¥ of type UNE so that || is homeomorphic to X,
in fact the stratification of |%| corresponds to an algebraic stratification of
X, i.e., one for which all skeleta are Zclosed subsets. Furthermore, ¥ can
be type F if X is compact.

Proof: By Proposition 2.7 and Theorem 2.8 it suffices to find T of type
FUM with |Z| = X since we may then find a multiblowup ¥’ of T so
that ¥’ has type FUNE. But |T| = |¥'| since all the multiblowups are
unobtrusive.

If X is noncompact we may find by Lemma 6.2 an algebraic set Y
homeomorphic to the one point compactification of X. Suppose we can find
a resolution tower T = {V;, A;,p;}s of type UNE and a homeomorphism
h:|%] - Y. Let x € Y be such that Y — z is homeomorphic to X. Let
gi: Vi — |%| be the canonical quotient map. Let V/ = V; — g7 'h™! (2),
let A = V/ N A, and let p} be the collection of the restrictions of p;; to
ViiNV/. Then T = {V/, A}, pl}5 is a resolution tower of type UNE and
T =|Z| - h7t(z) = X.

Actually with a bit of work, one can get T’ to be type F' also, but it
does not seem worth it in the noncompact case.

So it suffices to consider the case where X is compact. Pick any n >
dim X. Now X has a trivial partial resolution of height 0, T/ = {V,”, 0,0}
with V” = a point. Notice " has type FUM. But then repeated ap-
plications of Proposition 4.1 show that X must have a partial resolution
T = {V;/,A;,p;}?:o, XoCcXiC---C X=X, q: V;»/ - X, i=1,...,n
where T has type FUM. But since n > dim X and dim Xy < dim X —n we
must have X, empty. But then ¢; ' (Xo) = |AL;| = Vg, is empty for all 4.
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Let V; = V/ for i > 0. Let A; = A} and p; = p,. Then T = {V;, A;,pi}1, is
a resolution tower of type FUM and the maps ¢; induce a homeomorphism
from |%| to X.






CHAPTER 7

THE CHARACTERIZATION OF THREE
DIMENSIONAL ALGEBRAIC SETS

In this chapter we give a simple method for determining whether a 3 -
dimensional stratified set is homeomorphic to a real algebraic set. We also
give a method for determining whether 3 - dimensional stratified sets are
isomorphic to the singular stratification of a real algebraic set.

In contrast to the rest of this book, we will be interested in the case
where resolution towers have boundary.

DEFINITIONS 0.2. We will call a resolution tower closed if it is compact
without boundary. Let TR, and AR,, be the closed m-dimensional towers
in TRy and ARpps respectively. A TR structure T on a stratified set X
is a T € TRy such that X is isomorphic to the realization |T|. We call a
stratified set a TR space if it has a TR structure.

DEFINITIONS 0.3. Define an Euler space to be a topological space such
that each point has a neighborhood homeomorphic to the cone on a compact
set with even Euler characteristic. We define an Fuler polyhedron to be a
polyhedron X so that X and each skeleton of X is an Euler space. An Euler
stratified set is a locally conelike stratified set X so that X and all skeleta
of X are Euler spaces. An Fuler Thom stratified set is a Thom stratified
set X so that X and all skeleta of X are Euler spaces.

EXCERCISE 0.1. Show that a polyhedron or locally conelike stratified
set is an Euler space if the link of each simplex or stratum has even Euler
characteristic.

EXCERCISE 0.2. Show that a TR space is an Euler Thom stratified set.

It is well known that algebraic sets are triangulable stratified sets [L2].
In fact any algebraic stratification is an Euler stratified set [Sul]. Fur-
thermore, any algebraic stratification can be refined to satisfy the Whitney
conditions and it will then be a Euler Thom stratified set, [Wa], [GWPL].

201
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Real algebraic sets of dimension < 2 are easily classified by these struc-
tures [AK4], [AK6] and [BD2] in fact up to homeomorphism:

Compact real algebraic _ Compact TR spaces
sets of dimension < 2 - of dimension < 2

_ Compact triangulable Euler
- spaces of dimension < 2

The goal of this chapter is to generalize this theorem to dimension 3.
However this does not generalize directly. This is because dimension 3 is
the first dimension where there are exotic Euler spaces; that is there are 3-
dimensional Euler spaces which cannot be homeomorphic to real algebraic
sets. So we encounter new topological invariants of algebraic sets in this
dimension. To be more specific let X be a triangulable 3-dimensional Euler
space and X, be the set of vertices of some triangulation of X. Then
for each © € Xy there are four invariants 6;(x) € Z/2Z so that up to
homeomorphism ([AK17]):

Compact real algebraic | _ [ Compact TR spaces
sets of dimension 3 B of dimension 3

_ | Compact 3 dimensional triangulable Euler spaces X

- { so that 6; () =0 for allz € Xy and i=0,1,2,3 }
In the notation of section 1 below, 8;(x) is the Euler characteristic of the
link of z in Z;(X).

These obstructions can be obtained by other means, see [CK]. This
paper [CK] also has other interesting results, for example that if V. C X
are Zopen sets and V is irreducible, then there is a proper Zclosed subset
Y C V so that the mod 4 Euler characteristic of the link of V' —Y in X is
constant.

EXCERCISE 0.3. Prove this result using resolution towers. Hint: use
Propositions 3.2 and 3.4 and Theorem 4.2.

The argument in Chapter VI can be used to show that if X is an
analytic set of dimension < 4 and z € X then there is a neighborhood U
of x in X which has a TR structure. Hence the local conditions 6; = 0 are
met, so we have the following:

COROLLARY 0.3. Every compact real analytic set of dimension less than
four is homeomorphic to a real algebraic set.

The next question to ask is whether we can get a classification of the
singular stratifications of algebraic sets up to stratified set isomorphism, not
just homeomorphism. Here we must be careful, since the process of finding
a resolution tower for an algebraic set involved refining the stratification.
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If we do not allow such refinement, we will give an example which shows
that at the moment this is not a reasonable problem in general dimensions.

Take any polynomial p: R¥ — R and define a polynomial map ap: R? x
R* — R by a,(z,y,2) = zy(x — y)(x — p(2)y). Let

Vo ={(u,v,2,9,2) eRr? XRk|u2+U4—vzap(x,y,z) =0}.

Then SingV, = W = {(u,v,z,9,2) € R* x R¥ | . = v = 0}. Since
SingW = 0, the singular stratification of V,, has two strata, V,, — W and
w.

Note that if o, (20,0, 20) > 0 then V, N {(u, v, zo, Yo, 20)} is a figure 8
and if o, (20, Y0, 20) < 0 it is a point. Thus the set

Zy =A{(u,v,2,y, 2) € R* x RF lu=v=0, ap(z,y,2) =0}

is topologically distinguished as the frontier in W of W N Cl(Nonsing V},)
(unless p is the constant 0 or 1, we will assume it is not).

We now show that the local description of the singular stratification of
V, is very complicated, and in fact to classify all such involves classifying
up to diffeomorphism the local behavior of all polynomials p.

Suppose h: U — U’ is an isomorphism from an open neighborhood U
of 0 € V, to an open subset U’ of V, for some polynomials p and ¢g. Let
Y = {(0,0,0,0,2)}. Now since h is an isomorphism of stratified sets, we
know that h(U N W) = U' N W and h restricts to a diffeomorphism of
UNW to U' NW. Since Z, is topologically determined, we also know that
MZ,NU) = Z,NU’. But points of Y are topologically distinguished as
the points of intersection of the four hypersurfaces x =0, y = 0, x = y and
x = p(2)y which make up Z,. Hence h(Y NU) = Y NU’. But now the
tangent spaces of the four hypersurfaces have a cross ratio which must be
preserved by h. This cross ratio is p(z). Consequently, if we define the germ
h': R¥ — R* by h(0,0,0,0,2) = (0,0,0,0,h'(2)) then we know that qh’(z)
is either p(2), 1—p(2), 1/p(2), 1/(1—p(2)), p(2)/(p(z)—1) o 1—1/p(2). As
a result, the germs of p and ¢ must be equivalent after a smooth change of
coordinates. Consequently, classifying singular stratifications of algebraic
sets requires as a minimum classifying germs of polynomials.

Notice that if we refine the stratification of V), so that Z, — Y is a
stratum then all these problems disappear since h|y need not be a diffeo-
morphism so the cross ratio need not be preserved.

1. Obstructions

In this section we identify the obstructions for a compact three di-
mensional polyhedron to be homeomorphic to a real algebraic set. These
obstructions are topological invariants, local and easy to compute.
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THEOREM 1.1. Let X be a compact 3-dimensional triangulable topolog-
ical space. Then there are closed one dimensional subspaces Z; (X) of X
for1=0,1,2,3 so that:

a) X is homeomorphic to a real algebraic set if and only if X and
each Z; (X) fori=0,1,2,3 are Euler spaces.

b) The subsets Z; (X) do not depend on the triangulation of X.

c) The subsets Z; (X) are locally defined, i.e., the germ of Z; (X) at
a point x is determined by the germ of X at x.

Furthermore, if we give X any particular Euler Thom stratification and
X is homeomorphic to a real algebraic set then a refinement of the given
stratification is isomorphic to the singular stratification of a real algebraic
set.

THEOREM 1.2. Let X be a compact three-dimensional FEuler Thom
stratified set. Then there are closed one-dimensional subspaces Z; (X) of X
fori=4,5,...,11 so that:

a) If all normal bundles of strata of X are trivial, then X is iso-
morphic to the singular stratification of a real algebraic set if and
only if Z; (X), i =0,...,11 are all Euler spaces. (Here Z; (X) for
i=0,1,2,3 are as in Theorem 1.1).

b) The sets Z; (X) may depend on the stratification of X.

c) The sets Z; (X) are locally defined, i.e., the germ of Z; (X) at a
point x is determined by the germ of the stratified set X at x.

One implication of these results is that the obstructions to an Euler
Thom stratified set X being algebraic are all concentrated on the 0-skeleton
Xp. At each point of X we assign 12 elements of Z/27Z. If the first four are 0
at all points of X then X is homeomorphic (in fact PL isomorphic) to a real
algebraic set. If all 12 are zero at each point of Xy and the normal bundles
of all strata are trivial then X is isomorphic to the singular stratification
of a real algebraic set. It is possible to say much more than Theorem
1.2 does about when a stratified set is isomorphic to a real algebraic set,
however it does not seem worthwhile to do so. As the example at the end
of the previous section showed, a classification of algebraic stratifications of
real algebraic sets would be exceedingly complicated so to have any hope of
understanding them at all, one should be allowed to refine the stratification.
But then you end up in the situation of Theorem 1.1 anyway.

We will delay until section 3 the proofs of Theorems 1.1 and 1.2. We
will define the Z;’s in this section, but first we define some intermediate
subspaces.

DEFINITIONS 1.1. Let X be a locally conelike stratified set. For every
component U of the codimension one stratum of X we have an integer
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% (U) which is the number of points in the link of U. For i = 0,...,7
let X; (X) be the union of the components U so that « (U) = ¢ mod 8.
For every component W of the codimension two stratum of X and any
i =0,...,7 let o; (W) be the number of vertices v in the link of W so
that x (v) = ¢ mod 8. (Notice v is codimension one in the link so & (v)
is defined.) Another way of thinking of a; (W) is that it is the unsigned
multiplicity of W in the boundary of X; (X). Now for a,b,c,d = 0,1 define
Eabed (X) to be the closure of the union of all the components W of the
codimension two stratum of X so that

ag (W) = amod 2,

ag (W) = b mod?2,
ag(W)4+as (W) = 2¢ mod4,
as (W) +as (W) = 2d mod 4.

We shall define the subspaces Z; (X) as follows.
1) Zo (X) = €110 (X) U €111 (X)
2) For i =1,2,3, we set Z; (X) = Eapoo (X) U Eupor (X), where ab is
the binary representation of ¢ with leading zeros, i.e.,
21 (X) = €o100 (X) U Epro1 (X)
Zo (X) = E1000 (X) U E1001 (X)
23 (X) = €1100 (X) U E1101 (X)
3) For i = 4,...,11, we set Z; (X) = Egper (X) where abe is the
binary representation of ¢ — 4 with leading zeroes. So

Z’ll (X) = 81111 (X)

DEFINITION 1.2. We call these Z; (X)’s the characteristic subsets of
X.

Let us look at some examples. Let Y, be the two-dimensional space of
Figure 1 obtained by taking the suspension of a three leaf rose, joining it to
the suspension of the union of a point and a figure eight at one suspension
point and joining a circle to the other. We refine the stratification by
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0111 1111
1010

FIGURE 1. Y}

putting a one stratum on the suspension of the three leaf rose, thus making
it an Euler stratified set.

The numbers 0111,1111,0010 and 1010 give the mod 2 values of «yg, ag,
(ap 4+ ) /2 and (ag + ag) /2 for the indicated vertices. Suppose Zj is the
suspension of Y. Then Zg (Zp) is the suspension of the point marked 1111
and all the other Z; (Zp)’s are empty, i = 1,2,3. So Zj is not homeomorphic
to a real algebraic set since Zy (X) is an interval and so it is not an Euler
space.

The next example is Y. It is obtained by taking the suspension of a
three leaf rose and attaching a figure eight. Again we refine the stratification
by putting a one stratum on the suspension of the three leaf rose, making
it an Euler stratified set. If Z; is the suspension of Y; then 2, (Z;) is the
suspension of the point marked 0101 and all the other Z; (Z1)’s are empty.

0111 0000

0101

FIGURE 2. ]

We let Ys be the space obtained by taking the suspension of the figure
eight and joining it to an interval and the suspension of three points. If Z,
is the suspension of Y5 then Zg (Z2) is the suspension of the point marked
1000. All other Z; (Z2)’s are empty.

The final example is Y3, obtained from Yj by attaching two lines. Again
we refine the stratification, making it an Euler stratified set. Let Z3 be the
suspension of Y3. Then Z3 (Z3) is the suspension of the point marked 1101,
and Zg (Z3), Z1 (Z3) and Zo (Z3) are empty.

The above examples show that there is no redundancy in the obstruc-
tions Z;, ¢ = 0,1,2,3. The spaces Z; have the property that Z, (Z;) is
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1000

1010 0000

D A

FIGURE 3. Y,

FIGURE 4. Y3

not an Euler space but Z; (Z;) is empty for j # i. In fact Yy, = RP? and
Y;,i=0,1,2,3 form a basis for two-dimensional stratification independent
bordism of resolvable stratified sets. In other words, given any compact
polyhedron X of dimension < 2 there is a resolution tower with boundary
T so that the realization of 9% is homeomorphic to the disjoint union of
X and some of the Y;’s, ¢ = 0,...,4. It is also easy to determine which
of the Y;’s will appear. If X has odd Euler characteristic then Y; = RIP?
will appear and if Z;(X) has an odd number of points then Y; will appear,
1=0,1,2,3.

Although the stratifications of Y; and Z; were not presented as Euler
stratified sets, we could refine them to be such and the sets Z;(Z;) would
be unchanged for : =0, 1,2, 3.

Let us do another example. Let Y be the disjoint union of RP? and a
point. Let Z be the suspension of Y. Then Z; (Z) is empty, i = 0,1,2,3 so
Z is homeomorphic to a real algebraic set. We can make Z into an Euler
space by letting the 0 stratum of Y be a point p in RP? union the isolated
point ¢ of Y, letting the 1 stratum be empty and letting the 2 stratum be
RP? — p. Suspend this to get an Euler stratification of Z. Then & 4pcq (Z)
is empty unless abed = 0000 when g (Z) is the suspension of {p, ¢}. So
Z; (Z) is empty for ¢ =0,...,11 so this stratification of Z is isomorphic to
the singular stratification of some algebraic set.

EXCERCISE 1.1. Using Lemma 1.6 below, show that for any Euler strat-
ification of the suspension Z = > (RP?Uq), then each &,p.q(Z) is an Euler
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space. Thus if all normal bundles are trivial, Theorem 1.2 says this strati-
fication can be made algebraic.

We will delay the proofs of Theorems 1.1 and 1.2 until section 3. Mean-
while we will prove some useful Lemmas.

LEMMA 1.3. Let X be an Euler stratified set and let L be a link of some
stratum Y. Then:

a) L is an Euler stratified set.

b) Each skeleton of L has even Euler characteristic.

¢) The 1-stratum of L has an even number of components homeo-
morphic to R.

Furthermore, if X is an Euler polyhedron then:

d) L is an Euler polyhedron.
e) L has an even number of i-simplices for each 1.

Proof: The links of L are links of corresponding strata of X so they have
even Euler characteristic so a) and d) are true. The skeleta of L are links
of Y in the skeleta of X so they all have even Euler characteristics so b) is
true. If X is a polyhedron then
i , i—1 _ 4
X (L) =x (L) =3 (=1 my =Y (1) my = (=)' m
j=0 j=0

where m; is the number of i-simplices and L7 is the j-skeleton of L. But
X (Li) and y (Li_l) are both even so m; is even, so e) is true.

To prove c¢) note that the components of the 1-stratum of L which are
not homeomorphic to R are circles and so do not contribute to x (Ll). So
the number of components of the one stratum of L homeomorphic to R is
x (L) — x (L*) which is even.

LEMMA 1.4. Let L be a link of a codimension two stratum W of an
FEuler stratified set X. Then the number e of components of the 1-stratum
of L homeomorphic to R is congruent to ag (W)+2cy (W)+3a (W) mod 4.

Proof: Each such component has two ends. So if L° is the 0-skeleton of L
we know that 2e = > ;o & (v). By Lemma 1.3a, L is an Euler stratified
set so a; (W) =0 for i odd. So mod 8 we have

7 7 3
26221%(’0)52 Z i:Ziai(W):Z%agi(W).
veL® i=0 veX, (L) =0 i=0

The lemma follows.

LEMMA 1.5. If X is an Euler stratified set then every component W of
the codimension two stratum of X is contained in a unique &gped (X).
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Proof: It is immediate from the definition that W is contained in at
most one Egpeq (X). So we must only show that ag (W) + a4 (W) and
ag (W) + ag (W) are both even. Let L be the link of W. Let e be the
number of components of the 1-stratum of L which are homeomorphic to
R. Then by Lemma 1.3c we know e is even. By Lemma 1.4 we know
e=ag (W) + 204 (W) +3ag (W) mod 4 so0=ay(W)+ ag (W) mod 2.
But Z?:o ag; (W) is the number of points in L. This is even so ag (W) +
ay (W) is even also.

LEMMA 1.6. Let L be the link of a codimension three stratum of an
Euler stratified set. For a,b,c,d = 0,1 let ngpeq be the number of points in
Sabcd (L) Then

a) Zi:o Z(lizo (N11cd + Nabed) s even for any a,b=0,1.
b) Z}z:o Zézo (naboo + Nap11) s even.

Proof: Let e; be the number of components of X; (L) which are homeo-
morphic to R. We have 2¢; = > ;0 a; (w) so

eot+es = = ag (W) + ay (w)

Z Z 1 mod 2

a,b,d=0,1 weEp14(L)

= E Nabld-

a,b,d=0,1

Likewise e2 + €6 = Y, p c_01 Tabel- But then mod 2 we have

3
0=y (Ll) = Z Nabed — 2621 = Z Nab00 — Nabll
0

a,b,c,d i= a,b=0,1

and b) follows.
Now let us prove a). We have

0=2ey = Z ap (v) = Z N1peq Mmod 2.
vELO b,c,d=0,1

Likewise 0 = 2¢¢ = Za c.d=0.1 Maled mod 2. Hence a) is true except possi-
bly in the case a = b = 0. But Za b.c.d Tabed 18 even since it is the number
of points in the zero stratum of L by Lemma 1.5. So

E (nllcd - nOOcd) = E Nibed + E Naled — § Nabed
c,d b,c,d a,c,d a,b,c,d
is even. So a) is true.

PROPOSITION 1.7. The characteristic subsets Z; (X) fori = 0,1,2,3
are topological invariants of a three dimensional locally conelike stratifiable
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set X. Furthermore the germ of Z; (X) at a point x depends only on the
germ of X at x.

Proof:  First we show that Cl(XK; (X)) is independent of the stratification
if i # 2. Pick a stratification of X. Let X* be the intrinsic stratification of
X, the coarsest topological stratification you can put on X, see [K1], [Si].
In particular, the i skeleton of X* consists of points x so that there is a ¢ in
the ¢ skeleton of X and a homeomorphism h: (U, z) — (V,y) where U and
V' are neighborhoods of x and y in X. This X* is a topological invariant
of X. Note that for each i, the i skeleton of X* is a union of components
of strata of X. Since dim X < 3, X™ is necessarily a smooth stratification.

Every component U of the 2-stratum of X is either a submanifold
of the 3-stratum of X* (so x(U) = 2) or it is an open subset of some
component U’ of the two stratum of X* (so x(U) = x(U’)). But the
closure of any component of the two stratum of X* is a union of closures
of some components of the two stratum of X. Hence

CL(K; (X)) = CL(K; (X*)) if i #2.

Now take a component W of the one stratum of X. Suppose that
W C Z; (X) for some i = 0,1,2,3. Then either

1) W is in the three stratum of X* or
2) W is in some component U’ of the two stratum of X* or
3) W is in the one stratum of X*.

In case 1), o; (W) = 0 if ¢ # 2 since W is not in Cl(X; (X)) =
CL(XK; (X™)). So W is in some Eppoq (X ). Consequently W is not in Z; (X)
for i =0,1,2,3, a contradiction.

In case 2), there are two vertices in the link of W which correspond to
the link of W in U’. All the rest of the vertices have k = 2, so o;j (W) =0
if j#2and j # k(U') mod 8 and o; (W) =21if 2 # j = x(U’) mod 8.
Again o and «ag are even so W is not in Z; (X) for i = 0,1,2,3.

So case 3) must hold, W is in a component W’ of the one stratum of
X*. Then a; (W) = a; (W) for i # 2.

Consequently Zg (X) is the closure of the union of all components W’
of the 1-skeleton of X* so that ag (W') = 1 mod 2, ag (W’') = 1 mod 2
and ag(W') + a4(W') = 2 mod 4. Likewise Z; (X) is the closure of the
union of all components W’ of the 1-skeleton of X* so that ag (W’') =
a mod 2, ag (W') = b mod 2 and apg (W’) + ag (W) = 0 mod 4 where
i =1,2,3 and ab = 01, 10, 11 respectively. Since this depends only on the
intrinsic stratification X™* which is a topological invariant, we know Z; (X)
is a topological invariant for ¢ = 0, 1,2, 3. Clearly the above description of
Z; (X) is purely local.
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PROPOSITION 1.8. Let X be a compact three dimensional Euler polyhe-
dron so that the characteristic subsets Z; (X) fori=0,1,2,3 are all Euler
spaces. Let X' be the first barycentric subdivision of X. Then X' is an
Euler polyhedron and Z;(X') is an Euler space fori=0,...,11.

Proof: Let X] = 2Z;(X’) for i =0,...,11 be the characteristic subsets in
X'

Assertion 1.8.1 X[, X1{, and X{; are empty. X! = E4pco (X) U Eqper (X)
for i = 6,7,8,9 and abc = 010,011,100, 101 respectively. X} is the union
of the 1-simplices of X' which go from barycenters of 3-simplices of X
to barycenters of 2-simplices or vertices of X. S0 €apeq (X') = Eapeo (X) U
Eabe1 (X) if d = a+b mod 2 and either a or b is nonzero. Likewise & peq (X')
is empty if d # a + b mod 2 and either a,b or c is nonzero.

Proof: First let us look at 1-simplices of X’ which lie in open 3-simplices
of X. By examining the barycentric subdivision of the tetrahedron we see
that those going from the barycenter of the 3-simplex to the barycenter of
a 2-simple or a vertex have a; = 0 for i # 2 and as = 6. Hence they are in
Eo001 (X') = X}. Those going to a barycenter of a 1-simplex have o; = 0
for i # 2 and a2 = 4. Hence they are in Egpgo (X') so they are in no X/.

Now we shall look at those 1-simplices of X’ which lie in an open 2-
simplex U of X. Let i = s (U). Then each of these 1-simplices is a face
of 2 + i of the 2-simplices of X’. Of these, 2 are in U and the other ¢ lie
inside the ¢ 3-simplices of X which touch U. So if i # 2 mod 8 we have
az =1 and o; = 2 and we have a; = 0 for j # 2,4. If i = 2 mod 8 we have
ag =i+ 2 and a; =0 for j # 2. So if i = 0 mod 4 these one simplices lie
in €pp1o (X’) and if i = 2 mod 4 they lie in Egggp (X’). In any case they are
in no XJ.

Finally let us look at 1-simplices W’ of X’ which lie in an open 1-
simplex W of X. The link L’ of W’ in X’ is the first barycentric subdivision
of the link L of W in X. Then a; (W') = o; (W) if i # 2 and ap (W') =
ag (W) + g where g is the number of edges in L. So ag (W) = ag (W'),
ag (W) = ag (W) and ag (W) + ag (W) = ag (W’) + aq (W'). But by
Lemma 1.4,

g=as (W) +2a4 (W) + 3ag (W) mod 4.

So mod 4 we have
ar(W)+as(W) = ag(W)+g+as(W)
2(ag (W) + ay (W))
2 (ag (W) + g (W))

Consequently, if W C Eupeq (X) then W' C Eupear (X') where d' = a +
b mod 2. u]
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We know by Proposition 1.7 that X| = Z; (X) for i = 0,1, 2,3 so they
are all Euler spaces. We also have X§ = X7 = Z1 (X) and X} = X} =
Zo (X)) so these are both Euler spaces. By Lemma 1.6a and the fact that
X{ and X3 are Euler spaces, we know that J, ; €apea(X") is an Euler space
for each a,b = 0,1. Taking ab = 01 and 10, by Assertion 7.1.8.1 we then get
X§ U X: and XU X)) are both Euler spaces. So X7 and X are both Euler
spaces. The only one left is X}. Take a vertex v of X. Then by Assertion
7.1.8.1 there is one branch of X coming into v for each 2-simplex in the
link of v in X. But this is an even number of branches by Lemma 1.3e.
Now take a barycenter v of a 2-simplex W of X. There is one branch of
X coming into v for each 3-simplex containing W, i.e., there are x (W)
branches but k(W) is even. Finally consider a barycenter v of a 3-simplex
of X. There is one branch of X coming into v for each 0 or 2-simplex in
the boundary of the 3-simplex, i.e. there are 8 branches. So X is an Euler
space.

LEMMA 1.9. Let X be a polyhedron which is also an Fuler space. Then
the first barycentric subdivision X' of X is an Euler polyhedron.

Proof: The link of an open ¢ simplex A of X’ in X’ is the join of the
first barycentric subdivision of the boundary of a j-simplex in X with the
first barycentric subdivision L’ of L. Here A is contained in an open i + j
simplex of X whose link in X is L.

The first claim is that all the strata of L’ have even Euler characteristic.
This is because for £ > 0 the number of open k simplices in the first
barycentric subdivision of the n simplex A™ which are in the interior of
A" is even. Hence L’ has an even number of simplices in each dimension
> 0. But the mod 2 Euler characteristic of L’ is 0 and is also the number of
simplices in L’. Hence L’ also has an even number of O-simplices. Since it
has an even number of simplices in each dimension, each skeleton of L’ has
even Euler characteristic. The result now follows from Lemma 1.10 below.

LEmMA 1.10. If K and L are compact polyhedra so that each skeleton
of K and of L has even Euler characteristic, then each skeleton of the join
K x L has even Euler characteristic.

Proof: The property that each skeleton have even Euler characteristic is
equivalent to there being an even number of simplices of each dimension.
The result then follows from the observation that the i-simplices of K * J
are either i-simplices of K, i-simplices of J or joins of j simplices of J and
i — j — 1 simplices of K. There are an even number of simplices of each
type. Hence J * K has an even number of simplices in each dimension.
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2. The Cobordism Groups

In order to prove Theorems 1.1 and 1.2 it turns out we need to under-
stand when a resolution tower with dimension < 2 bounds. It is possible to
define the relevant bordism groups and compute them in these low dimen-
sions, but the groups tend to get complicated. For example, bordism of
two dimensional towers is Z/2Z°°. Therefore it is more practical to make
some simplifications. As an exercise the reader can try to figure out the
more general cobordism groups, the calculations are similar to those given
below only there is more stuff to keep track of.

The first simplification we make is to assume all our towers are well
indexed. By Proposition 1.3 and Lemma 1.4 there is no reason not to do
so. The next simplification we make is to just calculate when a tower is a
weak boundary as defined below, in other words we ignore the given sheet
decomposition Aj; of each Vj;. (Equivalently we could assume each Aj; has
at most one nonempty sheet.)

DEFINITION 2.1. We say that T = {V;, A;,p;}s is a weak boundary of
the resolution tower ¥ = {V/ Al pl}y it T C T, V;, = 9V/ for all i € J,
OV =0ifi €7 —J and Vy; = OV}, and pj; = pl,| if j < i.

By Theorem 2.8, there is no reason not to just look at when a tower is
a weak boundary. After all, the actual sheet decomposition of Vj; is unim-
portant, what is important is Vj; itself. This simplifies things quite a bit,
but at this point we would still have infinitely generated two dimensional
bordism. The final simplification is to limit the exponents of the p;;’s to
be < 2. In particular:

DEFINITION 2.2. We say a resolution tower ¥ = {V;, A;,p;}s of type
M has exponents < k if for each mico pj;, all the local exponents are < k.

In these low dimensions anyway, limiting the exponents to be < 2 is no
problem since there are only two topological types of monomial maps from
R to R, and these are given by the monomials = and z2.

DEFINITION 2.3. Let TR!, denote the set of closed, n dimensional, well
indexed resolution towers of type UM which have all exponents < 2. As-
sume the bias is 0 also.

If T is a compact well indexed resolution tower of type UM, bias 0
and dimension n for n = 0,1,2 we will define below an additive invariant
pn (%) € Z/2Z° for a,, = 1,2,67 so that the following is true:

THEOREM 2.1. If T € TR,, is a weak boundary of a compact resolution
tower of type UM for n = 0,1,2 then p,(T) = 0. The maps polyx; and
p1|¢m/1 are onto. Furthermore, the following are equivalent:
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a) T € TR, is a weak boundary of a compact resolution tower of type
UM.

b) pn(T) =0.

c) T € TR, is a weak boundary of a compact resolution tower T’
of type S so that |T'| is the cone on || and so that ¥ has all
exponents < 2.

When we say the p,, are additive we mean that p, of a disjoint union
is the sum of the p,,’s.

It turns out that p2|m/2 is not onto, its image is a subgroup of index 4
but it is more convenient to use pp than an invariant mapping onto Z/275°.

The next question is whether you can detect the bordism class of a
T € TR], from its realization |T|. In other words, can you determine p,, (%)
from the stratified set |T|. If n =0 or 1 you can, but for n = 2 the answer
is no, you only end up determining roughly one fourth of ps.

More specifically, let 8,, denote the set of locally conelike smooth strat-
ified sets of dimension n. We define pl,: 8,, — Z/2Zb for n = 0,1,2 and
b, = 1,2,15 as follows. Pick X € §,, and let X; denote the i-skeleton of X.
Let /' denote the mod 2 Euler characteristic. We let:

po(X) = X'(X)
PL(X) = ((Xo), X' (X))
po(X) = (X (X0), X' (X1), X (X), X' (Zo(X)), ..., X' (Z11(X)))

We have a map v,: TR, — 8,, where v,(T) = |%|. then we will prove the
following:

THEOREM 2.2. Forn =0, 1 and 2 there are surjective linear maps
ol Z)20% — 7,/220
so that
// /
P © PulTR, = Py O V-

In particular, pjy and pY are isomorphisms.

TR, 2 Z/22

\LVn \lfﬂlr:

Sn Luy  7)270n

Let us now get more specific and define these maps p,,, discover their
properties and prove Theorems 2.1 and 2.2.

DEFINITION 2.4. We will use the notation that if K is a finite set then
#K will be the number of points in K.
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The case n = 0 is very easy. In this case, T = {V,0,0} and Vj is
a compact 0-dimensional manifold, i.e., a finite number of points. Then
po(%) = #Vh mod 2.

Clearly pg is onto Z/27Z (consider V; with just one point). Also po(%) =
p6(JZ]) so we may set p” = the identity and thus prove Theorem 2.2 for
n=0. If T = 0% for a compact T then V) = 0V where Vj is a compact
one dimensional manifold. So Vj has an even number of points so po(T) = 0.
So to prove Theorem 2.1 for n = 0 we must only show that if T € TR} and
po(%) = 0 then ¥ is a weak boundary of a compact resolution tower ¥’ of
type S so that |T’| is the cone on |T].

So assume T € TR; and po(T) = 0. Since §Vp is even we may write
Vo = {q-11,q11,9-12, @12, - - -, §—1m, G1m }, in other words we may pair up
the points of Vj in some arbitrary way. Let m = {1,...,m}. Set Vj =
[~1,1]xm, V'  =0xm, V' = a point and p’ ; : V' 3 — V', the only
map possible. Then this gives a resolution tower ¥’ of type S and T = 9%’
and |T'| = ¢|%]. So Theorem 2.1 is proven for n = 0.

Il

FIGURE 5. ' and its resolution

Let us now look at the case n = 1. Take any ¥ € TR;. If ¥ =
{Vi, Ai,piti_g let cq for d = 0,1 be the number of points = in Vj so that
#po, () is congruent to d mod 2. We then define p; (%) = (co, c1).

Suppose that ¥ is weakly isomorphic to the boundary of some compact
resolution tower ¥'. Then we know Vy = 9Vj so £V} is even, i.e., co + 1 is
even. Also we know that Vj; = 9V, so #Vp is even. But mod 2 we have
#Vo1 = ¢1. Consequently p1 (%) = (0,0).

Now suppose T € TRy and p1(T) = 0. We will show in Theorem 5.1
below that ¥ is a weak boundary of a compact resolution tower T’ of type
S so that |%'| is the cone on |T| and all exponents of ¥’ are < 2. Thus
Theorem 2.1 will be proven for n = 1.

We can see that p; is onto by considering p; of the two following towers:

1) Vi = the circle S, Vo1 = 0, Vo = a point. This has p; = (1,0).
2) V3 = St Vo1 = a point in S, Vo = a point. This has p; = (0, 1).
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Finally let us find pf. The zero skeleton of |¥] is Vo and ¢o + ¢; =
#Vp mod 2. But it is easy to compute that the mod 2 Euler characteristic
of |T| is ¢o. Thus pY(co,c1) = (co + c1,¢p) which is clearly an isomorphism.

We now proceed to the case n = 2. First we indicate a few useful
properties of resolution towers with small depth.

LEMMA 2.3. Let T = {V;, Ai, pi}2_ be a well indexed resolution tower
of type UM. Let V& denote the double point set of Voa. Then

a) Via, Via N Voe, Vi and Vo are all submanifolds of Vo or Vi.

b) If S and T are two different sheets of Ay and SNT # () then
etther S or T is in Ags.

¢) Any three different sheets of A have empty intersection. Any two
sheets of A1 have empty intersection.

d) The maps po1: Vo1 = Vo, poz|: ViaNVoz = Vo, pia|: ViaNVoz —
Vo1 and pos2|: V022 — Vi are covering projections.

e) For each sheet S € Aga, if g: S" — Vs is the immersion associated
to S, then poaog: S’ — Vj is a proper submersion, hence a locally

trivial fibration.
f) T has type S.

Proof: Let T have bias m. Let S and T be two different sheets of Ais.
If SNT # @, then by transversality of the sheets we know that S NT has
dimension m. But by type U we know that p;2 submerses a nonempty open
subset of S N'T which is a contradiction since a nonempty m dimensional
manifold cannot submerse to an m + 1 dimensional manifold. So b) is
shown.

2
Vo2
v _
02
V 01 L ]
v
Y, )
2 v
Vip 1

FIGURE 6. A typical tower in TRy

Likewise, by type U an open dense subset of the double point set of
V12 submerses to V; and so the double point set must be empty. So V5 is
a manifold. If Vi3 N V2 is not a manifold, then Vi5 N %22 is nonempty. But
Via N V022 has dimension m — 1 and pgo submerses an open dense subset of
it to Vp, which has dimension m. So Vis N V022 is empty, so Vio NV is a



2. THE COBORDISM GROUPS 217

manifold. Likewise, the triple point set of V3 and the double point set of
Vo1 are empty so V5 and Vp; are manifolds.

To see ¢), note that we showed above that the double point set of Vp;
and the triple point set of V15 U Vo are empty.

Conclusion d) follows from c) and the fact that the maps are proper
submersions (and hence local diffeomorphisms) between manifolds of the
same dimension. (To see that pia|: Via N Vha — Vo1 is a local diffeomor-
phism, note that its composition with the local diffeomorphism pg; is the
local diffeomorphism pgz2|.) (Of course the degree of the cover could vary
from component to component of the base.)

Conclusion e) is immediate from type U. Finally, to see conclusion
f), note that type U immediately implies type S everywhere except Vpa N
Via. But for any x € Vs N Vig, pick open embeddings 6: R x R™ — Vi,
and 1: R x R™ — Vj so that 6(0,0) = x, ¥(0,0) = pia(x), 671 (Vo) =
0x R™ = 1(Vo) = 0 x R™ and p2f(R x R™) C (R x R™). Then
Y p1af(t, ) = (to(t, ), p(t, x)) with ©(0,0) # 0 and furthermore by type
U we know p: 0xXR™ — R™ is a submersion, i.e., an open embedding. Then
after composing ¢ with the inverse of the local diffeomorphism (¢,z) —
(t|o(t, 2)|Y/? u(t,x)) we see that pio has type S.

We now give the definition of ps.

Pick ¥ = {Vi,Ai,pi}?:O, a compact well indexed resolution tower of
type UM, bias 0 and dimension 2. We define a map (: Voo N Via — {1,2}
as follows. We know by Lemma 7.1 that p1a: (Vi2, Via N Ag2) — (V1, A1)
is a tico map. Pick any x € Vo N Vis. Let K be the sheet of Vio N Age
containing x and let L be the sheet of A; containing pis(x). Then we let
¢(x) be the mod 2 exponent of K in L for the map pi2. In other words, pi2
looks like t — t¢(*) near x after a continuous change of coordinates.

We now define (': Vo1 — Z /272 as follows. For any z € Vy; we let

¢'(2) = (#o1 (2) N CTHD), £ () NCTH))).

In other words, ¢'(z) = ({{(z), (5(x)) where (}(z) is the mod 2 number of
points y of py5 () so that ¢(y) = d.

Let f: @ — V5 be the immersion associated to Vpo. We know that if
x € Vp then f~1py; (2) is a union of circles. Let &y(x) € Z/27Z be the mod 2
number of these circles C so that the restriction to C' of the normal bundle
of the immersion is nontrivial. (The normal bundle of the immersion is the
quotient bundle f*(TV2)/TQ where f*(TV3) is the pullback of the tangent
bundle of V5, so its fibre over any point y is T,y V2/df (T,,Q).) For example,
if Ags is regular then £(z) is the mod 2 number of components S of sheets
of Apz2 so that pp2(S) = {z} and S has nontrivial normal bundle.
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For each point « € V; we define & (z) € Z/2Z to be the mod 2 number
of points in Vg N poy (2).

Finally for each point = € V; and a, b € Z/2Z we define &o0p(x) € Z/2Z
to be the mod 2 number of points y € py'(x) so that ¢'(y) = (a,b). In
other words,

€2a5(2) = £ (por (2) N ¢ (a,b)) -
So we get a map &: Vo — (Z/27)% given by

&(x) = (So(x), &1 (), E200(2), E201 (), E210(2), E211 ().

For each component T of V; define w(T') € Z/27Z to be the mod 2
degree of the proper map pia: Vio Opﬁl(T) — T, i.e., the mod 2 number
of points in py5 () for any x € T — Vp1. For i =0, 1, let V{ be the union of
components T' of V; so that w(T) = i.

At last we can define the invariant py(%) € Z/2Z57 = 7,/2Z367,/ 272/ 22"
For i = 0,1 let 7;(%) be the number of components of py5 (Vi) which have
nontrivial normal bundle in V5. Let 73(%) be the mod 2 Euler character-
istic of V5. For any a,b,c,d,e, f € Z/27Z define nzqpcaer(T) € Z/2Z to be
#¢1(a,b,¢c,d, e, f) mod 2. We now define

p2(%) = (770({3), n1(%), 12(%), M3000000(%), - - - ,773111111(T)>-

We will now show what happens to ps if you blow up a point in Vjs.
Note that Proposition 2.4 below implies that p2(%) is not determined by
|Z|. The notation & (%, z) just means the functions & defined above, but
with respect to the resolution tower <.

PROPOSITION 2.4. Suppose T = {V;, Ai, pi}2_o€ TR2. Pick any x € Vj
and y € pys- (). Let T' be the tico tower blowup of T with center y.

Then 12(T') = n2(%) + 1. For any a,b € Z/2Z and z € Vi we have
Eoab(T',2) = &24b(T, 2). We also have &;(T', 2) = (T, 2) for any z € Vo —x
and i = 0,1. However the other invariants change in the following ways:

a) Ify € Vi then
) 10(T) = 10(T) and () = ().
i) &(T,2) =& (T,2) + 1 and & (T, 2) = & (T, 2) + L.
b) Ify € Voo — (V12 U %22) then
i) no(T') =no(T) and m(T') = m(%).
it) fo(‘z/’ z) =&(%,z) and 51(3:/71') =&(T2) + 1.
c) If y € Voa N Vi and if d = 0,1 is such that p12(y) € V& then
) 1a(S") = na() + 1 and ny_a(T) = m_a(T).
it) &(T',2) = &(T,2) and &H(T,2) = &(T,2) + 1.

Proof:  That n2(¥') = n2(%) + 1 follows from the fact that V5 is the
connected sum of V5 with RP2. All the other changes follow from the fact
that blowing up a point in a curve in a surface gives the normal bundle a
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half twist, and the fact that the sheet 7!(y) in V{, has a nontrivial normal
bundle.

We now give a bundle result which indicates why we are always counting
nontrivial bundles over the circle in our invariants.

LEMMA 2.5. Let m: E — S be a line bundle over a compact surface
with boundary. Let n be the number of components C of S such that the
bundle restricted to C is nontrivial. Then n is even.

Conversely, if p: F — T is a line bundle over a closed 1-manifold and
the number of components of T with nontrivial bundle is even, then there
is a line bundle w: E — S over a compact surface S so that 0S = T,
F=7"YT) and p = 7|F.

Proof: This is actually just an easy computation in 9 (BO(1)), but we give
a more elementary proof. Let the bundle 7 be classified by a map f: S —
BO(1) = RP*°. Then f,([0S]) is null homologous in Hy(BO(1);Z/27) =
Z,/27Z. But the nontrivial bundle over the circle represents the generator of
H,(BO(1);Z/27) and the trivial bundle represents 0. So there must be an
even number of nontrivial bundles.

Prove the converse by example, by pairing up the nontrivial bundles
and making each pair the boundary of a nontrivial bundle over a cylinder.

Proposition 2.6 below shows part of Theorem 2.1 for n = 2. The rest
of the proof of Theorem 2.1 will be delayed until Theorem 5.2.

PROPOSITION 2.6. If T = {Vi, Ai,pi}?_ is a compact 3 dimensional

well indexed resolution tower with boundary and bias O and type UM, then
P2 (85) =0.

Proof: Since V3 bounds, it has even Euler characteristic, hence 72(9%) =
0. Now let S be a component of Va. Let U = py3 (S). Now the mod 2
degree is a bordism invariant, so w is the same on each component of 05.
So to show 7;(%) = 0 for i = 0,1 it suffices to show that there are an even
number of components of U with nontrivial normal bundle in 0V3. This
follows from Lemma 2.5.

So we must only show that 734pcdef(T) = 0 for each a,b,c,d,e, f €
Z/27Z. In other words, there are an even number of points = € 9V; so that
&(x) = (a,b,c,d,e, f).

Let T be any component of V; which has boundary. Then T is an
interval with two endpoints which we call ¢y and ¢;. We claim that £(¢p) =
&(t1) which would immediately imply that n3apcdes () = 0.

Let us first show that & (to) = &o(t1). Let f: Q — V3 be the immersion
associated to V3. Let Q' = f‘lpf?)1 (T) be the union of the components
of @ which map to T. Then by Lemma 2.5 there are an even number of
components of Q" with nontrivial normal bundle. So &y(to) = &o(t1).
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Now let us show that & (tg) = &1(¢1). But this is true since the mod 2
degree is a bordism invariant, the bordism being py3|: V4 Np3 (T) — T.

So it only remains to show that &244(to) = E2qs(t1) for each a,b € Z/2Z,
i.c., that there are an even number of points ¢ of pyy ({to,t1}) so that
¢'(q) = (a,b). Let Q be any component of py5 (T) which has boundary.
Then @ is an interval with boundary points ¢ and ¢;. It suffices to show
that ¢’(q0) = ¢'(q1). Let R be any component of p2_31(Q) with boundary
points. Then R is an interval with boundary points rg and ry. Then it
suffices to show that ((rg) = ((r1). Let K be the sheet in A;3 so that
K NVas D R and let L be the sheet in Ay containing (). Then ((r;) = the
exponent of K in L for the map po3. But this exponent is constant on the
connected set R, so ((ro) = ((r1).

We will now prove Theorem 2.2 for n = 2 which will be a consequence
of Lemma 2.7 below.

LEMMA 2.7. Let T = {V;, Ai,pi}2o€ TRy be a compact well indezed
resolution tower of type UM with bias 0 and without boundary. Let X = |T|
and let X; denote the i-skeleton of X. Then:

a) x(Xo) = Za,b,c,dﬁ,f N3abede f (T) mod 2.

b) X(X1) =X pcaes(L+ctd+e+ f)nzabcdes(T) mod2.

¢) X(Xa2) =m2(%) + Za,b,c,d,e,f (1+b+c+ f)n3abedes (T) mod 2.

d) Foranya,b,c,d = 0,1 we have x(Eapea(X)) = D_ f M3efgans(T) mod 2
where g = |c — a| and h = |d — b|.

P?”OOf.’ Let W, =V, — ‘.Ai|, Wji = Vji — Um<j th Tjit Uji — Wj and
pji: Uji — [0,00) satisfy the conclusions of Lemma 3.2. Pick e small and
let U}, = pj_il([O,eD C Uj;. Let UJ; denote the image of Uj; under the
quotient map VoUV; UV, — X. It is a neighborhood of the j strata in the
1 skeleton.

Pick any z € V. Then W()_ll(:c)ﬂU(’)l is a collection of intervals @1, . .., Qk
where k = ﬁpall (z). Let the endpoints of @; be denoted ¢1; and g_1; and
let the midpoint Q; N py;'(x) be denoted ;. So py,*(z) = {y1,...,yx} and
7o () N po(€) = {q11,9-11, q12, - - -, q_11}. Note that the link of  has a
resolution tower T = {V/ A} pi}L_, where V§ = {q11,q-11, @12 - - -, @1k }»
Vi = m55 () N pgs (€), |AL| = Vi, = Vi N Vi and p); = pia|. So the points
q+1; correspond to vertices in the link of x.

Let eq; = #(pyo (y:)NC¢1(d)) for d = 1,2. Note that eg; = ¢(y;) mod 2.
Assertion 2.7.1 k(q;) + k(g—1:i) = 4e1; + 4eq; and k(gs;) = 2e1; mod 4
for all i and s = +1.

Proof: Pick any i = 1,..., k. Note that pJ, (Q;) is a collection of intervals
Ry, ..., R, with midpoints {r1,...,7m} = pis (v;). If ((r;) = 1 then pj»
maps R; homeomorphically to @; since it is locally a map ¢ — +t? for d
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odd. If ¢(r;) = 2 then pys folds R; onto one half of @;. since it is locally a
map ¢ +— +t¢ for d even. Thus R; Npy5 (¢s:) is one point if ¢(r;) = 1 and it
is either zero or two points if {(r;) = 2. Since there are two points in the
link of ¢,; for every point of pi5 (qs;), the result follows. o

Now let us prove d). Pick any = € Vj. Let y;, gs; and eq; be as above.
If ¢4(y;) = 0 then eq; is even so by Assertion 7.2.7.1 we must have either
k(qi) = k(g—1s) = 2e1; or k(qui) = Kk(g—1;) = 2e1; + 4 mod 8. If (y;) =1
then eg; is odd so we must have either x(q1;) = k(g—1;) + 4 = 2ey; or
k(qui) = Kk(g—1;) + 4 = 2e1; + 4 mod 8. Consequently we have:

ap(z) = &01(x) mod 2

ag(z) = &11(x) mod 2
ap(z) + ag(xz) = 2€00(x) + 28201 (z) mod 4
az(z) +ag(xz) = 2&i0(x) + 26211 (x) mod 4

Thus d) holds.
Now a) is immediate since x(Xg) = x(Vh). To prove b), note that
X(X1) = x(X1 = Xo) +x(Ug) = x(Ugy — Xo)
= x(Vi = Vor) + x(Xo) = x(Ugy — Vor)
x(Vor) + x(Xo) mod 2

since the Euler characteristic of a union of circles with k points deleted is k

and since Uj; — V1 is an even number of lines since it has two components

for each point of Vj;. Now for each point x € Xy there are &€300(z) +

&210() + &201 () + €211 (x) points in pall(ac) mod 2. Consequently b) holds.
Now let us prove ¢). We have

X(X) = x(X —X1)+x(Ug UULL) = x(Ugy UUT, — X1)
= Xx(V2 = (Vo2 U Vi2)) + x(X1) — x(Upy U Uy — (Vo2 U Viz2)).
But
X(V2) = x(Voz U Viz) = x (Va2 — (Vo2 U Vi2)) — x(Ugy U Uy — (Vo2 U Viz2))
since Uj, U U]y deformation retracts to Voo U Via. So
x(X) = x(V2) = x(Vo2 UVi2) + x(X1)
X(Va) + x(Voz N Viz) + x(Vga) + x(X1) mod 2.

Now
X(Vip) = Y &i(x)mod 2
z€Vo
X(VoanViz) = Y G)+Gy) = D aoi(@) + Eao(z) mod 2
yeVo1 eV

so c¢) follows
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For n = 0,1,2 if we define ML to be the cobordism group of n-
dimensional Euler Thom stratified sets, generated by the relation: X ~Y
if X and Y are P.L. homeomorphic to |¥| and |¥'| respectively, and T LT’
is a weak boundary of a compact resolution tower ¥”. Then from Theorem
2.1 and Proposition 1.8 and Lemma 1.9 we conclude:

7/27 if n=0
N =2 722 if n=1
7275 if n=2
For n = 0 the generator is the one point space. For n = 1 a generator is
the figure 8, since it has odd Euler characteristic. For n = 2 generators are
the projective plane RP? and the spaces Yy, Y1, Ys and Y3 of section 1.

Similarly we can define a cobordism group M2 of n-dimensional Euler
Thom stratified sets with all strata having trivial normal bundles, and which
are realizations of resolution towers in TR!,. It is generated by the relation:
X ~Y if X and Y are isomorphic to |T| and |T'| respectively, and TUT' is a
weak boundary

of a compact resolution tower ¥”. Then:
7)2Z  if n=0
nd =< 7272 if n=1
7)27  if n=2

The generators are those given for M1 and the following: For n = 1, a
circle stratified by two strata, a point and its compliment. For n = 2, the
10 spaces of Figure 7.

The boxed numbers give the value of p} for each figure.

EXCERCISE 2.1. Prove that the spaces above are in fact generators of
the various cobordism groups.

Note that transitivity of of the above equivalence relations are not
obvious from definitions, they are implied by Theorem 2.1.

Let MZ be the cobordism group generated by the relation: T ~ T’ in
TR if TUT is a weak boundary of a compact resolution tower. Then we
get:

7)2Z if n=0
Nt =2¢ 7/27*  ifn=1
7.)275  if n=2

EXCERCISE 2.2. Prove that M = Z/275°. You may wish to use The-
orem 2.1, Theorem 2.2, Proposition 2.4, Lemma 2.7 and Lemma 1.6a.

We can similarly define higher dimensional cobordism groups for reso-
lution towers in general, but the computations of them becomes much more
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1110 1111
1010 -~ 1010
100 0000 10000000 010 0000 00000001

1100 1101
1010 1010

1011 7 () T 1010
0@ 1001 7 O D\ gooo
et
D= QO
0000

FIGURE 7. Some generators of 15

difficult. By generalizing a version of Theorem 2.1 one can define an ob-
struction theory for a stratified set in order to decide if it is a realization of
a resolution tower. Roughly the obstructions lie in the cohomology group
with coefficients in these cobordism groups [AK9].

3. Characterization in Dimension 3

In this section we prove Theorems 1.1 and 1.2. First we prove:
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LEMMA 3.1. Let X be a three dimensional Zopen set. Then there is an
algebraic stratification of X so that X and each Z;(X) fori=0,...,11 are
Euler stratified sets.

Proof: By Theorem 4.2 we know that there is an algebraic stratification
of X which is isomorphic to the realization of a resolution tower of type
UM. By Proposition 3.4 if U is any stratum and Ly is its link, there is
a resolution tower with realization equal to ¢Ly. But then Theorems 2.1
and 2.2 imply that p(Ly) = 0 if dim Ly = 4. But this is exactly what
is needed to conclude that X and each Z;(X) for i = 0,...,11 are Euler
stratified sets.

Next we give a result which allows us to build up a resolution tower
for an Euler Thom stratified set stratum by stratum. It has a number of
technical conclusions which we will find useful, but which can be ignored
on first reading. The basic idea is that you just glue in 7" x " where T"
is a resolution tower of the cone on the link of 7. If one assumes that
X has a TCSS structure (see [AK9]), it is possible to prove a stronger
statement which works for strata T" of higher codimension if we assume the
induced resolution tower on the link of T' bounds a resolution tower whose
realization is the cone on the link. In general, however, we expect that
there are obstructions for a Thom stratified set with all normal bundles
trivial to have a TCSS structure.

PROPOSITION 3.2. Let X be an FEuler Thom stratified set with tubular
data (my,pu): Xu — U x R. Suppose for some closed union of strata
K C X we have a resolution tower T = {V;,A;,pi}s of type S and an
isomorphism h: |T| — X — K so that the map (my, py)oh: V;Nh=Y(Xy) —
U x R is smooth for each stratum U of X and each i. Also suppose that
for each j < i the map py o h: V; N h™Y(Xy) — R wvanishes with order
ezactly 2 all along V;; Nh™Y(Xy) where the stratum U is any component of
h(Vji = Uk<; Vai) and U has codimension one.

Let T be a stratum of K which is open in K so that the link L of T
in X has dimension one or less and so that the normal bundle of T in X
is trivial. Then there is a resolution tower T = {V/, Al pl}y of type S
and an isomorphism h': |%'| — (X — K)UT so that the map (7y,py) ©
V! — U x R is smooth for each stratum U of X and each i. Also,
for each j < i the map py o h': V! N/ ~1(Xy) — R wvanishes with order
ezxactly 2 all along Vj’i Nh~Y(Xy) where the stratum U is any component of
h(Vji— Uk<j Vii) and U has codimension one. Furthermore, the restriction
of T to WYX — K) is just T and the restriction of T to h'~' of some
neighborhood of T is a product T x X" for some resolution tower T with
|| = c¢L so that all exponents of " are < 2. If dim L = 1 then we may
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also ensure that &(V]") =0 for ¢ = 0,1 where £ is the index so that h'(V})
is the vertex of cL.

Proof: Take a trivialization of the normal bundle of T"in X. In particular,
take a point g € T and a small € > 0 and let L = (77, pr) " (mo X €)
be the canonical link of 7. Then the normal bundle of T being trivial
means there is a neighborhood Zy of T'x vertex in T" X ¢L and a Thom
stratified set embedding g: Zy — X onto a neighborhood of T in X so that
(mr, pr) o g(x, (y,t)) = (x,t) for all z € T and (y,t) € cL. Furthermore,
mrog(z, (y,t)) = g(z, (7v (y),t)) and pyog(z, (y,t)) = pu(y) for all strata U
of X with T'C CIU and all («, (y,t)) in a neighborhood of ZoNT x ¢(LNT).

For example, let X be the suspension of the figure 8 union a point and
let T'= K = the two suspension points. We take one of the two possible
resolution towers of X — K, as shown in Figure 8.

FIGURE 8. X and a resolution ¥ of X — K

The tower ¥ induces a resolution tower T with |T”| = L, namely
V" =V,nh L), Ay = A; N V" and p! = p;|. See Figure 9. This

(2

FIGURE 9. The link L and its induced resolution tower "/

works because V" = V; N ((w7, pr)oh) "1 (xq x €) and we hypothesized that
(mp, pr)oh is smooth, but we know it submerses each stratum of V; because
% has type U and (7, pr) submerses each stratum of X. So (7, pr)oh
is a smooth submersion on each V;.
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Because T has dimension one or less, the trivialization g induces a
unique smooth trivialization on the part of T in h=1(g(Zp)). In particular,
we may suppose after restricting Zp that Zy = { (z, (y,t)) | t < 6(z) } where
d: T — (0,1) is some smooth function. Then g(Zy) = {z € X1 | pr(z) <
domr(x)}. We may define a smooth ¢': T x (0,1) x (V" —|AY|) = V; — | A4
by ¢'(z,t,y) = h=tg(z, (h(y),t5(x))). But ¢’ extends continuously to an
embedding ¢': T x (0,1) x V" — V; since |A/| is at worst a finite number
of points in a one dimensional manifold. But ¢’ is actually smooth because
puohog(z,t,y) = pyoh(y) and by our assumption on py o h, we know
that (mpoh, proh,+/py o h) is a local diffeomorphism for any codimension
one stratum U.

We know that || = L is an Euler stratified set, so by Theorem 2.2,
pa(%") = 0 where d is the dimension of L. So by Theorems 2.1 and 5.1
below, there is a resolution tower T of type S so that || is the weak
boundary of T, |T”| = ¢|T"|, all exponents of T are < 2, and there are
diffeomorphisms f;: V"' x (0, 1] — V" =Vi so that f;(V//'x(0,1]) = V/i=V/]
and p; fi(y,t) = f;(p}i(y),t) for all (y,t) € V]i' x(0,1], where £ is the index
so that V4 is the vertex of ¢/T"'|. See Figure 10.

01
.—i—. L]
A Vo

FIGURE 10. A resolution tower T for ¢L

Furthermore, if d = 1 we may assume &;(V})’) =0 for ¢ =0, 1.

What is more, if d = 0 then each V;” is a union of intervals [—1, 1] with
center Vy; corresponding to 0 € [—1, 1] and we may choose f;: {—1,1} x
(0,1] — [~1,1] — 0 to be f;(s,t) = st2.

We now form ¥’ by setting V/ = V; UT x V/ for i = 0,1 where we
identify (z, fi(y,t)) € T x V! with ¢'(z,t,y) € V;. We let 1’|y, = h| and
W (z,y) =z for (z,y) € V.

COROLLARY 3.3. If X is a Thom FEuler stratified set with trivial normal
bundles and all strata have codimension < 2 then X is the realization of a
resolution tower of type S.

We now prove Theorem 1.2.
Proof: ~ (of Theorem 1.2) Note that b) follows from examples given in
section 2 and c) is immediate from the definition. So let X be a three
dimensional Euler Thom stratified set so that each Z; (X) is an Euler space
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Vi v’

FIGURE 11. A resolution tower €’ for X

i =20,...,11 and so that all normal bundles of components of strata are
trivial.

Assertion 7.3.4.1 The sets Eupeq(X) are all Euler spaces.

Proof: Take any vertex v in X and let L be the link of v in X. For
a,b,c,d = 0,1 let ngpeq be the number of points in €,4peq (L). Because each
Z; (X) is an Euler space we know that each of the following numbers are
even: n1110 +M1111; Maboo + Nabo1 for ab = 01,10, 11; and ngpe1 for any abe.
In particular, ZC’d N11cq 18 even. But then by Lemma 1.6a we know that
ZC’d Naped 18 even for a,b = 0,1 80 Ngp10 + Nap11 is even for ab = 10,01 or
11. So ngpeo is even for ab = 10,01, or 11. So the only possible odd 74peq’s
are noooo and ngp1o. But by Lemma 1.6b, >, (napo0 + nap11) is even so
Nnoooo 1S even since all the other terms are even. But then ngg1p must be
even since the total number of points in L° is even. So all the ngpeq’s are
even, but E.peq (L) is the link of v in Eapeq (X) so all the Egpeq (X)’s are
Euler spaces. ]

We now set about finding a resolution tower ¥ whose realization is X.
Let the i-skeleton of X be X;. Let ny: Xy — U and py: Xy — [0,00) be
tubular data. For each stratum U, let Ly be the canonical link of U, let Zy;
be a neighborhood of U x the vertex in U X ¢ Ly, Yy a neighborhood of U
in Xy and let 7y : Zy — Yy be an isomorphism so that my7y (z, (y,t)) =«
and puro (x, (y,1)) = .

By repeated applications Proposition 3.2 (starting with K = X) we
can find a well indexed resolution tower T = {V;, A;,p;}3_; of type S and
an isomorphism h: || — X — Xy so that the map (wy,py) o h: V) —
U x R is smooth for each stratum U of X and each i. Also, the restriction
of T to h™! of some neighborhood of U is a product U x TV for some
resolution tower TV with |TV| = ¢Ly so that all exponents of TV are < 2.
If dim Ly = 1 then we may also ensure that & (V) =0 for i =0, 1.

We have an induced resolution tower % on the canonical link L, of any
point x of Xy. Let us look at p2(¥*). By our construction, & (y) = 0 for all
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i =0,1and y € V{*. Hence if ab = 01,10 or 11 we have n34pcdef(T7) = 0
for all ¢,d, e, f € Z/2Z. But then by Lemma 2.7d, n300cdes(T*) is the mod
2 number of points in E4rgp(Ly) where g = ¢ +d and h = e+ f. We
showed in Assertion 7.3.4.1 that this is even, s0 n3qpedes(T7) = 0 for all
a,b,e,d e, f € Z/2Z. But we must worry about n; for i = 0,1,2. We will
make them 0 by blowing up ¥’ along some curves of V{5 which lie over 1
strata of X.

Let d be 0 or 1 and let K4 be the closure of the union of the codimension
one strata U of X so that x(U) > 0 and x(U) = 2d mod 4. In other words,
K7 = Cl(Ko(X) UXKg(X)) and Ko = Cl(Ko(X) UK4(X) — P) where P is
the union of open codimension one strata of X, i.e., those two strata with
empty link. Let A be any connected component of KyMN X; which contains
points of Xj.

Assertion 7.3.4.2 ZmeAOXO n4a(%*) = 0.

Proof: Let Kj = Cl(K2q(X) U XKag44(X)), so K] = Ky and K{j = Ko U
CI(P). Pick a compact neighborhood U of A in K/, so that U — X is a
smooth codimension 0 manifold with boundary Y. Pick a small € > 0 and
let U, = p;'([0,¢)) for . € AN Xp. Let U' = U — U,ex,na Uzr Then
Co = VJNh~1(U") is a smooth compact codimension 0 submanifold of Vi’.
Let Co3 = phs~1(Cy). Then by Lemma 2.5 there are an even number of
components of 0Cs3 so that the restriction of the normal bundle of Cas is
nontrivial. But by construction the normal bundle of Ca3 — V{5 is trivial,
since for each component T of V — V/,, a neighborhood of ph; =1 (T) in V4
is obtained by taking T'x a neighborhood of a tico in a one dimensional
manifold, a resolution tower for the cone on the link of T'. So since 9Cs3 =
phs thTH(Y)UU, phs th et (€) and phy AT (Y) C Coz — V5 we know
that there are an even number of components of |Jphs ~h~tp 1(€) so that
the restriction of the normal bundle of Cs3 is nontrivial. But this means

precisely that > 4 x, 74(T%) = 0. -

Assertion 7.3.4.3 After blowing up %' with centers lying over Vs, we
may as well assume that nq(T*) =0 for all z € AN X,.

Proof: A is a one dimensional stratified set, hence a polyhedron. Pick a
minimal tree A’ C A so that after replacing ¥’ with some blowups with
centers lying over V{5, then ng(¥*) =0forallz € (A—A")NXy. If A =0
we are done so assume A’ is not empty. By Assertion 7.3.4.2, A’NXq cannot
have exactly one element, so it must have at least two elements. So we may
pick z; and x2 in A’ N Xy so that there is only one edge of A’ coming into
x1 and that edge goes to 5. The edge between x1 and x5 is a component
T of a one stratum of X. We know that 74(%**) = 1 since otherwise A’
would not be minimal.



4. ALGEBRAIC RESOLUTION 229

Since T C K4 we may pick a stratum 7" of V5’ NV}, so that p),(T") =
T. We may also pick a stratum 7" of V{5 N Vy5 so that pj5(T’) = T and
pha(T") = T". We now blow up V4 with center 7. In the resolution tower
T®1 this corresponds to blowing up a point in V5" N V53, By Proposition
2.4c, the resulting resolution tower has 7y = 0. Unfortunately, £; has
become 1. But by Proposition 2.4b, we can change &; back to 0 by blowing
up a point in Vj%'. We can do this by blowing up a curve in V{5 lying over
T. So the minimality of A’ is violated. o

So in light of Assertion 7.3.4.3 we may assume that for each z € X
we have all components of p3(T*) equal to 0 except possibly 7o. But by
Lemma 2.7¢ we know that 7o(%*) = 0, so p2(T*) = 0.

So by Theorem 5.2, each ¥* bounds a resolution tower T*’ of type S. In
fact we have diffeomorphisms ¢7: V;* x (0,1] — V*' — Vi for ¢ = 1,2,3 so
that g7 (Vi x (0,1]) = Vii" and pf,' g7 (u, t) = g5 (p§,;(u), t) for allu € V; and
t € (0,1]. We then get a resolution tower ¥ of type S with |T| = X by gluing
the resolution towers T*’ to T’. For example, suppose L, = p; !(e;). Then
pz 0 h is a proper smooth submersion on each V; Nh~1p1((0,€,]), so there
are diffeomorphisms h¥: V¥ x (0,¢€,] — V;Nh™1p1((0, €;]) compatible with
the maps p}i so that p,h¥(z,t) = t. So we could let T be the resolution
tower obtained from the disjoint union ¥'L| | X% by identifying g¥ (z, t)
with h?(te;) for (z,t) € V¥ x (0,1).

We now prove Theorem 1.1.

Proof:  (of Theorem 1.1) Conclusions b) and c) follow from Proposition
1.7.

So we only need prove a). If X is homeomorphic to a real algebraic set
then Lemma 3.1 shows that X and Z; (X) are Euler spaces for i =0, 1,2, 3.
(We also know that X must be an Euler space by [Sul].)

Conversely suppose that X and Z; (X) for ¢« = 0,1,2,3 are all Euler
spaces. Triangulate X. Then Lemma 1.9 implies that the first barycentric
subdivision is an Euler polyhedron and Proposition 7.1.8 and Theorem
1.2a imply that the second barycentric subdivision is isomorphic to a real

reXo

algebraic set.

4. Algebraic Resolution of Real Algebraic Sets in Dimension
Three

Our characterization of three dimensional algebraic sets has little hope
of being extended to many more dimensions since it involves calculating
cobordism groups which are already very complicated in low dimensions.
Thus it would be nice to strengthen Theorems 4.2 and 0.6 so that they
are converses of each other. To this end, we strengthen Theorem 4.2 suf-
ficiently to characterize three dimensional real algebraic sets. T. C. Kuo
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has independently proven the essential part of this, although in a different
context.

THEOREM 4.1. Any three dimensional real algebraic set X is the real-
ization of a resolution tower ¥ of type RSF.

Proof: At this point the easy proof is that by Theorem 1.1, X and each
Z;(X) for i = 0,1,2,3 are Euler spaces. But then the proofs of Theorems
1.1 and 1.2 imply that X is the realization of a resolution tower of type S.
Notice that type F' is automatic because the dimensions are so low. However
we will do a direct algebraic proof since it indicates how one might try to
prove this in higher dimensions. The higher dimensional cases are a bit
more complicated however since the local forms are not as simple.

Just as in Theorem 4.2 we may as well assume X is compact. The
first step is to use Theorem 4.2 to get X = |%| for some well indexed
algebraic resolution tower T = {V;, A;, p; }o_, of type FUNE with dim V; =
1. Actually, we only need type UM. A byproduct of the proof of Theorem
4.2 is that the complexification of ¥ is also a resolution tower of type U
near the real points. For the most part ¥ has type S, the only possible
points where some p;; is not submersive are at Va3 N Vo3 where po3 may
not be submersive. We call these points bad points. We will show that the
image of the set of bad points is a finite set.

Our procedure is completely canonical. Let Q C V5 be the image of the
bad points. This @ is always finite. You first blow up any points necessary
in Vag to make p35(3(Q)) locally principal. This is completely canonical
since it is only locally not principal at isolated points, which you keep on
blowing up until there aren’t any. You now blow up V5 at @ and lift the
map pe3 to the blowup. You then repeat the whole process. After a finite
number of repetitions, it eventually terminates when there are no more bad
points.

We know that Va3 is an embedded dimension 2 submanifold of V3 since
if two intersecting sheets were in Va3 their curve of intersection would have
to submerse to the surface V5 at almost all points. This is impossible for
dimension reasons, c.f., Lemma 2.3.

The following gives the local canonical forms for the map po3. If p is
a polynomial, we let ord(p) denote its order, i.e., the degree of the lowest
degree term of p.

Assertion 4.1.1 Pick any q € Vo3 N Vys. Then after a coordinate change
on Va3 we may assume that locally ¢ = (0,0) and

pas(z,y) = (2Fy*, p(a®y”) + 2°y?)

where p is a polynomial, ad — bc > 0, and either
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1) a and b are both nonzero and relatively prime. Furthermore, p
has degree < d/b. We call this the triple point case. In this case,
pos is submersive at ¢ if and only if pa3(q) is a double point of q
and p = 0. Also if q is a bad point then the whole line y = 0 (and
possibly x = 0 as well) consists of bad points.

2) a=1,b=0,d = 1. Furthermore, p has degree < c. We call this
the double point case. In this case, po3 is submersive at q if and
only if either ¢ = 0 or else pa3(q) is a double point of ¢ and either
p =0 or ord(p) = c. Also, if q is a bad point the whole line z = 0
consists of bad points.

So in any case there are no isolated bad points. Furthermore, po3 is locally
constant on the bad points so the set of images of bad points is finite.
Proof: Pick analytic coordinates x,y for Va3 near ¢ and w,v for V5 near
pa3(q) so that ¢ is (0,0), pa3 (q) is (0,0), Vaz N Vps is locally {z = 0} if ¢ is
a double point of |As| or {zy = 0} if ¢ is a triple point, Vps is {u = 0} or
{uv = 0} and the map po3 is given by pos (z,y) = (m“lyb/,g (x,y)) Note
b = 0 if and only if ¢ is a double point.

If b’ # 0, let k be the greatest common divisor of ¢’ and . If b = 0,
let k=a'. Let a=da'/k and b="V'/k. So

P23 (z,y) = (xkaykba g (x, y)) .

First assume we are in the case where ¢ is a double point, i.e., a = 1,
b = 0. Then the Jacobian determinant of pys is kx*~10g/dy, and it only
vanishes on 2 = 0 even for complex z and y (since the complexification has
type U). So 0¢g/0y = zu/(x,y) where u/(0,0) # 0 by Lemma 2.1. If we
write g (z,y) = > gijz'y’ then

dg/0y = ngiﬂiyj*l
so we see that g;; = 0if j > 0 and ¢ < c and also g.1 # 0. So
g9(z,y) =p(x) + zYu(z,y)
where p(z) = Y_;_, giox’ is a polynomial and u is a unit, i.e., u(0,0) # 0.
After a coordinate change y — yu we get
g(z,y) =p()+z%

as required.

Suppose ¢ is not a bad point. If pas(g) is not a double point of Vjo we
must have pas submerse z = 0 to u = 0, in particular dg/dy(0,0) # 0. So
we would need ¢ = 0. So now suppose p23(q) is a double point of V3. Then
to be submersive at ¢ we must have p(z) = 0 or p(z) a monomial of degree
c.
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Now suppose ¢ is a triple point so a and b are nonzero. The Jacobian
determinant of po3 is

(aydg/y — brdg/dx) - kare=tyrb—1,

By type U, p23 must be a submersion when xy # 0. So the Jacobian
determinant must be nonzero when zy # 0 even for complex x and y (since
the complexification has type U). So Lemma 2.1 implies that

aydg/dy — bxdg/dx = xy™u' (x,y)
where u/(0,0) # 0. If we write g (z,y) = > gi;z'y’ then
aydg/dy — bxdg/Ox = Z (aj — bi) gijx'y’

so we see that we must have ad — bc # 0 and g.q # 0. So we may write

g (z,y) = p («y°) + 2y (z,y)
where p is a polynomial and u is a unit. The reason we may take p to be a
polynomial is that any term of the form (x“yb)n with n > max (¢/a,d/b)
may be absorbed into the unit u. After a coordinate change x — zu =t/ (@d=bc),

y = yu® (@4=¢) we may assume

g (@,y) = p (z%9°) + =y,
By switching & and y we may also assume ¢/a < d/b, i.e., ad — bc > 0.

Now suppose that g is not a bad point. Then the point stratum ¢ must
submerse to its target, so pa3(g) is a double point of Vjpo. But then the only
way to be submersive is when p = 0.

Suppose now that ¢ is a bad point. Now look at a nearby double point
(w,0) with w # 0. Then locally near (w,0), pa3 looks like (y*°, p(y®) +
we/byd 1 pyd) after a change of coordinates z — ¢ /b — qyead/b
y — %%y, By part 2), if (w,0) is not bad then either d = 0 or py3(q) is
a double point and p = 0. But d > be/a > 0 so d > 0 and thus (w,0) is a
bad point. Likewise (0,w) will be a bad point unless ¢ = 0. =

In light of Assertion 7.4.1.1, we only need concentrate on eliminating
the bad double points, the bad triple points will then be eliminated au-
tomatically. We will assign a complexity (m,n) to each double point as
follows. Pick a local expression pos(x,y) = (z¥, p(z) + 2°y) as in Assertion
7.4.1.1. If either p = 0 or ord(p) = ¢ we take m = 0 and take n = ¢/k
if pas(q) is not a double point of Vpo and n = 0 otherwise. If p # 0 and
ord(p) < ¢ we take m = ¢ — ord (p) and n = ord (p) + k. This complexity
might vary with the expression chosen but we say the complexity of pa3 at
q is the lexicographical minimum of the pair (m,n) over all the above local
expressions for po3. Actually, most expressions for po3 will give the minimal
complexity anyway. The only exception is if ord(p) is a multiple of k£ and
p23(q) is not a double point of Vja, in which case a coordinate change will
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get rid of the initial term of p. Note that a double point is bad if and only
if it has complexity > (0, 0).

What we claim is that whenever we blow up the images of the bad
points the maximum of this complexity decreases by at least an integral
amount. Consequently by continuing to blow up the images of the bad
points we eventually get rid of them all.

We will first illustrate this by an example. Suppose Va3 = R?, V5 = R2,
Voz N Vo = R2, Voo = R? and pos(x,y) = (2%, 22 + 23y). Then the line
x = 0 consists of all bad points and their image is the single point (0,0).
The complexity of (0,0) is (1,6). The pullback ideal is locally principal
at the point (0,0), so we may blow up V5 at (0,0) and po3 will lift. The
lifted map will be phs(z,y) = (22/(1 + zy), 2% + 23y) to one of the charts
obtained by Lemma 5.1. In this new chart, Voo = R? UR3. The complexity
at (0,0) is now (1,4).

The line x = 0 still consists of bad points, so blow up V5 again. The
lifted map will be pis(z,y) = (22/(1 + zy), (1 + zy)?). After changing
coordinates in V5 so that the image of the bad point is (0,0), say by the
change (u,v) — (uv1/2, v — 1), and changing coordinates in Va3 say by
(z,y) — (x,2y + 2y?) our map has the form p4}(z,y) = (22, 2y) and the
image (0,0) of the bad points is not a double point. The complexity is now
(0,1/2).

The map phs will not lift to the blowup of V5 so we must first blow up
Va3 at (0,0). By Lemma 5.1 you get two charts A and B and your map

phsomis (x?

, %y) on chart A and (2%y?, zy?) on chart B. These maps
now lift to the blowup of Vs, one gets the map (22, y) on chart A which is
submersive and on chart B one gets the map (z, ry?) which is submersive
since it maps from a triple point to a double point.

Now we return to the proof and see what happens to the complexity of
a bad double point after we blow up its image in V5. We assume that pos
lifts to the blowup. Of course it might not, we might have to first blow up
points in Va3 to obtain a lifting, but we will see in Assertion 7.4.1.3 that
whenever one has to blow up the source, the maximal complexity does not
decrease, or at least if it does it is still < (0,1). Since complexities are
positive and decrease by at least integral amounts, after a finite number of
steps there will be no bad points left.

Assertion 4.1.2 Suppose q € Vas is a double point and we blow up pas(q)
in V2 and the map pas lifts to a map phs: Vaz — B(Va,pas(q)). Suppose
q is a bad point of phys. Then the complexity of phs at q is smaller than
that of pos at q. Moreover, if the complexity of pas at g is (0,«) then the
complexity of phs at q is < (0, — 1).
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Proof: There will be two charts for this blowup, on chart C' the blowup
map is (u,v) — (u,uv) and on chart D the blowup map is (u, v) — (uv,v).
On chart D, Vjy is the intersecting curves u = 0 and v = 0. On chart C,
Voz is either the curve u = 0 (if p23(q) is not a double point of Vp2) or the
two curves u = 0 and v = 0 (if pa3(q) is a double point of Vo). So in what
follows D is the only chart we can count on to have a double point.

Let pos (z,y) = (xk, p(z)+ xcy) be an expression for pas with minimal
complexity. Let e = ord (p) if p # 0.

First suppose p = 0 or e = ¢. In other words pa3 (x,y) = (xk, ¢ (y + yo))
for some constant yo. Then the complexity of pas at ¢ is (0,c¢/k) if pas(q)
is not a double point and otherwise it is (0, 0).

If k = c then phs (z,y) = (xk, Y —|—y0) mapping to chart C which is
submersive.

If k > c and yo # 0 then phg (z,y) = (2"7¢/(y+v0), z°(y + vo))
mapping to chart D which is submersive since it maps to a double point.

If £ > ¢ and yo = 0 then the lifting p; does not exist so we can ignore
this case, but keep it in mind when we prove Assertion 7.4.1.3.

If k < c, then pis(z,y) = (z*, 27 (y + yo)) mapping to chart C' and
it has complexity (0,c/k — 1) if pa3(q) is not a double point and otherwise

it is (0, 0).
Now we suppose that p # 0 and ¢ > e. The complexity of po3 at ¢ is
(c—ee+k).

If k£ < e, then we have

Phs (z,y) = (2%, p(z) - 27F + 27 Fy)

mapping to chart C. This has complexity (¢ —e,e) which is less than
(c—e,e+ k).
If £ = e then

pas (z,y) = (2", p(z) - 2™ + 27"y

mapping to chart C'. But the second coordinate is nonzero at ¢, so one must
change variables in Vo, which has the effect of eliminating the constant term.
So if €’ is the next lowest degree of a monomial of p we see the complexity
isat most (c—k— (e —k),e') = (c—€,¢)if ¢ <c. If & = c then the
new complexity would be (0,¢/k — 1) or (0,0) instead.

If £ > e then

Phs (,y) = (2" fu(z,y), p(z) + 2°y)

mapping to chart C where u is the unit u (z,y) = p (z) - x~¢+x¢y. After
a coordinate change, this becomes (l‘k_e7 p (x) + xcy) for some polynomial
p’ with the same order as p. Thus the complexity is (¢ — e, k). O
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From the above proof we saw one kind of point where the map might not
lift, when pos (z,y) = (xk, xcy) and k > c¢. But there are other points we
did not look at, namely the triple points. So suppose we have a triple point
q and we blow up its image. Suppose paz(z,y) = (29", p(z?y®) + z°y?)
is the local expression we get from Assertion 7.4.1.1. Then the only time
peos will not lift to the blowup is when either p = 0 and ¢/a < k < d/b or
else p#0, e > c¢/a and k > ¢/a.

We see below that if we blow up Va3 at one of these three types of bad
points, the maximal complexity does not increase unless it was already less
than (0,1).

Assertion 4.1.3 Suppose r € V2. Suppose po3 does not lift to the blowup
B(Va,r). Let Q C pyy (r) be the set of points at which p5;3(r) is not locally
principal. If m = w(V3, Q) is the blowup map, then the maximal complexity
of pag o 7| at any double point is either < (0,1) or not greater than that of
p23. Moreover, after a finite number of such blowups, pes will lift.

Proof: Note that @ is finite since we saw in the proof of Assertion 7.4.1.2
that the only double points which are in @ are isolated in @, since pog
looks locally like (x*, 2°y). Then the fact that a lift will occur after a finite
number of such blowups follows from Chapter 0, Section 5 of [H], c.f.,
Proposition 2.7. In this simple case, it is not too hard to prove it explicitly
also.

Pick any ¢ € Q. First let us do the case where ¢ is a double point
which does not lift. Then locally, pss (z,y) = (xk, :c“’y) and k > c. Its
complexity is either (0,c/k) or (0,0). The strict transform of Va3 in the
blowup is just the blowup of Va3 at q. By Lemma 5.1 we get two charts
A and B for B(Vas, Q). The map pos o 7 looks like (mk,x”ly) on chart
A and (xkyk, xcycﬂ) on chart B. Points not in 7~!(g) will not have their
complexity change since 7 is a diffeomorphism nearby. So we only need
look at double points in 77!(g). The new double points are the points
in chart A with « = 0 and y # 0. They all have complexity (0,0) or
(0,(c+1)/k) <(0,1).

Now let us look at when ¢ is a triple point. Pick a local expression

(ijaykb7 P (xayb) + Z‘Cyd)

for pos near ¢ as in Assertion 7.4.1.1. Pick it so that e = ord(p) is as large
as possible if p # 0. Since pos will not lift to the blowup we know that
either p =0 and ¢/a < k < d/borelse p#0, e > ¢/a and k > c/a.

Then the complexity of pe3 at points (w,0) with w # 0is (0,0) if p =0
and r is a double point of Vjs, it is (0,d/(kb)) if p = 0 and r is not a double
point of Vpo and it is (d — eb, eb + kb) if p # 0.
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By Lemma 5.1 we get two charts A and B for B(Va3, Q). On chart A,
P23 oTm iS

(l,k:aykaArlcb7 P (zayaer) + xcyd+c)
and on chart B, pag o7 is

(‘,Z:k:a+kbykb’ p (:raeryb) + chrdy ) )

We only need check double points in 771(¢q). These are points in chart B
with x = 0 and y # 0. So after a change of coordinates near such a point,
pa3 o will be the map (zF@HF0 p(xat?t) 4 getdy).

If p# 0 and e(a + b) > ¢+ d then the complexity of pa3 o w at (0,y) is
(0,0) or (0, (c+d)/(ka+ kb)) but this is less than the complexity of pa3 at
(w, 0) so maximal complexity has not increased. If p # 0 and e(a+b) < c+d
then the complexity is

(d+c—eb—ea, (a+b)(e+ k)= (d—eb+alc/a—e), (a+b)(e+k))

which is less than that of py3 at (w,0) since e > ¢/a. If p = 0 and r
is not a double point of Vyz then the complexity of pas o m at (0,y) is
(0, (c+d)/(ka+ kb)) which is less than (0, d/(kb) since ¢/a < d/b). If p =10
and r is a double point of Vpo then the complexity of pa3 o 7 at (0,y) is
(0,0). So in any case we see that the new double points have either smaller
than maximal complexity or complexity < (0, 1). a

It is amusing to point out that what we end up doing here is resolving
the singularity of the curve ¢t + (¥, p(t)) in Vg2. So another way to look at
what we are doing is to look at the collection of such curves, one for each
bad point with p # 0. After blowing up enough to resolve each singularity,
we see that pos has a simpler local form, one where p = 0. At this point
the maximum complexity is of the form (0, ). One could then finish off
the proof fairly readily.

5. Bounding resolution towers

In this section we complete the proof of Theorem 2.1 and give the more
technical version of results which were useful in the proof of Theorem 1.1.

For convenience we use the following notation in this section. If n is a
positive integer, we let n denote the set n = {1,2,...,n}. We also let J
denote the interval [—1, 1].

First we show that p; determines when a one dimensional tower bounds.

THEOREM 5.1. Suppose p1(T) = 0 for some T € TR]. Then T is
a weak boundary of a resolution tower ¥ of type S so that |T'| = ¢|F]
and all exponents of ' are < 2. Furthermore, if k is the index so that
V) is the vertex of the cone, then & (Vi) = 0 for i = 0,1 and there are
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diffeomorphisms g;: Vi x (0,1] — V;' =V}, so that g;(V;; x (0,1]) = V; = V};
and p;Zgz(y7t) = g](pﬂ(y)at) fOT’ all (yat) € ij X (07 1]

Proof: For convenience, assume that ¥ = {Vi,Ai,pi}?:l has bias 1, then
we wish to find T = {V/, A}, p/}?_, and the k in the statement above is 0.
As we construct ¥’ we will also construct vector fields v; on V; which will
integrate to give the g;’s and the cone structure on |%'|.

Since p1(%) = 0, V7 has an even number of points and also V; has
an even number of points ¢ for which pl_Ql(q) is odd. So we may pair up
the points of V4 as {q11,9-11,- -+, 41n,¢—1n}- soO that for some n’ < n, the
cardinality of pp, (gj;) is odd if and only if i < n’. Let VJ = a point,
V] =J x n, Vj; =0 x n. Define the vector field vy on V{ by vy(t,i) = —t.

Note that each pry ({q1i,¢_1:}) has an even number of points. So we
may pair up the points of Vi2 as {r11,7_11, ..., "1m, "—1m | S0 that there are
functions o: m — n, o: m — {1,2} and ¢': m — {—1,1} with p12(rj;) =
Qea(i) Where £ = o’(1)7°®. Furthermore, we may as well also have o (i) =
o'(i) =1 and «a(i) = i for ¢ < n’ and have o(i) = 2 for ¢ > n/. In other
words, pi2(rj) = gz for i < n' and pia(r1i) = p12(r-1:1) = Gor(i)ai) if
i>n'.

For example, consider the tower ¥ given in Figure 12, then we could

°q

1y M 1 1

O Ou =
- q

13 M3 2

P

FIGURE 12. Pairing up points of V7 and Vi,

pair up the points as shown. Vi, consists of the points r;; and P1_21 (q11) =

{ri1,m12, 712}, P15 (q-11) = {r—11}, P12 (q12) = {r1s, 713} and iy (g-12) =
(). The realization |%| is shown in Figure 13. In this example, n’ = 1.

S

FIGURE 13. The realization of ¥

We will not yet construct all of Vy but will construct more and more
pieces of it by adding handles until we finally have all of it. For the sake of
clarity, we will not bother to round off corners, specify a smooth structure or
smooth out the vector field vy (or even make it continuous, except qualita-
tively) where the pieces fit together. However, the vector field vy we define
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below will certainly be integrable, so its flow will define a smooth structure
on V3, by declaring the flow to be smooth and declaring the interiors of the
pieces we add to be smooth.

Pick disjoint embeddings pj;: (J,0) — (Va,7j;). Let C = Vo x [1/2,1]
and C3 = J x J x m and glue them together by attaching (j,v,i) € 1 x
J xm C C} with (pji(v),1/2) € CY. Let CP, = Vip x [1/2,1] € CY and
Ch=Jx0xmcCC}and Cf =0 and Cl, =0xJ xm C C3.

Temporarily denote Cy = CYUC}, C1o = C,UCT, and Cpa = Cly. As
we go on we will add more handles to Cs, still calling it Cs, until finally we
have all of V. We have actually already defined all of V5, it will be Cia.
We define ply: Cy — V{ by plo(x,t) = (jt, i) if p1a(z) = ¢;; and define
Pla: Cly — VI by pho(u,0,i) = (o' (i)u®®/2,a(i)). Define vy on CY by
va(x,t) = (0,—t) and define vy on C3 by va(u,v,i) = (—u/o(i),v). Note
that vg is tangent to C12 and dp,(v2|c,,) = 1. Also by points outward on
802 — ‘/2 x 1.

Cy3 D\ ,
D/Vm

c; v/

Cop —> 1

FIGURE 14. Starting to make T a weak boundary

We now add handles to reduce to the case where each component T of
0Cy — Vo x 1 satisfies T'N Cpo = one point. So take any component T' of
dC5 — V5 x 1 and suppose T'N Cp2 has more than one point. Let z1,z_1
be two of those points. Pick disjoint embeddings ¢;: (J,0) — (T, z;) so
that @;1(C02) = 0 and so that with respect to some orientation of T, ¢;
is orientation preserving and ¢_; is orientation reversing. Let C5 = J x J
and attach it to Cy by identifying (j,v) € £1 x J C C3% with ¢;(v) € T.
Let C2, =0 x JUJ x 0. Extend v to C2 by va(u,v) = (—u,v).

Note that adding this handle split T" into two circles, each with fewer
intersections with Cps. Thus after doing this process a number of times we
may assume that each component T of dCy — V5 x 1 intersects in zero or
one point.

If the intersection is empty, we may pick disjoint embeddings ¢;: J — T
so that with respect to some orientation of T', 1 is orientation preserving
and ¢_ is orientation reversing. Let C3 = J x J and attach it to Cy by
identifying (j,v) € £1 x J C C3 with ¢;(v) € T. Let C3, = 0 x J. Extend
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oG8

FIGURE 15. Handles added until each T'N Cyo has at most
one point

02 to C3 by va(u,v) = (—u,v). Note that adding this handle split T into
two circles, each intersecting Cpo in a single point (0, 41).

So we have reduced to the case where each component T of 9C5 — V5 x 1
satisfies T'N Clys = one point.

G

FiGURE 16. Handles added until each T'N Cyo has one point

Since the number of points in dCy N Cps is even, we may pair up the
components of 9Cy — Vo x 1 as {T11,T-11,..., Tik, T—11}. Choose diffeo-
morphisms 0;: S — Tj; so that 6;;,(1) = Tj; N Cpa. We now add round
handles to finish up the construction of ¥'. Let C4 = J x S! x k and attach
it to Cy by identifying (j,z,4) € £1 x J x k € CF with 0;;(z) € Ca. Let
Vo2 = Coa U0 x ST x kUJ x 1 x k. Extend vy to C4 by vo(u,z,i) = (—u,0).

We will now show that |T'| = ¢|%|. Let ¢;: U; — V/, i = 0, 1 be the flow
generated by v;, where U; C V/ x R is as large as possible. (For example,
P1((t,4),8) = (te~*,4).) Note that since p5.(v2) = v; we have

Piotha(x, ) = 1 (p1a(2), 5) *
Since v; points inward on 9V} is tangent to the ticos Vjj, and V{5 and limits
on Vg, the v;’s restrict to diffeomorphisms ;|: 9V; x [0,00) — V/ — V..
Because of (), these factor to an isomorphism ¢: |Z] x [0,00) — |T'| = V§
which then gives an isomorphism ¢’: ¢|%| — |Z'|. Specifically, ¥’ (x,t) =
Yo(x,1/t — 1) for © € Vo, t € (0,1], ¥'(z,t) = Y1(x, 1/t — 1) for x € V7,
t € (0,1] and ¢’(z,0) = the point in V;.
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FIGURE 17. Adding a round handle

By Proposition 2.4, we may assume after blowing up ¥’ that & (V) =
&1(Vp) =0.

We now look at two dimensions. We proceed as in the proof of Theorem
5.1, the only difference is that things are a bit more complicated.

THEOREM 5.2. Suppose p2(T) = 0 for some T € TR,. Then T is the
weak boundary of some resolution tower T of type S so that |¥'| ~ ¢ (|%])
and all exponents of T are < 2. Furthermore, if k is the index so that V) is
the vertex of the cone, there are diffeomorphisms g;: V; x (0,1] — V/ =V},
so that g;(Vji x (0,1]) = Vj; — Vii and pl;9i(y,t) = g;(pji(y),t) for all
(y7t) € VJZ X (07 1]'

Proof: For convenience, assume that ¥ = {Vi,Ai,pi}f’:l has bias 1, then
we wish to find T’ = {V/, A}, pi}3_, and the k in the statement above is 0.
As we construct ¥’ we will also construct vector fields v; on V; which will
integrate to give the g;’s and the cone structure on |%'|.

Since p2(%¥) = 0 we may pair up the points of V; as

Vi={a@1,q-11,-- -, qin:q=1n }

so that
&(q1i) = &(g-1i) for i=1,...,n.
Let Vy be a point and let
Vi=Jxn

where n = {1,2,...,n}. Let A1 = Ag1 = {(0,4) | i € n}. Since Vj is a
point there is only one possibility for each map pf,;, so we will refrain from
defining these maps explicitly. Define hy: Vi — OV by hi(g;;) = (J,4). So
hy identifies —1 x 4 € V] with q_1; and 1 x i € V] with ¢1;. We define
v1 on VY to be vy(t,i) = —t.

We will not yet construct all of Vi and V3 but will construct more
and more pieces of them until we finally have all of them. For the sake of
clarity, we will not bother to round off corners, specify a smooth structure
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v!
[ o

' Vo

FIGURE 18. Resolving the cone on the 0-skeleton

or smooth out the vector fields v; (or even make them continuous, except
qualitatively) where the pieces fit together. However, the vector fields we
define below will certainly be integrable, so their flow will define a smooth
structure on V/, by declaring the flow to be smooth and declaring the
interiors of the pieces we add to be smooth.

First, we will lay a bit of groundwork.

For each a,b = 0,1 and ¢ € n we have &u(q1;) = 2a6(¢-1:). In
other words, there are an even number of points ¢ of py5 ({q1i,q_1:}) with
¢'(t) = (a,b). Thus we may pair off the points in V5 as

Vig ={tir,t—11,-- s tim,t—1m }
so that
C(t1) =C¢ (1) for i=1,....,m
and there are maps a: m — n and §: m — {1,2} and §': m — {—1,1} so
that for all ¢ € m and j = +1,
p12(tji) = Gea(iy where £ = §'(i);°®

In other words, {t1;,t_1;} Np1o ({ 1k, q_1x }) is either empty (if k # a(i))
or {t1;,t—1;} (if k = «(4)). If (i) = 1 then p;2 maps t1; and ¢_1; to different
points and if §(¢) = 2, p12 maps t1; and t_1,; to the same point.

Since ¢'(t1;) = ¢’'(t—14), we know that for each d = 1,2, there are an
even number of points u in pys' ({ t1;,t_1; }) with ((u) = d. Hence we may
pair off the points of Vo3 N Vi3 as

Vas N Vg = { uir, u11, o Wik, u—1p }
so that
C(u1;) = C(u_y;) for i€k
and there are maps 8: k - m, e: k — {1,2} and ¢: k — {—1,1} so that

p23(uj;) = typy where €= ¢ (i)j<0

Let ¢; = ((w1;) = ((u-1:), i € k.
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Pick disjoint open embeddings p;;: R — V5 for j = +£1 and i € m so
that p;;(0) = t;;. Since pes is a tico map, we may find disjoint embeddings
n;i: J xJ — V3 and maps o: k — {0,1} and ¢’: k — {—1,1} so that

n;:(0) = uy
nj_il(Vw) = 0xJ
le_il(V%) = Jx0
p23n;i(v,0) = g (Ul(i)jo(i)vcﬁ where ¢ = ¢'(i)j"

(It may be necessary to rescale f1;; to get the last condition.) Note that
if ¢; = 1, we may compose 7;; with reflection about 0 x J if necessary
to absorb the + sign ¢’(7)j°%), so if ¢; = 1 we may as well assume that
o(i) =0and o'(i) = 1.

Our first two pieces of V3 will be C§ = V4 x [1/2, 1] and the one handles
C3 =J x J x m. We will glue them together by identifying

(j,u,i) € Cy with (uji(u),1/2) € C3 for ueJ, j==+1.
Define V}, N C5 = Ci, by

Cly, = Vizx[1/2,1]
Cly, = Ix0xm
Cop = 0

Ci, = 0xJxm

Define pis|co, by pia(z,s) = (js,4) if pia(z) = ¢;; and define pis|c1, by
letting p),(s,0,i) = (8'(i)s°@/2,a(i)). So for each i € m, t;; x 1 and
t_1; x 1 are endpoints of an interval in C% UCY, and p), maps this interval
homeomorphically to J x a(7) if §(i) = 1 and folds it to half of J x «(3) if
0(i) = 2.

Let the embedding ha: Vo — OCS be defined by ha(z) = (z,1). Note
that hy '(CYy) = Via and plyhe = hipia. Define vy restricted to C3§ by
va(x,t) = (0, —t) and define by restricted to C3 by va(s,u,i) = (—s/8(i), u).
Note that vy points outward on d(CIUCT) —Va x 1, points inward on Vo x 1,
is tangent to CY, U C}, and satisfies dp),(v2) = 0;.

At this point we have constructed a neighborhood of V{y U 9V5 in V3.
We now temporarily halt our construction of V3 and start constructing V3.
In particular we will construct a neighborhood of OVy U (Vy3 N V{3) in V.

Let

cy = Vax|[1/2,1]
C; = IxJIxJIxk
C2 = IxJIxJIxo'(1)
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1 Ly
FIGURE 19. The first two pieces of V;

We will identify (j,v,w,i) € Ci with (n;:(v,w),1/2) € C9 for j = +1,
i € m and v,w € J. We will identify (j,v,w,i) € C7 with (v,j,w,i) € C3
for j = £1,i € 07%(1) and v,w € J. Thus we add a single one handle for
each i € 071(0) and add two one handles for each i € o~1(1).

Define V3 N C4 = Ci3 by

Chy = Vigx[1/2,1]

Cy3; = IxJIx0xk

Cly = Ix0xJIxk

Cos = 0xJIxJIxk

C2, = IxJIx0xo (1)

Chy =0

Cis = 0xIxIxo ' (HUIx0xIxo (1)

Define p}3|093 by phs(x,s) = (pa3(z),s) € C9 and pis(z,s) = (¢s,q) if
p13(2) = qu;. Define p3»3|0.]13 by
Phs(u,v,0,3) = (€(0)u™, o’ (i)u” v, (i) € C3
p'13(u,0,w,i) = p/12p/23(u70’0a7:) = (6/ﬁ(l) /(i)éﬁ(i)uéi/zaaﬂ(i))
where 6; = €(i)03(i). Define phs|cz, by
Pha(u,v,0,1) = (¢ (D)o Du2 o’ (i)v, B(i)) € Ca.

Let hy: V3 — 0CY be defined by hz(z) = (x,1). Define b3 restricted to
CY by v3(z,t) = (0, —t), define v3 restricted to Ci by

v3(u, v,w,i) = (—u/d;,v(1 4+ 0(2)/8;) /i, w)
and define vy restricted to C3 by

v3(u, v, w, i) = (—u(1/58(1) + €(@))/2, v, w).
Note that dphs(v3) = vy and dp),(v3) = vy.
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FIGURE 20. The first pieces of Vg

We temporarily denote C3 = C§ U C3 U C2, (as we go along we will
enlarge C3). Likewise, let Cj3 temporarily denote C3 U Cj3 U C%, let Cjo
temporarily denote C’]Q2 U C’}Q and let Cy temporarily denote C9 U C3. Let
0_C; denote 0C; — V; x 1 and let 0_C}; denote 9C;; — Vj; x 1.

Notice now that phs: Caz — Cy is proper, i.e., phs 1 (dCs) = 9Cas.
Furthermore, ph; =1 (0_Ca) = 0_Cas. Also the map phs|: 0_Caz — 0_Cy is
a tico map between one dimensional manifolds and a perusal through our
construction shows that its exponents are 1 and 2, nothing larger. Note
that v3 points outward on 0_Cj.

We have finished constructing V4 in a neighborhood of V{, U dV; and
V4 in a neighborhood of (Vi3 N V{5) U 0V5. We will now complete the
construction of V3 and of V4 in a neighborhood of V45 by adding more and
more handles to Cs, adding corresponding handles to C'3 in such a way that
Cs3 and phs extend and ph, is proper.

In order to see when we can add such handles, we need a definition. For
each component L of 0_Cy — Cpz) let N'(L) denote the number of points
in phs~(x) for any z € L. Since ph; is a submersion over L this is well
defined. Pick any & € dC5 N Cys and let Ly and Ly be the two components
of 0_Cy — Cl, on either side of z. Note that N (L1) = XN (Lg) mod 2 by
degree theory. Define \(z) € Z/27Z? by

Ax) = (N (Lo), (N (Lo) + N(L1))/2).

Assertion 5.2.1 Suppose A(z1) = A(z_1) for distinct z; € IC2 N Coa.
Suppose we attach a one handle J x J to Cy at x4, i.e., we have disjoint
embeddings p;: J — 90_Cy, i = £1 so that p;(0) = z; and M;l(C()Q) =0
and we identify (i,v) € J x J with p;(v) € Cq, i = £1. Extend the vector
field vy to J x J by setting va(u,v) = (—u,v). Then we may attach one
handles to C5 and extend phy and v3 so that phs is still proper, dph,(bs) =
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09, Phs is a tico map and vz points outward on the boundary of C3U one
handles —V3 x 1.

F1GURE 21. Covering a new handle in C5 by one in C3

Proof: Let C3 denote the handle J x J. We let C3, =0 x JUJ x 0 be the
extension of the tico Cops.

Let phs~(xi) = {ri1,- .., 7ia, } and pick disjoint embeddings 6;;: R? —
dCs3 so that 6;;'(Ca3) = R3 and 6;;'(Cos) = R} and 6;;(0) = r;; and
Po3tij(u,0) = pi(kju) for [u| < 1, kj; = £1, K = 1 or 2, i = £,

7 =1,...,a;. We may as well take Iﬁ:;j = 1if k;; = 1 and after reordering
assume that kj; = k;; = 1 for all j < b;, x; = 1 and k;; = 2 for all
b <j<c¢ andngj:—l and k;; =2 for all ¢; < j < a;.

Note that the number of points in phy ™' i(1) is b; + 2(¢; — b;) and the
number of points in phs s (—1) is b; + 2(a; — ¢;). So A(z;) = (b, a;).

If some b; > 2, we can add a handle C3 = J x J x J to C3, attaching
(1,v,w) to 051 (v, w), attaching (—1, v, w) to ;2 (v, w), letting C35 = I x I x0
and C3; = 0 x J x JUJ x 0 x J, extending phs by setting phs(u,v,0) =
(iu?,v) € Cs and extending vz to C3 by setting v3(u,v,w) = (—u/2,v,w).
So we may as well assume each b; < 2. But since by = b_; mod 2 we must
then have b; = b_1.

If by >0 or b_1 > 0 then b_; = b; = 1 and we can add a handle C’§ =
JIxJIxJ to C3, attaching (£1,v,w) to f11 1 (v, w), letting Caz = I xJ x0 and
Cis = 0x I xJUJ x 0x J, extending ph; by setting phs(u,v,0) = (u,v) € Cs
and extending v3 to C3 by setting v3(u, v, w) = (—u,v,w). So we may as
well assume the b; are both zero.

Ifci>Oandai—ci>0wecanaddahandleC§):J><J><Jt003,
attaching (1,v,w) to 6;1 (v, w), attaching (—1, v, w) to 6; c,+1(v,w), letting
C3 =JIxJIx0and Ch3 = 0xJ xJUJ x0 xJ, extending phy by
setting phs(u,v,0) = (iu?,uwv?) € C3 and extending vz to C3 by setting
v3(u,v,w) = (—u/2,3v/4,w). Now phs is not proper so we add another
handle C3" = J xJ xJ to C3UCS, attaching (j, v, w) € C3’ to (v, j,w) € C3,
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j = =1, letting C3;' = I x I x 0 and C§;' = 0 x I x JUJ x 0 x J, extending
phs by setting phs(u,v,0) = (iu?v?,v) € C3 and extending vz to C3' by
setting v3(u,v,w) = (—3u/2,v,w). Now pls is proper. So we may as well
assume that for each ¢ = £1, either ¢; = 0 or a; = ¢;.

If ¢; > 2 we may add a handle C§ = J x J x J to Cj, attaching (1,v,w)
to 0;1(v,w), attaching (—1,v,w) to O;z2(v, w), letting CS3 = J x J x 0 and
C8; = 0xIxJUJ x0x J, extending ph; by setting phs(u,v,0) = (iu?,v?) €
C3 and extending vz to C§ by setting v3(u, v, w) = (—u/2,v/2,w). So we
may as well assume ¢; = 0 or 1. Likewise we may assume a; —c; =0 or 1.

If c; =c_; =1 we can add a handle C% = J x J x J to Cj3, attaching
(£1,v,w) to 0411 (v, w), letting Cl; = IxIx0 and Cf; = 0xIxJUIx0xJ,
extending phs by setting phs(u,v,0) = (u,v?) € C3 and extending v3 to C
by setting vz(u,v,w) = (—u,v/2,w). We can do likewise if a3 — ¢; =
a_1 —C_1 = 1.

So the only possibilities left consistent with the assumption A(z1) =
Az_1) (i.e., a3 = a—1 mod 2) are a; = ¢; = 0 (in which case we are done)
ora;=a_1=c.1=1,ct=00ra;=a_1=c1=1,c_1=0.

The last two cases are symmetric, so assume the third possibility. We
add a handle C§ = J x J x J to Cs, attaching (£1,v,w) to 0411 (v,w),
letting C83 = I x I x 0 and C5; = 0 x J x JUJ x 0 x J, extending ph,
by setting phs(u,v,0) = (u,uv?) € Cj and extending b3 to C§ by setting
v3(u, v,w) = (—u, v, w). The resulting map is not proper, so we add another
handle C§' = J x J x J to C3, attaching (+1,v,w) to (v,+1,w) € C8,
letting C93 = J xJ x 0 and Cf3 = 0 x J x JUJ x 0 x J, extending ph,
by setting phs(u,v,0) = (u?v,v) € C3 and extending b3 to C§’ by setting
03(u, v, w) = (—u,v,w). O

Assertion 5.2.2 Suppose L;, i = +1 are two components of 9Cy — Cya
and X (Lg) = N (L1). Suppose we attach a one handle J x J to Cy at L1,
i.e., we have disjoint embeddings p;: J — 0Cs, i = £1 so that p;(0) € L;
and p; ' (Coe) = 0 and we identify (i,v) € J x J with p;(v) € Cy, i = £1.
Extend the vector field vy to J x J by setting va(u,v) = (—u,v). Then
we may attach one handles to C3 and extend phy and vz so that phy Is
still proper, dphs(v3) = va, phs is a tico map and v3 points outward on the
boundary of C3U one handles —V3 x 1.

Proof: Let C3 denote the handle J x J. We let C3, = 0 x J be the extension
of the tico Cys.

Let phs 1 (125(0)) = {ri1, ..., 7iq, } and pick disjoint embeddings 6;;: R? —
0C3 so that 97;-1(023) = RZ, 9;1(003) =0, 0,;(0) = r;; and ph3b;;(u,0) =
wi(u), for i = £1 and j = 1,...,a;. Since N (Lg) = AN (L1) we know that
a1 = a_1 mod 2.
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FIGURE 22. Another type of handle we may add to C

Thus if a1 is odd then a_1 is odd and we can add a handle C’g’ =JIxJIxJ
to Cs, attaching (£1,v,w) to O411(v,w), letting C3; = J x J x 0 and
C3; = 0 x J x J, extending phs by setting phs(u,v,0) = (u,v) € C3 and
extending b3 to C3 by setting v3(u,v,w) = (—u,v,w). So we may as well
assume the a; are both even.

If some a; > 0 then a; > 2 and we can add a handle C3 =J xJ x J to
Cs, attaching (1,v,w) to 6;1 (v, w), attaching (—1,v,w) to O;2(v, w), letting
C3; = I xJ x0and Cgy = 0x J x J, extending phs by setting phs(u,v,0) =
(iu?,v) € C3 and extending v3 to Cj by setting v3(u,v,w) = (—u/2,v,w).

m

We wish to reduce to the case where for each component 7' of 9_Cj,
T N Cys is exactly one point. Suppose this is not true for some component
T. Note that the first coordinate of A(x) is the same for all z € T'N Cog.
So if T'N Cyo has more than two points, we may find two distinct points x;
and z_1 in TN Cop2 so that A(z1) = A(z_1). Likewise, if T'N Cpq is just two
points x4 then A(z1) = A(z_1). In either case, by Assertion 7.5.2.1, we
may as well add a handle at x; and this breaks up T into two components,
each with fewer elements in T'N Cyy. So after doing this repeatedly we may
as well assume that the number of points in T'N Cys is either zero or one.
If it is zero we may attach a one handle to T' by Assertion 7.5.2.2 and thus
break it up into two components, each with one point of intersection with
CQQ.

So we have reduced to the case where for each component T of 9_Cs,
T N Cys is exactly one point.

We have an involution 7: 0Cy N Cpya — dCy N Cpa defined as follows.

Pick any « € 9Cs N Cpz. Let J be the component of the sheet of
Co2 which contains . Then J is an interval and 9J = {z,y} for some
y € 0Cs N Cha. We let 7'(17) =v.

Assertion 5.2.3 A(z) = A(7(x)).
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FIGURE 23. The involution 7

Proof: Let S be the component of Cy containing x. Then A\(z) = (d,d)
where d is the mod 2 degree of the map phs|: phs 71 (S) — S. But 7(z) € S
also. m

Assertion 5.2.4 After adding 1-handles to Co and C3 we may as well as-
sume that phs|: 0_Caz — 0_Cy is a submersion, i.e., a covering projection.

Proof: Pick any x1 € 0Cy N Cpe. Let x_1 = 7(x1). Attach a 1-handle
between z; and x_;. Let us see what happens when we add 1-handles to
C3 to cover it as we do in the proof of Assertion 7.5.2.1. We let notation
be as in the proof of Assertion 7.5.2.1. Also, let T; be the component of
0_C5 containing ;.

Now phs properly submerses phy ~1(T; — 2;) so the number of inverse
images of any point of T; — z; is the same, so

b; + 2(0%' - Ci) =b; + 2(Ci — bl)
Then looking at the proof of Assertion 7.5.2.1, we are finished after adding
the handles of type C3, C4, C3 and C3'.
We now attach another one handle C3 = J x J to Cy and attach
it by identifying (+1,v) € C4 with (v,£1) € C3. Extend vy to C3 by
2 (u,v) = (—u,v) and extend Cpz by Cgy =0 x JUJ x 0.

4
C,
3
C,
X T(X
Cy Coz

FIGURE 24. A handle pair added to Co
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We must now cover this handle by adding handles to C3. We will attach
a handle to C3 for each handle we attached to cover C3.

To a one handle of type C3, we add a one handle C§ = J x J x J to Cs,
attaching (£1,v,w) to (v,£1,w) € C3, letting C; =J x J x 0 and CS; =
0xJxJUJ x0xJ, extending phs by setting phs(u,v,0) = (u,iv?) € C3
and extending vz to C$ by setting v3(u, v, w) = (—u,v/2,w).

To a one handle of type C3, we add a one handle C = J x J x J to
Cs, attaching (£1,v,w) to (v,£1,w) € C%, letting C3; = J x J x 0 and
Cls = 0xIxJUJ x0x J, extending ph; by setting phs(u,v,0) = (u,v) € Cy
and extending vz to CF by setting v3(u, v, w) = (—u,v,w).

To a handle pair of type C3 and C3’, we add a one handle C§ = JxJ xJ
to Cs, attaching (£1,v,w) to (v, £1,w) € CY’, letting C55 = J x J x 0 and
C8; = 0x I xJUJ x 0xJ, extending phy by setting phs(u,v,0) = (u,iv?) €
C4 and extending b3 to C§ by setting v3(u, v, w) = (—u,v/2,w).

Now we look at the map p)3 on the new boundary and we see that it
is a submersion on the new part of the boundary J x £1 x 0 in C§, C% and
C8. So if we do this process for each pair x, 7(z) in dCy N Cpa we are done.

m

Assertion 5.2.5 After adding handles, we may assume that each com-
ponent of 0_Cag is mapped homeomorphically by phs to a component of

0-Cs.

Proof: For each component T' of _Cs, let d(T) be the maximum degree
of the covering of T' by a connected component of ph;~1(T) and let e(T)
be the number of connected components of ph; ~1(T") which cover T' with
degree d(T'). Let (d, e) be the lexicographical maximum of (d(T), e(T')) over
all components T' of 0_Cs. Let f be the number of components T of 9_Cy
so that d(T) = d and e(T') = e. Our proof will be by induction on (d, e, f)
with lexicographical ordering. If d = 1 we are done, so assume d > 1. Take
a component T of _C5 with d(T) = d and e(T") = e. Choose a component
S of phs (T which is a d-fold cover of T. Pick y1,y2 € SN Cos.

We now redo the process described in the proof of Assertion 7.5.2.4,
with a slight variation and show that after doing so, (d,e, f) will have
improved. Let the notation be as in Assertion 7.5.2.4, (which implies some
notation from Assertion 7.5.2.1).

First we choose 1 so x1 € T, i.e., {x1} = TNCpha. Note that phs(y;) =
x1, ¢ = 1,2. We now choose the points ry; in a special way. We choose
r11 = y1 and r12 = ys. Note that a; = b; = ¢;. By the process described
in Assertion 7.5.2.4, we will attach a handle of type C3 between y; and ys.
When it comes time to add a handle C§ to this C3 we attach (j,v,w) € C§
to (jv,j,w) € C3 instead of to (v,j,w) as in Assertion 7.5.2.4. Other than
this, everything is done the same as in Assertion 7.5.2.4. In the end you get
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a new 0Cs3 which is almost isomorphic to the old OCs3, the only difference
is that S has been split into two components, each of which maps to T with
degree smaller than d (the two degrees are positive and add up to d). So the

FIGURE 25. Adding a handle to C5 which reduces (d, e, f)

new (d, e, f) is smaller than the old one and we are through by induction.
o

Let D*, i = 0,1 be the union of the connected components S of C
so that ph;~1(S) — S has mod 2 degree i. Let _D; = dD; — V5 x 1.
Since x € D*NACy N Cog implies 7(x) € D and each connected component
of 0_Cs contains exactly one point of Cpo, we know that the number of
connected components of each O_D? is even. Consequently, the number of
connected components of each ph; 1 (9_D?) is even by Assertion 7.5.2.4.

Since 7;(¥) = 0, i = 0,1 we know that the number of components of
each phs 1 (OD?) N Va3 x 1 which have nontrivial normal bundle in 9Cj is
even. Hence by Lemma 2.5, the number of components of each ph; ~1(9_ D?)
which have nontrivial normal bundle in dCj5 is even. Hence the number of
components of each ph; 1 (9_ D?) which have trivial normal bundle in 9Cs5
is even also.

So we may pair up the points of 9_CoNCoa as {s11,S—11,,- -+, S1b;S—1b}
where for some b’ <b, sj; € DY if and only if i < b’ and also so that if Tj; is
the connected component of dC> containing s;; then the mod 2 number of
components of phs =1 (T1;) with nontrivial normal bundle is the same as that
for phs ~1(T_1;). Consequently, we may pair up the points of dCa3 N Coz as
{v11,v_11, .-+ ,V1d,V—14} SO there are functions k: d = b, v': d — {1,—-1}
and v: d — {1,2} and a d’ < d so that if Sj; is the component of 9C53
containing vj; then Sj; has trivial normal bundle if and only if ¢ < d’ and
so that phs(vji) = Sy where £ =~/(i)j70.

Let S1 = {2 € C| |z| =1} be the unit circle and pick diffeomorphisms
Wi : St — Tj; onto the components of 0_Cs so that w;;(1) = s;;.
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We now define C§ = J x S x b, set Vy = CoUCY, identifying (j,z,i) €
C3 with w;;(x) € Ca. Let V{y = Cip and Vjj, = CoaUJ x 1 xbUO x S x b.
Extend vy to C3 by setting va(u, z,i) = (—u,0).

We must now add round handles to C3 to cover this.

9
Cs
/ C 9
]‘ Va3 2
_—
Cop P2
/
v, c
/
Vs

2 2

Cs

FI1GURE 26. Covering with a round handle

Let F' denote the Mobius band, thought of as the nontrivial closed
interval bundle over S'. Let 7: F — S! be the bundle projection, G =
71(1) and let E C F be the zero section. Let F; = F, G; = G, E; = E and
m=mifi > d. Let F; = S'xJ, G; = 1xJ, E; = S'x0 and define ;: F; —
St by mi(z,t) =z if i < d'. We may choose disjoint embeddings ¢;;: F; —
0_Cj5 so that (Pji(Ei) = Sji, (p;il (Cog) = G; and @;il(clg) = (. Let Cg =
Ui<q IxF;xi. Glue C§ to Cs by identifying (4, z,i) € C§ with ¢j;(z) € Cs.
Let CF3 = Ujey I X Ei x i and Cfy = U,y (I x Gy xiU0x Fj xi).
Extend ph; to C395 by setting phs(y, 1) = (v/(0)y?" D, m;(x), k(i) € C3.
Extend b3 to C§ by setting v3(y,z,i) = (—y/v(i),vi(z)) where v; is a
vector field on F; which is 0 on E;, points outward on OF; and satisfies
dﬂ'i (l/z) =0.

So we have now constructed all of V. We have also constructed all of
Vs, set Vs = Co3 U C5. We will now complete the construction of V.

Let Vi3 be the double point set of Vi3. Since &;1(q1;) = &1(q—1;) we may
pair up the points of V3 as

{wi, w11, ., Wie, w1}
so that there are functions ¢: e — n, 7: e — {1,2} and 7’': e — {—1,1}
so that pi13(w;i) = qep(s) Where £ = 7'(1)77®. Choose disjoint embeddings
fi: R? = 0C5 N CY = 0C5 N Vs x 1/2 so that 65, (C13) = 0 x RUR x 0.
We now attach Ci% = J x J x J x e to C3 by identifying (j,v,w,i) € Ci°
with 6;;(v,w) € C3, j = £1. Let C19 =I x 0x I xeUJ xJ x 0 x e and
Ol = 0x I x I xe. Extend p}5 by setting pi5(u, v, w) = (7' ())u™® /2, (7).
Extend vz by setting vg(u, v, w) = (—u/7 (%), v, w).
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At this point, 0_C3 contains no points of Cs3 and no double points of
C13. So 0_C13 is a union of circles embedded in 0C3. Let us look carefully
at the map p/5 on one of these circles T'. Pick ¢ < m so that pj;(T) C J x .
Let T'NCys have ¢ points. If ¢ = 0 then p5 is constant on T, it is (£1/2,14).
If ¢ > 0 then T is divided up into 2¢ intervals which alternately map to
a constant (+1/2,4) or homeomorph or fold to [—1/2,1/2] x i or the half
intervals [—1/2,0] x ¢ or [0,1/2] x i. We say a point € T'N Cps has type
h if pi3 homeomorphs a neighborhood of z in T" and we say x has type f if
pi5 folds a neighborhood of z in T

Assertion 5.2.6 After adding handles to C's we may as well assume that
for each connected component T' of 0_C13:
a) T'N Cops is two points.
b) T has trivial normal bundle in 9Cj5.
Proof: The first step will actually be to add handles until for each connected
component T' of 9C13, T' N Cys3 is one point, and this point has type f.
Pick any component T' of 0Cy3. Pick i < m so that pi3(T) C J x 1.
If TN Cys has a point of type h then it must have another point of type
h since p}4 is continuous, so we may pick two points 11 € T N Cps which
both have type h. In this case, let € = 1 and ¢ = 1. Suppose T N Cy3 has
two or more points, but none are of type h. Then by continuity they must
all fold to the same half interval. Let o = 1 if they fold to [0,1/2] x ¢ and
let 0 = —1 if they fold to [—1/2,0] x 4. Also let ¢ = 2 and pick any two
points z41 € T'N Copz.
We may choose disjoint embeddings ¢;: J x J — 0_Cj3 for j = £1 so
that

©;(0,0) = z;

80]-_1(003) = 0xJ
p;1(Ci3) = Ix0=¢; (T
Piswj(u,0) = (ou/2,i)

In case ¢ = 2 we may also assume that for some orientation of T', v1|yx0
is orientation preserving and ¢_i|yxo is orientation reversing. We now
attach a handle Ci! = J x J x J to C3 by identifying (j,v,w) € Ci!
with ¢;(v,w) € C5 for j = £1, setting C{3 = 0x I x JUJ x 0 x J and
Cil = J x J x 0 extending p/5 to C13 by pis(u,v,0) = (ovu?/2,i) and
extending vs by v3(u, v, w) = (—u,v/e, w).

If e = 2 then T is broken up into two circles and if € = 1 then the two
points of type h are replaced by points of type f (and 7' might be broken
up as well). So after repeating this process as often as we can we reduce to
the case where for each component T" of 9C3, either T'N Cys is empty or
it consists of one point of type f.
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If T'N Cy3 is empty, pick disjoint embeddings ¢;: J x J — 9C5 so that
4,0;1(6’03) =0, <pj_1(C'13) =Jx0= <pj_1(T) and for some orientation of T,
©1|3x0 is orientation preserving and ¢_1|3x0 is orientation reversing. Pick
o =+1landi < nsothat pi5(T) = (¢/2,4). Attach a handle C3? = IxJxJ
to Cs by identifying (j,v,w) € Ci? with ¢;(v,w) € Cs, setting C}3 =
0xJxJ and C12 = JxJ x0 extending p} 5 to C12 by p5(u,v,0) = (ou?/2,1)
and extending vz by v3(u,v,w) = (—u/2,v,w). Then T has been broken
into two circles, each with one point of intersection with Cps.

So we have completed our first step. Next we claim that for each
i € n there are an even number of components 7' of 9C13 with p)5(T) C
J x i. This is because each such component corresponds to a point of
dC3NCo3Nph3~1(JI x i) and there are an even number of such points because
they are the boundary of Cop3 Npi3~1(J x i) which is a tico in pj3~1(J x 9).
We also know by Lemma 2.5 and the fact that £y(q1;) = &o(g—1;) that
for each ¢ € n there are an even number of components T of 0C13 with
Pis(T) C J x i and the normal bundle of T in dC5 nontrivial.

Now we will add handles to get conclusions a) and b). Pick any compo-
nent Ty of 9C3 N Cy3 — V3 x 1. Pick i < n so that pj5(71) C J x i. Then by
our claims above we know there is another component 71 of 0C3 N Cy3 so
that pi5(T-1) C J x ¢ and so that the normal bundle of T is trivial if the
normal bundle of T} is trivial and the normal bundle of T__; is nontrivial
if the normal bundle of T} is nontrivial. Let x; = T; N Cp3 for j = +1.
We may choose disjoint embeddings ¢;: J x J — 9C3, j = %1 so that
©;(0,0) = x;, <pj_1(C’03) =0xJ, 30;1(013) =Jx0= <pj_1(Tj) and so that
Pispi(u,0) = (0/57u?/2,i) for some ¢/ = +1 and ¢ = 1 or 2. We now
attach a handle C1* = J x J x J to C3 by identifying (j, v, w) € C3® with
pj(v,w) € Cs, setting Cf3 =0x I xJUIx0xJand Cff =I xJI x0
extending p}; to C13 by pis(u,v,0) = (c’v?u?/2,i) and extending vz by
v3(u,v,w) = (—=3u/o,v,w). This handle combines 77 and T, into a single
circle (Th — 1 (I x0))U(T-1 ——1(I x 0))UJ x £1 x 0 with trivial normal
bundle and two points of intersection with Cpz. Now do this process for
every component of 9C3 N Cys. m]

At this point it is easy to complete the construction of V5. Take any
component T of _Ci3. Pick i < n so that pj;(T) C J x i. Let D be the
unit square D = J x J. We have an embedding ¢: 0D x J — 0_Cj5 so that

¢ '(Cis) = ¢ {(T)=08Dx0
(p_l(C()g) = 0O0x=+1xJ
p/13§0(u7 v, 0) = (UU‘E/?a Z)

for some o0 = +1, e =1 or 2 and all (u,v) € dD. We now just add the two
handle C3* = D x J, identifying (u,v,w) € 8D x J with ¢(u,v,w) € 9Cs.
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Let Ci3 = D x 0, C33 = 0 x J x J extend p}3 by pi3(u,v,0) = (cuc/2,1)
and extend vz by v3(u,v,w) = (—u/e, —v,w).

After doing this for all components of dC5 N C13 — V3 x 1, we have
completed the construction of a neighborhood of OV4 U Vy3 U Vs.

It remains to fill in the last bit. Since p2(T) = 0 we know by Lemma 5.3
below that (V3,As) is the boundary of a compact tico. Hence (9_C3, 9Cop3)
is the boundary of a compact tico. But then Lemma 5.3b implies that there
is a tico B in a compact manifold 7" and a diffeomorphism h: (0_C5—Cpsz) x
(0,1] — T —|B| so that (0T,0B) = (0-C3,0Ch3) and h(z,1) = z for all
x € 0_C5 — Coz. We now let V4§ = C3 UT and Vys = Cop3 U |B|. Extend vs
by setting vsh(z,t) = dh(0,—t). We have not actually defined vz on |B|,
but that is all right since we only need b3 defined on V§ — V.

We now construct g; as we did in Theorem 5.1.

LEMMA 5.3. Let A be a tico in a closed smooth surface S. Suppose A
has just one sheet. Then the following are equivalent:

a) There is a tico B in a compact manifold T so that (0T,0B) =
(S, A).

b) There is a tico B in a compact manifold T and a diffeomorphism
h: (S —|A]) x (0,1] = T —|B| so that (0T,0B) = (S, A) and
h(z,1) =z for allz € S — |A|.

¢) S has even Euler characteristic, A has an even number of double
points and if f: Q — S is the immersion associated to |A|, then
there are an even number of components of Q for which the normal
bundle of the immersion is nontrivial.

Proof: ~ That b) implies a) is trivial. To see that a) implies ¢), note
that the double points of |A| are the boundary of the double curves of |B|,
hence there are an even number. The normal bundle condition follows from
Lemma 2.5 and the observation that f is the boundary of the immersion
associated to |B|. That S has even Euler characteristic follows from the
fact that S bounds.

We now show that c) implies a). Let Top = S x [1/2,1]. Pair up the dou-
ble point set of |A| as {q11,¢-11,---,q1n,q¢-1n}. Pick disjoint embeddings
wji: J xJ — S so that ﬂ;il(|A|) =Jx0UO0xJand u;:(0,0) = gj;. Let
T} =J xJxJxnwheren={1,...,n} and attach T to Ty by identifying
(4,v,w,4) € Th with pj;(v, w) x 1/2. We have a tico B; on To UT; with one
sheet

[Bq1] = JA] x [1/2,1]UT x I x0xnUJ x0xJ xn.

Then 0(ToUT;) = S x 1US; where S;NB; has no double points, hence is a
regular tico. We also know by Lemma 2.5 that the number of components
of S1 N |By| with nontrivial normal bundle is even. Hence by Lemma 2.5
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there is a manifold Q)2 and a line bundle 75 : E5 — @2 and an embedding
of 75 1(9Q3) onto a neighborhood of S; N|B;| which sends Q5 to S; N|B4].
Let Ty = Ty UTy U E5 glued by this embedding and let By be the tico with
one sheet |B1| U Q2. Then 0T, = S x 1N .Sy and Sy N |Bs| is empty. Since
S has even Euler characteristic, so does So and hence Sy = 9T3 for some
compact 3-manifold T3. We now let T' = T5 U T3 and let B be the the tico
with one sheet |Bs| and a) is proven. To go all the way to proving b) it is
necessary to add some handles to T as was done in Proposition 8.15. The
reader could do this as an exercise or refer to the proof in [AK9].
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