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Torsion in Gauge Theory
Selman Akbulut

1. Introduction
Let P — X be a principal G-bundle over a closed simply connected 4-manifold, where

G = SU(2) or SO(3), and B*(P) be the gauge equivalence classes of connections in P.
Recall that there is a weak homotopy equivalence:

B*(P) ~ Map” (X, Bsos))

and the “universal” SO(3)-bundle { — X xB*(P) given by the evaluation map (cf.[DK]).
In particular, for any finite complex K we have:

[K,B*] = moMap (K,Map” (X, Bsos))
= 7oMap (K x X, Bso())”
= [K x X,Bsom) "
= {SO(3) bundles (£ — KxX | £|kxX~P VkeK}

Here P — K x X denotes P pulled back by the projection K x X — X. The exponential
P above means the set of maps that are homotopic to P on each slice k x X (by viewing
view P as a map). In particular

3
e (BY) = ] Esoxx =P
Sk x X

where so denotes the base point of S*. The last expression is just the isomorphisim class
of bundles over S* x X which restrict to a bundle isomorphic to P on each slice and equal
to P on a particular slice (since m(B*) are the homotopy classes of based maps). So we
can identify 7,(B*) as the number of different bundles on D* x X restricting to the fix
bundle P — S*~! x X. The group structure is induced by the obvious way of composing
two copies of D* x X along their face D*~! x X. Now we can write

DF x X =81 x X U (k —cell) U (k + 2 — cells) U (k4 4 — cell)
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There are no indeterminacy’s in applying the obstruction theory to count the bundles.
For i =k, k + 2,k + 4, let (D* x X)) denote the i - skeleton of D* x X, and define

B; = the number of different bundles on $¥~! x X U (D* x X)®)
restricting to the fixed bundle P on S*71 x X
A; = the number of different ways to extending a given bundle on

Sk=1 % X U(DF x X)(=2) to §%1 x X U(D* x X)®
Let 6; : B;_o — O; be the the obstruction to extending to the i-skeleton where
A; = HYD* x X,8% ! x X;mBsos) = H™*(X;m-150(3))
0; = HY(D* x X, 8" x X;m_1Bso)) = H™*(X;mi.250(3))

For example 7, (B*) = Bry4. mx(B*) contains at least the “trivial” element P. A; and
O; are possibly nonzero when i = k, k + 2,k + 4, so mi(B*) is a subset of

Ap(X) := m5-150(3) @ H*(X; m4+150(3)) ® me1350(3)
and the obstructions to realizing these bundles lie in
Or(X) 1= T,_250(3) & H*(X; 7t SO(3)) & m4250(3)
In particular, all 74(B*) are finite if £ > 4. Recall that we have (e.g.[AMR])

Z,  if { wy(P) = wz(X) }

c2(P) = 0 mod 2
0 otherwise

Proposition ([A]) : If 71(B*) =0, p > 3 a prime, then my(B*)) = Z and

m(B*(P)) =

m(B*(P)) =
H*(X;7Z) otherwise
Zs if k=3o0r6, and p;(P)=mod 3
0 if k=3o0r6, and p;(P)# mod3
ﬂ'k(B*)(g) = HQ(X, Zg) if k=5
Zs @ Zs if k=7 and p;(P)=mod 3
Zs if k=7and p;(P)# mod3
0 if 4<k<2p-3
Zy, if k=2p-3
’R‘k(B*)(p) = HQ(X, Zp) if k= 2p -1
Z, if k=2p+1
0 for other 2p—3 <k <4p—6
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where the subscript (p) denotes the p-primary component. The only higher homotopy
calculation that was not covered in [A] is m6(B*)(3) and 77 (B*)3); these will be calculated
later in this paper. Recall that rational homology of H*(B* (P); Q) is a polynomial algebra
[DK].

H*(B*(P); Q) = Qluo(1), pa(ar), ..., u2(an)]

where {a1,...,a,} is a set of generators of Hy(X), and y; : Hi(X) — H*7{(B*) is the
slant product map with —p;(£)/4. In particular ug(1) is the Pontryagin class of the base
point fibration, {, — B*(P), which is obtained by restricting £ to a slice. These classes
have been used to define Donaldson polynomial invariants.

Hence it is natural to ask whether H*(B*(P);Z) contains torsion classes; and try to
use them to define new invariants beyond Donaldson polynomials. For example, when
wz(P) is characteristic and c(P) is even then Hy(B* (P);Z) = Zy. This 2-torsion gave
the torsion invariant of [D], which was further investigated in [F'S]. In this paper we will
discuss the odd torsion of H.(B*(P);Z).

The restriction map X — X — int(B*) ~ V52 gives the usual fibration:

Q}SO(3) — Map” (X, BSO(3)) — Map( VS?, SO(3))
Also by considering the restriction X — point, we get the base point fibration:
SO(3) — Map[ (X, BSO(3)) — Map” (X, BSO(3))

vhere the * indicates the base point preserving maps. If we are interested in computing
'dd torsion in homology groups we can replace SO(3) by SU(2), because the fibration
(Z2,1) — BSU(2) — BSO(3) induces the fibration:

K(2Z3,1) — Map” (X, BSU(2)) - Map” (X, BSO(3))

nd the projection 7 induces isomorphisim in cohomology groups with Za,, 11 coefficients.
[ence we get the following fibrations (horizontal and vertical maps):

53
!
25 — Map,(X,BS?) — J]Q's3
!
Map(X, BS®)

lasbaum showed that [M] for primes p > 3 the horizontal fibration is a product
Map, (X, BS®) ~, 0}5° x [] 2'5°

rer the prime p. Homology of []Q1S? is torsion free, but the homology of 023 53 consists
“entirely torsion cycles. So we might hope to relate the induced torsion homology of
ap, (X, BS?) by the Gysin sequence to the homology of Map(X, BS?). Unfortunately
is is not immediate. Instead, we will take a more direct approach: We will produce
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torsion cycles by using secondary cohomology operations. This last splitting was also
pointed out to us by F.Cohen.

2. Postnikov Tower of BU(2) at Odd Primes and Associated Co-
homology Operations

Let p be an odd prime. In [T] the p primary components of homotopy groups of $3 up
to dimension 2p? — 2 are tabulated as:

r=2p
, Z, if { r=i2p-2+1 i=23,.p
™ (S%) () = r=i(2p—2)+2 i=2,3,.p
0 for all other r < (p+1)(2p —2)

Also m,(S%)3) = Z3 for 16 <r < 22
Since mr1BU(2) = 7,(S?), mod p Postnikov tower of BU(2) is in the form:

Xpep-2+3 = X(pr1)(20-2)
Ep(op—
K(Zp,p(2p — 2) +2) — Xp(2p-2)+2 Py K(Zp,p(2p —2)+4)
!
kp(2p—2)+3
K(Z;D’ (p— 1)(2p — 2)+3) — p(2p—2)+1 — K(Zp,p@p -2+ 3)
!
1]
. kizp—2)+4 )
K(Zy,i(2p — 2) +2) — Xi(2p-2)+2 — K(Zp,i(2p—2)+4)
!
k; P .
K(Zp, (i —1)(2p = 2) +3) — Xj(2p—2)41 e K(Zp,i(2p—2)+3)
!
!
k2(2p—2)+4
K (Zyp,2(2p — 2) +2) — Xa(2p-2)+2 — K(Zp,2(2p—2)+4)
Eogap-
K(Zp,2p + 1) — Xoap—2)+1 (2p-3)+s K(Zp,2(2p — 2) +3)

BU(2)(p) = X2 e K(Z,,2p+2)
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where X, approximates the n skeleton of BU(2)(p) and X3, = K(Z,2) x K(Z,4), and
f = (c1,¢2) is given by Chern classes. In [A] k2pi2 was computed to be:

kapi2 = Sty (ia) = iasp_1(ia, is)

where s, is the Newton polynomial satisfying sp-1{01,09) = x’l’kl + xg_l with o7 =
z1 + 22 and o9 = z129, and St), is the Steenrod operation (c.f.[DFN] ).

Sty, : H¥(X;Z,) — H*%®=D(x,7,)
For completeness let us check that f pulls back this class to zero. f pulls back i, and i4,
to ¢ and cz. By the splitting principle we may assume that the universal bundle is the
sum of line bundles L = L; ® L,. Call z; = ¢; (L;), then

Stzl,(CQ) = Stll,(xlxg) =afzo + 2128 = xlxz(acf_l + a:g_l) = ca8p_1(c1,C2).

By specializing p = 3, we can give a more concrete description of the tower :
Lemma 2.1 : The three stage Mod 3 Postnikov tower of BU (2) is given by :

K(Zs5,10) 5 Xy0 22 K(Z5,12)
7o |

K(Z5,7) -5 Xo B4 K(2,,11)
e |

BU@2)s 1 X5 2% K(Zs,8)

X6 = K(Z,2) x K(Z,4), and f = (¢, ¢2) is given by the Chern classes. Also if 3,, denotes
the corresponding fundamental classes of H™(K(Z,n);Zs) or H"™“(K(Zs3,n);Z3), and
the mod 3 Bokstein operation then:

kS = St%(’l(;) — 247/% — Zi
j O ]{211 = St%(l'ﬂ
ki2 =romg, where r: Xg — K(Z3,12), with 7o j = St}6(i7)

Proof . ks = Sti(is) — i4i2 + 263 is calculated above. The next nonzero 3 primary
1omotopy group above 7 is w0 BU (2)(3) = Zs. This gives the second k-invariant ki1 €
'Y (Xo, Z3), where X is the total space of the pulled-back universal fibration, by ks. We
1ave a fibration Fig — BU(2) — X, with Fyg is 9-connected and k11 is the transgression
f H'O(Fyg; Zs3). From Serre exact sequence of the fibration k11 is the unique element of
yll(Xg;Zg) = Z3.

Consider the spectral sequence of K(Zs, 7)) > Xo — Xg
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K{Z3,7)

& Stl(iy)
* stls iy

. - »—o—o—"o—» Xs
ip kg i kg ig kg

Figure 1.

By construction the fundamental class iz € H "(K(Zs3,7); Z3) transgresses to ks. As a
stable operation St}(iy) transgresses to St3(ks) by diz : E%H — E12°. By substitution:
Sti(ks) = StiSti(ia) — St3(iai3) — St3(if)

= —St2(iq) — (St}(34)i3 — 4ai3) + iaSt(ia)

= (=i +1aSth(ia) — i3i3) — (13S13(6s) — i36a — i375)

= igks —isks
Last two terms are zero since they are killed in an earlier stage by the images of 14 ® 17
and 43 ® 47 under dg : E§’7 — E;z,o' Hence ky; is induced by Sti(ir). In particular

ki1 0 j = St3(i7). Furthermore ky; generates H'Y(Xg;Zs3).
It remains to calculate ki2. Consider dy : ES’S — E;3’O, for a € H*(Xes;Zs3)

dg(d X 6(24)) = aé(kg) = aéSté(z}l)

which is not zero for a # 0. So only elements that can contribute to H 12(Xg) are: 8Sti(ir)
and St36(i7). In fact they do survive di3 : E%? E3°

di3(6Sth(i7)) = 653 (ks) = bd12(St3(ir)) = 0

dys(Sti6(i7)) = Stib(ks) = StLsSth(ia) = 6St5(ia) = 6(i5) =0

here we used St16Sts = §St2+S5t%6, and 6 vanishes on integral classes. Hence H*?(Xo; Z3)
is generated by the two and the four dimensional classes of H'?(Xs;Z3), and two new

elements {a, 8} with 5*(a) = 6St3(ir) and j*(8) = St36(i7). Since
7*(@) = 8(j"k11) = " (8k11)
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we have 6(k11) = o. Now let K(Zs, 10) — X150 =% X4 be the fibration pulled back
from the universal fibration over K (Zs,11) by ky1;. The next nonzero homotopy group
711 BU(2)(3) = m10BU(2)(3) = Z3 gives the k invariant ki5. We claim that H'(X10;Z3)
is generated by the two and the four dimensional classes of H 12(X¢;Z3), and a class
C = ng(B). This implies C = k15 and concludes the proof of the lemma.

We can check the claim from the spectral sequence of this fibration. ;9 and 6(410)
transgresses to k11 and 6§(k11) = o, respectively. Hence, 3 is the only class that survives
the spectral sequence besides classes coming from the base

K(Z3,10)

5 (1) g

ky 8 (kyy)

Figure 2.
_ O
The ky; and k5 gives a useful secondary cohomology operations. To compute these op-
eration we need to know how they behave under pull-backs. Since kgo f is null homotopic,
it pulls back the trivial bundle. Let f be the map covering f

K(Zs,7) x BU@2) 15 X,
! !
BU(2) o X

Lemma 2.2 :

(a) f:*(kn) = Sté(?q) X1—iy Xeg+i7 X C%
(b) f*(klg) = St§6(27) x 1
“roof . By construction f*(k11) is nonzero since it has to restrict to Sti(ir) on the fiber.
3y considering f and f as inclusions, we can apply Thomas’ exact sequence of this relative
ibration ([T], p.18) and get the exact sequence:
. — H'(Xe3Z3) T HY(K(Z5,7) x BU(2); Zs) — H'(Xe, BU(2); Zs)

’here 7 is the relative transgression. Since H''(BU(2)) =0 r takes values in H 12(Xe;Z3).
fg:K(Zs,7) x BU(2) — X is the projection followed by f, then we can define a right
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action of H*(Xe;Zs) on H*(K(Zs,7) x BU(2);Zs) by uv = u — g*(v). By ([T] page
14), the transgression is equivariant under this action i.e. 7(u.v) = 7(u) — v. Hence

T(i7 X Cg) = T((i7 X 1) ~ (1 X Cg)) = T((i7 X 1) ~ g*<i4)) = k8i4

Similarly 7(i7 x ¢2) = ksi2. Since T(St}(37) x 1) = Stj(ks) = iaks —i3ks. So St3(iz) x 1=
i7 X cg + 47 x c3 lies in the kernel of 7, hence by the exact sequence this must be f*(k11)
(recall k;; is a generator of H' (Xg;Z3)).

We prove (b) similarly. In this case we need to look at the exact sequence
.. — HY™(Xq;Z3) L B (K(Zs,7) x BU(2);Zs) —— H*(X¢, BU(2); Zs)
(this sequence is exact up to dimension 13), and compute as before
T(StL8(iz) x 1) = St36(ks) x 1 = St365t3(i4) x 1 =0
O

3. On Algebraic Topology of Gauge Group

A quick way to obtain essential homology in B* = B* (P) is the following: Assume
7,4350(3) = Z,, and consider the maps:

T+350(3) == mi(B)
¢\ S h
Hy(B)

where k is the Hurewicz map, ¢ = ho ¢, and ¢ is defined by sending an SO(3)-bundle
a — S¥t* to the SO(3)-bundle obtained by clutching o by P:

Pha — (S* x X)§SF+* = 5% x X

Lemma 3.1:

(a) y is a monomorphisim if every SO(3) bundle
£ — S x X — int(B**%) with €1 x X = P extends to S*1 x X
(b) ¢ is a monomorphisim if every SO(3) bundle
£ — ZF+1 x X — int(B*®) with £]1 x X = P extends to ZF*! x X
where Z is a k + 1 dimensional compact oriented pseudo manifold (i.e. Z is a
manifold in the complement of a codimension two subcomplex)
Proof . Proof of (a) is a special case of (b). To see (b): Suppose $(c) = 0, this means
that there is an integral cycle Zo with 0Zy = S*, such that the bundle Pja — Sk x X
extends to a bundle §; — Zp x X. Let Z = Zy Us D**+1, 8o there exists a bundle

€ — ZF x X — int(BFT9)
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which restricts to a — S*+* on the boundary. In particular £ does not extend to Z x X.
(a) is proved similarly, except we use a disc D¥*1 instead of Z*+I,

Figure 3.

Lemma 3.2 : If 7,(B*(P)) = 0, then

. Zs if p1(P)=0 mod3
m6(B*(P))(3) = { 0 otherwise

Proof . Elements of 7¢(B*) (3 are identified by the set of SO(3) bundles on D® x X which
are fixed on the boundary. As above, these bundles lie in

AG(X) - ﬂ'gSO(3)(3) = Z3
By Lemma 3.1 (a) m6(B*)(3) = Z3 provided every SO(3) bundle
§— S"x X —intB!

with £ | 1 x X = P, extends to S7 x X; otherwise 76(B*)(3) = 0. Since SO(3) bundles in
juestion all lift to U(2) bundles, it suffices to do this extension for U(2) bundles. From
Jostnikov tower of BU(2) we have:

1xg f

K(Z3,7) x (S"x X) -4 K(Zs,7)x BU(2) -1 Xo 2% K(2,,11)
sTl ! 1
S"xX - BU(@2) L xe 22 K(2,,8)

Here f : BU(2) — K(Z,2) x K(Z,4) is given by (c1,¢;), and g is the classifying map
or P. Since kg o f is null homotopic, f and f o ¢ induces trivial K (Z3,7)-bundles over
3U(2) and S” x X respectively. -

In particular fog lifts to Xy, and the number of different liftings are given by H7(S7 x
(1 x X;Z3) = Hy(X;Zs). Let f : K(Zs,7) x BU(2) — Xy be the map covering
. Then different liftings A of f o g can be constructed by A = f o (1 x g) o s, where

= (B,id) : S"x X — K(73,7) x (S” x X) is a section of the trivial bundle corresponding
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toamap 8:S” x X — K(Zs,7). By Lemma 2.2 f*(kll) = Sti(iz) x 1 — iy X cg +i7 ¥ e,
hence
h* (k1) = St3(B8) + B ~ (&(P) — c2(P))

In general 3 = A[S” x 1], for some A which gives:
R (k1) = A[S7] x (¢2(P) — e2(P)) mod 3
Since p1(P) = ¢?(P) — 4c2(P) we have h*(ky1) = 0 if pi(P) = 0mod 3
Lemma 3.3 : If 7 (B*(P)) = 0, then -
Zs & Zs if p1(P)=0mod3
m(B*(P)) =

Zs otherwise

Furthermore Hurewicz map h : w7(B*)(3) — H7(B*) is monomorphisim on the subgroup
Proof . m7(B*)(s) are the set of SO(3) bundles on D7 x X which are fixed on the boundary,
which is a subset of

A7(X) = m6S0(3)(3) ® m1050(3)(3) = L3 ® Z3

The obstructions to realizing these bundles lie in O7(X) = 7 SO(3) = Z3. This actually
means that 77(B*)(3) contains Zs ®{0}, provided the corresponding obstruction in O7(X)
vanishes. This obstruction is the obstruction ki;(£) to extending a bundle { — S7 x
X —int(B') to S” x X. As in Lemma 3.2

ki1(€) = [ST] % (c1(P) — c2(P)) mod 3

So m7(B*)(3) contains Zsz @ {0} only if p1(P) = 0 mod 3. To see that hurewicz map is
nonzero on {0} @ Zs we use Lemma 3.1, i.e. we need to show that for any oriented pseudo
manifold Z8, every deformation of the SO(3) bundle P

2 — 7% x X —int(B'?)

extends over Z® x X. This is detected by the obstruction k12(Z). We claim that this
obstruction vanishes. To see this pick 3: Z8 x X — K(Z3,7)

ﬁ:a7><1+a5X'yg—{—a3x[X]

with a; € H{(Z) and ~2 € H?(X); and evaluate k12(Z) as in Lemma 3.2 by using Lemma
2.2. We get:

klZ(E) = St§5(a3)
Now recall that Z in the Lemma 3.1 comes from a homology cycle f : Zg — B* bounding
S7. Since we assume 1 (B*) = 0, Ha(B*;Z) = m2(B*). Hence by the Proposition of the
introduction H(B*;7Z) has no odd torsion. We can assume that Zg is simply connected
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and Hy(Zp) has no odd torsion (collapse 1 and 2-spheres in Zy, then extend f). Hence
H?3(Z;Z) has no 3 torsion , which implies §(as) = 0. O
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