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Preface

These are the class notes from the Algebraic Topology course which I have taught over
the years in MSU; many thanks to Eylem Zeliha Yildiz and Ustiin Yildirim who organized
and put the informal notes in the present form. These notes are written in a terse self
contained way, as it would be presented on a blackboard in a year algebraic topology
course. We intentionally sacrificed generalities in favor of brevity, so that they will be
fairly elementary and easy to read while touching many essential topics, as would be
expected from such a course. These notes are heavily influenced by my favorite books in
the subject (listed in the bibliography). I myself was introduced to algebraic topology as
a graduate student, by many pleasant lectures of Edwin Spanier, Emery Thomas, and

Thomas Farell, it is a pleasure to acknowledge their influence here as well.
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Chapter 1

Complexes

1.1 Simplicial complexes

An abstract simplicial complex is a subset K C P(V) (the set of subset of V'), where

V = {wvg,v1,...,vn} is a finite set of points, satisfying the following properties:
e {v} € K foreachv eV
elfoeKand7TCo=17€e K

After identifying the elements of V with the standard coordinate vectors of RN +!,

we define the geometric realization of any o = {wy, ..., w} € K to be the k-simplex:

o] := [wo, wy, .. we] = {Dtawi | Yt =1}

Then the geometric realization of K (or a polyhedron) is defined to be |K| = U,cv|o|;
with the obvious identification topology it sits in RN+! We define the r-skeleton K of
K to be the union of all simplexes of K of dimension < r. Here we won’t distinguish o
from its realization |o|, then 7 C o will correspond 7 being a face of o, which will also

be denoted by 7 < o. For ¢ € K define the closed and open stars of o by:

St(o)= {reKlo<7} and St(oc)= {#ec Kl|o <7}



1 Complexes

Definition 1.1. A map between polyhedra f : |K| — |L| simplicial if
o f(KO)cC L0

o f(X_tivi) = tif(vi)

Theorem 1.2. (Simplicial approzimation theorem) If f : |K| — |L| map between finite

dimensional polyhedra, then there is a homotopy f ~ g, such that g is simplicial.

Lemma 1.3. vy,...,v, € K© = St(v;)N---N St(v,) = 0, unless vy,...,v, are
vertices of a simplex o € K and hence St(vy) N ---N St(v,) = St(o).

Proof. Since St(vy) N---NSt(v,) ={7 € K |v; <7 fori=1,2,..n} we can conclude
0=<01,...,0, >< 7 = St(vy)N---NSt(v,) = St(o) O

Proof of Theorem. Let ¢ be the Lebesgue number of the covering of |[K| C RN+ by
the open sets {f1(St(w)) | w € L©}. Let K™ be a subdivision of K, so that for all
o € K0 we have diam(o) < ¢/2. Therefore for any vertex v of K™, f(St(v)) C St(w)
for some w € L®, which we call w = g(v). This defines a map g : K© — L©
such that f(St(v)) C St(g(v)). We can extend this map to g : K — L as follows: If
o =<uw,...,0n>€K  thenz €6 = x € St(v;) Vi, hence f(z) € f(St(v;)) C
St(g(vi)) Vi, = St(g(v;)) N--- N St(g(vy,)) # 0 . Hence by the above lemma
< g(v1),...,9(v,) >isasimplex of L, so we can extend g linearly over o. Since both f(z)

and g(x) are in o they are homotopic by the linear homotopy (1 —¢)f(z) +t(g(z)). O

1.2 CW-complexes

Here n-cell e” means just the n-ball B™. We say a topological space Z is obtained from

X by attaching an n-cell via a map f : S"7! = de™ — X if Z is the identification space.

Z=e"UX/x € de" ~ f(x)

We call the induced map ® : e — Z the characteristic map of this attaching.



1.2 CW-complezes

We denote Z = X — e" or simply by Z = X +¢". An n-dimensional CW-complex
X is a topological space which is inductively obtained from a n — 1 dimensional CW-
complex by attaching n-cells. Zero dimensional CW-complex is just a set of points. If X
is a CW-complex let X™ denote the part of X consisting of cells < n. We say X is a finite
CW-complex if has finite number of cells (hence it is compact). Simplicial complexes
are special kind of cell-complexes where the cells are simplexes which are attached by
linear maps. We call (K, L) a CW-pair if K is obtained from L by attaching cells to L.

Here we will only deal with finite CW-complexes.

Theorem 1.4. [HEP]
If (K, L) CW-pair, then any homotopy Lx1 — Y of a restriction of a map K x{0} —
Y, extends to a homotopy K x [ — Y.

Proof. We prove this by induction, so it suffices to assume K = L + ¢". Then the

extension is induced by the composition of the maps, where r is the radial retraction:

(Lx])ue”xI%(LxI)uS””><I|_|e”><{0} J Y

- n
D

radial projection

Definition 1.5. For CW-complexes X, Y, a map f — Y is cellularif f(X™) C Y™

Theorem 1.6. (Cellular approzimation theorem) For any given CW-complezes X and
Y, any map f : X — Y homotopic to a cellular map; furthermore, If f is already cellular

on a CW-sub complexr A C X, we can assume this homotopy can be made relative to A.

3



1 Complexes

Lemma 1.7. Let f be a map from the cell e = I" to CW-complex' Y + e

fiIm ——— Y Uuek

then f ~ fi rel f~Y(Y') such that 3 simplex A* C interior(e®) = R* such that
i) fi(AF) = A polyhedron K (it can be ()

ii) fi1|K = Restriction of the linear projection

fTL — Rn —>7T Rk
B
U e
- | K
K

Proof. Let By C By C AF balls of radius 1 and 2 respectively. Continuity of f|B;
implies uniform continuity, so when z,y € f~1(By), |z —y| <e = |f(z)— f(y)] < 1/2.
Subdivide I™ into union of cubes diam < €/2, then let K; be the union of closed cubes

meeting f~!(Bi), and K3 be the union of closed cubes meeting K;. Hence we have
fH(B) C K1 C Ky C f(Bs)

This is because every = € K3 lies in some cube Jy of diameter < €/2, which meets Kj.
Therefore d, meets another cube §; of diameter < ¢/2 which meets f~!(B;). Hence, by
triangle inequality, there is z € f~1(By) with |z —z| <e = |f(z) — f(2)] < 1/2 =
f(z) € By so z € f~1(By). Now by subdividing make K;, K, simplicial complexes.

Now define g : Ky — €¥, by letting g|K2(0) =f |K§0) then extending it linearly over
the simplexes. And let ¢ : K3 — [0, 1] be a function such that ¢|K; = 1 and ¢|0K, = 0.

Then we can define a homotopy f; : Ky — ¢ by fi(z) = (1—té(x)) f(x)+ (td(x))g(z)
with the property f;|0K; = f, fo=fand fi|Ki =g O

4



1.2 CW-complezes

Proof of Theorem. By induction, assume f(X"1) C Y™ ! | when we attach a n—cell to

n — 1 skeleton X" ! U e". Since f(e™) compact it meets finitely many cells of Y.
9

DTL ~ ]77/
ﬂ \Qichar map k>
a |

X (n—1)

By the previous Lemma, after a homotopy we can assume f is PL in the interior of
the n-cell €, so when k > n, f(e™) misses center points of the k-cells e* of Y. So we can
deform f|(X™"!Ue") by the radial homotopy from the center points of e* to Y1, [

For a CW-pair (K, L), we define the CW-complex obtained by collapsing the sub-
complex L of K to a point by K/L = K U¢(L), where ¢(L) means cone on L.

Proposition 1.8. If (K,L) a CW pair and L ~ % = K/L ~ K

Proof. Since L is contractible 3f, : L — L, fo =id , fi(L) = *. By HEP (homotopy
extension property ) 3F, : K — K, Fy = Id, Fi(L) = %, therefore we can view F' as a
map F) : K/L — K, more precisely F; = ¢ o p for some mapping ¢ : K/L — K. So in
particular F; provides a homotopy qo p ~ Id.

K—>K

A

t

Also since po Fy(L) = *, we can write po F; = ¢, op, for some map ¢, : K/L — K/L.
This gives a homotopy p o q =~ id. O



1 Complexes

1.3 Chain complexes and their homology

Let R be a commutative ring with unit. A chain complex C = {Cl, Ok }x>0 is a collection
of free R-modules and homomorphisms 0, : C, — Cjy_; are called boundary maps,
such that Jy_1 o Oy = 0. Define submodules of Cj, called cycles: Z = ker(d), and
boundaries: By = im(Jk.1). It follows from definition that By C Zj, hence we can
define the quotient Hy(C) = Zi /By, which is called the k-th homology group of C, and
the graded groups H(C; R) = { H(C) }x>0 are called the homology of C. Unless otherwise
specified we take R to be the Z, and we abbreviate H(C; R) by H.(C) or simply by H(C).

A cochain complex C* = {C*, 6%}, is a collection of free R-modules and homo-
morphisms 6, : C*¥ — C**1 called coboundary maps, such that 841 0 6, = 0. We
define cocycles to be Z* = ker(d;), and coboundaries: B* = im(6,_,) = BF c Z*.
The quotient H*(C*) = Z*/B* called the k-th cohomology group of C*, and the graded
groups H(C*; R) = {H*(C)}x>0 are called the cohomology of C*.

By dualizing, to every chain complex C = {Cy,dr} we can associate a canonical
cochain complex by C* = {C*,9;}, where C* = Hom(Cy, R) and 9; is the dual map
defined by 0;(a) = a o Ogr1. We define cochain complex with coefficients in G by
Ce :=Hom (C,G) = {Homg(Cy, G), 0;}, and define H*(C;G) = H*(Cg).

Given chain complexes C' = {C},0;} and C = {Cy, 0k}, a chain map f : C' — C is a
collection of maps f = {fi : C}, = Cx} commuting with boundaries 0 o fi = fr—1 0 0.
It follows from this definition that such a map induces a map on the homology groups
fe: H(C') — H.(C). If f is induced by inclusions, we say C’ is a subcomplex of C, and
denoted it by C' C C; in this case C/C’ induces a chain complex structure by the obvious
way and then we define the relative homology by H(C,C') = H(C/C’). Similarly, a
cochain map between two cochains complexes f : C* — D* is a collection of maps
{fi : C* — D*} commuting with coboundaries, and hence induces map in cohomology
f*: H*(C) — H*(D). In particular every chain map f : D — C induces a cochain map
C* — D* by dualizing, and hence it induces map in cohomology f*: H*(C) — H*(D).

We say 0 = C' 5 C 2" 5 0 is a short exact sequence of chain complexes if «, (3
are chain maps, such that for each k the sequence 0 — CJ, e By CY — 0 is exact.



1.3 Chain complezes and their homology

[0}

Proposition 1.9. Every short exact sequence of chain complexes 0 — C' — C Zer o

induces a long exact sequence in their homology groups, for some homomorphism 0O,
L= Ho(C) 25 Hy(C) 25 Hiy(C") 2 Hy o (C) — .

Proof. Once we define 0,, checking exactness will be a routine diagram chase. We have

following commuting diagrams, where the horizontal sequences are exact.

! ! !
0— C 2 o 2 oo —o
19 10 10
0— O, ™ o, 2o o
! I \

Pick {¢"} € Hg(C") where ¢’ € Z}/ is a cycle representing i.e. d(¢”) = 0, then we
can pick ¢ € Cy with Sg(c) = ¢, hence fr_10(c) = 9pk(c) = 9(c") = 0, therefore there
is ¢ € C}_; with agx_1() = 9(c), then simply define 0,{c"} = {¢'} (check ¢ is cycle by
diagram chasing). In short we define d,{c"} = {a; ', k3, ' (¢")}. O

There is also a cohomological version of this Proposition, whose proof is similar,
where §*(c") = o' 6,8, (") plays the role of d,.

Proposition 1.10. Any ezact sequence of cochain complezes 0 — C; = C* A0
induces a long exact sequence in their cohomology groups, for some homomorphism §*
L HRC) 25 HE(C) S HRY ) S HMYC) >

An augmentation of a chain complex C = {Cy, ak}kzo is an epimorphism € : Cy — R
such that eod; = 0. Homology of the extended chain complex .. — C; — Cy —— R — 0
is called the reduced homology and denoted by H(C).

Two chain maps f,g : C — C’ are said to be chain homotopic if there is a degree 1
map F': C = C',ie. F={F,:C, — C},,}, such that f —g = Fj_; 0 Oy — 0,4 0 Fj.

Chain homotopic maps induce the same maps in the homology, i.e. f, = g..



1 Complexes

1.3.1 Tor(A,B)

Let R be a ring with unit and A, B be R-modules. The tensor product A®g B is defined
to be the R-module generated by {a ® b | a € A,b € B} with the following relations:

o (ra+r'd)@b=r(a®b)+r'(d ®Db)
e a®(rb+1rV)=r(a®b) +r'(a®l)

Let G be an R module, and C = {C}, 0x} be a chain complex, by tensoring with G
we can define a new chain complex C® G = {Cy, ®g G, 0r ® 1} and define homology with
coefficients in G by H,(C;G) = H(C ®g G).

Now take the free resolution of A, which means the chain complex C = {Cy, O}, is
obtained by the following process: Let Cy = F(A) be the free R-module Cy generated
by the generators of A, and € : Cy — A be the obvious epimorphism, let C; be the free
R-module generated by the generators of the submodule ker(e) (which may not be free),

and we get an epimorphism 0; : C; — Cy, and we continue this process.

o B
C,— 20— o, — sy 0

F(ker(0y)) F(ker(e)) F(A)

Definition 1.11. Tory(A, B) := H,(C® B) and A*x B =Tor (A, B)

In case R is PID, every submodule of a free R-module is free, in the above process
we can choose 0 = Cy = C3 = ..; and the free resolution of A becomes 0 — C, — Cy —
A — 0. From now on we will assume R is PID, such as R = Z (and Z-modules are

abelian groups). Therefore A x B = ker(0d; ® 1) which fits into the exact sequence:
O ®1
00— A«*B—— (B ——(Cy®B ———A®B——0

Example 1.1. If A is free then Ax B =0, because the free resolution of A is

0-A—-A-=0



1.3 Chain complezes and their homology

Example 1.2. (R/aR) * B = {b € Blab = 0}, since R/aR resolves as

Xa

0 R R R/aR

1
RonB 2% RenB

1% 1%

Xa
B —— B

Lemma 1.12. A or B is torsion free then Ax B = 0.
Proof. Suppose B is free B~ R@® --- & R, then take free resolution of A
0= 2 C S A0
O—>Cl®R21—>CO®Rismonic =— AxB=0 O
Lemma 1.13. If0 — B’ B2 B 50 is exact then 3 an exact sequence
05 AxB 25 AxBX AB" 5 A0 B 2% A0 B 2% A0 B
Proof. Let 0 — C; — Cy — A free resolution of A, let C = {0 = C; 2 Cp}, then

0 ifk+#0

H’“(C):{ A ifk=0

Since Cisfree 0 > CR B - C® B —-C® B" — 0is exact = d exact sequence;
0 — Hi(C,B') — H\(C, B) — H\(C, B") — Hy(C, B') — Ho(C, B) — Hy(C, B")

Ax B AxB Ax B" AR B A®B A DB



1 Complexes

Corollary 1.14. Ax B2 Bx A

Proof. A free resolution 0 — C; — Cy — B — 0 of B gives the exact sequence:

00— A*xC, — AxCy— AxB—ARC, 2 ARCy — A B —— 0

; \~ \N BN

O*>B*A*>01®A*>CO®A*>B®A4>O

]

Corollary 1.15. Let TorA < A, TorB <y B be torsion submodules of R-modules
then
ixj:TorAxTorB= AxB

Proof. The sequence 0 — TorB — B — B/TorB — 0 and A% (B/TorB) =0 =
ix7: AxTorB = AxB. By a similar argument ixj : TorAxTorB = AxTorB O

Theorem 1.16. Let C be a free chain complex over R and G is an R—module, then we

have the following exact sequence:

Proof. The chain complexes C = {Cy, 0}, B = {By_1,0k-1}, £ = {Zy, Ok} fits into the

following short exact sequence, where o =inclusion and 5 = 0.
052%5Cc% B0
Since each term of these chain complexes is free, tensoring them with G keeps it exact.
020G —-C®G—-BG—0
This induces the following long exact sequence in homologies:

10



1.3 Chain complezes and their homology

Os O,
———— H 1 (B:G) — H(Z: G) —— Hy(C : G) —— Hp(B: G) —— Hy1(Z : G)
I 12 I 12

Oék®1 Oék,1®1
BG— 7, G B, 1 G —— 7, 1 G

From this we induce the following short exact sequence:
0 — coker(ag ® 1) — Hi(C': G) — ker(ag—1 ® 1) = 0
Now consider the following exact sequence, which is a free resolution of Hj,
0—B,— 4, —>H,—0
From definition, we get the following exact sequence, which implies the desired result.
a®1

0> HyxG—-B,G— 7, G - H, G —0

ker(ary ® 1) = Hyx G and coker(ay ® 1) =2 H,® G

1.3.2 Ext(A,B)
Let A and B be R-modules and 0 — C} o Cy — A — 0 be the free resolution of A.
Definition 1.17. Ext(A, B) := H'(C; B), where C = {C}, Ok }x=0.1
Therefore Ext(A, B) fits into the following exact sequence as the cokernel of 0f
0 — Hom(A, B) <+ Hom(Cy, B) 5 Hom(C\, B) — Ext(A, B) — 0
Example 1.3. Ext (R/rR,B) = B/rB. To see this we take the free resolution

0—+R5R—-R/rR—0

11



1 Complexes

0 — Hom(R/rR) — Hom(R, B) AN Hom(R, B)
12 1%
R®B——— R®B
1% 1%

B —xr B = coker(r*) = B/rB

So in particular we have Ext(Zy, Ly) = Ext(Zy,, Zy,) = Zq where d = ged(n, m)

Theorem 1.18. Let C be a free chain complex over R, G is an R-module, then we have

the following short exact sequence.

0 —— Ext(Hy_1(C),G) - H*(C : G) — Hom(Hy(C),G) —— 0

Proof. From the usual exact sequence of the chain complexes 0 = Z - C SB 0,
where C = {C%, 0}, B = {B_1,0k-1}, Z = {Zk, O}, we get the short exact sequence:

0 — Hom(B,G) Z, Hom(C : G) LN Hom(Z : G) — 0 implying the long exact sequence :

*

o Q
Hom(Zy_1,G) ——% Hom(By_1,G) — H(C : G) — Hom(Zy, G) — Hom(By, G)

So the following is exact: 0 — coker(aj_,) — H*(C : G) — ker(aj) — 0

On the other hand, the resolution 0 — By, — Z, — Hj, — 0 gives the exact sequence

*

a
0 — Hom(Hg, G) — Hom(Zy, G) —*, Hom(By, G) — Ext(Hg, G) — 0

2

ker(of) = Hom(Hy, G)
coker(ay) = FEuxt(Hy, Q)

12



1.3 Chain complezes and their homology

1.3.3 Kiinneth Formula
Let C = {C, 0k}, C" = {C}, 0.} be chain complexes, we define the following,

CoC = {(CaC),0,}
CxC" = {(CxC"),0,}

Cel), = @ Ci@cjl'
1+J=q

(CxC")y = @ CixCj
i+j=q

e, ®c;) = 0¢;@c;+ (—1)'c; ® de;
Icixc;) = Oci*cj+ (—1)'c;*dey.

If C,C" are augmented chain complexes, so is C ® C’, with the augmentation

Co®C 25 Rey R=R

Theorem 1.19. Let C,C" be chain complexes, Then, there is a short exact sequence:

0—[H(C)® H(O’)]q = H,(C®C") = [H(C) * H(C’)]W1 —0

Proof. Let Z' = {Z,(C")} and B’ = {B,_1(C")}. Tensoring the exact sequence

0—2 50 -5 B —0

gives the following short exact sequence

«

0—CRZ -SCoC 0B —0

where a = Id ® 7 and § = Id ® 0, which implies we have a long exact sequence

13
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O, O
-— H,(C®Z2")—H/(C®C")—H(C®B)—H,1,(C®Z)— -

e N
coker0, ker0,
e
0 o 0
(C®Z), = & Ci; ® Z;(C")
(C®B), = & Ciy®B;1(C)

H (C®Z') = @i Hi(C) ® Z;(C")
Hy (C®B) = ®iyj—q-1 Hi(C) ® B;_1(C)

Oi(c®dd) = a'op e dd)
= o (cad)=a0cxd + (—1)c®dd)
= (-1 @(c®ad)

where v; : B;(C") — Z;(C") is the inclusion.
0— @iﬂ-:qcoker ((—1)1 X ’)/j) — Hq(C & C/) — EBiJrj:q,lker ((—1)1 & ’VJ) —0

Consider '
0= B;(C") "5 Z,(¢") = H,(C) = 0

which is the free resolution of H;(C’) implying the exact sequence:

0 — H;(C) * H;(C") — H;(C) @ B;(C") — H;(C) ® Z;(C") — H;(C) @ Hy(C") — 0

= @ coker[(—1)' ® ;] = & Hi(C) @ Hy(C)
i+j=q 1+j=q
@ ker[(-1)'@vy] = @ Hi(C)*=H;(C) —~
i+j=q—1 i+j=q—1

14



1.4 Homology and cohomology of topological spaces

1.4 Homology and cohomology of topological spaces

1.4.1 Singular homology

To every topological space X we can associate the chain complex S(X) = {Sk(X), Ok }x>0,
where Si(X) is the infinite dimensional R-vector space generated by continuous maps
f: Ay — X, and O : Si(X) — Sk_1(X) is the linear map defined on generators by

k

0 = D=1y

=0

Here Ay is the standard k-simplex [wy, wy, .., w,], and A,(;) = [wo, ..W;, ..wg] is the i’th face
of Ay. It follows from definitions that dy_; 00, = 0. The homology groups corresponding
to this chain complex is called the singular homology groups of X and denoted by H,(X).
It follows from definition that any continuous map between spaces f : X — Y induces
homomorphism on the homology groups f. : H.(X) — H.(Y'), which is functorial with
respect to composition: (f o g), = fi o g.. Hence the map X — H,(X) is a functor
from the category of topological spaces and continuous maps, to the category of groups
and homomorphisms, in particular H,(X) only depends on the homeomorphism type of
X. We can canonically augment the chain complex S(X) by extending with the map
€ : So(X) — R by defining €(f) = 1 on generators f : A, — X. We denote the homology
of this augmented chain complex reduced homology and denote it by H (X;R).

It follows that if P is a point then Hy(P) = 0 if &k > 0 and Hyo(P) = R. Also if
Z =X UY (disjoint union) = H.(Z) = H.(X) & H.(Y).

The inclusion A <5 X induce inclusion i, S(A) — S(X), then we can define
H.(X,A) = H.(S(X)/S(A)). By Proposition 1.9 we see that the short exact sequence
0—S(A) - S(X)— S(X)/S(A) — 0 implies the following long exact sequence:

Lo Hiy(A) 25 Hy(X) 25 Hy(X, A) 25 Hy o (A) — . (1.1)

where (X, ¢) N (X, A) is the obvious inclusion. Also homology groups satisfy the

following basic properties:

15



1 Complexes

(1) (Homotopy invariance) Homotopic maps f, g : (X, A) — (Y, B) induce the same
homomorphisms on the homology, i.e f ~ g = f.=g.: H(X,A) —» H.(Y,B)

(2) (Excision) Given U ¢ U C A C X with U open, then the inclusion mapping
(X —U,A—U) <= (X, A) induces isomorphism H.(X — U, A—U) = H, (X, A).

From (1) we see that the homology of any contractible space is the same as the

homology of a point. Using this fact and (1.1) we get

0 ifk#p

1.2
R ifk=p (1.2)

Hy(D?,SP") = {

For CW-complexes computing this homology groups are somewhat easier. For ex-
ample when (K, L) is a CW-pair by using the above properties and Proposition(1.8) we
can calculate: If there is L. C U C K which U deformation retracts to L then

H,(K,L)~ H,(K,U)~ H,(K — L,U — L) (1.3)
H(K/L) = Hy(K/L,*) = Hy(K Uc(L),*) = Hy(K Uc(L), c(L)) = Hy(K,L) (1.4)
Therefore the usual long exact sequence of the pair (K, L) becomes:
= Hy(L) = Hy(K) = Hy(K/L) 25 H, (L) — .. (1.5)
So the inclusions of CW-complexes N C L C K give rise to the long exact sequence:

.. — H,(L/N) — H,(K/N) — H,(K/L) -2 H,_,(L/N) — .. (1.6)

Just using (1.2) we can calculate homology groups of CW-complexes from their
attaching maps. For this we need to equate the singular homology with CW-homology,

which will be defined in the next section.
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1.4 Homology and cohomology of topological spaces

1.4.2 CW-homology

Let X be a finite CW-complex X = | | X?, where X? be its p'* skeleton, that is X? =
XP~1 45~ €? where {e?} are p—cells. For simplicity lets take R = Z. Then from above:
i=1

0 if k

HL(XP, X7 = 7 (1.7
7z ifk=p

CW- chain complex of X is C(X) = {C,(X),,}, where C,(X) = H,(XP?, XP~1) (free

abelian group generated by p-cells of X), and 9, = j, o 9, as defined by the following

diagram (clearly from diagram chasing we have 7 = 0):

Op+1
Hy (X7, X7) — 2 [ (x)
I el el
Cp+1(X) 5p+\1\ S~ JJ* ap\ Rt
H,(X?, XP~Y) ——— H, (X?7)
I BRI
C,(X) 9, JJ*

Theorem 1.20. H,(X) = H,(C(X))

Proof. From XP~2 C X? C XP*! and XP~2 C XP~! C XP we get exact sequences:

Hp(prl’ XpiQ) =0

Cp1(X)
y aerl Z*
Hp+1(Xp+17Xp) E— Hp(Xpa Xp—2) — Hp(Xp+1a Xp—2) — Hp(Xp+1a Xp)
J{ap-i-l ]* 3
Cp(X) = Hy(X7, XP)
|2, 0y
Cpfl(X) = prl(Xp_RXp_Q)

17



1 Complexes

e Second vertical row = kerd, & imj, & H,(X?, XP~?)
® i1 =j.o0p and j,is 1-1 = im0, = imd,, = ker(i,) =
H,(C(X)) = kerd,/imd,,, = H,(X?, XP~2)/ker(i.)

= Hy(XPH, XP7%) = H,(XP*) = Hy(X)

1.4.3 Cech cohomology

A presheaf of abelian groups on a topological space X is an assignments of its open
sets to abelian groups U +— F(U) satisfying some compatibility conditions: For V- C U
there are so called “restriction” maps p¥, : F(U) — F(V), such that pY = id, and when
WcCVcU = pyop¥ =pl,. We will abbreviate pl(s) = p(s) = s|

Presheaf is called a sheaf if any open cover U = {U,} of X we have

1. If s,t € F(X) and 3|U = 8|U5 for all «, 5 then s = t.

2. Given s, € F(U,) with sa|U "y = Sﬁ|U v for all o, B, then there is s € F(X)

Us
with s}Ua = S,.

To any open covering U = {U,} of X we associate a simplicial complex N (U), called

-----
.....

the indices o, ap = —Oag,aisnaiay- Let CP(U, F) be the group generated

----- O, QG 15emes yeees

by all p-cochains, we can identify:

c’UF) = ] FlUan---nNUy,)

ap<---<ap

We define coboundary maps ¢ : C?(U, F) — CPT1 (U, F) by:

18



1.4 Homology and cohomology of topological spaces

UagN-+-NUa; NNV, ;4

P = PUqynNUa,,

In short we will write (00)aq...aps:

= > (—1)'0aq...a..ap.., then we define the groups

ker(0)
im(0) = coboundaries

ZP(U,F)/BP (U, F)

cocycles

Remark 1.21. Sheaves satisfy H(U, F) = F(X), since (00)ap = 0o — 053. We can define
sheafs of nonabelian Lie groups, but in that case only the first sheaf cohomology can be
defined, for example H'(X, GL(n,C)) is identified by the vector bundles over X.

U = {Ust,erV = {Vs}se, are two coverings of X we say U is finer then V and
denote by U >V, if there is a map ¢ : I — J with U, C Vyo). ¢ is called a refinement

map, it induces a chain map:

% : CP(V,F) = CP(U, F) is a chain map defined by

.....

is a chain map because:

Z(_l)i<¢#0)5o ~~~~~ BiyersBat1

¢(5q+1)

,,,,,

.....

.....

Lemma 1.22. IfU = {Ua},e; .V = {Vs}ge,; and ¢,¢ 1 J — I are two refinement maps,

then ¢* and " are chain homotopic, hence they induce the same map on cohomology.
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1 Complexes

Proof. Define K : C4(U,F) — C**(V, F) by

(K0)soyrs = D (1) 0p(80).0 (B (B0t By
Then it is easy to check that ¢# — ¢# = §K + K. ]
Recall that given abelian groups {G;} if for all a > b, there is f : G, — G, with
1. fo=1d
2. fa=flofr if c<b<a
we can define lim G = UG, / ~ (direct limit), where ~ is defined by

for g € Gy, h € Ge, g ~ hif f(g) = f*(h)

Definition 1.23. H*(X, F) = lim H"(U, )

So to compute H*(X, F) we choose a fine enough cover U = {U,} then compute
H*U,F). Wecall 0 = F' 5 F 2 F" 5 0 an exact sequence of sheaves, if for some

fine open covering U of X, for each U € U there is an exact sequence of abelian groups
0— F(U) S FU) S F(U) -0
These maps gives rise to the exact sequence of cochain complexes
0—-CX,F)—=CX,F)—=>CX,F") =0
Proposition 1.10 this implies the following long exact sequence
= HX, F) = HP(X, F) — HP(X, F") 25 BN (X, F) = .

For example, to define the 6* we first pick 0" € ZP(U, F") such that ¢” = (o) for some
o, then since 0 = 00” = §3(0) = f(d0) = do = ¢’ for some o', then let §*(c”) = o’

20



1.4 Homology and cohomology of topological spaces

Remark 1.24. Let M be a complex manifold, let Z, O and O* be the sheaf of integers,

holomorphic functions and non-vanishing holomorphic functions, respectively; then there
827”'. . 3

is the sheaf exact sequence 0 — Z — O — O* — 0 (the last map is f > >"/)

Remark 1.25. Let U = {U,} an open covering of a smooth manifold M, such that all
nonempty intersections Uy, N .. N U,, are contractible. Pick a closed form w € QP(M),
dw = 0. Then, by Poincaré Lemma, w|Ua = dw, for some w, € QP 1(U,). Thus,
d(wa —wg) = 0 on Uy, NUs. So, wy — wsg = dwag for some wag € QP (U, N Up).
This, in turn, gives us d(wgy — Way + Wap) = 0 on U, N Ug N U,. Again by Poincaré
Lemma wap + Wy + Wya = dwagy for some wys, € QP~2(U, N Uz NU,). By continuing
this way we get Wag,.a, € QUsy M-+ NUy,). Let 0oy 0, = (1) 'Wao,.a5,.0,-

77777

..........

HY (M) — H*(M,R), which turns out to be isomorphism. This is the content of the
Theorem 1.28

A Sheaf F on a smooth manifold M is called fine sheaf, if multiplying elements of
F(U) by smooth functions keep them in F(U). So in a fine sheaf elements of F(U) can
be added together with partition of unity functions. The sheaf of smooth differential

p-forms QP on M is an example of a fine sheaf.
Proposition 1.26. If F is a fine sheaf, then H*(X,F) =0 for all k > 0.

Corollary 1.27. H*(M,Q?) =0 for all k > 0.

Proof. Let U = {U,} be an open covering of M as in Remark 1.25. Let {p,} be a

partition of unity subordinate to U, and

U:{Uao ..... ozk.} EHk(M’F)

,,,,,
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1 Complexes

= (57')040,...% = Z(_l)TTa,--.&? ,,,,, o

Since 0 = (5U)a,ao ..... ar — Oag,.ar, — Z<_]—>T0-a,ao ..... Qpyeeny QU —

Theorem 1.28. (De Rham) If M is a smooth manifold then H?(M,Q) = HP(M,R)

Proof. From the sequence 0 — R — Q° Lot 400 we get short exact sequences:

0R Q%2 5

02t h 22 4

0— 271 it 4 za 4

Each short exact sequence gives a long exact sequence in homology, by using Corol-
lary 1.27 we get
H/(R) = HO\(2))
=~ H"?*(2?)

12

H' (2971 = HY(29) /im(d) = HY(M, Q)

Last equality follows from the exact sequence H"(Q9) A H°(Z9) - HY(Z7') — 0.
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Chapter 2

Products in cohomology

2.1 Acyclic model theorem

Let A be a category, and M C objects(.A). We say (A, M) is a category with models.

Let 2 be a category of R-modules, and G : A — 2 is a functor. We say G has a basis
relative to M if there is {d; € G(M;)},., where M; € M, such that for every object X
of A, G(X) is the free R-module spanned by

{G(u)(dj)}jEJ,ueHom(Mj,X) .

If C is the category of augmented chain complexes and F': A — C is a functor F(X) =
{Fr(X), 0k} we say F'is free (over M) if each Fj, : A — 2 has a basis. We say F is
acyclic (over M) if H,(F(M)) =0 for all *x and M € M.

Example 2.1. Let A be the category of topological spaces and continuous maps, M =
{Ag : k >0} and S : A — C be the singular homology functor then S is free and acyclic
over M. If 6; : Aj — A; is the identity map then {6; € S;(A;)} is a basis for S;.

Theorem 2.1. Let (A, M) be a category with models C be a category of augmented chain
complezes F, F' : A — C be functors with F free and F' acyclic. Then, there exists a
morphism ® : F — F'. If ¥ : F — F' is any other morphism then ®, ¥ are chain

homotopic.
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2 Products in cohomology

Proof. For every X € object(A) we must define ®(X) : F(X) — F'(X) such that if
f:Y — X is any map then

oy PO

v) F(Y)

F(f) P(f)
PO~ PO

AY) — )
Fif) \ka Pt \,;m
Fi(X) ;’“‘l(f ) %&3 F(X) LTl

\Fkl(X)\ ) \Fél(X{\

For each k, let {dy, € F,(M;)} be a basis for Fy, i.e. Fx(X) is generated by {Fj.(f)(dy,) :
f € Hom(M;, X)}. By taking Y = M, the above diagram gives

O (X) Fx(f)(dr;) = F(f)Pw(M;)(dy,)

so it suffices to define @ (M;)(d,). We will define it by induction. We need to define

the dotted arrows
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2.1 Acyclic model theorem

o £

Fi(M;) —— Foy(M;) ———» R

| | /
Loy

F(M;) —— Fy(M;)

Since F'(M;) is acyclic, ker(¢') = im(0]). Hence, ¢’ induces an isomorphism

e : Ho(F'(M;)) —— R . Hence, there is a unique z; € Ho(F'(M;)) with £'(z;) =
£(dp;j). Pick any co; € Z; and define ®q(M;)(do;) = coj. In particular, if (dp;) = 0, then
z; = 0, and hence cy; € im(0y). Hence, ®(M,)(01d1;) = 0;(c1;) for some ¢1; € F{(M;).
Define ®,(M;)(d1;) = c1;, in particular this gives ®o(M;)0; = 07D (M,;).

Assume by induction that we have defined ®,(M;) for p < k. Since Hy_(F' (1)) =

0 and ;P 1(0kay,) = Pr—2(Ok-10ka,;) = 0, we must have ¢; € Fp(M;) with
Q1 (Okdr;) = O (ck;). Define ®y(M;)(dyj) = cxj, in particular we have ®y_q(M;)0, =
0,Px(M;). So we have defined ®(M;). We must show that ®;_;(X)0 = 09, P,(X) for
any X, and if g : X — Y is any map, then the following commutes

Ay — 2 )
Fk(Q)h BF;Q(Q)
Fuy) — 20 )
0D (X)) Fi(f)(drj) = OFL(f)Pr(M;)(dy ) (by definition of ®x(X))
= Fy_,(f)0®r(M;)(dy;) (since F'(g) chain map)
= F 1 (f) Pr-1(M;)O(di;)
= Oy 1 (X) Fr—1(f)0(dy; ) (by definition of @1 (X))
= Oy (X)OF,(f)(dy; ) (F(f) is a chain map)

Hence 09, (X) = &_1(X)O0.

25



2 Products in cohomology

Fi(g)®r(X)Fie(f)(d;) = Fr(g)F(f)Pr(M;)(d;)

s0 Fi(g) 0 @r(X) = @r(Y) o Fr(g).

Now, assume ¥ : FF — F’ is any other morphism. We must show that 3 chain
homotopy D between ¢ and U, i.e. for every X € obj(A) there is Dy(X) : Fi(X) —
Fy,,(X) such that if f:Y — X is any map the following commutes

F(Y) Dy(Y)

Fia(Y)
Fia(f)

Fip(X) ———— Fi(X)

and 0Dy (X) 4+ Dy_1(X)0 = ©p(X) — Ui(X). Again by taking Y = M; we get

Dp(X)F(f)(drs) = Fiiq (f) Di(M;)(dy;)

so it suffices to define Dy (M,)(dy;). Since

F5(M;)
commutes &' (Po(M;)(do;) — Vo(M;)(do;)) = 0. Since ker(e’) = im(0}), 3eq; € F{(M;)
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2.1 Acyclic model theorem

with 8{(61]-) = (I)O(Mj)(dOj> — \I[()(Mj)(dgj) Define DQ(Mj)(doj) = €15, SO 8D0(M]) =
Dy(M;) — ¥o(M;). By induction assume we have defined D,(X) for all p < k. Since
Hy(F'(M;)) =0, and

O (Pr(M;)(dyj) — Wi (M;)(drs) — Di-1(M;)(0dy;))
=01 (M;)(Ondrj) — Wp—1(M;)(Ody;) — 04 Dp—1(M;)(ddy;) = 0

since by induction

O Die—1(M;)(0dij) = Pio—1(M;)(Odyj) — W1 (M;)(9dis) — Di—2(M;)00dy;,

~
0

Jert1,; € Fi1(M;) so that
Oepi1,; = Pu(M;)(di;) — Vi(M;)(dij) — Di—1(M;)(Odiy)
Define Dy (M;)(dyj) = €g+1,j, hence we have
OD(Mj) = ©p(M;) — Vi (M) — Di—1(M;)0.
Hence

ODW(X)EW(f)(dr;) = OF; 1 (f)Dr(M;)(d; )
= F(f)ODy(M;)(d;)
= Fp(f)(P(M;) — Ui (M;) — Di—1(M;)0)(dy;)
= (X)) Fi(f)(drs) — Ui(X) Fi(f)(drj) — Di—1(X) Fi—1(f)(Odk;)
= (Pp(X) — Vi(X) = Dy-1(X)0) Fi.(f)(d;)
S ODR(X) = Pp(X) = Up(X) — D1 (X)0
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2 Products in cohomology

Finally, we must show if g : X — Y

Di(Y)Fe(9)Fx(f)(dis) = Di(Y)Fi(g 0 f)(di;)
= Fk+1 g © f)Di(M;)(di;)
= F(9)Fi () Di(M;) ()

(

(

= 1(9) k(X Fi(f)(dij)
© Dp(Y)Fi(9) = Fi(9)Die(X)

Dy (X)
k(X) Fa(X)
Fii(9) Fia(9)
F(Y) DY) Fea(Y)
commutes. O

2.1.1 Alexander chain map

Theorem 2.2. Let P be a category of ordered pairs of topological spaces, and C be the
category of augmented chain complexes. Then the functors

FF':P—=C F(X,)Y)=SXxY),FI(X,)Y)=8(X)®S(Y) are chain homotopic.
In particular H,(X x Y) = H,(S(X) @ S(Y)).

Proof. Pick M = {(Ax,A;)} to be the models in P. Let dy : Ay — Ap X Ay be
the diagonal map. Then any singular simplex o:Ar — X xY can be written o =
(" x d")ody : Ay ey A x A X% X x Y where 0 = (0’',0"). We can write
o = Sk(o" x o")(d). So {dr € Sk(Ar x Ag)} is a basis for Fi(X,Y). Hence F is
free (over M.) Also since Ay, x A\ is contractible H,(F(Ag, A;)) = 0, so F' is also
acyclic over M. Similarly, since {J; € 5;(4A;)} is a basis for S;(X) and {0, € S;(A;)}
is a basis for S;(Y), {6; ® §; € Si(A;) @ S;(A;)} is a basis for S;(X) ® S;(Y). Hence
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2.1 Acyclic model theorem

{®iyjo0; ® 0; € (S(A;) ® S(A))),.} is a basis for (S(X) @ S(Y))x. So F' is free (over
M) and since each Ay, is contractible H, (F'(Ag, A;) = 0. Therefore both F, F' are free
and acyclic over M. So there are morphisms ® : F — F’, W : F/ — F such that ® o ¥

and ¥ o ® are chain homotopic to identities. Hence for every (X,Y") we have

o,
H (X xY)=H,(S(X xY)) 4><\Ij_ H.(5(X)® S(Y))
with ®, o U, = Id and W, o ®, = Id. 0

Since ®, ¥ are unique up to chain homotopy, if A is any other morphism F — F’

then A, = ®,. So there exists a natural chain equivalence:
S(X xY)—=S(X)®S(Y) (2.1)
unique up to chain homotopy. Combining this fact with Theorem 1.19 we get:

Corollary 2.3. For any topological space X there is the following exact sequence
0= [HX)@HY)], > H(X xY) > [HX)*H(Y)],-1 =0
In particular, if all H(X) and H(Y') are free then
H(XxY)=[HX)HY)],

It is useful to construct a specific chain equivalence realizing (2.1); a useful one is so

called Alexander-Whitney chain equivalence discussed in Section 2.1.2.

2.1.2 Alexander-Whitney homomorphism
Definition 2.4 (Alexander-Whitney homomorphism).
A, S (X XY) — [S(X)®S(Y)],
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2 Products in cohomology

Let 0 € S,(X xY) then 0 = (¢/,0”) where ¢’ € S,(X) and ¢” € S,(Y). Let
An((j) = Z 0'/>\k X Ullpn,k
k=0

then extend A, linearly where

A Ap — A, given by (po, ..., Pr)
Pt = Dnoy — Ay given by (pi, ..., pn)

Let A= {A,}. We claim A is a morphism between S(X x Y') and S(X)® S(Y), i.e.

1. A is functorial with respect to maps, i.e. if f: X' — X, ¢g: Y’ — Y are maps then

the following diagram commutes
Ay,
Sp(X'xY") —— [S(X') @ S(Y')],

Su(f x g)‘ ‘@iJrj:nSi(f) ® S;(g)

Sp(X xY) L [S(X)®S(Y)]n

2. An+18n = 8nAn

Proof. 1. is trivial.
2. is tedious but we will do it. Take X' =Y’ = A, and d,, € S,(A, x A,) be the
diagonal, then if o = (¢/,0”) € S, (X' x Y’) then 0 = S5,,(¢' x ¢")(d,,). Hence from

(1)

Ay (o) = A,Su(0' x d")(d,) = [@ Si(a") @ S;(0™) | An(dy)

i+j=n

A (0) = a[@ Si(0") @ S;(0™) | An(dy)

i+j=n

= D 50) @S] 04 ().

i+j=n—1
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2.1 Acyclic model theorem

A, 1(00) = A, (0S,(0" x a")(dy))
An1 (Sno1(o’ x a")od,,)
= P S0’ @0")A1(0dy).

i+j=n—1

Hence it suffices to prove 04, (d,) = A,_1(0d,).

A (d,) = 0A,(Id,Id) <Z e @ P k)

n

k=0

n k n—=k
= Z (Z(_l)i)‘kFli & Pn—k + Z(_l)k+j)‘k ® pnkFiz—k)
=0

1=0

n k n—k
= Z (Z(_l)in)\kl & Pn—k + Z(—l)kﬂ)\k ® Fg*kpnk1>

k=0 \i=0 §=0

since the following diagrams commute

i J
Ay — A Ap A,
Ak—ll l)\k pnkl/ ‘pnkl
A”*1 - ATL An — An—l
: Fit
V; j <1

where:  F}(v;) =
Vi1 g =t

31



2 Products in cohomology

Continuing the above calculation, we have

n k
= Z (Z( ) FZ)VC 1 ®pn k + Z j)\k & FJPnkl)

n k
= ZZ( 1)Fl)\k 1®,0n k_'_zz ])\k®F]pn—k—1
k—0 i—0 k=0 j—k
k=0 k=0
n n—1
- s (S rtererton.)
k=0 r=0
-y (z<—1>kF:AT_1 o F:pn_r>
r=1 k=0
n r—1
= Y S DREIA L © pas +ZZ 1) A1 ® Fp,_,
r=1 k=0 r=1 k=r

Since FF\, = \, for k > p, FFp, = p, for k <n —p,

n—1 k n—1 n

= ZZ(— Fl>\k 1 & Pn— k‘i‘zz J/\k®Fjpnk1
k=0 =0 k=0 j=k
n—1 n

= > D (~VFFEN @ Flipni
r=0 k=0
n—1 r

= YN (C1)rER, ®pn1r+zz DA ® Fyipoi—r
r=0 k=0 r=0 k=r+1
n—1 k

= SN (D FN® pi k+z Z 1) X\ @ F po_1-y,
k=0 =0 k= 0; k1
n k—1

= ZZ(— Y EXe-1 ® pn— k+z Z 1A\ ® Flpniy O
k=1 i=0 k=0 j=k+1
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2.2 Cross product

2.2 Cross product

Cross product operation in cohomology is induced by the Alexander chain map as follows

H™(X) x H"(Y) — H"™(X xY)

(,8) — axf

m

S x V) A s est) 228 rer R

axf=Aa®p)

Proposition 2.5. §(a x ) =da x B+ (—1)Pa x i
Proof.

(A*(a ® B), 0a)

(0 ® B, A(da))

(a ® B,0A(a))

= (0(a®pB),Aa))
(0ba® p+ (—1)Pa® 068, A(a))
(A*(ba @ B) + (1)’ A" (a ® 68), a)
(bax B+ (—1)Pa x dp,a) O

Hence the cross product on cochains induce cross product in cohomology classes.

Definition 2.6.

C:S(X)®5,(Y) — S,(Y)® S,(X)
a®pf — (-1)"B®a
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2 Products in cohomology

C' is a chain map since:

Cola®pP) = COa®p+(-1)Pa® dp)

(—1)*P 13 @ da + (—-1)PPT VIR ® a
= (—1)™[0B®a+ (—1)'8® da
(=DM9(B®a)

IC(a® B).

Let p: X XY — Y x X be the map x x y — y X x, then

S(X) @ S(Y) —C 8(v) @ S(X)

A
/

S(X xY) / la@ﬁ
T~ RorR=R

S(p) S(Y x X)

Since any two chain maps S(X x Y) — S(X) ® S(Y) chain homotopic we conclude

¢ (ax B) = (=1)"(8 x o)

which comes from p*A*(a ® () = (—1)PA*(f ® «)

2.3 Cup product
H(X) x H™(X) — H™™(X)
(Q{, 6) — a — 6

5<X)%S(XxX)Lsm@smem@RﬂR

*
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2.8 Cup product

Cup product is the composition o — = d*(a x f) = d*A*(a® ) = (a® ) o Ao S(d)

(a — B,0) = (d(axp),0) = (axp,do))
= (axf,(0,0)) = (A(a®f),(0,0))
= (a®p, A0, 0))
= (@B, 00N ® pprg)
= (@, Ag) (B, pq)

Proposition 2.7. The cup product satisfies the following properties
L= f=(-1p(8 — a)
2. If f: X =Y is amap then f*(a — B) = ffa— f*p

3. ax p=pila)—ps(B) wherep; : X XY - X andpy: X XY =Y

are the obvious projection maps.
4. Let a € H*(X), o € H"(X) and € H'(Y), 8’ € H(Y), then

(@ —a) x (B —8)=(-1)"(axB) — (a/ x 3
S. I xa=axl=aandl —wa=a—1=«

Proof. All the proofs follow from definitions and application of Theorem 2.2:

a—f =  d(axp)
= & (-1 x a)
= (~)Md(5 x a)
= (-)MB—a
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2 Products in cohomology

2.
(f*(a = B).a) = o = B, f.a)
= (a,foao,) (B, foaop,)
= (ffa,ao0\) (f*B,a0p,)
= <f*()évf*5va>
3.
aXxyy—lLHSu3®ﬂW%§§R®R‘”R
~_
S(p1) ® S(p2
(p1) @ S(p2) — ax B =pia) — pi(B)
4.

S(XxX)®S(Y xY) R

e s~ A®%z>o/®ﬁ®ﬁ’

®S(Y) = S(X) @ S(X)®S(Y)®S(Y)
)

S(X)
A/

1®C®1
S(X xY (X)®S(Y)® S(X)® S(Y)
ﬂ@l AR A

S((X x Y) x (X x V) =2 §(X x V) @ S(X x Y)
By Theorem 2.2 the above diagram of maps commuting up to chain homotopy so

(100810 (A8A)odos(d) ~ (A 4)o(S5(d) o S(d)o A
~ (AoS(d)® (Ao S(d)oA
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2.8 Cup product

— A (A (a®d)@dA(BR ) =
(0= a') x (6= §)
(=)™ (a x B) — (o x ')
(—1)"™Pd* A* (A*(a @ B) @ A*(d/ @ B))
= (-1)™dA (A" @A) (a@pdx[))
(—1)™d*A* (A* @ A" (a@ Rd ®F))
(D)™&A (A" RA)(1elCel)(e®d ®F )
Another proof of (4) is as follows:

(@a—c)x(b—d) = pila—c)—pyb—d
= pila) — pilc) — p3(b) — p5(d)
(=1)"Fpi(a) — p3(b) — pi(c) — p3(d)
= (=Dl x b) — (¢ xd) O

Example 2.2. Let X = SP Vv S1Vv SPT4 Y = SP x S9, then H*(X) = H*(Y), but their

cup product structures are different. Consider the following inclusions and projections

iy vt g SP x S
Gp+a SP S

For k = p, q let oy, By be generators of HX(X), H*(Y) respectively, then
o k¥ HPTU(X) = HPTe(SPta)
o k*(ap — ag) = k*(ap) — k" (ag) =0 = a — =0

o By~ By = pi([57]) — p5([S7]) = B, x By # 0

37



2 Products in cohomology

2.4 Cap Product

H?(X)® H,(X) — H,_,(X) ,wheren >p
Cap product is first defined on chain level then checked that it is defined on homology
SP(X) @ Sp(X) — S, p(X)

<b”*p,cp —~ 0n> = <b”*p — cp,0n>

From this we get 0(c? ~ 0,44) = (—1)%c —~ 0 + ¢ ~ Jdo since :

(aT71,0(” ~ opyg)) = (00771, ~ 0pig)
= (0a" — & 0p1q)
(50— @) (—1)a — desopey)
= (o — @ 00)+ (-1)"{a,dc ~ o)
= (o, ~ do)+ (—1)"{(a,dc ~ o)
= (o, ~ 0o+ (—1)%0c —~ 0ptq)

The above definition is equivalent to

&’ ~oppg= (", 00p,)o0), , since

1P ~o) = (b1 — P, o)
= (b,00X) (", 00p,)
= (0, (", 00pp) 00X

Proposition 2.8. If f: X — Y, then

J (f7 87— 0pig) = B —~ fil0piq)

38



2.4 Cap Product

Proof.

(0, [ (B ~0)) = ([l ['8~0)

{

(ffa— f*B,0)
= (fT(a—p),0)

(@ — B, filo))

(0,8~ ful0)) O

Proposition 2.9. (a— ) ~z=a ~ (f —~ 2)

Proof.

(V(@—=B)~2z) = (y—(a—B),2)
= (y—a,f~2)
= (vza~(B~2) O

Proposition 2.10. (a) H’(X,A)® H,.,(X,AU B) — H,(X, B)
(b) H*(X,A) ® H(X,B)) — H""(X, AU B)

(¢) H(X,A)® H'(Y, B)) — H'((X, A) x (Y, B))
where, (X, A) x (Y,B) = (X xY, X x BUAXY).

Proof.  (c) Since {X x B, A x Y'} is excisive couple 3 chain equivalence (excision):

S(XXxY)/[S(XXxB)+SAxY) — S(XxY)/S(XxBUAXY)

A

S(X) @ S(Y)/[S(X)® S(B) + S(A) @ S(Y)] ~ S(X)/S(A)® S(Y)/S(B)

Therefore we have S (X, A) x (Y, B)) =5 S(X,A) ® S(Y,B) 3 R® R
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2 Products in cohomology

S(d)
(b) S(X)/S(AU B) —— S((X,4) x (X, B))

JA
S(X, A)® S(X, B)

(a) For a” ® 0pq € ZP(X, A) ® Zp1q(X, AU B),
INa~o)=(-1)"ba ~oc+ (-1)a ~ Jo]

where do € S,(AU B). Note that o« —~ do = (a?, 00 0 p,) 0o o A\, € S.(B). Also,
note that da ~ o € S,(B) since

(B,0a ~ o) = (B —da,0) ==, ~ 0)
= +{,9(8 ~0))
— +{a,(f,007)8(c0N) € 5.(B)

since d(0 o ) € S,(A). Therefore, d(a ~ o) € S.(B). O

Proposition 2.11. Ifo € H,,(X, A) then

(X, A) L ()

‘/\0 ‘/\0 where A C X C (X, A)
i J
and 0 = Op4q

IfAC BC X, then

Z’*

(X, B) —— (X, A)

where i : (X, A) = (X, B)
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2.5 Slant Product

Lemma 2.12. Fora € H(X),a € H(X),8€ H(Y) and b € H,(Y),
(ax B) ~ (axb)=(-1)*"(a~a)x (8 ~b)
Proof. Write v =7, X 72,7 € H¥(X x Y),deg(v;) = k.

(M X 72, (@x ) ~(axb) = ((11x7)—(axp),axb)
= (1) {(y1 — @) X (72— B),a x b)
= (=)™ (y1 — a,a) (y2 — B,b)

<717Oé — (I> <727ﬁ — b>
= (0" —aa) (1’ — 5.0

(X7, (@~ a) x (B~ b))

where k1 +p=gq and ko + 7 = s. O

2.5 Slant Product

SUX % Y) x S,(Y) -5 §77P(X)
F@cr— /e
where (c¢*/c,a) := (A(c"),a®c) Ya e S,_,(X)
It is easy to check that d(c*/c) = dc*/c — (—1)""Pc*/dc , hence we get a map

HY(X xY

Q

H,(Y) — H"7(X)

&
® ¢ — /e
Relative Version :

H" (X, A) x (Y, B)) ® Hy(Y, B) — H" ?(X, A)
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2 Products in cohomology

Recall the Alexander chain equivalence
S(X)/S(A) ® S(Y)/S(B) — S(X x Y)/S(X x BUAXY)
So, slant product induces a map
Hom (5(X)/S(A) @ S(Y)/S(B)) ® (S(Y)/S(B)) — Hom (5(X)/S5(A))

Claim: For ¢f ® ¢5 € Hom (S(X)/S(A) ® S(Y)/S(B)) and c € S(Y)/S(B),

(a) for d € S(B),
G®c/c=od/ctd

(b) ¢t ®@cs/c=0o0n S(A), that is ¢f ® ¢/c € Hom(S(X)/S(A)).

Proof. (a)

((@a/ctda) = (@G a@(ctd)

= (Q®G,a0c¢)+(q©c,ad)
(@ ®c/c,a)+(d,a) (e, d)
{

i ®cy/e,a) since (c3,d) = 0.

(b) If a € S(A), then

{a®a/ea = (G@6a00

= (c},a){c5,c) =0 since (cj,a)=0 0O
Proposition 2.13. 1. Forae H'(X),8e€ H'(Y) and b€ H,(Y);

(0 x B)/b=a(f,b).
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2.5 Slant Product

2. Forne HP(X),a € H(X xY),8 € H(Y) and b € Hy(Y);

n—la/B~b =

(=

1P o — (< B)] /b.

3Iff X—=>X,9:Y =Y ae H(X' xY’'), and b e H.(Y) then

(f xg)"a/b= f"(a/g.b).
Proof. 1.
((a x B)/b,a) = {(axB,axDb)
= (a,a) (B,b) = (a(B,b),q)
2.

<77p ~ [O‘q/ﬁr — bs]> ap+q—s+r> =

((f x g)*a/b,a)

(=
(=
(=
(=
(=

DA )~ by~ a)
DPt (o, ()~ a) x (B~ b))
PPt (5 x B) ~ (a x D))
P o — (% B),a x b)

)

1P (e — (n x B)]/b, a)

((f xg)"a,a xb)
(a, (f % g)«(a x b))
(a, fea x g.b)
(a/g.b, f.a)
(f(a/gsb) ;a) O
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2 Products in cohomology

2.6 Steenrod Squares

Recall the chain map C' : S,(X) ® S.(X) — S.(X) ® S.(X) given by C(a, ® ;) =
(—1)"3, ® ap. Then in the following diagram we will alter Ay to C'Ay then consider the

resulting chain homotopy

S (X x X)

A/ glA

S (X) — 2 S(X)® S (X) DC

CAp, Ag : Su(X) — Su(X) ® S, (X) are two chain maps, (2.1) implies that there is a
degree 1 map A; : Su(X) — S.(X) ® S.(X) with

CAO - AO = (C - 1)A0 == 6141 - Ala
Hence, (C' + 1)A; is a chain map. Indeed, we can easily check

0(C+1)A)

(C +1)9A,
= (C+1)(C=1)Ag+ A,0)
= (C + 1)1413.

Now, (C'+1)A;1,0: S.(X) = S.(X) ® S.(X) are two chain maps which implies there is
a degree 2 map Ay : Si(X) = S.(X) ® S.(X) with

Hence, (C' — 1) A is a degree 2 chain map. Indeed, we can easily check

I((C—=1)42) = (C—1)04,
= (C—=1)((C+1)A; + As0)
= (C—1)A.0.
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2.6 Steenrod Squares

Then (C'—1)A5,0: S.(X) = S.(X) ® S.(X) are two chain maps. So there is a degree
3 map Az : S.(X) = S.(X) ® S.(X) with

(C — 1)Ay = DA5 — A30.

Thus, (C' + 1)Ajz is a degree 3 chain map.

Continuing this way, we get a degree n map for all n > 0 with
(C+ (-1)")A,—1 = 04, — A,0.
We also form the following chain complex (where T is induced by the reflection)

W = S.(5%) =Zy(e;, Te; | i =0,1,...).

" de; =ei—1 +Te;iy

Proposition 2.14. {A;} defines Zy-equivariant chain maps (as Zs-chains)
W®S,(X)5 S.,(X)® S.(X)
ple; @ o) = Ai(o)
o(Te;, @ o) =CA;(o)
Proof. Just check ¢ is a chain map (and recall that we are working mod 2)

pd(e;, @o) = (le; ® o+ e; ® Do)
= plei1@o+Te; 1 ®0+e;®00)
= A, 4(0)+ CA;_1(0) + A;(Do)
= Aini(0) + CAi1(0) + (04i(0) + (C + 1) Ai1(0))
= 04,(0)
= Oy(e;®0) O
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2 Products in cohomology

Definition 2.15. Call ¢.,(0) = ¢(e; ® o), and then define

SP(X) ® SU(X) — SPHi(X)
UR V= U~V

u—iv = AW ) = ¢, (4@ )

Up X Vg

S, (X) i S(X)® S, (X) —— R®rR=R
U v
Lemma 2.16.
§(up —i vg) = 6u —; v+ (—=1)Pu —; v+ (=) u — v+ (=1)P o —;_u
Proof.

(0(u—iv),c) =

(u ~—; v,0c)
= (u®v)4;(9c)
— wew) 04— (C+ (1)) (0

= J(u® U)Ai<0) — (u®v)CA;_1(c) — (1) (u®v)A;_1(c)
(0u—; v+ (=1)Pu —; 6v — (—1)'u —_1 v — (=1)"%0 —;_1 u,c)

]

Corollary 2.17. We have the following mod 2 congruences
(U —v) =0Uu—; v+u—; V+uU—j ] V+V =i U

O(u —; u) = du —; u—+u-—; du

46



2.6 Steenrod Squares

Definition 2.18. When §(u) = 0 we have §(u —; u) = 0. so we get a map in cohomology

Sq; + SP(X; Zs) — SN (X; L)
Sqi(u) =u—; u

Proposition 2.19. Sq; : H*(X;Zy) — H*7"(X;Zs) is a homomorphism.

Proof.
Sgi(u+v) = (u+v)—; (u+v)
= A uR@u+rv@v+u®v+uveu)
= Sqi(u) + Sqi(v) +u—;v+v—u
= Sq(u) + Sqi(v)
The last equality follows from lemma (2.17). O

Proposition 2.20. If f: X — Y continuous, then the diagram below commutes.

Sqi .
H(X;Zy) —— H* (X Zy)

|

H(Y;Zy) ———— H* (Y Zy)

Proof. By using naturality of A; we calculate

[ Sa(u)(c) = fr A (u@u)(c)
= Aj(uu)fic
= (u®@u)Ai(f(c))
= (u@u)(f*© f)Ac)
= (ffu® ffu)Ai(c)

Sqi(fu)(e) = Aj(frue fru)(c) O
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2 Products in cohomology

Definition 2.21. Define Sq¢' : H?(X;Zy) — H?*(X;Zy) by
Sq'(u) = Sq,_i(u,) fori=0,...
From the definition it follows that:
1. S¢'(up) =01ifi>p

2. SqP(uy) = Sqo(u,) = A*(u, @ u,) = u?

P

2.6.1 Relative Case:

The inclusions A (i> X4 (X, A) induce short exact sequence of cochain complexes
0= S (X, A) S5 57 (X)L §*(A) = 0
Lemma 2.22.  j*(u —; v) = j*(u) —; 7*(v)

Proof. We can check this by using naturality of Alexander chain map

S, (X) A S, (X) ® 5,(X)

S

S, (A) — X 5,(A4) ® S.(A)

U —; U, JxC)

® Ua AX(]*C)>
® Uaj*AY(C)

J u® j v, Ay (c))

(" (u—iv),0) =

*

{
(
=
(
(J"u —; j v, c)

J
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2.6 Steenrod Squares

If u,v € S*(X,A), then j*(¢*u —; ¢*v) = 7°¢*u —; j*¢*v = 0. Therefore we have,
¢*u —; ¢*v € im(q*) and ¢* is 1-1 as a chain map. Thus, there is a unique cochain
u —; v in S*(X, A) such that ¢*(u —; v) = ¢*u —; ¢*v. Therefore the relative version

Sq' : HP(X, A; Zs) — HPT(X, A; Zs) is defined by ¢*S¢’ = Sq'q*.

Proposition 2.23. 1. If A ¢ X C (X,A), Sq¢' commutes with §* : H(A) —
H(X, A).

2. Sq' commutes with suspension, i.e. Sq' o S* = S* oS¢’

Fr(x) 2 BHYCX, A) s BPP(SX)

~_ g

Proof. Recall HP(A) % HPT1 (X, A) is the map defined by a = {a,} — {c}, where

0 — SP(X,A) —— SP(X) ——— SP(A) —— 0

w W ]* W
C:{Cp+1} hb---------> 0 =20y
) ‘5
q*
5*(%) ~C---oe » 0% (b) ---------- » 0

°

We need to verify Sq'(0*a) = Sq¢'(c) = ¢ —p_iy1 ¢ = 6*(a —p_; a) = 6*5¢" ()

But by definition ¢*(¢ —p_iti ¢) = ¢*¢ —p_iy1 ¢*¢ = 6b —,_;11 0b. Now we claim
the last expression db ~—,_;+1 b = 6b', where V/ = b —, ;41 0b+ b —,_; b and therefore
J*(V') = a —p_; a (since j*(b) = a and §(a) = 0) = §*S¢'(a) = Sq'(0*a).
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2 Products in cohomology

It remains to check the claim. For this we use the formula of Lemma 2.17

SB) = 3(b—pi1 6b+b—p i b)
= (b —p_is1 0b) + 6(b —p_; b)
— b —pip1 b+ by Sb+ b —pi b
0y s b4 b ey i b4 b—p i 1 bb—p i g b
— 6b —p 141 0b mod 2

To prove 2, we write the suspensin homomorphism S* as the following composition:

a € ﬁq(X) 6—> Hp+1(CX,X) % Hp+1(SX)

\g/

S*0 8¢ () = 6006 (Sq¢(a))
= 0Sq¢'(6*)
= S¢'(05*a)
= S8q' 0 S*(a)

]

Proposition 2.24. Let 6y : H*(X;Zy) — HYY(X;Zy) be the Bokstein homomorphism
corresponding to the exact sequence O — Zo X Ly — Zg — 0, then

0 if 7 odd
S¢Tt if § even

525qj =

Proof. From Lemma 2.16 we induce the following identity, where ¢; = 1+ (—1).
S(u—pju)=0u—p ju+ (—=1)Pu —, ; du+ (=1 eju —, ;1 u (2.2)
We know the Bokstein d2 = [5]2 is the mod 2 of the Bokstein 3 of the exact sequence
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2.6 Steenrod Squares

0 Z3Z — Zy — 0. Now let ¢ = {¢} € H/(X:Z,), c € CP(X:Z,). Pick u €
CP(X;Z) with [u]y = ¢. Then S¢’c = [u —,_; u],. Now by chasing diagrams we get

—

u c
X2
Cr*y(X;Z)>avr------ »2a = du r---» 0 <— means Jc is even

1

But 0,9¢(c) = 3 d(u —p—ju) mod 2 then by using (2.2) and 6(u) =0 =
- %] (4 —p_j_1u) mod?2 = %j S¢*(c)

Corollary 2.25. Sq°(z) =z, and Sq'(z) = d2(2)

Proof. By above 65(Sq°u) = Sq*(u). Hence in RP? §,(S¢°(u1)) = Sq¢*(u1) = u? # 0
which implies Sq°(u;) # 0. Then since H' (RP?; Zy) = Zy we get Sq° = Id on RP2.

The same can be proven for RP* by considering the exact sequence of the pair
(Y, X), where X = RP? and Y = RP*, and i is the inclusion X < Y

0=H'(Y/X) — H'(Y;Z) Z? H' (X Z,) R H*(Y/X) =0

Sql‘ Sql‘%

0 — H(Y;Z) ——— H2(Y;Z,)

More generally for any X and o € H'(X;Zy) = [X,RP*], we can write a = f*(u), for
some map f: X — RP™, H'(RP*; Zy) = Zo(u).

Sq'(@) = Sq'(f*u) = f*(Sq'u) = f*(u—u) = f*(u) — f*(u) =’
Proposition 2.26 (Cartan Formula). Sq'(x —y) = Zj Sqi(x) — Sq¢(y)
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2 Products in cohomology

Proof. Since S¢'(z — y) = Sq¢'(d*(x x y)) = d*Sq'(x x y), we first compute

Sq'(xxy) = Sq'((xx1)— (1xy))
= Zqu(w x 1) — Sq¢" 7 (1 x )

_ Z S¢ (p*(x)) — Sq¢" (¢ (y))
_ Z PS¢ (x) — ¢"Sq (y)
= Y (8¢(x) x 1) — (1 x Sg"(y))

= Zqu(w)XSqi‘j(y) =

Sq'(z — y) = d*(Z Sq’ () x Sq' I (y)) = Z Sq’(z) — Sq' ™ (y)

]

Proposition 2.27. There is an Zy(T)-equivariant chain map r : W — W @ W, where
W = 5,(5%) = (e;,Te; | Oej =ej_1+Te;_1), and T(u®@v) =Tu® Tv.

Proof.
rle) = Y (1Y e;@Tlei ;= Y (1), @ TP,
r(Te;) = T(r(e))
Recall the chain map ¢ : W ® S, (X) — S«(X) ® S.(X). Set K = S,(X) and write

ok WK - K®K
e; @0 — Aj(o)
Te; @ o — CA;(o)

Then by Section 2.1 the following diagram commutes up to chain equivalence.
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2.6 Steenrod Squares

Id
W@K@LT& (W®W)®K®L%>(W®K)®(W®L)
snuirie
PKL Yr @ pr,
T
(K®L)®(K®L) (K®K)®(L®L)
shuffle

e ®(a®b) — (3;+e; T (ei;)) ® (a® D)

prot\ 3, (e ©0)® (T (e ;) ©1)

> Ai(a) ® CTA;_;(b)

L S¢uev)(ab) = v) =i (u®w))(a®Db)
) ® (u®v)) pror(en ®a®Db)

)® (u@v)) Y Aj(a) ® CTAi(b)

I
A/g/-\
¥ ® &
ST

Proposition 2.28 (Adem relations). For a < 2b,
b—c—1

Sao®S b _ Sa+bfcsc

q“Sq E ( "o ) q q
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2 Products in cohomology

If we write Sq¢ = S¢° + Sq* + -+ : H(X;Zy) — H*(X; Z,) Cartan formula becomes

Sq(zy) = Sq(x)Sq(y).

Ifz e H(X) = Sq(z*) = (Sq(x))"
= (z+a?)F
= xk(l—i-l’)k

50

)

Therefore, S¢'(z*) = (¥)z*+.

)

Example 2.3. Let f: P" — P™/P" be collapse map. As a CW-complex:

PT%P”?P”/PT:eT“U---Ue”

HY(PT) = HE(PM/PT) S B Py k>
Let wy, € H*(P™/P") with image u* € H*(P™). Then, Sq'(wy) = (’:)wkﬂ In particular,
forn=5,r=2 k=3 S¢*(w3) = ws (not related to cup product). We can use this to
show P*/P? not a retract of P°/P?. Because if there was a retraction map r

r
kL~

P4/P2 PS/PZ
—
2

with ior ~ Id, and r oi = Id, the following diagram gives a contradiction.

H(PY/P?) —— HB(P°/P?) > w

Squ lSq2 3

0c (PP T BF(P5/P?) 5 ws
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2.6 Steenrod Squares

Lemma 2.29. Ifa =Y a;27, b= b;27 (a;,b; are either 0 or 1) then

() -T() e

1+2) = Q+2)29” =[[a+a)%* =] +2*)>

_ Hg (C]Lj)xky - 1;[ (1 n (alj)ij n (Zj)x“”) +>

The coefficient of z* on the LHS = (}) and the coefficient of 2 on the RHS = [] (Zj)

Therefore (§) =1 <= (bj=1 = a; = 1). O

Since when deg(z) = 1, S¢ () = (2:)$2k+i from the lemma we conclude

2 ifi=0
Sqi(x®) = { 22 if i = ok

0 otherwise

Theorem 2.30. Sq' is indecomposable if and only if i = 2.

Proof. For ( <= ) take i = 2. Consider H'(RP*; Z,) = Zy(a)
Sa(0) = (Sg(a))' = (a +a?) = a' + a?

Thus, S¢'(a') = 0 unless t = 0 or 7. Therefore, a* # 0 shows S¢’ is indecomposable.
Otherwise, o* = S¢'(a’) = >,_, a:Sq'(a') = 0. To prove the converse ( => ) assume
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2 Products in cohomology

i # 2N, Write i = a + 2% with 0 < a < 2¥ and b = 2¥. Adem relations imply
b—1 b—c—1
Sq*Sq¢® = ( )Sq‘”b + Z ( ‘ )Sqa+blch =S¢+ ...
a I\ a— 2c

This is because we calculate the first coefficient to be 1 (since all of b; = 1).

b—1 2k 1 1424224 421 b;
(a )_< a )_( > a2 )—H(a)—l mod 2

2.6.2 Hopf Invariant

For n > 2, let f:S*! — S" be a map and Let K = S™ Uy e*". Then

0 ifi#0,n,2n
Z ifi=0,n,2n

Hi(K) =

Let H'(K) = Z{c), H*"(K) = Z{7). Then 0? = H(f)7. The integer H(f) is called the

Hopf invariant, it is a map H : ma,_1(S™) — Z Next, we list some properties:

1. If n is odd, then H(f) = 0.
2. If n = 2,4,8, there is a map f : S*»~! — 8" with Hopf invariant 1.

The first property follows from cup product being skew symmetric, the second follows
from the cup product structures of various projective spaces: For n = 2, take f : S —
CP' = S?%, then CP? = S%2 U, ¢*. Similarly for n = 4 and 8 we take HP? = $* U ¢® and
Cay P? = S% U e, All of the attaching maps have Hopf invariant 1.

Proposition 2.31. If n is even, there is a map f: S> ! — S™ with H(f) = 2.

Proof. For this write S™ x S™ = (5™ Vv S™) U, e*", where g : de*" — S™ is the attaching
map. Let ¢ = Fog be the composition of g and the folding map F. We claim H(p) = 2.
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2.6 Steenrod Squares

F

g
eZn D) SQn—l N Sn V; Sn - - Sn

|

S x 8" == (S"V ST U, e £, SmU, e’ =K

Let K = S"U,e* and i : S™ — K be the inclusion. The composition ioFog : S**~t — K
is null homotopic by definition, so we can exted it to a map F : S? x S? — K, which is
homeomorphisim on the top cell e2”. Hence F* is isomorphism in dimension 2n.

Make identifications H"(S™) = Z{o) = H™(K) and H"(S" v S") = Z{o1,09) =
H?(5% x S?). The folding map has the property F*(c) = 01+ 0. therefore 0% = H(p)T,
Then (F*(0))? = F*(0?) = H(p)F*(7) = H(p)p. Then the following implies H(p) = 2.

(F*(0))? = (F*0)? = (01 + 02)? = 07 + 02 + 0109 + 0201 = p+ (—1)" p = 2p
]

Also it is easy to check that the Hopf invariant H : mg,_1(S™) — S™ is a homomor-
phism. This is because H(f + g) can be computed from from K, which is obtained by
attaching €?" to S™ via F'o (f V g) o Q, where Q is the pinch map S?* — S\ §?".

Theorem 2.32. If there is a Hopf invariant 1 map f : S>"~ ' — S", then n = 2F.

Proof. If there is such a map S¢"(0™) = 7 in K = S™ Uy e*", where o, 7 are generators
of H", H*". If n # 2*, it is decomposable since Sq" is decomposable where Sq’(c) = 0
for all 0 < i < n. [
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2 Products in cohomology

Theorem 2.30 implies that if i # 2V and H*(X;Zy) = 0 for all n < k < n + 1, then
Sq': HY(X; Zy) — H"V (X Zy)

is zero. If n # 2, then Sq" is decomposable. Clearly if x € H"(X;Z,) and 2* # 0, then
Sq? (z) # 0 for some 0 < 2' < n.
Corollary 2.33. (a) If H(X;Zy) = Zs|x] or Zs[zx]/(x?) for some q¢ > 2 then n =
deg(x) is a power of 2. (Adams = n=1,2,4 or 8.)
(b) If M?" is an (n — 1)-connected closed manifold = n = 2.

(c) If S"~1 — G2l 7) S™ fiber bundle then n =2V (Adams = n=1,2,4 or 8.)

Proof. (a) and (b) follows from the above arguments. For (c¢) we let M; to be the
mapping cylinder of f, which is a 2n-manifold whose boundary is S?"~!. Then mapping
cone Cf is a closed 2n-manifold with H;(C; Z;) = 0 for i < n and H,,(Cf; Zy) = Zy. O

To sum up Sq' : H"(X;Zy) — H"(X; Zy)
1. Sq' is an additive homomorphism and has naturality.
2. S¢° =1Id
3. 5¢'(a;) = af
4. S¢'(a,) =0 for i >n
5. Sq'(x —y) =3, (5¢'x) — (S¢’y)
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2.6 Steenrod Squares

These axioms imply Sq¢' = 85, Adem relations, and S*Sq* = S¢'S*.

There is also the Steenrod p-th power operations generalizing Steenrod squares.
P HY(X;Z,) — 020D (X,7,) for p > 2

1. P'is an additive homomorphism and has naturality.
2. PP =1d

3. P(ay) = ab;

4. P'(ay,) =0 for all 2i > n

5 Pz —y) =3, P'v — Py

These axioms imply Adem relations and S* P! = P!S*.

Remark 2.34. e Every a € Hy(X;Z) is representable as image of an orientable k-
manifold for &k < 6

e Every o € Hy(X;Zs) is representable by images of nonorientable k-manifolds for

nonorientable X.

e For every k > 7 there is a polyhedra X and o € Hg(X) which cannot be repre-

sentable as images of orientable k-manifolds.
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Chapter 3

Duality and Intersection theory

3.1 Poincaré Duality

Lemma 3.1. Let M™ be m-manifold without boundary, and K C M compact, then
o H{(M,M —z)=0 Vi>m
e ac H,(M,M—K)=0 <= Vz € K the following holds (p, is the restriction)
H,(M,M - K) % H,(M,M—xz)

] W
o —  pe(a) =0,

Proof. First, if M = R™, K is compact convex, this holds since there are deformations
retractions R" — 0 — S"7! <~ R" — K given by r(x) = t(z/|z|) + (1 — ¢)x inducing an
isomorphism H,,(R™ R™ — K) = H,,,(R™ R™ — z).

Sn—l
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3 Duality and Intersection theory

Now we claim that if the Lemma holds for K;, K5, and K; N K5 then it holds for
K = K;UKj5. To see this first recall the chain homotopy S.(U;) + S.(Us) ~ S.(U; UUs)
given by excision, which implies the exact sequence (3.1), which in turn induces the
long exact sequence in homologies below. The maps in the long exact sequence are

competible with the restriction maps p,, this implies the result.
0— S*(M, Ui N Ug) — S*(M, Ul) D S*(M, UQ) — S*(M, U, U UQ) —0 (31)

By repeated application of this, we see that the Lemma holds for K C R™, where
K =K,U---UK,, such that each K; is a compact convex subset of R™.

In case K C R™ (a chart), and a € H;(M,M — K), we can choose a compact
neighborhood N of K with int(/N) # ¢ such that there is a lifting of the chain a to o

H;(R™,R™ — N) 25 HR™R™ - K)
Y \

a’ — a

Then we cover K by closed balls { B;}, with K C U;B; C N. For simplicity call B = U;B;

Since Lemma holds for B, and lifting a’ factors through a” the lemma holds for K

o € HR™ R™ — N) — 2 H,(R™ R™ — B) 3 "

Hi(Rm’Rm - I‘) HZ(Rm,Rm - K) >a

The most general case follows by writing K as a union of finetely many compact sets,

each of which is lying in a chart, and appying the above argument. O]
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3.1 Poincaré Duality

Definition 3.2. A local orientation u, of a closed manifold M™ at x is a choice of one

of two possible generators of H,,,(M, M — z) = Z

Remark 3.3. Any such p, determines local orientation p, at all y near x. To see this,

we take a ball containing both x and y and consider the isomorphisms:

H,,(M,M — B)
« S

Definition 3.4. An orientation ¢ of M is a function which associates to each x € M a
local orientation pu,, which varies continuously with x. This last condition means that

Vo € M d compact neighborhood x € N and a class uy mapping to u, by restriction.

H,(M,M - N) 25 H,(M,M —z)
W W

KN = T
(M, ¢) is called an oriented manifold.

Theorem 3.5. For any oriented manifold (M.¢), and a compact set K C M, there
exists a unique px € Hy, (M, M — K) such that g maps to p, by restriction:

Ho(M,M - K) = Hy(M,M —z)
W W

KK = Ha

In particular if M is compact then uy € H, (M) represents ¢.

Proof. Uniqueness follows from the previous lemma. First of all, if K is a sufficiently
small compact set the result follows from the definition. And since we can write K as a
union of small compact sets, it suffices to prove that if K = K; U Ky and pg, and pg,

exists => pug exists. This fallows from the following exact sequence.

63



3 Duality and Intersection theory

0— Hp(M, M — K) 2 Hy(M, M — K1) & Hp (M, M — K5) 5 H,(M, M — K; N K>)

By uniqueness restrictions of yug; j = 1,2 maps pix,nk,, 50 t(px, ® px,) = 0. Hence

there is some pux € H,,(M, M — K) with required properties (by uniqueness ) ]

Corollary 3.6. If M 1is a closed oriented manifold, then there is a unique py €
H, (M™) = H,(M,M — M) such that p,(pup) = pe. This is called a fundamental
class of M.

Remark 3.7. A similar proof gives the following: If M™ compact oriented with boundary,
then for any compact K C M there is a unique px € H,,(M, (M — K)UOM) such that
pe(p) = g, for all x € KN (M — OM). By taking K = M we get uy € H,,,(M,0M).

Theorem 3.8 (Poincaré Duality). If M™ closed oriented then there is an isomorphism:

(a) ®:H(M) = Hy, (M)
O(a) = a~—~ py

If M is an open oriented manifold then we have the isomorphism:
(b) ©: H(M) = Hyp (M)

where H'(M) = limg H(M,M — K), where the direct limit is taken over any nested
K
sequence of compact sets filling M. The map ® is induced from the cap product opeartion:

H(M,M — K)® Hpy(M,M — K) — H,, (M)
a®pur = a Ui

This map is defined by Proposition 2.10. Now we can take the direct limit, because

for any compact pair K C L we have commuting diagram (where i* is induced from
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3.1 Poincaré Duality

inclusion):

H(MM-K) 5 H(MM-L)

I~ pk ' b~

Hoi(M) = Hy, (M)

ix(i*(a) ~ pr) = a ~i(pr) = a ~ px
Proof. : We proceed in several steps. When M = R™, we can take balls of increasing
radius K = B™ as exhausting compact subsets of M, check the validity of the theorem
H,(R™ R™ — B™) = H;(B™,0B™) =0 or Z if i =m, or i # m. So we calculate
H(R™) = limg H™(R™ R™ — B) = Hom(H,,(R™,R™ — B),Z) = Z (a) = Z (up) . Hence
K
1= {(a,up) ={(a—1,up) = (l,a ~ pg) = a —~ ug is the generator of Hy(R™).
Hence the map ® : H"(R™ , R™ — B) — Ho(R™) a — a —~ pg induces the isomorphism:
®:H.(R™) — H,,_;(R™)
a —a -~ lp
Next we show, if theorem holds for U, V, UNV then it holds for the union M = UUV'.

It K U, L CV compact sets then the long excat sequence with excision gives

SH(MM-KNL) — H(MM-K)eH,(M,M-L) — H(MM-KUL)—

12 exce 12 exc
HUNV,UNV —KnNL) H'(U,U - K)®H(V,V — L)
U \%

Then by taking direct limits we get a commuting diagram, then 5-lemma gives the result:

5 HUNV) - H@OeH((U) - HOUV) >

=] Nuknr =l Npx® Nur AN 37,
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3 Duality and Intersection theory

So this means theorem holds for any open subset U C R™. This is because U is a
union of open balls, hence it is an increasing union of open sets U; C U, C ... U, each of
which is a finite union of balls (also note that any compact K C M must be containen

in some U,). Then theorem holds by taking direct limits:

H(M) = lim H(U,)
Hm—i(M) = hﬂHm—i(Ua)

Then the theorem holds for any smooth manifold M by taking direct limits over the

open subsets, each of which is a finite union of charts. n

3.2 Lefschetz and Alexander Duality

Let M smooth compact oriented manifold with boundary OM. Then the boundary has
a collared neighborhood, i.e. a neighborhood homeomorphic to M x (0,1]. Then from
the open version of Poincare Duality above, we get the following with boundary version,

which is usually called Lefschetz duality.
H*(M,0M) = HS(M —0M) = H,, (M —0M) = H,, (M) (3.2)

The isomorphism between the first and the last group can be seen to be simply capping
with the class uy;, where pys is obtained by first doubling M and getting a closed
oriented manifold manifold D(M) = M, U —M_ then taking the orientation class

p € Hyo(M, M) 22 Hyy_o(D(M), D(M) — M_) > pias.

Theorem 3.9 (Lefschetz Duality). Let M™ be a compact smooth oriented manifold
such that OM = AU B is a union of two codimension zero smooth manifolds A and B
intersecting along their boundaries AN B (which can be empty). Then capping with the
orientation class p = pp € Hp (M, 0M) gives the following isomorphisms

~ w: H*(M, A) => H,,_,(M, B)
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3.2 Lefschetz and Alexander Duality

Proof. The inclusions A C OM C M give rise the exact sequence of chain complexes
0— S.(OM)/S.(A) = Su(M)/S(A) = Su(M)/S.(OM) — 0

which gives the exact sequence in cohomology which is the top row of the following

o= HNM,0M) — HNM,A) — HFOM,A) — HMYM,0M) — ...
= b~ u = =
oo —  Hyp k(M) — Hypx(M,B) - Hy, 1 (B) - Hp (M) — ...

The vertical maps are capping with p except the third vertical map, which is the com-

position of the excision and capping with pup € H,,_1(B,0B)
H"(OM, A) = H*(B,0B) =8 H,,__1(B)

Then the version (3.2) and the 5-lemma implies the proof O

The following corollary is a special case of the Alexander duality theorem below.

Corollary 3.10. If K C S™ compact polyhedron, then ¥Yj #n, n —1 we have
() % Hy (5"~ K) (33)

Proof. Let U be a tubular neighborhood of K, and C = S™ — U be its complement.
Long exact sequence of the pair (5", K) gives isomorphism 6* : Hi(K) —s H/T1(S" K).

Then the Poincare duality and excision gives the desired result:

HIitH(Sm, K) = HITY(S", U) = WHY(C,00) 2 H,_;_1(C) 2 H,_; 1(S"— K) O

Definition 3.11. Let A C M, then the check cohomology of A is the direct limit

H(A) = ling HY(V)

taken over the nested open sets Vi D V5 D ... with NV; = A. So there is the natural
restriction H?(A) — H9(A); which is an isomorphism when A is a polyhedron in M.
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3 Duality and Intersection theory

Theorem 3.12 (Alexander duality). Let M™ be a closed oriented manifold, and K C M

be a compcact subset. Then there is an isommorphism

H*(K) = H,,_(M,M — K)

Proof. Let {V'} be decreasing collection of open set with K C V', and {C'} be increasing
collection of compact sets with V' C C, and U = M — C. Then we have the commuting

diagram, where the vertical maps are capping with the fundamental class.

2

o= HMM,UUV) — HMM,U) - HNYUUV,U)
1= 1= 1= +

H*(V) — ...

i Hp (M —K) = Hp y(M) — Hp n(MM—K) = Hp, o(V,V-K) — ...

and the top row is the long exact sequence induced from the short exact sequence:
0= S (UUV)/S.(U) = Su(M)/S,(U) = Su(M)/S,(UUV) =0

Note that UNV = (). When we take the direct limits as C' gets large and V' small, the first
two vertical maps become Poincare duality isomorphisms H¥(M — K) = H,, (M — K)
and H¥(M) = H,, (M), and the third vertical map is the desired isomorphism (seen
by using the 5-lemma). O]

Remark 3.13. Suspension category is a category of polyhedra and continuous maps,
where objects are defined up to suspension, i.e. K ~ L if X¥(K) ~ ¥*(L) for some k.
We can extend this category by introducing virtual objects (K, n) where X"(K,n) = K
in other words formally (K,n) = ¥7"(K). In this category we define the dual D(K) of
K to be (8" — K,n—1) where K C S™ is some imbedding (for n > 1). Then Alexander
duality takes the pleasant form H/(K) = H_;(D(K)), by following calculation

HI(K) = Hyj1(S" = K) = Hyjoa (218" — Kon — 1)) 2 H_j(D(K))
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3.3 Poincare duality via slant product

3.3 Poincare duality via slant product

There is another useful characterization of the fundamental class as follows:
Lemma 3.14. Let M™ be closed. Then, M 1is orientable if and only if there is a unique
Uy € H' (M x M, M x M — A) with i:(U},) = u. generator of H" (M, M — x), where

(M, M —2) & (M xM,MxM-—A)
y — (z,y)

So there is 1 — 1 correspondence between orientation p of M and homology class U},

Proof. Let N be a tubular neighborhood of the diagonal A C M x M, then by excision
H'(M x M,M x M —A) = H(N,ON) = Hy,, i(N) = Hop,_i(M)

Then taking Uy}, to be the cohomology corresponding class pys gives the proof. O

Lemma 3.15. Let j : (M x M,¢) — (M x M, M x M — A), and Uy = 75(U},).
Then Ups/par = 1 where

H" (M x M)® H,(M) — H(M)=Z
W Y

Un @ par — Un/pm =1

Proof. Consider the commutative diagram, where i,(y) =z X y
(M, M —2z) = (M xM,MxM-—A)

1 Ja | ]
M N M x M

1 = <Z;(UJI\4>>/LI> = <Z;(UZ/\/[)7 (]x)*,uM> = <];Z;‘:(UJI\4)>MM>
= iz ©J2)"Uppy piar) = (G © 12)"(Ung), piar) = (i2.(Uns), ponr)
= (Unm, (iz)spinr) = (Unt, T X par) = (Unt/piaa, )
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3 Duality and Intersection theory

Lemma 3.16. Uy — (nx1)=Uy — (1 xn) Vne H(M)

Proof. Tt suffices to check this on a tubular neighborhood N of the diagonal A C M x M.

Let p; and p, are projections of M x M on the first and second factor respectively.

& M
k
A +— N—MxM
E M
'
/
s M x M
/// N
o N — A
pily = poln  since ior ~k B,
M x M
pIN = piok =~ pio(ior) = (poi)or
I
BN = mok = polion) = (uoi)or

Also pi(a)=ax1 and pi(a)=1xa = k*(ax1)=Fk"(1 xa)

H(M x M) 2, H(N)
LUy L— kU,
H™(M x M, M x M —A) 5 H¥™(N,N - A)

Uy U x1) = k" (UyUpi(n) = KUy Upily) ()

R Uy U x1) = k(UyUps(n) = KUy U(peln) (n)
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3.4 Lefschetz fixed point theorem

Theorem 3.17. Let M™ be closed orientable ® : HP(M) —» H,,_,(M) Poincaré Du-

ality, then
¢! Hy (M) — HP (M)
Y (a) = (=1)""P) Upy/a

Proof. Let W(a) = Uy /a, then by using Proposition we calculate

Vod(a?) = Y(a? ~ uy) =Un/a —~ puy

= 19— [Un/a ~ pu]

= 1""[Un — (1 x a)]/pum

= U (@ x D}/puu
(=1 — [Un /1~ p]
(=D)P™a— [Unt/pima]
(=) — 1= (-1«

3.4 Lefschetz fixed point theorem
Definition 3.18. We define the Lefschetz number of a map f: M™ — M™ as:
Ay = ((f,id)*"Un, pm) € Q, where (f,id) is the composition

d fxid
M—MxM-——MxM

Proposition 3.19. Ay = X(—1)?H,(f)

Proof. H*(M x M;Q) = H*(M;Q) x H*(M x Q). If we write in terms of generators
H*(M) = (ax) where oy, € H*(M,Q), then H*(M x M;Q) = (a; X a;) and we can

express Uy = Xe¢j5(a; X a;) and f*(oy) = Bag;a. Then we calculate
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3 Duality and Intersection theory

(—D*may, = Up/ag — par = ¥ o &(ay)
Yo X aj) /o, —~ py = X ey (o, g — pir) o

= Zz) (%3 Cij <Oéj ~ Oék,,UM>)ai

Therefore X ¢;; (o — ap, par) = (1) "6 =
J

Ay = Ad*(f x1d)*"Unr, piar)
= %Cz‘j (d*(f x id)* (v X ), pinr)
= Z.chij (ffai — oy, )
= X cjap (o — aj, )
1,5,k
= i%aki(?cij (g — aj, )
= X(—1)'a; = X(—1)" trace H;(f)

i

3.5 Intersection Theory

Cup and cap products on manifolds can be computed geometrically by using Poincare
duality. For example, the cup product of two cohomology classes a and f corresponds
to the cohomology class whose dual is the intersection of the duals of o and 5. Let
M™ be a compact smooth oriented manifold. Recall that the Poincare duality is the
isomorphism D : Hy(M™) — H™ (M, M) defined by D~!(a) = o ~ [M], where [M]
is the fundamental class, so D(a) —~ [M] = a. When M™ is an open manifold then

Poincare duality is defined similar way except using compactly supported cohomology

D H;(M™) = H" (M)
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3.5 Intersection Theory

Definition 3.20. Let a,b € H.(M) we define the homology intersection (a,b) — a.b by

a-b = D YD(a) — D(b))
= (D(a) — D(b)) ~ [M]
(D(b) ~ [M])
a) ~b

We have D(a-b) = D(a) — D(b) which implies a- (b-¢) = (a-b) - c.

Definition 3.21. A smooth map between compact smooth manifolds 7 : W+ — N7
is called a k-disk bundle if there is an open covering N = (J, U, and there there are
diffeomorphisms ¢, : 77 1(U,) — U, x D* with (m; is the projection to first factor)

4>U x D¥

\/

such that ¢_'o¢s : (U,NUg) x DF — (U,NUg) x D* is given by ¢ ods(x,y) = (x,0.(y))
where 0 : U, NUs — GL(k). In particular W is a manifold with boundary, and we have

an inclusion map N" N Wtk satisfying 7 o i = Idy, which is called the 0-section.

Definition 3.22. The Thom class of a k-disk bundle 7 : Wtk — N over a closed
manifold N is the cohomology class 7 € H*(W, 9W) defined by 7 = Dy (i.[N]).

Hence, 7 ~ [W] = i,[N], where [W] € H,+(W,0W). By excision we have iden-
tification 7 € H*(W,0W) = H*(W,W — N). So we can write 7 € HF(W) and
i*(7) = x € H¥(N) is the Euler class. Thom class of a RF-vector bundle W% 5 N
is defined in the same way, in this case 7 € H*(1W)
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3 Duality and Intersection theory

Definition 3.23. If f : N® — M™, we define the shriek maps f' and fi as follows

H"?(N) S '~> H™ (M) Hppp(M) L Hy,p(N)
DN% DMF DM]; DN%
e I
H,(N) —=— H,(M) HP(M) ——— HP(N)

o f'=Duyf.Dy', fi = Dnf*Dy}

e Similar definition when manifolds have boundaries.

Theorem 3.24 (Thom isomorphism). If 7 : W% — N™ is a k-disk bundle, then there
is an isomorphism ® = i' : HP(N) — HP™F(W,0W) which is the composition.:

©: H'(N) = (W) 2> HYH (W, 0W).

Also, ® = i' : H¥(N) — H™(W,0W) where i : N < W is the 0-section. Specificslly ®

can be expressed as the following map ®(a) = 7 (a) — 7.

Proof. i is isomorphism since i, is isomorphism. Let § = i*(«), so 7§ = «, then

i'(8) = Dwi.Dy'(B)
= Dwi.(i"(a) ~ [N])
= Dw(a ~i[N])
= Dw(a~ (1~ [W]))
= Dw((a — 1)~ [W])

= 7B —7

74



3.5 Intersection Theory

Under the following identifications, 7 is the image of 1, and it is the unique class

whose restriction to each fiber is the generator.

res

7= HO(N) = HY(W,0W) = 7 % HY(D*,0) = Z,

Definition 3.25. Let i} : N™ — W™ denote any proper inclusion.

We define the corresponding Thom class 7§ € H™ " (W) by the correspondence

[Nlw = i%,[N] € H,(W,0W) 2% H™"(W) 5 Diy([Nlw) = 7

H™ (U, 9U) = H™ (W, W — U) ——s H™ (W)

W W
w
e > TN

™~ ~ [W] = [Nlw =iy [N] (3.4)

3.5.1 Geometric intersections as duals of cup products

Let K* N™ < W™ closed smooth submanifolds, such that K M .

K

=

5



3 Duality and Intersection theory

So we have the normal bundle identifications v~y = V¥ |y » 50 TRay = (in )*(TK)-
Let K C U be a tubular neighborhood of K, and U = U N N.

]

H*(U,0U) — H*(U, 0U)

W e H¥(W) ——— H*(N) > & »

—~

Theorem 3.26. If K M N, then

(a) Tion =TK ~— TN

(b) [K N Nlw = [N]w - [K]w

.N .W
YKNN 3y

KNN -« N < w

,L'W
KNN
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3.5 Intersection Theory

Proof.
[KNNlw = (igoy)«[K NN

= (in )« (ixnn)<[K N N]
= (in)+(Tkny — [N])
= (in):[(N) (7 ) ~ [N]]
= 77 ~ (in)+[N] , then (3.4) and Proposition 2.9 =
= (¢ —7) ~ W]
= [Klw - [Nlw

which proves (b). Also it implies that 7}/ = 7)¢ — 7/ which is (a) O

Corollary 3.27. If M™ s closed,smooth orientable mam’fold, A, B open in M such that

N\

aMeH BBM

aeH

then ayy - Bar # 0 implies AN B # (.

Proof.
a-f=(Du(a) — Du(B)) ~ [M]

Notice also that Dy(a) — Dy(8) € H*™ P74 M, (M — A) U (M — B)), then the
proof follows from (M —A)U (M — B)=M — AN B. O
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3 Duality and Intersection theory

3.6 Gysin Sequence

Let E - X be an oriented k-disk bundle. Denote by £ — X the oriented (k — 1)-
sphere bundle induced from E. Gysin exact sequence is the following top horizontal
sequence. The exactness follows from the lonf exact sequence of the pair £ C E along

with the proposition below.

. — HP(X) =X HPHR(X) —— HP(E) T (X)) — -

@l% z“w Nh“@ =
HPH(E, F) N HP(E) HPHY(ELE)

Proposition 3.28. (a) The following maps commute as H* (X )-module homomorphisms,

where @ is the Thom isomorphism given by ®(a) = () — 7

B € H(X) — s Ih(X) PN
@l% z“ﬁ ™
5 .
B B) ——— H™(E) Tok=1Id

(b) o*(m*a — B) = (—1)%*e@a — o*(3) , where 0* = hod* and h = ®~1.
Proof. Let us denote the inclusions i : X < E (as zero section), and k : F < E.
(@)  og (@ (B) —71) = (@(B)—jr)=07(F) =T =6~ X
To prove (b) set i = deg(n*a) and j = deg(p).

(r'a — B) = hi'(r'a— B) = (~1)Ih6"(8 — 1*a) = (~1)7h5" (8 — k'7"(a))
— ()R8 — k7" () = (=1 h(r*(a) — &'B)
= (~Da— hd* () = (~1)'a — o*(B)

In the next to last step we used ®(a — hé*(f) = 7*(a) — *f. O
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3.6 Gysin Sequence

Example 3.1. If S*"!' — E - X is a sphere bundle with section s, then x = 0.

Proof. mo s = Idimplies s* o m* = Id. Since 7*(x) =0 = x =s*o7n*(x) =0":

HO(X) —25 HA(X) — HY(B) —Z— HO(X)
7’\_/
W V)] S*
1 Xt 0

o If k=1 — gmtk—1 I N i a fibration with k& > 2, then m = kr for some 7 and

H*(M) = Z[z]/(2")

Hi+k71(Sm+k—1) o ; Hz(M) - X} Hz+k(M) T , HiJrk(Sm—i-k—l)

By homotopy exact sequence of fibration and Hurewicz theorem, the first nontrivial
cohomology appears in H*(M) = 7Z and is generated by x (by Gysin sequence).
By iterating this we get 1,%, x?, ..., X" as an additive basis for H*(M) .

Example 3.2. Complex Steifel manifold of unitary k-frames in C™:

Van—r = (n—k)-frames in C"
= U(n)/U(k)

™
52k+1 I Vn,n—k — Vn,n—k—l

l l l
Uk+1)/U(k)--->U(n)/U(k) ----- »U(n)/U(k+ 1)
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3 Duality and Intersection theory

i

n-k-1 frames

H (Vin-r) = Mxokt1, Tokss, ..., Ton—1) (exterior algebra)

— H*(s?k-i—l % 52k+3 VTR, SQn—l)

Proof. We prove by induction on k. y € H**2(V, , ;1) = 0. By induction

*

O — Hj(vn,nfkfl) L Hj(vn,nfk) L) Hj72k71(vn,n—k:—l) - O

\_/

Hj*%*l(Vn’n_k_l) is free abelian by induction. So this sequence splits. Hence, the
middle term is free abelian. Odd dimensional classes * = X971 € sz“(Vn,n_k) maps
to1 € H'(V, k1) under o*. Then 22 = —2? = 222=0 = 22=0. Let

O H (Vin—i-1) @ AMx) = H(V,,.n—r) be defined by

Py @) =71"(y) — .
® is algebra homomorphism since x? = 0.
Since o*(w*(y) — x) = (~1)*¥ 0y — o*(x) = (—1)*EW)y
® is an additive isomorphism. O
Corollary 3.29. H(U(n)) = Az, 23,...,2901)
Example 3.3. Let M3 be the Euler class n circle bundle over S?. Apply Gysin sequence.
St— MP s 57
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3.6 Gysin Sequence

0= H'(S?) — H'(M) Z5 H(5?) =% H(S?) =5 HA(M?) — H'(S?) =0
1. If x =0, then H (M) = H(S* x 5%).
2. If x is a generator [S?] € H*(S?), then H*(M) = H*(S®).

3. If x = k[S?], then
Z for1=20,3
H(M) = 7, fori=2 (k#0)

0 otherwise
We can write M® = D* x S* Uy D* x St — S?, then by Van kampen
7T1M:<l',y | x:y71:yk>gzk

Example 3.4. We can compute the Euler class of an oriented R*- vector bundle over a
closed smooth manifold Y, by pushing off a transverse copy of the zero section Y’ =i(Y)
i a small disk bundle W of Y, and by taking the Poincare dual of the fundamental class
of Y NY'| € H.(Y). The Thom class of the zero section in W is D[Y'] = D[Y] =71

| Ly DF —we
LN e Nk
N v

VY] = - [V = D7H(DY' — DY) = (DY’ — DY) ~ W]

= DY ~ (DY ~ [W])=1" ~ [Y"]
= (Fi[Y]) ifk=n
= (@Y=M
We used the identification H*(Y*) = Hy(Y'), where x — (x,[Y]).
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3 Duality and Intersection theory

3.7 Leray Hirsch Theorem

Theorem 3.30 (Leray Hirsch). Let R be a commutative ring and F Y ESBa fiber
bundle such that:

(a) H'(F; R) is finitely generated free R-module for all ,
(b) There is ¢c; € H' (E; R) such that {i*(c;)} is a basis for H'(F; R) on each fiber F,
Then the following is an isomorphism:
®: H(B;R)®r H'(F;R) — H(E;R)
b® i*(Cj> — W*(b) ~ Cj
In other words, H (E; R) is a free H(B; R) module with basis {c;}.

Proof. First, we consider the case B is finite dimensional CW complex. We prove by
induction on dimension. Let dim(B) = n, and B’ = B with a point deleted from the

interior of each n-cell e?. Set E' = p~!(B’). Then we have a commutative diagram

L HY(B,B) 9 H'(F) — H'(B) ® H*(F) — H*(B') @ H*(F) %, ...
‘% free module CD‘ <I>‘
(EE) W) W (E)

The map H*(B, B") @ g H*(F') — H*(E, E’) is defined as in the absolute case by using
the relative cup product H*(F, E') @ H*(E) — H*(E, E’). It is staightforward to check

that the diagram commutes e.g.

HB) @ H'(F)  b®i*(c;) — 6b @ i*(c;)

o |

() — ¢ T*(6b) — ¢;

J |

6(m*b — ¢j) = 6(m*(b) — ¢;)
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3.7 Leray Hirsch Theorem

B’ deformation retracts to B"!. p~}(B"!) — E’ is a weak homotopy equivalence.

Hence inclusions on all cohomology groups.

By excision H*(B, B') @ H*(U,U’) and H*(E, E') = H* (=~ Y(U), #~(U)"), where (U, U’) ~
(D", S™1). So it suffices to prove

O H (U, U) @ H(F) — H*(U x F,U’ x F)

is an isomorphism. Do this by relative Kunneth or do 5-lemma to diagram (B, B’). By
induction the theorem holds for U ~ pt and U’ ~ S"~1. O

Example 3.5. The normal bundle of the diagonal imbedding d : N =2 A — N x N 1is
isomorphic to the tangent bundle of N. Now let W = N*x N", 7 = 73N € H*'(N x N).

X = d*(1) = d*(r]a) = d"(xA*") € H'(N)

Theorem 3.31. With field coefficients, let {a} be a basis of H'(N) and {a°} be the
dual basis, i.e. (a° — [,[N]) =0a3 (dega®=n —dega). Then we have

7= (-1)™*%° xa € H'(N x N)
In particular, x =d*T = Z(—l)degaao —
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3 Duality and Intersection theory

Proof. First write 7 =) A5 7° x 0 (by Kunneth, where degy =n —degd) =

((ax f°) —7,[W]) =

1P Agg (o — %) x (87— B), [N] x [N])
1)(” PO Agg (0 — @), IN))((8° = 8), [N])
1)pn P)=P A of

((ax ) —7,[W)) = <a>< ZAV(;y x 8), W)
(—
(=
(=

Therefore, Aap = (—1)P0ns-
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Chapter 4
Homotopy

Suspension SA of A is obtained by crushing each boundary component of A x I to a
single point, and reduced suspension of A is obtained from SA by crushing an arc to a
single point; YA = SA/a x I ~ SA. YA has a natural base point, if (A, a) is a based

space.

&

Reduced suspension

Set My = mapping cylinder, and C'y = mapping cone for f: A — X.

@7@ T
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4 Homotopy

Define

X' =PX = Pathspace = {0:1 = X | 0(0) = 20},
QX = Loop space ={o:1— X |0(0)=0(1) =z0}.

Basic principals of homotopy theory in category of CW complexes (defined up to

homotopy equivalences) and maps are:

(I) Every map f : X — Y is equivalent to inclusion F' : Y — My, where M; is the

mapping cylinder. That is, the following diagram homotopy commutes.

My =Y U(X x D/(x,0) ~ f(x)
i is the inclusion z — (2, 1), and 7 a retraction such that roi = Idy and ior ~ Idy

r

—

r is a deformation retraction defined below, and ior ~ Idy is given by (ior),[x, t| = [z, st]

{ rly = Id }
r(z,t) = f()
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Definition 4.1. The sequence of maps X i) X3 i> Xs £> .. £> Xn41, 18 coexact
if the following maps are exact, where we defined f#(h) = ho f,.

i £y 7
(Xni1, Y] == [X,,,Y] — ... = [X,, Y]

In each set the null homotopy class represents zero element, so exactness makes sense.

Example 4.1. Every map f: A — X gives rise to so called Puppe coexact sequnce:

sA ., sx
2 2
At x 02 y C, y
-
2 (3
A X Cy

This is equivalent to the following exact sequence (also holds with base points)
AL X 5 X745 SAH SX = SX/SA - S2A — S°X.

Example 4.2.
St 5 RP? - §? 5 52 » RP?

e Useful fact
XX,Y] =[X,QY]

W
f—— [z flx,t]

f[l'o,t] = Yo - Ty f[x(hﬂ
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4 Homotopy

Definition 4.2. Given p : ¥ — B and X % B we say }v: X — FE is a lifting of f if
pof=".

N Y]

\\

\

N
W

X —

Definition 4.3. We say p : E — B satisfies homotopy lifting property (HLP) with
respect to (X, A) if every homotopy f; : X — B lifts to a homotopy ﬁ : X — FE starting
with a given lifting ﬁ) : X — FE (and extending a given lifting ﬁ A= E).

(X x0)UAXxI) —— F

L

Since (D™ x I, D™ x {0}) ~ (D" x I, D" x {0} — (8"~ ! x I)), satisfying HEP with
respect to D™ is equivalent to satisfying HEP with respect to (D", S™"™1).

Definition 4.4. A map p: E — B satisfying HLP with respect to D¥ is called (Serre)
fibration. Then, it also satisfies HLP with respect to all CW complexes (use Theo-
rem 1.4).

e Locally trivial fiber bundle i — E — B is a fibration.
p
e Pullback fibration
f'F —— FE

o

is defined by f*E ={(z,e) € AXE | f(z) =ple)}.

_S
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Proposition 4.5. If fo ~ f1 then f{E and f;{E are fiber homotopy equivalent.

Proof. Let F': A x I — B be homotopy we get F*E — A x I.
F'E = {(a,t,€) | F(a,t) = p(e)}

Then, basically by applying the unique path lifting (HLP) property to the paths t —
(a,t), we get a fiber homotopy equivalence fiE = F*E|axo ~ F*E|ax1 = f{E. O
Every map is equivalent to a fibration:

Up to homotopy, we can turn any map f : A — B into a fibration. This means that
after replacing A by a homotopy equivalent copy, we can make f a fibration. Let B! be

the space continous maps I = [0, 1] — B with compact open topology, and define

Ep={(a,7) € Ax B | f(a) =+(0)}.

For b € B, let b* be the constant path I — B mapping to b. Then we can define maps

X —— B
1&/
J

i(a) = (a, f(a)*) and j(a, @) = a that are homotopy inverses of each other.

Clearly joi(a) = a, and ioj(a,y) = (a, f(a)*). We construct a homotopy Fi; Ef — Ey
giving 70 j ~ Idg, as follows: let 7; be the portion of the path v with initial point ~(0)
and end point y(t). Then F,(a,~y) = (a,7;) gives the required homotopy.
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4 Homotopy

B

Proposition 4.6. E; — B is a fibration where m(a,7) = v(1). Note A ~ E.

Proof. Let us check HLP property. Given the following diagram with initial lifting
go: X = Ef of gy : X — B, we need to find a lifting g, : X = Ey of g, : X — B.

Er ={(a,y) € Ax B"| f(a) =~(0)}

90
v L7 _
‘ v TOg1 =G
_ ) 1
X m B > (1)

So we have go(z) = (h(2),72), f(h(z)) = 7(0) with 7go(z) = 72(1) = go(x). For each
x € X, let ¥,(t) = v.(t) - 7(x) be the concatenation of the paths in B, then define

gi(z) = (h(x), 7z - g:(7))

go(z) g1(z)
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Next we analyze what happens if the original map f is already a fibration 7 : £ — B.

'={(e,8) € B | m(e) = B(0)}

Let us first mention the fibration version of unique homotopy lifting.

Lemma 4.7. Let A : E' — E! be “the lifting of a path starting at e” map i.e.
Ae, B)(0) = e, and wA(e,3) = 3. Then the map Ef — E' 2 gl given by

w i (w(0), 7w) = AMw(0), Tw)

1s homotopic to Id. The proof follows HLP property of fibrations.

Ae, mw)

w = Ae, mw)

B homotopic to

W= w
w = Ae, mw)
Lemma 4. 8 Let F 25 E 25 B be a fibration, j be the inclusion of a fiber w=1(by). Let

F' =E; —> E be the fibration obtained from the inclusion j, by the process of turning
J into fibration (Proposition 4.6), and G = (') (eo) be the fiber of 7. Then G ~ QB.
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4 Homotopy

QB

L

= (j) " (eo) —— F’ J'(f,w) = w(1)

OB ~ G—— {(f,w) e Fx E"| f=w(0)}

Proof. We will define o : G — QB, ¢ : QB — G such that p oy ~ Id and ¢ o ¢ ~ Id

G 0B
o(f,w) = T Y

¢<6) = ()‘(607/8_1)_1(0)7/\<€0’6_1)_1)
90¢<B) = 7T)‘(60’ 5) =0
Wﬂ(f,w) = ()‘(607 Wwil)il(())? )‘(607 Ww71>71 = (faw)

The last equivalence follows from A(w(0), 7w) ~ w (Lemma 4.7). O
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We have constructed a fibration QB ~ G — F' — E, we can now iterate this
process by making the fiber inclusion k : G — F” a fibration, and get another fibration
k' : G' — F’', and then take its fiber H = (k') *(eo, €}):

OF 5 OB ", B
v = T /
OF G —t (4.1)

%

H— g

F' = {(fiw) e FxE"| f=w(0)} and j'(f,w)=w(l)
G = () Heo) = {(f,w) e Fx B"| f =w(0), eo = w(1)}
G = {(f,w, fr,w) € Fx E' x F x E'| (fo,w0) = (f,w),
f=w(0), eg =wo(1), fr =wi(0)}
= {(fow) € FXE"| fy =wi(0),e0 = wo(1)}

K (fr,w) = (fi,wr) and let H = (k') (e, €f), then

H = {(ftawt) | ft = wt(o)v € = WO(l)v (flvwl) - <€0’68>}
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4 Homotopy

The identification H ~ QF is given by (f;,w;) — w;(1). By inserting the obvious maps

a, B, v, T; we get a commuting the diagram (4.1) (7" is parametrization reversing map).

YB(fe,wr) = v(fo, wo) = Twy = Qm(wo)
(Qm)a(fi, we) = (Qm)(we(1)) = T(Q2m)w(1)

By iterating this process, we can extend any given fibration F’ s E "% B to fibrations

oo Yo o -—F - E B

4.1 Homotopy Groups
I"=1x---x1
(X, xo) = [(I",01") , (X, z0)]

We denote representatives of f : (I™,0I") — (X, xg) by [f] € (X, zo). Group structure

ey

e ST

N
N
f(251,82, .. .,Sn) if S1 € {O, %]

(f + )1, 50) = 1
g(281 — 1,32, .. .,Sn) if S1 € [5, 1]

We can also identify 7,(X,x¢) = [(S™, s0), (X, x0)]. Any map f : (X,z9) — (Y,0)

induces a homomorphism, which is functorial with respect to maps.

f# . Wn(Xa .%’0) - ﬂ—n(K yO)
e 71(X,z9) = fundamental group
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4.1 Homotopy Groups

e 7,(X,zg) is abelian when n > 2. The following pictures explains this.

C ]
e mEl [ 2] ma (e

e If X is path connected, then 7, (X, z¢) = m,(X, z1).

More specifically any path + connecting zy to x; defines an isomorphism
B’Y : 7Tn(X, 33'1) — 7Tn(X, .730)

by ﬁw([f]) = [vf]. Note that 57_1 = By-1.

Zo

X1

} =  yf=Aqf

—

w2
1R

=

vf= xo Ty f T1 zo

T

Lo

Vf+9) 2 Af+g
(vflg =~ g(vf)
If ~ f
7(f+0)((2_t)ShSQa"'?Sn)

where hy(s1,...,8,) =
YO +9)((2—1t)s1+t—1,89,...,5,)
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4 Homotopy

NN 7] N
- xlz:xl g::/f Ty | 1 Q\Z:f 9:
L [ [ [
Y(f+0)+v(0+g) (f+9)
Bap = Ba© Bs
Z1 B

Pick v € m1(X, x¢) then [f] — S, defines an action of m on 7, satistying B.3 = Ba © 83
(X, o) — Aut(m, (X, x0))
e When n = 1 this action is inner automorphism
= (1= b AD
e When n > 2, m,(X, xg) is an Z[m (X, z¢)]-module
Zm (X, 2)] = {3 o | 7 € m(X,20)}
(Z ”i%‘) @ = Zni(%&)
e XCV = my(X) = m(Y) = mu(Y, X) S 1 (X)
e ' — F — B is a fibration, then m(B) acts on H,(F).

Definition 4.9. X is n-simple if the action of 7w on 7, is trivial.

We say X is simple it it is n-simple for all n.
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4.1 Homotopy Groups

Example 4.3. L X = S' Vv S™ and let X be its universal cover

oD oeo

Pyt Tn(X,To) = m( X, 29)  n>2

Therefore as a Z[t, t']-module m(X) = m,(X, To) = Z[t, t7Y].

4.1.1 Relative homotopy groups
Given A C X. Write I" = "' x I, and let J"~! = 9I" — I"! x {0}, then define

Tn(X, A o) = [(1", 01", J"71) (X, A, 20)]

zo
n—1
Im 7 AcX
Il (s=0)

ﬂ—n(X7 Aa 1'0) =

é

o 7,(X, A x¢) is abelian for n > 3,
e m(X, A, xg) is not a group and g is not defined.

Theorem 4.10. Ifxy € A < X, then there is the following long exact sequence:

coo = (A, xg) N (X, o) LY (X, A, o) N Tn1(A, o) — ...
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4 Homotopy

Proposition 4.11 (Compression Lemma). If (X, A) a CW pair with
X=AUse" and g : (X, A) = (Y, B) be a map, and m,(Y, B,yo) =0,
then g ~ ¢’ rel A such that ¢'(X) C B.

Proof. Consider the following compostion

(D", 8" 1) —25 (X, A) —— (Y, B)

\_/

god~h

where ® is the characteristic map of f. go ® ~ h rel S"~! with h(D") C B. Let

g(x) on A
g'(z) =
h(z) on D"
Plopn = f
X RN Yy
—_—
g B

By using the homotopy extension property, we can repeat this process for other cells. [

Theorem 4.12 (Whitehead). If a map f : X — Y between CW -complezes induces

isomorphisms f, : m,(X) = mo(Y) ¥ n, then it is a homotopy equivalence.

Proof. After replacing Y by its homotopy equivalent copy My, we can assume f is an

inclusion ¢ : X < Y. There is the obvious deformation retraction r : My — Y.
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4.1 Homotopy Groups

X
- My
577
)
A YZMf:

Y

Also since m;(My, X) = 0 Vi, applying Proposition 4.11 to Id : (M, X) — (My, X)
gives a deformation retraction of s : My — X with ¢0s ~ Id rel X. Then

fo(soj)=(roi)o(soj) = ro(ios)oj=roj=~Idy,
(soj)of=(soj)o(roi) = so(jor)oi~soi~ldx.

4.1.2 Cellular Approximation

If (X,A)is a CW pair with X = AJUe", and Y is path connected with ,_1(Y) =0,
then every g : A — Y has an extension G : X — Y.

Definition 4.13. Let X and Y be CW complexes. f: X — Y is cellular if f(X") C Y™

for all n.
Next we need to recall cellular approximation Theorem 1.6.

Theorem 4.14. Any map f: X — Y between CW complezes is homotopic to a cellular

map. If A C X is a subcomplex and f|a cellular, we can assume the homotopy fizes A.
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A CW pair (X, A) is n-connected if X = AU e’ i > n. In particular, (X, X™) is

n-connected implies X™ < X induces isom for m; for i < n.
en

—
Sn—l

Proposition 4.15. If 7,(X) =0 V n < N, then there is homotopy f; : X — X with

Jo=1d
fl(X(N_l)) = Zo

In particular Hy(X) =0 Vk < N

1>n

’/Ti(X, A)

Proof of Proposition. Since my(X) = 0, there is homotopy f, : X© — X with f, = id,
fi(X©) = {x0}. Use HEP to extend f; : X — X with fy = Id, fi(X©) = {x0}.

Now consider XM, then fi(e;) = loop based at x. Use m (X, o) = 0 to get a
homotopy rel X to construct map fo : X — 2. By homotopy extension, we can
find homotopy f; : X — X for 1 <t < 2 with f3|ya) = zo. Continue this fashion by
using the fact m,(X) =0 for n < N, get fny : X — X with fN(X(N_l)) = 2. O

Definition 4.16 (Hurewicz map). Let [S™] represent the fundamental class of S™

h: (X, xo) — H,(X)
[f] = filS"]

100



4.1 Homotopy Groups

Theorem 4.17 (Brouwer). The Hurewicz map is an isomorphism.
b mn(S™, s0) — Hn(S™)

Proof. Pick a regular value p € S™ of f : S™ — S™ where [f] € m,(S") = Z is a
generator. Then f~!(p) = {p;} consist of finitely many points. Hence, we can pick
disjoint balls {D;} centered at {p;}, such that f maps each D; diffeomorphically to a
fixed small ball D centered at p. If f; := f|p, : D; — D is orientation preserving
(or reversing), assign p; the number +1 (or —1), and call this number local degree of
f, and denote by deg(p;). By composing f with the collapse homotopy equivalence
Sm— S"/(S" — D) ~ S™ we can assume f maps C' := S" — UD; to a point. Then
its clear that Hurewicz map is induced by first collapsing S™ — S™/C, then mapping
resulting bouquet of spheres VS to S™, where the map on each sphere is obtained by

fi (here we are using C'W-homology).

hifl= Y deg(p)]S"] = deg(f)[S"]

pi€f~1(p)

Sn

©
— @ ! Zzeffl(p) deg, (f)

[
Theorem 4.18 (Hurewicz). Let X be a CW complex with mp(X) = 0 for all k < n then
(1) Hy(X) =0 for allk <n
(2) h:m(X) — H,(X)

Proof. (1) Follows from Proposition 4.15. Next let us prove h is onto. Since m;(X) =0
for i < n, by Proposition 4.15 there is f : X — X such that f ~ Id and f(X®™™Y) = x,.
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Let a € H,,(X), by using CW-homology write a = ) a,e”, consider
f|83 : (62,862) - (X7 IO)

Hence [f|cn] € m,(X, z). Therefore a = h(>", [flez]). Also h is a homomorphism.

Next we prove h : 7,(X) — H,(X)is 1 —1. Let f: 5" = X = XD U el with
f«[S8"] = 0in H,(X). Make f transversal to the tips {p;} of the n cells e}, f i p;.

o @® /;/ @/

O,

Let Ai = > /10 deg(f,z). Then the chain ¢ = Y Aief] = h(f) is a cycle in
Cy(X) representing f,[S"]. Since f.[S"] =0, ¢ = 9¢ ie. Y Afef] = 0 (3 pef™') =
> 1i(9ei ). Adding the map f : ™ — X™ the linear combination. Y 11;0e)"" makes
each \; = 0. Clearly this does not change the homotopy class f : S™ — X.

Recall again, by Proposition 4.15 there is a map ¢ : X — X with

Z/) >~ [dX
Y| xm-1) = const

Y| xm)

mn ——M X
X /
v.Sn

p o f homologous to zero implies po f ~ 0. Thus f ~ 0, and so [f|=0 in m,(X) O

f
Sn
each \; =0 X
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Proposition 4.19.  h:m, (Vi_,S]') — H, (VL S]') = &}, Z

Proof. Pick f:S™ — vS™ with p; € S!\ {*}, such that f thp; , and let
deg, (f) => > £f ' (p;). If deg, (f) =0, f ~ map missing p;. First check r =1 case.

5 or
pj

ONNGC

This means that if m; : VI_,; S — SI" is the obvious map, then h[f] is given by

] = (degy, (f o), ... degy, (f o m))

By the argument of Theorem 4.17 this is an isomorphism. ]
Theorem 4.20 (Relative Hurewicz). Assume A C X, such that mpA = mA = 0, and
also mi(X,A) =0 Vi<n(n>2) then:

Hi(X,A) =0 i<n

Tu(X, A) = Hy(X, A) = H,(X/A).

Proof. By Proposition 4.15 there is homotopy ¢; : X — X such that

This implies H;(X, A) = 0 for ¢ < n (recall chains in CW-homology).
(X, A) — H,(X,A) —2— H,(X, A)

o

‘\_/

g
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1 o h is obviously onto. To prove surjectivity of h we define its inverse g as follows:
Define g (> n;el) = > n;[o;] where o; : (D™, 0D™) — (X, A) describing e’. Now check
that g is well defined, i.e. g(00,41) = 0. O

Theorem 4.21 (Homotopy Excision). Given CW complezes X = AUB, C = ANB.

| '
e X | X

If (A, C) is m-connected and (B, C') is n-connected then the induced map

m(A,C) — m(X, B) Vi<m+n
Tman(A, C) = Tpin(X, B) onto

Corollary 4.22 (Freudenthal suspension theorem).

7T1(Sn) ’ﬂ'H_l(Sn—H) Vi< 2n—1

R | @

7T2n—1(5n) - 772n(5n+1)
More generally, the same holds for X, when X is (n — 1)-connected CW complez.

g _ = fori<2n—1
mi(X) = m(SX) is
onto fori=2n—1

Proof. Note that SX =C, X UC_X and C_X NC, X = X. First check
Wi(CiX,X)g’YTZ‘_l(X>:O V’L—]_Sn—]_
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then apply Theorem 4.21 to the pair (C; X, X) and (C_X, X) and get

(X)) 2 i (CL X, X) S m1(SX,C_X) 2 1 (SX) Vi<2n—1 O

Proof of excision. (sketch) We prove this by induction on cells. Consier the case:
A:CUZ:eg”rl and B =CUe"™!

Let us indicate how to prove m;(A,C) — m(X, B) is onto for i < m + n. Now pick
(00 J7Y) — (X, B, xg). If im(f) compact then it meets finitely many cells. Let
Let {p,} be the tips of the cells {e™'}, and ¢ be the tip of the cell e"*'. Make f

transverse to these points. Then we have dim f~!(p,) =i—m—1dim f~(¢) =i—n—1.

Now let 7w : I' = I x I'"! — I'"! be the projection (to the bottom floor), and let
T = 7 (m(f~'(q))) be the points that lie over 7(f'(q)). Clearly dim(T) = i — n,
therefore after a small isotopy the sets T and Uf~!(e,) don’t meet since by hypothesis

(i—n)+(i—-m—-1)—i<0

So we can can push f~!(q) outside of I’ by a straight down homotopy away from
Uf~1(es). For example we can do this by taking a function ¢ : I'"! — [ supported
near 7(f~'(¢q)) and pushing its graph I, C I* by the straight down isotopy outside of
I (and pushing anything underneat to the outside).
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Zo

T dimi—n

Proof proceeds by induction on A, C A. A, = C+ cells of dim < k. X, = A, U B. By
conituing this process we lift maps from (D?, S*™1) to (X, B), maps to (A, C)

(D1, S —L (4,0) Di—— B
\ l N \\\\ v
(X, B) sl 5 ¢

Proposition 4.23. If (X, A) is r-connected and A is s-connected (r,s > 0) then

Proof. A s-connected = (CA,A) is (s + 1)-connected, and also given (X,A) r-
connected. Then we applying Theorem 4.21 to the pair (X, A), (CA, A), and by using

Proposition 1.8 we get the isomorphisms in the diagram below gives the result. O]

CA
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4.1 Homotopy Groups

(X, A) — m(X UCA,CA) —— m(X UCA/CA) = m;(X/A)

:T me

By using above we can give another proof of the relative Hurewicz theorem:

Theorem 4.24 (Relative Hurewicz). If (X, A) is (n—1)-connected, n > 2 and w1 (A) =0
then Hi(X,A) =0 fori <n—1 and 7,(X,A) = H,(X, A).

Proof. Consider the following diagram for i < n.

[

mi(X, A)/;> mi(X/A)
i<(n—1)+1=n l%“ (Absolute Hurewicz)

H;(X, A) ; ﬁz(X/A)

Corollary 4.25. If ;X =0 and H;(X) = 0 for i > n, then we have the following:
(Y®) denotes any k-dimensional CW -complex)

o X ~ Y(tl),
o If H,(X) is free then X ~Y ™),
Proof. By recalling how C'W chains are defined and using the hypothesis we get
o H;(X™) =5 Hy(X) when i#n
o H,(X™)— H,(X) is onto

Hence Hy(X,X™) =0 Vi # n+ 1, so by Hurewicz m,,1(X, X™) = H, (X, X™).
Also this gives the following short exact sequence (and clearly H,(X ™) is free)

0= Hpir (X, X™) — Hy(X™) 5 H,(X) =0
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Then we attach (n + 1)-cells to X™ kill kernel of 4,. Let Y1) = resulting com-
plex. If H,(X) is free, then i, is already an isomorphism, we take Y™ = X®  Then

Whitehead theorem gives the required homotopy equivalences. O

Corollary 4.26. If ;X =0, X is an n-dimensional manifold, then X ~ X
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4.2 Obstruction Theory

Obstruction theory studies the following problem: Given C'W-complexes A C X, and a
map f: A — Y, when can we find an extension f : X — Y of this map f7.

For simplicity we will assume 7 (A) = 0. We proceed by induction on (relative) skeleton
AU X™ of (X, A). Suppose that we have found an extension to n-skeleton (n > 2):

fo: AUX™ Y

and we want to extend it to (n + 1)- skelaton f,,1 : AU X™*) — Y. The answer will
be that there is a cohomology class 6, (f) € H"™ (X, A, 7,(Y)), such that it vanishes
if and only if the map f, can be extended to f,.1, possibly after redefining f, on the
n-cells of X — X1 ¢ (f) will be the cohomology class of a certain cocycle:

O.(f) € O (X, A, m,Y) = Hom(Cp i1 (X, A), m(Y))

Write X ("D = X (=1 4 5™ en+l and let @, the characteristic function of e?*1. Then

define the value of ©(f,) on e as follows:

AUX"

n+1
a

<@(fn)v €Z+1> = @(fn)(€Z+1) = [fn © (I)a]

®, = characteristic map of e
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Then extend ©,(f) linearly to make it a homomorphism, and let

On(f) = O(fn)

The following properties give the result we want:

Properties of ©,,(f) :
1. ©,(f) only depends on homotopy class of f,
2. 0,(f) =0 < f,extends to foy1 : AUX" Y
3. O©,(f) is a cocycle i.e. 60,(f) = 0. Note that 60,,(f) : Ch12(X, A) — m,(Y)
4. If g : AUX® =Y with g,| = f,| on AUX®™Y then O(f,) —O(g,) is coboundary
5. By varying the [f,] rel AUX ™= we can change ©(f,) by an arbitrary coboundary
6. ©,(f) is natural with respect to maps (X, A) — (X', A")

Lemma 4.27. Let (X,A) be a l-connected CW pair mA = 0, for n > 2
oS = AU X0 with £, {S"Y = Y aneltt. Then f ~ g with g lint(el™) =

|ao|-disjoint open balls in S™ each mapped homeomorphically onto e,

Proof. This is done by homotoping f to a map g transversal to the tips of the cells e !

similar to the argument of Proposition 4.19 O
ent!

/ N\
‘ ‘ ‘ [X(
- ~ {08 [+

n+1)
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Properties (1), (2) and (6) trivially hold. Next we prove the property (3); The CW-
chains C,,15(X, A) are generated by (n + 2)- cells ¢"™? = D"*2. We apply Lemma 4.27
to the attaching map ¢ : ™! = S™*!1 — AU XD of this cell. This decomposes S™+?
into disjoint codimension zero regions Ue™* — U, and as a chain 9e"™? = " q,en*!

(here we are abusing notation refering e?*! as cells in both S™*! and X).

entl
/\
Au Xt
- e AN
Sn+1 g
AU X™

Z [0 =0 in 7, (AUX") (because it bounds U)

(00(f,),€™2) = (O(f,),0em?) = <@(fn),zaaeg+1> -
D aa (O(fa)en™) = Y aalfaoded) = (fa) > daldea) = (£2)4(0) =0

Next we check (4). Assume g, : AUX™ — Y agrees with f,| : AUX"! — Y since
for each e} n-cell in X — A, fu|gen = gnloen, we can define a map from S™ = e} U —el.

fn—gn:S™ =Y (f, on upper hemisphere, g, on lower hemisphere). This defines

We claim §(d(fn, gn)) = O(fn) — O(gn). To see this let e?™ be an (n + 1)-cell in (X, A).
We put the attaching map de?*! = 5™ — AUX ™ into the standard position as described

[0}

n+1

n*1 as a chain

in Lemma 4.27. In particular f,, = g, on S™ — Ue, then express Je
de = Znageg in C,(X,A) =
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(O(fa)rent) = (O(gn) en™) = [fno0en™] = [gn 0 Dep™]
= > nap (d(far gn). €5)
= (A 90): > mapch )
= {d(fn, gn),0elt)
= (0d(fn, gn), €0

For (5), we need to show that we can vary ©(f,) by an arbitrary coboundary, by
homotopies of f, rel AUX™!. Let ef be an n-cell in (X, A). Let g € m,(Y) then we claim
w =~ fl so that ©(f,) —O(f)) = d(n), where (u,ef) = g and (u,e™) =0 for all other e”

Pick a small ball B" C ef}, then homotop f,, so that f,|g» =yo € Y.
Then define f! with f/|x»_inpn = fn and
f7/7, : (anaBn> - <Y7 yO) to be g e Wn(Y> yO)

Clearly d(f!, f.) = p. Hence by the the property (4) we have:

O(fn) —O(f) = o
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4.3 Some homotopy groups of Steifel Manifolds

4.3.1 Real Steifeld manifold Vj(R")

Oriented k frames in R™ is V4 (R") = SO(n)/SO(n — k), n>3, k>2

Theorem 4.28.
0 o i1<n—k

7 if n—k even

Lemma 4.29. The obvious fibration SO(n) — SO(n+1) - S™ is the principal bundle
P(TS™) associated to the tangent bundle T'S™. Also Vo(R™) is the unit sphere bundle of
the tangent bundle of T(S™1). In particular we have a fibration S~ 2 — Va(R") — S™1

Proof. Let {ey,...,e,} be a tangent frame at xyp = (1,0,...,0) € S® C R*"!. Define

¢:S0(n+1) — P(TS") Frames on 75"
W
A A {Aey, ..., Ae,} Frames at A(zy)

¢ isonto and 1 — 1. SO(n+ 1) acts on P(T'S™) transitively with stabilizer SO(n).
The second part follows from the fact that V5(R™™1) consists of pairs of orthogonal unit

vectors in R™. O
Consider the homotopy exact sequence of the bundle SO(n) —— SO(n + 1) = §"

T (S — m(SO(n)) Z m(SO(n+1) — m(SY) =

iy 1 m(S0(n)) — m(SO(n+1)) when i <n —2
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There is a natural inclusion Vi (R") — V1 (R™"!) giving the commuting diagram:

(SO —k) —  m(SOMm) —  mi®RY))  — 1 (SO(n —k))
L= Il ! L=
(SO — k) — m(SOm+1)) — m(Vit(R™)) — m_1(SO(n — k))

Ti(Vi(R™)) = 73(Viy 1 (R™)) when ¢ <n — 2 (4.2)

Since k > 2, then i <n — k = i <n — 2. By iterating (4.2), for i < n — k we get
m(ViR™) 2 m(VieiR™™) 2 (Vi gy R 7)) = 15 (RFF2)
This means, we only need to prove the theorem for V5(RY). Now recall we have
SO(n—1)

the fibrations SO(n) N SO(n+1) = s | =

7
() L (50(m) s m(SO(n + 1)) —
\\\\\\ lﬂ%
A

~

ﬂ-n—l(Snil)
Lo = 0 dd
Lemma 4.30.  * yno
0 = X2 if n even

Proof. For this, we consider the commuting diagram (the vertical maps are fibrations),
and the corresponding homotopy exact sequences (9 and 0 will be the connecting ho-

momorphisms of homotopy exact sequences of the vertical fibrations)
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/

SO(n) —— SO(n)/SO(n—1) = gn-1
1
gl SO(n+1)— SO(n+1)/SO(n—-1) = E 5
s'\’? 7T SC =
S

Here E = Vy(R™) is the oriented sphere bundle $"~* —s E 5 S" of the tangent
bundle of S™ (we know when n = 1,3, 7 this bundle is trivial). We need to compute
0 =m0 m(S") — m1(S"7)

If the bundle 7 : ' — S™ has a section we have s : 5" — E with mg 054 = Id =
7y is onto = 0 = 0. Having a section is equivalent to x(S™) = 0 <= n is odd

t(E) 5 (S =2 % Z=m1,1(5"") — miE — 0

Hurewicz
Y

= 7T’r7,—1‘/2<]Rn—"_1> = 7Tn—1<E) = Hn—l(E>

RS

H(E) = { Zos if niseven

7Z if nisodd

The last part is from the Gysin sequence, and x(S™) = 0 or 2 depending on parity of n.

- H(S") =% H"(S") — HY(E) — 0

w w
1 ~ o x(S™).15"]
Therefore when n is even 0 is multiplication by 2. [

Proposition 4.31. Foriy : m,_1(SO(n)) — m,—1(SO(n + 1)) we have
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Z if n even
kerig = < Zs if nodd andn #1,3,7
0 i n=123,7

Proof. : By the previous lemma we know the maps given by dotted arrows:

anl(sn_l)
>
P L
T © 0 4
T (SO(n+1)) — 7, (S") —— m,—1(SO(n)) — m_1(SO(n + 1))
LT w
(Kﬂ _--"" 0ifnis even imd = keriy

i (S™H1) x2 if n is odd

Z iftni
keriy = imd 2 7, (5")/m4(SO(n + 1)) = { itas odd

Zo if n is odd
o If 7, is onto then 3 € 7,SO(n + 1) such that

gn X SO(n+1) T, gn
N %

~ -

Therefore « is a section of of the fibration SO(n + 1) — S™ hence = n =1,3,7
o If 74 is not onto, then there are two cases:
a) If nis odd, then 2Z C im(7my) C Z = im(ny) = 2Z

b) If nis even, then 7,0 = x2 (by using the maps 0 and 74 on the right), hence 740

is 1 — 1 = 0 is one-to-one, then from the diagram we conclude keriy = 7Z
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4.3.2 Complex Steifel manifold Vi (C")
Complex k frames in C™ is Vi (C"), it is given by:
V(@) = Un)/U(n — k)
Vi(C) = U(n)/Un—1)=8*1tccCr

The fibration U(n — 1) — U(n) = S**~! gives the Long Exact Sequence

2 mUm) — mUm+1) — m(s2H) —

Therefore m;(U(n)) = m(U(n+ 1)) when ¢ <2n —1

Similar to real case we have natural inclusions Vi (C") — Vi1 (C™H1)

Un—k) — Ul —  Vi(C)
= { {
Un—k) — Un+1) — Viea(CHHY)

nUm—k) —  mUm) —  mOAC))  — ma(Un— k)
L= ) ) L=
nUn—k) — mUn+1) — Vi (C)) — 7 (U(n — k)

m(Ve(C") = m(Vi1(C"1)) when i<2n-1)-1
Ti(Ve(C")) =2 (Vi (C*7P)) when i<2n-—p) —1

(Vi (CrHh)) 22 oy (§2726+1)  when i <2(n—k+1)—1

12

Theorem 4.32. V,(C") is 2(n — k) connected, and w11 (Vi(C")) = Z
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Chapter 5
Characteristic classes

Let V*(X) be the isomorphism classes of k"-vector bundles £ — X over X, where
k =R or C, and denote Vi(X) = ®V*(X). Let @(X) be the isomorphism class of
oriented real vector bundles, and %(X) = @@(X), and let H*(X;R) = ®H(X;R).

5.0.1 Steifel-Whitney classes
Definition 5.1. The total Steifel-Whitney class is a map:

where w(E) =1+ wy(E) + we(E) + .. with w;(E) € H(X,Z,) i = 0,1, .. satisfying the
following four axioms (w;(F) is called the ith Steifel-Whitney class of F).

(a) Naturality: If f: X — Y is continuous function then w(f*E) = f*w()E)
(b) Whitney sum: w(E @& F) = w(E)w(F)
(c) Finiteness: If £ € Vecg(X) then w;(E) =0 for i > n

(d) Nontriviality: If L — RP' is the tautological line bundle, then w; (L) is the gener-
tator of HY(RPY; Zy) = Z,

119



5 Characteristic classes

The following proposition says that any two maps P,Q : Vr(X) — H*(X;Z,),
satisfying the axioms (a), (b), (c) above, have to agree if they agree on line bundles.
This is because f*(PFE) = P(f*E) = Q(f*F) = f*(QF), with f* is an injection. Hence

the axioms above determine Steifel-Whitney classes.

Proposition 5.2 (Splitting principle). Given any real bundle E — X, there is some
space Y and a map f:Y — X satisfying:

o f(E)=L®..® L,, where each L; is a line bundle.
o f*: H*(X;Zy) — H*(Y;Zsy) is a monomorphism.

Proof. The proof is by induction on the dimension of the vector bundle. Let 7 : E — X
be a real vector bundle, and E, = 7~ !(x) denote the fiber over z € X. Let p: P(E) — X
be the projectivization of E, i.e. P(FE) is the bundle whose fibers consists of lines {l}
through the origin in F,. More precisely if P — X the principal frame bundle of F, then
P(E) is the associated bundle to the obvious representation p : O(n) — End (RP"1).

P(E) =P x,P"!

Then Theorem 3.7 says that H*(P(E);Zy) is a free H*(X;Zs)-module with module
structure (x,v) — p*(z) Uv, in particular p is monic in cohomology. Also the pull-back
bundle p*E — P(F) splits a line bundle p*(F) = L @ E’, because the fibers over each
| € P(E) splits as [ @1+ = E,. Now apply induction to the R* !-bundle £’ — P(E) O

5.0.2 Chern classes

Chern classes are complex version of the Steifel-Whitney classes, they are defined by the

complex versions of the same axioms.

Definition 5.3. The total Chern class is a map:
c:Ve(X) = H*(X;Z) = ®:;H*(X;7)
where ¢(E) = 1+ ¢, (E) + co(E) + .. with ¢;(F) € H*(X,Z), i = 0, 1, .. satisfying:
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(a) Naturality: If f: X — Y is continuous function then c¢(f*E) = f*c(E)
(b) Whitney sum: ¢(E @ F) = ¢(E)c(F)
(c) Finiteness: If £ € Vecg(X) then ¢;(E) =0 for i > 2n

(d) Nontriviality: If L — CP" is the tautological line bundle, then ¢; (L) is the negative
of the canonical (complex) generator of H*(CP';Z) = Z

As in the real case, the following says that Chern classes are uniquely determined by
their axioms. If two maps P,Q : V(X) — H*(X;Z) satisfy the naturality axioms (a),
(b), (c), then they agree if they agree on line bundles.

Proposition 5.4 (Complex splitting principle). Given any compex bundle E — X,
there is some space Y and a map f:Y — X satisfying:

o f(E)=1L®...® L,, where each L; is a complex line bundle.
o f*: H*(X;Z)— H*(Y;Z) is an injection.

Proof. The proof is similar to the real case, we induct on dimension of F. Given a
Cm-vector bundle 7 : E — X, where E, = 7~ !(z) denotes the fiber over z € X. Let
p: P(E) — X be the projectivization of F, i.e. P(F) is the bundle whose fibers consists
of complex lines {i} through the origin in E,. Then by Theorem 3.7 H*(P(E);Z) is
a free H*(X : Z)-module with module structure (z,v) — p*(z) U v, and p is monic in
cohomology, and the pull-back bundle p*E — P(E) splits a line bundle p*(F) = L& F,
as in the real case. Then continue with induction with the C"~!-bundle ' — P(E) O
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5 Characteristic classes

5.0.3 Euler class

Definition 5.5. (Section 3.5) The Euler class of an oriented real vector bundle

¢=(E,7,X): R" - E "5 X is the cohomology class e = e(£) € H"(X) defined by

e(§) = (7*) 15" (7) =i*5*(7) where 7 is the Thom class

(=23

Recall Thom isomorphism ® : H/(X) — H/*™(E), ®(e) = n*(e) — 7 =
when n is odd *(®(e)) =e—e=—-e—e = 2¢({) =0
Proposition 5.6. Let £ = (E,m, X) be an oriented real vector bundle, then
a) For any map f:Y — X, we have f*(e(§)) = e(f*(£))
b) e(§@n) = e(§) — e(n)
c) [e(€)], = wn(€) , If € is a complex bundle then e(§) = ¢, (€) € H"(B;Z).

d) e(§) =0 if & has nowhere zero section

Proof.  a) Since 7(f*(£)) = f*(7(€)) then result follows from naturality.

1 El
b) E\®F - 7(E;) € HN(E,, E;) i=1,2
o 7(By) X 7(B) = mi(r(By)) — mi(r(E2)
T 5

Hn(El P by, E1 NP E2) (9 Hm(E1 © Ey, E1 @ E2)
-
H""™(Ey & By, (E1 & E»)
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T(E1) x 7(Ey) restricts to generator on each fiber which is 7(E; @ Es)

¢) Assume it is true for line bundles, then use the splitting principle Proposition 5.4;

Since f* is monic, we conclude e(E) = w,(EF) mod 2

It remains to check that for line bundles [e(§)], = wi(§) . It suffices to check this
in the universal line bundle §&; — RP* = K(Z,,1). Take the classifying map g of
the nontrivial line bundle over the circle (Mobius band) v — RP!, i.e. v = g*&;

yo— &
+ +
RPY L RP®

Since ¢g* : H'(RP*>;Z,) — H'(RP'; Z,) is 1 — 1 it suffices to check the claim for .

d) If there is a nonzero section, we have a section s of the sphere bundle S(E) — X
s

— mos=1id, sfom* =1
S(E) —— B — 7" is injective = e =0 7
H"(DE,SE) — H"(DE) ——— H"(SE) - J st ()
N N\
H"(B) ¢
O
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5.0.4 Pontryagin classes
Definition 5.7. The total Ponryagin class is a map:
p: V(X)) —» H*(X;Z) = &, H*(X; Z)
where p(E) = 1+ pi(E) + po(E) + .. with p;(E) € H¥(X,Z), i = 0,1, .. defined by:
pi(E) = (—1)'ezi(Ec)

where Fc = F ® C is the complexification of the oriented bundle £ — X

Proposition 5.8. Let R* — E — B be a real oriented bundle, then

a) [pi(E)]2 = wy(E)?

b) pu(E) = e(E)? (independent of choice of orientation since it is squared)
Proof. Proof basically follows from Proposition 5.6 and splitting principle, e.g.

[pi(E)], = [c2i(Ec)]y = wai( E ® E) = wy(E)? O

Consider the basic bundle operation, which we can perform to a given vector bundle:
Complexify — Forget complex structure — Forget orientation. We can easily check how

a bundle changes after going around this triangle once.

Complex

5N

Unoriented «<—— Oriented

If V is a complex vector space then V @ C =V @ V, the identification is given by
R
r— (I®r+1®ir)® ((®r—1®iz) and check:

izt (IQir—1R2)d(iQir+1lr)=i(iQir+i®r)®d —i(-1Qir+i®x)
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Any complex n-bundle E underlies a 2n-dimensional oriented real bundle. Also
Ec=C®FE = E@FE (ie first forget complex structure then complexify) has the
canonical orientation as complex bundle. We can compare these two orientations of E¢

by comparing basis elements:
U1, QU , . . . Vap, U2y == U1, ..., Vo, GU1, .« . . , U2

They differ by (_1>(2n—1)+2n+~~~+1 — (_1)(2n—1)2n/2 _ (_1)(2n—1)n — (_1)n So we get

pu(E) = (=1)"can(Ec) = (—1)"¢(Ec) = e(E & E) = e(E)”

Consider conjugate bundle £ = Hom/(¢, C). Here the map v ~ (.,v) defines conjugate
isomorphism ¢ 2 €. Then ¢ (€) = (—1)Fc(€). Tt suffices to check this on line bundles.

Proposition 5.9. (Splitting principle for oriented real bundles) Given any oriented real
bundle E — X, there is some space Y and a map f:Y — X satisfying:
o f(E)=L1®...® L,, where each L; is a realification of a complez line bundle (i.e

n

underlying real bundle of a complex line bundle), and r = [3]

o f*:H*(X;Q) — H*(Y;Q) is an injection,
Proof. Let p: Go(E) — X be the bundle oriented 2-planes in E, with fibers p~'(z) con-

sisting of oriented 2-planes {l} in E,. If P — X the principal SO(n) frame bundle of E,
G (E) is the associated bundle to the obvious representation p : SO(n) — End (G5 (R™)).

G2(F) = P x, Go(R™)

From the proof of Theorem 5.14 (¢) H*(G5(R™); Q) = Q(u)/u™ = 0 for some class
u € H*(G5(FE); Q). Then from Theorem 3.7 H*(G4(E); Q) is a free H*(X;Q)-module
with module structure (z,v) — p*(z) U v, in particular p is monic in cohomology. The
pull-back bundle p*E — G5(E) splits an oriented 2-plane bundle p*(E) = L @ E/,
because the fibers over each L € G~’2(E) splits as L @ L+ = E,. Now apply induction to
the R"2bundle E' — G4(F)
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5.0.5 Wu Classes

Definition 5.10. Let R¥ — E"*% — M™ be a vector bundle on a smooth manifold M.
Recall Thom isomorphism and Steenrod squaring operation
HY (M) —> HHH (B, B) &4 H’“(E E)
By using this Wu defined Steifel-Whitney class by the following formula:
wi(E) = &1 Sq' (1)
where 7 € H¥(E, E) is the Thom class. Therefore this cefinition is equivalent to:

m*wi(E) — 7 = S¢'(7)

We can verify that this definition of Steifel-Whitney classes agree with the original

definition by checking the axioms. For example we can wg(§) = e (mod 2) as follows
d(wy) = 7 (wy) — 7= S¢"(1) =2 =7 (1) — T =7 (e) — T = P(e)

Also for the product bundles §xn — X x X, Thom class can be written as 7 = 7¢ X7,).
Also Sq(1) = Sq(7¢) x Sq(r,). From this we deduce the product formula:

(w(&) x w(n)) — (¢ x 7)) = Sq(1e X 7)) =
(w(&) — 7¢) X (w(n) — 1) = Sq(7¢) x Sq(ry) =
w(€ xn) =w(&) x w(n) By restricting to diagonal we get w(§ & n) = w(§)w(n).

Proposition 5.11. d'w,(M) = Sq(t), where d : M — M x M is the diagonal map

Proof. Recall Section 3.5 and Example 3.5. D(A) = 7. The normal bundle v = v, of
the diagonal A C M x M isomorphic to the tangent bundle of M, so w(M) = d*w(v).
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S¢l(t) ~ [M x M] = (t"wy— 1) ~[M x M| =n"w, ~ (1 ~ [M x M])
= m'w, ~ d M) = d.(d" T w, ~ [M])
= d.(wy(M) ~ [M]) (since mod=1d) O

Definition 5.12. The total Wu class of a closed smooth manifold M is defined as
v(M) =1+wv +vy+.. withv; € H(X,Z,), i = 0,1, .. such that for any z € H*(X,Z,):

(vi—w, [M])=(Sq¢(), [M])

Let w(M) = 14w, +wsy. .. be total Steifel-Whitney class, and let Sq(x) = z+ Sq'(x) +

Sq¢*(x) ... denote the total Steenrod square, then we have:
Theorem 5.13. (Wu) w(M) = Sq(v(M))

Proof. First of all the tangent bundle of TM — M is identifiied by the normal bundle
N of the diagonal A C M x M, and the bundle projection 7 : N — M is induced from
the projection to the first factor, so inparticular 7*(w;) = w; x 1. In calculation below
we will be applying (2) of Proposition 2.13, with n = w;, « = 7, f =1, b = [M] (we

ignore signs these are mod 2 calculations). First we calculate w = Sq(7)/[M] as follows:

w; = w;— [7/[M]] (Lemma 3.15)
= [1— (w; x1)]/[M] (Proposition 2.13 )
= [r—"(wi) ]/[M] = Sq'(7)/[M]

By Theorem 3.31 Thom class 7 = Y a x a°. By Theorem 3.17 and from x = ®~1®(x)
1=z~ [M)=7/(z ~[M))=) alatz~[M])=) a(z—a¥ [M])
By applying this to Wu class: v =Y a{v — a®, [M]) =>" a Sq(a°),[M] ) we get

Sq(v) =) Sq(a) (Sq(a®), [M]) = {Sq(a) x Sq(a®) )/[M] = Sq(r)/[M] =w O



5 Characteristic classes

5.1 Cohomology of classifying spaces

Let G€, Gn,G, denote the Grassmann manifold of k-dimensioinal complex planes in C*,
k-dimensonal real planes in R*, and k-dimensional oriented planes in R*, respectively.

We can easily identify them by the following symmetric spaces:

GE=U(n)/U(k) x U(n — k)
G, = O(n)/O(k) x O(n — k)
Gn, = S0(n)/SO(k) x SO(n — k)

To see the first one observe that U(n) acts on GY transitively with stabilizer U(n — k)
(similar argument for the other two). Let £&& — G, ¢, — G, & — G, be the
corresponding universal (tautological) vector bundles, and let ¢; = ¢;(€5), w; = w;(&,),

pi = pi(&n), Wy = wi(fn), Di = pl(én) be the corresponding Chern and Pontryagin classes.

Theorem 5.14. (a) H (Gp;Zs) = Zo [wy, . .., wy)
(b) H*(én,ZQ) == ZQ [UN)Q, ce ,UN)n]
(¢) H(GS,Z) = Zcy, ..., e

(d) All torsion of H'(Gpn;Z) is order 2 and if T is the torsion subgroup then
H(GuiZ)/T = Zp,....pi], where k= [n/2

(e) All torsion of H*(Gy;Z) is order 2 and if T is the torsion subgroup then
~ Z\py,...p ' =2k+1
A N
Z|pry...pr,€el /(e =pr) if n=2k

Proof. (a) We proceed by induction on n, where E, —— G, is the universal bundle.
There is a homotopy equivalence from the sphere bundle ¢ : S(E,) — G,_1, i.e.

S(E,) ={(L,v)|v e L,|v| =1} , and ¢(L,v) = v+
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5.1 Cohomology of classifying spaces

Sn—l
|

g — S(En) % Gn—l
gl

E, ------ r Gy,

By the Gysin sequence of S(E,) = G,, (the total space is identified with G,,_;)

L H(G,) =% H'G,) 5 H'™(G,) & H'YG,) —
W W
wi(E,) - wi(E,)

Claim: The Steifel-Whitney classeds are related by 7 (w;(E,)) = w;(En-1)

Proof of Claim: 7*(E,) = {(L,v,w)|L€G,, v,we L,/ =1}
= Loo¢"(En)

¢*(En1) = {(L,v,w) |w € v}, and L = {L,v,tv} — S(E,) (trivial line bundle)

Lo (wi(EY) = wi(L®¢*(En_))
= w;(¢"(En-1))
= ¢"(w;(En-1))
= w;(E,_1) (¢*is an isomorphism)

By induction we have H*(G,,_1) = Zs [w;(E,-1)|7 < n — 1]. Also since 7*(w;(E,)) =

w;j(E,—1), ™ is onto, hence we have the short exact sequence:

0 — H{(G,) = H*"™G,) =5 H*(Gn,) — 0
wi(En) - wi(En1)

Also here the map H%(G,) — H"(G,,) is given by 1 — x = w,(E,). Notice that
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5 Characteristic classes

wy(Ey) # 0, otherwise by universality we would have w,, = 0 for all n-dim vector

bundles, but this is not th g. T(RP™ = d w(RP™) #£ 0
undles, but this is not the case, e.g. T'( VBe =6 D 1@51 and w( ) #
n+

Now by induction on n we can show V 6 € H*(G,) can be expressed uniquely by
polynomials in wy(E,), .. .,w,(E,) : By induction 7*0 = f(w1(E,_1),- .., wn-1(En_1))
for some polynomial f. So by above claim 0 — f (w1 (E,), . ..,wa(E,)) € im(r*) =
0 — f(wi(Ey), ... ,wn(Ey)) =& — w, for some ¢ € H*™(G,,), and such ¢ is unique

since the map — w, is injective. By induction ¢ is a unique polynomial ¢g in w;’s

Hence a = f(wi(En), ... ,wn1(Fn)) = wng(wi(Ey), ... ,wn(Ey))

(b) We have the 2-fold connected covering space S° — G,, — G,,. We claim
7 H (G Zo) — H* (G Zo)

is onto and ker(7*) = (wy), therefore H*(én;Zg) = Zso |wo,...,wy]. For this we

consider Gysin sequence and see that the map — w; is injective in all dimensions

0 = HAG,) D HYGwZo) > HGwZ) —» HY(GwZ) — HY(G)
112 1%
ZQ ZQ X = W1

(c) 3 Fibration from the sphere bundla ¢ : S(&,) — GE |, é(v, L) = v+

Sanl
50— S —— @2,
7|

G(C

n
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5.1 Cohomology of classifying spaces

By applying Gysin sequence when i < 2n — 1 we get

— H7T(GS) =% HI(GS) T HU(S(ES) — HTP(GE) —

n

I ci(&n) -+ (&) I
0 0

0 — HYGS) =% H*(GS) =5 H™(S() — 0
m 2
1 --» Cn Gt |

For any a € H'(GC) we can write 7*(a) = f(c1(én_1), ..., n-1(&4—1) (induction)

() = f(e1(&n-1), -+, cn1(§n—1) (by induction)

Define & = f(c1(&), .., cn1(&n)) = mla—a) =0 = a=da+c, — [

By induction on dimension ¢, we have § = g(¢1(&,), - .., cn(&n)), SO we can write

a = F(Cl(fn)y cee acn(fn))

(c): Let R=Z[1] =< £ >C Q. We now change coefficients from Z to R, which

kills 2—torsion, and Z— summands become R summands, so one need to show:

5 Rp1, ..., Dk for n=2k+1
. R[ﬁla"'aﬁ/me?] fOT' n =2k

As before we identify the sphere bundle S(&,) ~ Gn_1, and use Gysin sequence.
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5 Characteristic classes

— HY(G,) = H'"G,) & HTYG...) -2 HYYG,) —

pi&) o pil&asi)

e If n = 2k by induction H*(G,,_1) = R[p1, - . - Pr—1] then 7* onto, and we get a short
exact sequence, and the proof follows from the H*(G,,; Zs) model.

o If n=2k+1 = Euler class e = 0 € H"(G,,, R) since e with Z— coefficients has

order 2, then Gysin sequence splits into short exact sequence (7% is 1 — 1).

RN H1+n(é«n) L HiJrn(én_l) SN Herl(én) —5 0
Il (induction)

R [ﬁl(gn—l)v <. 7p~k(€n—1); 6}

We need to show R—modules R [py, ..., pr] C im(7*) have the same rank.
r; = rank of R|py,...,pk] in dim j
j ‘ ~[]91 Pr) J 7“3- > 7,
r: = rank H(G,)
R[pi1,...,Dr-1,€] is a free R[p1,...,px] module with basis {1, e}. Therefore rank of
Rp1,...,Pr—1.€] in dimj is r; + rj_gr. Also from the above exact sequence rank of
Rp1,...,Pr-1,€] =75+ T _ox- Since 1y, >y, Vm then we have 77 = r;.

(c): Let ¢ : G, — G, is the 2-fold covering (forgetful) map. and T : G, — G,
be the covering transformation. ¢* : H*(Gn; R) — (Gy; R) is epimorphism when n is
odd, since ¢*p;(&,) = pi(¢*&) = pi(&,). Tt is also easy to check that, when n even
T*(e) = —e. Then the proof follows from the following Claim:

Claim Let ¢ : X — X be 2-fold covering space and T : X — X be its covering
transformation. Then there is a map 6 : H*(X; R) — H*(X; R), with 8 o ¢* = id. In
particular ¢* is injective, and im(p*) = Fixed point set of T™.

Proof: First define 6 in chain level as o — 1/2(c + T'(0)), then check the claim. [

132



5.2 Obstruction definition of characteristic classes

5.2 Obstruction definition of characteristic classes

Let 7 : E — X be a R"- vecor bundle, and P — X be its princple O(n)-bundle (the

bundle of frames in E). Then we can define the bundle of k-frames in £
Vi(E) =P x, V;(R") - X

as the bundle associated bundle to P by the obvious representation p : O(n) — Vo(R™).
So the fiber of Vi(E) — X is just Vi(R™). Therefore, by obstruction theory we can
always find a section of the bundle V,,_r,1(E) — X over the k — 1 skeleton of X*=1),
since V,,_+1(R™) is k — 2 connected (Theorem 4.28).

Theorem 5.15. Let E — X be a real vector bundle over a CW-complex. Then the
Steifel-Whitney class wy,(E) € H¥(M;Zy) can be identified with the mod 2 reduction of
the obstruction [oy(E)]a, of sectioning Vy,_11(E) — X over the k-skeleton X *),

Similarly, if 7 : E — X is a C"-vector bundle, we can define the bundle of k-frames
in E: Vi(C") - Vi(E) — X with fiber V;(C"), which is just the associated bundle, to
the principle U(n)-bundle P — X, by the representation p : U(n) — V2(C"). Hence, by
obstruction theory, we can always find a section of the bundle V,,_x.1(E) — X over the
2k — 1 skeleton of X@*=1 since Vj,_;,1(C") is 2k — 2 connected (Theorem 4.32).

Theorem 5.16. Let E — X be a complex vector bundle over a CW-complex. Then
the Chern class c(E) € H?*(M;Zs) can be identified with the obstruction oy(E) of
sectioning Vy_j41(F) — X over the 2k-skeleton of X

Proof. ([MS]) We will only sketch the proof for the real case. The obstuctions o(E) of
sectioning bundle £ — X are natural with respect to maps f : Y — X, i.e. or(f*E) =
f*or(E), where f*(FE) — Y is the pull-back bundle. So it suffieces to check the proof
for the universal bundle &, — G,,. Then o, (&,) € H¥(G,, : Zy) = Zs|wy, . . . w,) is clearly
a polynomial in the form ox(&,) = P(w1(&,), - - - wr—1(&n) + Awe (&) for some A € Zs.

Next consider the bundle v = &,_; ® " *+1 — G},_; which can be pulled back from
the universal bundle &, — G,, by a map f : Gp_1 — G, (" %" is the trivial bundle).
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5 Characteristic classes

| |

G —— G,
Since 7 has (n — k + 1) section o(v) = 0, and also f*(w;(&,) = w;(&k—1), we get

0= o0r(7) = or(f*(&n)) = [*(0k(&n)) = [ P(wi(&n), - - wi-1(6n)) = Pwi(§p-1), - - wh-1(Ek-1))

But since in H*(Gj_1; Zs) is a free polynomial algebra, there are no polynomial relations,
so the polynomial P must be identically zero. Therefore we must have ox(&,) = Aw(&,).
So it remains to check A = 1. For this we only have to check on simple examples.

[
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5.8 Applications:

5.3 Applications:

e Let R" — E — B be a vector bundle over a smooth manifold B, then
p(TE) =7"(p(E) — p(T'B))

Proof. This is because TE, = TF, ® TF,", hence TE = 7*(§) & n*(T'M)

[]

e Quoternionic projective P, (H) is the space of quaternionic lines in H"*!. Consider
the tautological line bundle vg: H — P, (H), and let 7¢ and 4g be the underlying
C?— and R*— bundles. Take the sphere bundle of v, and apply Ghysin sequence.

53 — S4n+3 C Hn+1

!
B := P,(H)

— H7Y(S) S HUYB) = HY(B) T H(SMP) —

IR

0 0
1 <4dn+4 1 <4n + 3
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— H(B)=1Z][cy] /4™ =0 c; € HY(B)

e(yr) = c2(7c) € HY(P,(H))

c(vc) = 14w, for some u € H*(P,(H))
pi(7c) = —a(e®%) = -2u

(e @) = (1+u)?=1+2u+uv

e(c) = &) =u

Proposition 5.17. For any integers k, | with k = 21 (mod 4) there exists a vector bundle
E— PI(H) =S, with pi(§) =ku e(§) =lu

Proof. {Vector bundles on S*} = [S*; G4(R*®)] = {7350, = Z O 7}

Qo

f
St = 4

1] = mrd) €z
1] = elfd) €z

Let fi be the tangent bundle and f, be the 4z on S* = P(H), such that

} e HY(S") . (m(fE[5"]) = ((©). 1.5

n(f58) = —2u e(f;§) = u

By taking linear combination of f; and f; we can get f with

p(fié) = 0 e(fré) = 2u}

p(f*€) =ku, e(f*€) =Ilu where k=2l (mod 4)
— 3 vector bundle £ — S§* with p;(¢) = ku e(§) = lu O

Example 5.1. Take the R*-bundle ¢ — S* with p(€) = ku and e(§) = u, and k =
2 (mod4). Let E be the disk bundle of . From the Ghysin sequence we get OFE ~ ST .

We claim when k = 6, OF is an exotic 7-sphere, i.e. it can not be diffeomorphic to S”.
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The proof of this claim goes as follows: If OF was diffeomorphic to S” Thom space T
of E would be a smooth 8-manifold. Recall T is obtained from E by coning its boundary.

V

We can easily compute, the hmology and the signature of 7"

7Z 1=0,4,8
H,(T) = e — o(T) = +1
0 otherwise

By Proposition 517 p(Ty) = 7*(p(E) — p(Ts1)) = p(Ti) = k. —
p}(TE) = k*(generetor)

Here we used p(Ts:) = 1, since by index theorem p;(Ts4)[S?*] = 30(S*) = 0. Hence

1=0(T) = £palT) = A (T)

So po(T) = (45+k?)/7, where k = 2 (mod 4). But when k = 6 this is not an integer.

Proposition 5.18. Let 1y, be the oriented cobordism ring. Then the signature map
o : Q4 — Z is well defined, and it is a ring homomorphism. That is if W4 is an
oriented compact smooth manifold with OW 1 = M then o(OW*™ 1) =0, and:

o(NxM) =
o(N— M) =

o(N)o(M)
o(N)+o(M)
Proof. Let M*" = 9W4"*! then inclusions M LWy (W, M) give long exact sequence

oW L ) ey Lo wow)
R
im(i*)* @ im(:*)
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If a,b € im(i*) = (a — b, [0W]) = 0. This is because da = §b = 0 and
(@ —b,0[W]) = (0(a — b),[W]) = (da — b+ a— b, [W])

Claim: dim(i*) = 1 dim H**(M*") This is because the homology and cohomology

groups with Q coefficients fit into long exact sequences where the vertical maps are the

Poincare duality maps:

0 0
T I
H (W, M) & "M & HY™(W) ... H™'W,M) & coker(i*)
1= = = = =
HW) 5 HM) S H'W,ow) ...  H»W) 5 im()
T \
0 0

In short we get the following Q-vector spaces with commuting maps:

0 « A < Ay < ... <« Ag, <« coker(i*) « 0
= 1= = 1=
0O - B - By, —» ... —» Bg — im(i*) — 0

Hence dim(coker(i*)) = dim(im(i*)) , since coker(i*) = (im(i*))*

- HP(OW) = im(i*) @ (imi")*

So, the intersection matrix looks like 2n x 2n,with n x n upper left block entirely

consisting of zeros, hence o(M) =0
n{ [ 0]=x
n{ \ *|=x*
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5.8 Applications:

5.3.1 Characteristic Numbers

Steifel-Whitney (or Pontryagin) numbers of a closed smooth manifold M™ are integers
obtained evaluating the top dimensional cohomology classes, that are cup products of
Steifel-Whitney (or Pontryagin) classes, on the fundamental homology class. We claim
that they vanish when M™ is a boundary of a compact smooth manifold M = oW+,
We use the cohomology exact sequence of the inclusions M LW (W, M). The

boundary map takes the fundamental class of (W, M) to the fundamental class of M, so

Hyoo(W, M) -2 H, (M)

H'(W) -  HY(M) -5 H"" (W, M)

ST TN
Ho(M) — Ho(W)

(0v, [M]) = 0v ~ [W] = i.(v ~ [M])

We can denote the top dimensional cohomology classes that are cup products of
Steifel-Whitney classes by w;(M) = w;, (M) — -+ — w; (M), where I = (iy,...1,) is
a multi-index with i; + ...7; = n. Note that the characteristic classes of W restrict
to charecteristic classes of M, i.e. i*w;(W) = wy(M). From this we prove the Steifel-

Whitney numbers are zero.
(wr (M), 0 [W]) = (Swr (M), [M]) = (5i*ws (W), [M]) = 0

The same argument works for Pontryagin numbers.
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5 Characteristic classes

5.3.2 Cobordism groups

Consider Thom spaces MO(k) = T(&,), and MSO(k) = T(&,) of the universal bundles

E() — Gp, = BO }

T(&) = E(&)/E(&) and T(&) = E(&)/E (&)

Theorem 5.19 (Thom). Let 7., be the unoriented and oriented cobordism rings,

respectively. Then for k > n + 2 we have identifications:
(@) M = Tpan(T(Ek))
(b) Q= mo k(T (Ek))
Proof. The proofs of (a) and (b) are similar. Define [f] — ®([f]) as follows
® - Tk (T () — M

f o Svk — T(&) make f th Gy then let M™ = f~YGy). If fo ~ fi = the
corresponding My, M, are cobordant. To see this homotope the corresponding homotopy
F rel ™% x | between fy and fi, so that F G, then take W+ = F~1(G,)

Sn+k x I

To see ® is onto. Consider the universal bundle £ = E,(R¥™) — Gi(R").
Imbed M™ «—+ R"** Note that when k& > n + 2 any two embeddings are isotopic.
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5.8 Applications:

M™ — R™"*_ Extend be the normal bundle map g : v(M) — E(£) (with g h 0—section)
to f : S"tk — T(&r). This is done by mapping the complement of the disk bundle
U C 8™ of v(M) to the point of infinity of T'(£}).

U= Bow) — B(E)
! !
gt LT

® is 1 — 1: If [f] = 0, then by making the null homotopy F : D"** — T(&R)
transversal G;(R") and taking W = F~1(Gy(R")) we see that M = oW1

B7L+k+1

Special case of the last theorem is:

Corollary 5.20. If /" = Framed cobordism group k > n + 2
Q) = mpn(S")
5.3.3 Mod C Homotopy Theory
Let C be the class of Abelian groups satisfying the following properties:
(1) If0 - A" - A — A” — 0 short exact sequence of abelian groups then

AelC < A and A" eC
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5 Characteristic classes

(2) A €C and B is any abelian group = A® B €C

(3) AeC=H,(K(A1),Z)eCV¥n>0

The following are some classes of abelian groups C satisfying above property:
o Cy = {Trivial Group}

e Cr = {Torsion abelian groups}.

e C, = {Abelian groups with order of every element relatively prime to p}.

Definition 5.21. A homomorhism f: A — B is called
C- monomorphism if ker(f) € C

C- epimorphism if coker(f) € C

C- isomorphism if both ker(f) and coker(f) € C

C-isomorphism does’nt have inverse in general, to make it an equivalence relation
we make the definition: A ~ B if we can find a sequence of abelian groups A =

Ao, A1, ..., A, = B, such that either A; — A;,; or A;11 — A; is an C—isomorphism.
Theorem 5.22 (Hurewicz mod (C)). Let X is 1- connected, then

m(X)elC Vi<n = H(X)eC Vi<n
and the Hurewicz map h : m,(X) — H,(X) is C-isomorphism.

Theorem 5.23 (Relative Hurewicz mod C). Given an inclusion i : A — X, such that
A is 1- connected and the induced map iy : mo(A) — m(X) is onto, then

(X, A)eC Vi<n= H(X,A) el Vi<n
and the Hurewicz map h : m,(X, A) — H,(X, A) is a C-isomorphism.
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5.8 Applications:

Theorem 5.24 (Whitehead’s mod C). Let X and Y be 1-connedted, then given a map

f: X =Y, such that the induced map fu is an isomorphism on e, we have

fu s C- epimorphism on T,

fu is C-isomorphism onm; Vi <n f« 1s C-isomorphism on H; Vi <n
f« is C- epimorphism on H,

Proposition 5.25. If X is a CW complex which is (k — 1)—connected, for k > 2 then
the Hurewicz map
h:m(X)— H.(X,Z) is a Cr — isomorphism for r < 2k — 1

Proof. We know 7,.S* € Cr Vr <2k — 1, r # k, so we have

e Proposition holds when X = S*
e If Proposition holds for (k — 1)—connected spaces X,Y = holds for X VY.
To see this we use Hurewicz theorem for pair (X x Y, X VY') and obtain

(X VY)2r (X xY)Zr(X) xm(Y) Vr <2k—1.

o If X is (k — 1)—connected and 7,.(X) is finitely genereted. Choose a basis for the
free part of 7,(X) = ([ST'],..., [S]"]) for all i < 2k — 1, given by the maps

fiZ:=81v. VST X

By choice the top horizontal map below is Cpr-isomrphism for ¢ < 2k — 1, by
the previous case left vertical map below is Cr-isomrphism for ¢ < 2k — 1. By

Whitehead mod Cr theorem the horizontal map below is mod Cp-isomorphism [
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Corollary 5.26. Let R¥ — E — B be a vector bundle then there is a Cp-isomorphism:
Toak(T(€)) = H(B) Vr<2k—1

Proof. Lrt T be the Thom space. By Thom isomorphism H,(T'(¢€)) = H,_,(B). By an

application Hurewicz theorem 7' is (k — 1)— connected. Hence by the Proposition 5.25

™ (T'(£)) H(T(€) vr<2k-1

niuz

By applying this corollary to the universal bundle &, — G, we get

Corollary 5.27. For n < k — 1 we have the following identifications:

Q, = 7Tn+k(T<€k)) % Hn(Gk)

Q. ® Q = H,(Gp(R™)) ® Q = H,(Gr(R"™)) © Q = H,(BSO(k)) ® Q
By appying this to Theorem 5.14 we obtain

Corollary 5.28. (), is a torsion group for n # (mod 4), and for n = (mod 4) it is a
finitely genereted group of rank p(r) is the number of partitions of r.

Theorem 5.29. Q, ® Q = Q[CP?, CP*,CPS,...] (identified as polynomial algebras).

The signature is a ring homomorphism o : 2, — Z (it is zero when * # 0 mod 4).

Also for every partition I = (iy,...,4,) of n = i;+is+. .., i, there are maps p; : Qy — Z

pr[M*] = (pi, (M)...p;, (M), [M*™])

where p; (M) € H**(M*™;Z) are Pontryagin classes. Also p; = 0 when * # 0 (mod 4)
The signature homomorphisim ¢ can be expressed as a linear combination of p;’s,

I € m(n), where 7(n) denotes the partitions of n. Let us calculate some special cases

Example 5.2. (a) o(M*) = 5 p1(M)
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(b) U(MS) = %pQ(M) - 4_15]?11(M)

Proof. (a) Let & — CP" be the tautological line bundle, then T(CP") @£ 2@ -+ B E
(the sum of n + 1 copies of £). Hence p(CP?) = (p(£))3. On the other hand

ad)=1+a)(l-a)=1-a> = ((af)=-a

So by definition p;(§) = —ca2(ée) = —2(E B E) = o
p(CP?) = (p(€))’ = (1 +a*)® = pi(CP?) = 30

Then ¢(CP?) =1 = 0 = :pi(M). To verify (b) we write

o(M®) = MNp* (M) + pp11 (M) = (Apa(M) + ppy (M), [M])

M) = 10a*
p(CP*) = (1+a*)° =1450%+ 10a* = {pQ( ) a }

pi(M) = 25t
= 1=0(CP*) = { (10A+25p)a*, [CP?])
1= 10X+ 25u (5.1)

o(CP?2 x CP?) = o(CP')xo(CP?) =1
p(CP? x CP?*) = (1+3a?) x (1+3a?)
= 1+ 8a?x 141 x 3a?) + 9a? x a?

) pi(CP?xCP?*) = 1x3a?+3a?x1
| pA(CP2xCP?) = 902 x o?

pi(CP? x CP?) = (p}, [CP?> x CP?]) = 18
1=9X\+ 18y (5.2)

= A=7/45 and p = —1/45
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5.3.4 Natural Classes

Let ¢ € Q[[z]] = Ring of power series, An (additive or multiplicative) natural class

corresponding ¢ is a map from complex vector bundles to the total cohomolgy :

Q: Ve(X) — HY(X,Q) satisfying :
(8) /: X =Y = Q('E) = [*(QE) (naturality)
(b) Q(E® F) = Q(E) & Q(F) (additive), or Q(E & F) = Q(E)Q(F) (multiplicative)
(c) Q(L) = q(x), where L — X is a complex line bundle and z = ¢, (L)

@ is uniquely defined, and it can be expressedinn terms of chern classes since by the
splitting principle we can assume E = L, & --- @ L, where each L; complex line bundle

Q(E) =[] q(z;). Since this expression is summetric in x;, it can ve expressed in terms of

elementary symmetric functions s,(z1,...,z,) in x;, which are the Chern classes ¢, (E).
Recall that the total Chern class of E = Ly @ ---® Ly, is ¢(E) = [[ (1 + ;). So we have
i=1

Q(E) = [ alx:) =1+ Qi(E) + Q2(E) + ..
where each Q,.(E) € H*"(X;Z) is some cup pruducts of chern classes of E.

We can also define natural classes for oriented real vector bundles by
Q: Va(X) — H*(X,Q) satisfying axioms (a), (b) above and (¢’) below
() QL) =1if L € Vi (X), and Q(L) = q(y) if L € ViZ(X), where y = py(L).

Similar to the complex case, by using the real splitting principle Proposition 5.9, it is
enough to know these classes on the real bundles of the form £ = L; ® --- ® L,, where

each L; is realification of a complex line bundle and r = [3]. So we get.

QE) =]]a=}) =1+ Qi(E)+ Qx(E) + ...
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5.8 Applications:

This is because each p;(L;) = —ca(Le) = —co(L; @ L;) = a2, where x; = ¢1(L;). In

particular each @;(E) is some cup products of Pontryagin classes of E.

Example 5.3. From ¢ =1+ x € Q[[z]] we get the total Pontryagin class E — p(FE) as
a natural class. For example for E = Ly & --- & L,, we get

p(E) = H(l +22) = pi(E) = si(2?,...2?)

For example p(Tcpn) = p(€)"T! = (1 + a?)" ™ = g(a?)" ™! where a is the generator.

Proposition 5.30. Any real multiplicative class (Q defines a ring homorphism by
Q:Q0—-Q

QM) =(Q(TM), [M])

This is well defined since Pontryagin numbers are cobordism invariants (Section 5.3.1).

Proof. Write Q(TM) =1+ Q1+ Qs+ ... with Q, € H*(M;Q)

™, X
Using T(X x Y) = m(TX) & m3(TY) XxY
=y
QN" x M™) = (Quim(TN x TM),[N] x [M])
= (Qu(T'N)Qm(TM),[N] x [M])
= (Qu(TN), [N])(Qu(TM), [M])

= QIN)Q(M)
O

Proposition 5.31. Let 7(n) = {I = (i1,...,4,) | i1 + .. .4, = n} be the set of partitions
of n, and for each I € w(n) define My = CP*' x ... x CP%* Then the set

{[M;] | I €mr(n)} islinearly independent in Q. @ Q
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5 Characteristic classes

Proof. 1t suffices to find collection of linear functions s; : Q@ — Q , where I € w(n) such

that the matrix whose (7, .J) entry ar; = s;([M]) is non singular. Now for each mono-

mial 'z ... 27 € Q[zy, ..., x,] define the symmetric function > oesn) x?(l)xff(g) . xf;(r).

Since it is symmetric it can be written in terms of the elemantary symmetric functions

Si(oy...0n) = Z x?(l)xff@) . .xf;(r). then define
oeS(n)

si([M™]) = (Si(p1(M),..... Si(pa(M)), [M])
For example for T(CP?") ¢ =@ --- @€ (2n + 1 copies of ), we calculate
p(TCPQn) — (1 + O42>2n—|—1
pi(TCP?™) = o;(a?,...,a%)
For I = (n), S;=af +---+al. Sy [CP?™] =2n+1# 0 because
Si(z1,... ) =2+ +al=a* +---+a* = (2n+1)a™
It is easy to check that Sy (M x N)= > S, (M)SL(M) since

(I1,I2)=I

Lenk) Len(l) = (L,L)enk+])

(11, 0) (J1y--37s) (11, s by J1s - -5 Js)

a=14+a+---=1+z)...(1+x,)

) }in@[xl,...,xgn]

2n
ab:H(1+xl)7 Sf(xl7-“7~rn):S](0-17...,0'n)

=1

More generally we have S;[M; x -+ x M| = Z St [My] ... St [M]
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5.8 Applications:

From this we get when lenght I < lenght J then a; ; =0, and a;; # 0

arj = SJ(CPQil X - X CP%T') = SJ(M[)

length 1  length 2 length n
— N N
*
0 * *
Ay = 0
* *
0 0 *

O

Signature function o : {4, — Q is a ring homorphism, which evaluates 1 on the

generators [CP?]. If we can find a natural L : Q4. — Q which evaluates 1 on the

cobordism generators of {2 ® Q as the signature does, then it has to agree with the

signature. Consequently o(M*") can be expressed in terms of the Ponrtyagin numbers

of M. Hirzebruch found the power series | € Q[[]z]] which provides such L, namely

€)= e

From this we can calculate the corresponding natural class:

T
1
Li(E) = 3P
1
Ly(E) = E(Wz - i)
1
Ls(E) = %(62]93 — 13papy +2p3) ... etc.

Theorem 5.32. (Hirzebruch) I(M) = L(M)
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5 Characteristic classes

Proof. 1t suffices to show: L[CP*"] = ¢[CP*"] = 1. By using T(CP*")@e' = L& .. @ L,

where L — CP?" is the canonical line bundle, we calculate

L[(C]P’z"] —< (L)Qn—i—l) (CPQn >

tanh z

where z € H?(CP*") is the generator. Hence L[CP*"] is the coefficient of 2?" in the

power series, which we can compute by the residue

1 z 2ot 1 1 / dz 1 / du )
e z = — -_— = — _— =
27mi ) “tanh z Z2n+l 2mi ) (tanh z)27+1 270 ) w?rt(1 — u?)

where u = tanh z and dz = du/(1 — u?) O
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Chapter 6

Spectral sequences

6.1 Exact Couples

An exact couple is an exact sequence of Abelian groups is given by

E

where joi=koj =10k =0. Defined : F — FE by d = j ok then the map d has
the property d*> = jo (ko j)ok =jo0ok =0 so the homology of the exact couple is

E'=H(E,d) = (Kerd)/(Imd)

Let D' = i(D); E* = H(E) we can iterate this to construct a new exact couple,

called derived couple.

pt— % , pt pr—"  pr

N N

iterate



6 Spectral sequences

To be more precise
(1) it : D! — Dl;’il = i\Dl
(2) j': D' = Bl (@) = [joi~(z)]
(3) k': E' — D' kle] = k(e)

It is almost straightforward to check that the maps are well defined and the derived
couple is exact. So ones we are given an exact couple we construct the sequence of
exact couples, in this construction the sequence E"*! = H(E™, d") is called the spectral
sequence of the exact couple.

In the similar, way we can talk about exact couples of graded abelian groups. For

example they appear natural way when there is filitration of spaces

p=K'cK'cK'c.--CcK

z& / D = {D,,=Hyy(K")}
E E :

P.q
ipg  Dpg—= Dprig-1 Hp+q(Kp) — Hp+q(Kp+1)
Jpa ¢+ Dpq—= Epg i Hpyg(KP) _>Hp+q(KpaKp_1)
k’pvq : Epﬂz_)Dp—Lq ) Hp+q—1(Kp71) _>Hp+q(Kp7Kp71)

ipfl,q+1
Hyp g (KP™ 1 Hy o (KP)

1
p+q 1 Kp

Jpa
deg(—1) Kp.q

Hpq(K7, KP71)
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6.2 The Spectral Sequence of a Filtered Complex

6.2 The Spectral Sequence of a Filtered Complex

Here we construct a spectral sequence of filtered chain complexes C
Q):O_1CCOC01C"'CCk:O

They usually come from the chain complexes of filtered topological spaces, i.e. a topo-
logical space X with subspaces: § = X_; C X C X; C -+ C X} = X, where

9q
C,=CX,)=1{—>Coyg—Cpg1— ...}

So we have nested chain sub-complexes of C' with competible boundary operators.

9

Cp = { — Cpq Cp,q—l — }
U U U
0,
Op—l = { T Op—laq — Cp—lvq—l — }
U U U

Definition 6.1. a € C has filtration index p if o« € Cp,, but o ¢ Cp_q 4.

C,,, = {elements of filtration index < p} C C,

Definition 6.2. E) = C,,/Cp_14 = Co(X,)/Cy(Xp-1) = Co(Xp, Xp1)
We have the projection

proj 0
Cp7q Epvq

a -

So fora,be Cpq ap, =0, <= a—becC,_1,
Each row below gives homology of the corresponding complex
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6 Spectral sequences

Oy+1 0,
- — Cyqa q—>C’q i>Cq_1 —_ e
U %& U U
Y aq+1 J aq J
+ = Cpirgr1 — Cpirg — Cpirg-1 — -+

U

’ U\d&
. _ :
q

Definition 6.3. Define r'" cycles, and r'* boundaries as follows:
Zh o ={a, € ES | 0a € Cp_ygr}
B;q = {CLp € Equ | a = ab, b € Cp+r_17q+1}
By =25/ Byy
From the definitions for large r > 1 we have the followings
Z;,CZ; = 24(Cp)/Zy(Cp-1)
By =B,NCLe/ByNCy 1y

Definition 6.4. £ = Z> /B>

Now construct thw chain complex E" = {E} . d7 .}, d {a,} = {(9a),—}

Ay ir 41 dy
r p+r,q r P.q r
Bl — S B — S B —— L

Z;Jrr,qﬂ/B;Jrr,qH Z;,q/B;,q Zztfr,qfl/B;fanl
dg,q © d;+r,q+1{ap+r} = d;,q{(aa)p} = {(aaa)p—r} =0.
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Theorem 6.5. Hy(E! . d )= E/t = Z7t /Bt in short H,(E") = E™!

p,q’ 7p,q q p,q 7

Proof. We first define a map ¢ : Ker(d; ) — E;t! as follows

dy apy ={(0a)p—} =0€ B} s =2Z) 4 1/B} g
= (0a)p—, € By g4

= (9a)p—r = (Ob)p—, for some b € Cp_1, = (a—0b), = a,
= (0a—0b)y—r € Cp_y_14-1

=

a—be Z)tt
Now let @’ := (a — b), and define ¢{a,} = {a'} € EJ "
By construction ¢ is well defined (i.e. it doesn’t depend on the choice of b)

Claim 1: ¢is 1 —1,ie. Ker(¢) = Im(dy,, 1)

proof: Let {a,} € Z]  with ¢{a,} =0 = {a,} € B} "
Hence 3 b € Cpiy gy with (0D), = a,
Therefore {a,} = d;,, ,11(bp)

Claim 2: ¢ is onto

proof: Let {b,} € E*' — b, Z)11 — 0bec Cpr_yy
Hence (9b),—» =0 = d {b,} =0 = {b,} € ker(d},,).
Therefore ¢{b,} = {b,}
[

For example, 0 = B) C Z), = E), = C,,/Cp_14, the boundary operators of

{Equ, dqu} are just the boundary operators of the relative chains

dg,q = aq = Cq(cpa Cp—l) — Cq_l(Cp, Cp—l) e

E;,q = Z;,q/B;,q = Zq(cpv Op—l)/Bq(Cpa Cp—l) = Hq(C;n C'10—1)
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6 Spectral sequences

Definition 6.6. (,)H,(C) = Im(H,(C,) = Hy,(C)) Hence

0= (1)Hy(C) T 1)Hy(C) C -+ C 1y Hy(C) = Hy(CO)
Theorem 6.7. E> = 7> /B> = ) Hy(C)/p-1)H,(C)
Proof. By definitions we have
Zpa = Z4(Cp)/Z4(Cpa)
By = B,NChq/ByNCy 1y
@) Hq(C) = Z4(Cy)/ By N Gy g
-1 Ho(Cp1) = Z4(Cp) /By N Cprg
D Z5% —p Hy(C) /1 Hy(C) with ®(z) = 7g B'~*(x), induces the desired isomorphism.

0 0 0
o p o
0— B,(C)NCy_14, — B,(C)NCy By, —0
f// l f/ /Bl f
« 00
0 —— Z4(Cp1) Z4(Chp) Zpg—0
g// ) gl /BN g
« 00
0 —— p—1Hy(C) pHq(C) By ——0
0 0 T 0

pHg(C),/p-1He(C) — 0
We can check well definedness by:

/ ’

®(z) =mg (B (x) + o/ (2) =mg (57 (2)) +a" (¢ (2)) = mg (5" (2))
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6.2.1 Change of notation:

Now we convert to a more commonly used convention of the litrature, by changing our
indices ¢ — p + q. The reason why we start with one notation then change to another
one is, we feel first notation gives more intuitive understanding of spectral sequences.

Now we change the notation £ = {E} } — E = {E }, where E; = E]

D,q+p and so

s J— T s . s s
E,,=E,, , then the map d; ,: B/ — E ;| becomes
r TR r
dpvq ) Enq — Ep—r,qur—l

In this change (,)H,(C') has to be replaced by (,)Hpi4(C) = im(Hp14(Cp) — Hppg(C)).
From now on we will use this new convention, and just use the notation £, for E .
Also by dualizing filtered chain complexes we get filtered cochain complexes, and by

similar definitions we end up by a spectral sequence of in cohomology {E??, dP?}
) . ) 4 1
dv? . Ep — EpraTrt

satisfying H*(E,) = E,;;, and obtain subgroups ,H*(C) = ker(H*(C) — H*(C?))
inducing the filtration 0 = (_yHP™(C) C (HP(C) C --- C (nyHPM(C) =
HP*(C), where (, H*(C) = ker(H*(C) — H*(C?)).

Recall, a topological space X with subspaces0 C X_; C Xy C --- C X}, = X induces
filtration of chain complexes: C_; C Cy C --- C C = C(X), with C; = C.(X;). which

then we can form the corresponding (homology or cohomology) spectral sequences.

Theorem 6.8 (Leray-Homology version). If the space X is filtred by subspaces
0C X 1 CXoC:---C Xy =X then 3 groups E} . (=0 whenp < 0 orp > k) and

homomorphisms d;, , : E, , — E, . ., withd, ody,, . .1 =0 such that
1 E;,Zl = ker(d;;,q>/im<d;+r,q—r+l)

2 By, = Cptq(Xp, Xp-1)

P.a
3 E:z?iz =) Hp+q(X)/(p—1)Hp+q(X>
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where (p) Hyyq(X) = im(Hyyq(Xp) = Hpiq(X)) giving the filitration
0= (c)Hp+qg(X) C (0 Hpq(X) C -+ C 0 Hpsg(X) = Hpio(X).

Theorem 6.9 (Leray-Cohomology version). If the space X has filtration
0C X 1CXyC---C Xy =X then 3 groups EPY (=0 whenp < 0 orp > k) and

homomorphisms dP? : EP4 — EPTHTL gyith dP4 o dPT4T = 0 and
1 BN = ker(dp?) /im(dy =771
2 BT = OPH(X,, X, )
3 EL =1 H(X) /@ HH(X)

where ) HT4(X) = ker(HP*9(X) — H'*9(X,)) giving the filitration
0= @H"(X)C (X)) C - C (I(X) = IH(X).

Example 6.1. Let X = CW —complex with dim(X) =k, X' = cells of dim < i
= (O, CCyC- - CCp=0C(X) where C; = C.(X?)

0 if ¢#0

E' . —H (XP XP1) =
p,q+p p+q< ) { Cp(X) 'lf q:O

Henced,,: E,,=0— E) | =0 is the zero map, when q # 0, and the map

p—1lgq
dpo Epy  — E, 1o
I I
o
CP<X) — Cpfl(X)
I I
Hy(XP. X7 H (X0, X7
comes from the long exact sequence of triple XP~2 C XP~! C XP. Also we have
E2,=0whenq#0 and so E} (= E3; = --- = Hy(X)
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6.3 Spectral Sequence of Fibration

6.3 Spectral Sequence of Fibration

Let I — E — B be a fibrations of CW-complexes. Let ) = B-' c B'c---Cc B*¥ =B
be the filtration by cells. This gives the filtration ) = F_, C E; C --- C E, = E,
where E; = p~!(B%). Given zg,7; € B, and a path vy connecting them induces a
homotopy equivalence yio’z L = F,, and homotopic loops induce homotopic maps.
After fixing F' = F,,, we get an action m(B) on F, which makes H.(F) a Z[m(B)]-
module. Then we can define homology with coefficients by H,(B, H,(F)) = H,(C),
where C' = C.(B) @z, (3 Hy(F) by using the action. If the action of 7 (B) on F trivial
call the fibration simple. Here for smplicity we will assume all the fibrations are simple.
Writing B? = BP~' 4 3" ef, we identify E} , by the p-chains of B coefficients in Hy(F) :

B,y = Hyg(B/E'™Y) = Hyo (Ui 7' (e]) /77 (0€})) (6.3)
= H,,(UD? x F/S'" x F) = H,(B*, B> ") ® H,(F) (6.4)
= Cp(B) ® Hy(F) = Cp(B, Hy(F)) (6.5)

d) o, Co(B,Hy(F)) = Cp1(B, Hy(F)) is the usual boundary map, so E; = H,(B, Hy(F))

Theorem 6.10 (Serre-Homology version). Let F —s E = B be a simple fibration.

Then 3 a spectral sequence E™ = {E"  d"} with E? , = H,(B, Hy(F)), and a flitration

7q’

FO,n C Fl,nfl c---C Fn,O = Hn(E) such that Fp,q/prl,q+1 = F>

p.q

Induced maps 7, and i, can be computed from the diagrams (Section 6.3.1), r >> 1:

H,(E) Ty H,(B) H,(F) N H,(E)
I I I U
Foo— Eyy = E,,C ETQL,O E721,0 — kg, = Eg,=Ffon

159



6 Spectral sequences

Theorem 6.11 (Serre-Cohomology version). Let F v E-"yBbea simple fibration.
Then 3 a spectral sequence E, = {E1, d,} with E5 = HP(B, H(F)) and a flitration

HY(E)=F""> F'" 1t 5...5 F" >0 such that FP?/Frtiat = ppa

and the induced maps ™™ and ©* can be computed from the diagrams (Section 6.3.1):

5k *

H'(E) — H'(F) H'(B) - H'(E)
I I I @)
Fom — B9 = B C By By — EM = 0= o

(r >>1). Furthermore, the maps d>? are anti-derivations, i.e. the following holds
d.(a,b) = d,(a)b+ (—=1)"*a.d,.(b) (6.6)

and d, are induced by the cup product map EY? @ E’gl’q, — E§+p/’q+q,.

Example 6.2. Take the fibration SU(n — 1) — SU(n) — S?"~'. We can compute
H.(SU(3)) from the the speial case of this fibration: S* — SU(3) — S°

A

7 ¢ o(5,3)

0
Z ¢T3

Eiq = H,(S° H,(S?)) =0 when p # 0 or 5, and so
0=r2, L E2 52 =0

Hence > =d®*=---=0 = E?=FE* = Hy= Hy = Hy; = Hy = 7Z , which implies

H.(SU(3)) = Hg(S® x S°)
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6.3 Spectral Sequence of Fibration

Similarly we can compute H,(SU(4)) from the fibration SU(3) — SU(4) — S7

7 o(7,8)
Z o(7,5)
7 o(7,3)

Z 8 >

The nonzero terms of Equ are indicated in the E? page above = Ey = E3 = ... = B>
SO HO = H5 = H7 = Hg = HlU = H12 = H15 = Z, and Hq<SU(4)) = Hq<S3 X 85 X S7,Z).

Example 6.3. Computing homology of the loop space H.(2S™) from the fibration

QS" — PS" = S"  (PS™ is contractible)

d' By — Ey ... are all zero, except the following case (k=1,2,...)

A" B} pne1) = Eo )1

2(n—1

T

Y/ =k(n—-1
Hence H,(Q2S") = iIoa (n )
0 otherwise

~

n
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6 Spectral sequences

Theorem 6.12 (Serre exact sequence). Given filtration F —s E % B where B is

(p—1) connected and F is (q— 1) connected then we have the following exact sequences.
(@) Hyrq 1(F) 5 Hypg 1(E) ™ Hypq 1(B) D Hypg o(F) = - = Hi(F) =0
(b) 0= H(F) = - — H(B) > H(E) S H(F) S HYY(B) — -+ — IPTY(F)

Proof. (a) E}; =0when0<i<por0<j<q = EX=0when0<i+j<p+gq

A

n—1 ¢

Now consider the filtration H,(E) = F,0 D F,-11 D -+ D Fy,. Then when n < p+¢
this filtration reduces to H,(FE) = F,o D Fy, = E;5 implying the exact sequence:

0 — B, % H,(E) 25 B =0

By this and definitions we get the following exact, sequence, whose iteration gives (a)

dn
oo n n oo
0 EXo ER o Egp1—— Egpr — 0
I I I
2 2
En,O EO,n—l . Foun_l
T I bex J

im(ay) — H,(F) T H,(B) o H, 1(F)--+H,_1(E) — ker(5,-1)

Uy

Proof of (b) is similar, when n < p+ ¢ the flitration H*(E) = F%" > Ftr=t 5... 5 pm0
reduces to H*(E) = F%" 5 ™% = E™0 implying the exact sequence:

0— EM - HY(E) — E%" -0
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6.3 Spectral Sequence of Fibration

As above, by splicing this with the following exact sequence gives the proof.

0 E&n_l Eg,n—l T E;L,O Egé() 0
I I I
I Eg,n—l E;”’O o
P
///7 I I P l
H"(E) ------» H" (F) ------ » H*(B) ------- » H'(E)
) T

Theorem 6.13 (Freudental). If X is (n — 1)—connected, and i < 2n — 1 then
mi(X) = i (35X)
Proof. Consider the path space fibration 2X — PX — X.PX is contactable, and since

X is (n — 1) connected QX is (n — 2) connected. Then the Serre exact sequence gives

(6.7)

1 \J/ﬂ

Recall the definition of reduced suspension XX = (X x I)/(X x 0)U (X x 1)U (zg x I).
Denote elements of XX by [z, ], then define the following maps:

Tox xS ooxx
T — (t > [z,1])

From 6.7 it follows Vi < 2n — 2 we have isomorphisms

\/

The composition of the following maps is identity

163



6 Spectral sequences

) iX 7.(.EX
YX — E203X) —— X

id
[z,s] — [ix(x),s] +— |z,s]

t— l(lx, t)

Hence composition in homology is identity. By (6.7) the second map is an isomorphism

when i < 2(n + 1) — 2, so the first map (¥ #¥), is an isomorphism when i < 2n.

(Zi%)s (m>%)s
I I 4
(i%)« .
Hi_l(X) HZ_l(QEX) ( 1 S 2n )

Therefore the middle map of the long exact sequence of the pair X — QXX below

is an isomorphism when ¢ < 2n — 1

Hi 1 (O5X, X) — H;(X) 25 H;(Q5X) — H;(Q5X, X)

Therefore H;(2XX,X) =0 fori<2n-—1
Hence m(QXX,X)=0 fori<2n—-1 =
7TZ<X) = 7TZ<QEX) = 7Ti+1(EX) fori<2n—1
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6.3 Spectral Sequence of Fibration

6.3.1 Spectral Sequence Comparison

Let (E,B,F,7), (E,B,F,7) be two fibrations of CW-complexes with with commuting

maps between them:

—

—
s
—

U:jl < Djl
=]

Then we get a map Eﬁ,q — E;%,q which commutes with dy, which is induced from

the natural map H,(B, H,(F)) — H,(B,H,(F)) = For r > 2 and Vp,q we get maps

E) ,— E,, commuting with d,

o [Epa
Epa
2>
. W
N

Corollary 6.14. Up to isomorphism {EP? d"} is independent of CW structure.

Given a fibration F - E - B, we can compute induced maps i, and m, (or i*, 7¥)
from its spectral sequence by using the spectral sequence comparison. For example,
comparing it to the spectral sequence {'E} /d,} of the trivial fibration F' — F —
(where * is a point), we get 0 ='E2 — E if p > 0, and the commuting diagrams:
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6 Spectral sequences

= r 'Ey, —— Eg, = Hy(F)

au—ﬁwL"q

|

i I I

"By Egy
I i l
H,(F) — Hy(E)

S
|

B

If we compare the fibration to the trivial fibration * — B — B we get:

F—

00 r>>1 r
J J Hq(E) = F,o — Eq70 = E%O — Hq(B)
EFE— B == | m I
J J] Hq(B) = Fo = E(}’,% = Eg,o = Hq(B)
B—

6.3.2 Transgression
Given a fibration 7 : (E, F') — (B, %) the transgression maps 7, and 7* are first defined
(up to indeterminacies) as follows:

n(m(B) =08 <= mn(a)=0(r"(a)) (6.8)
Ta)=p4 i 7(f) =d(a) (6.9)

H,(B) = H,(B, *) «— H,(E,F) —2— H, 1(F)

Ty

HY(F) — B4 (B, F) < H4(B, 5)= H*(B)

7_*
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6.3 Spectral Sequence of Fibration

To make them well defined we have define them in the following quotient groups:
T+ im(my) — H,1(F),0(kerr,)
™ 6 Mim(n*)) — H(B) ker(r*)

Lemma 6.15.
(@) 7o=d" D Enoy = Eg,

. 0,n n+1,0
<b> T*:dn-i-l : EnJrl — En+1

Proof. (Rough sketch) Recall in the old notation (Section 6.2.1) we defined
7 ={a € Cy(EP,EP71) | 0a € Cyy (EP7T)}
So in the new notation of Z}, corresponds to Z;;,, in the old notation, so
Ziy={ae Co(E", E"") | 0a € C,_1(F)}

where E° = p~'(xg) is the fiber F, also d"(a) = da. So the subgroup Ey C E., =
H,(B), consists of classes which are represented by chains in C,,(E) whose boundaries lie

in F'. Then the description of 7, in Section 6.3.1 implies (a). Proof of (b) is similar. [

We say a class in H,(B) (or in H"(F)) is trangressive if 7.(z) (or 7%(z)) is defined.

Proposition 6.16. If x transgressive = Sq¢'(x) is transgressive

Proof. y € 7(z) = Sq'(y) € 7(Sq¢'(x))

H™(F) SN H""Y(E, F) sl H" (B, )
Sq¢'(m*(y)) = Sq'(0z)
lfyer(zx) = 7*(y) =dr = I I = 7(5¢'(x)) = S¢'(y)

m(Sq'(y) 0S¢ (%))
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6 Spectral sequences

6.3.3 Applications of spectral sequence comparison

Spectral sequences as purely algebraic objects. The spectral sequences E = {EP? P}
we obtained from fibrations has the property E?? =0 when p < 0 or ¢ < 0 (i.e they are
first quadrant spectral sequences), and E2? = E2° @ E39 (at least when we used field

cefficent cohomology groups). Call such a spectral sequence standard spectral sequence.

Theorem 6.17. Let E = {EP} and E = {EP?} be standard specral sequences, and
let f: E — E be a homomorphism, then

pa . g0 =, pa y

(a) /> 2 2 V4 = P9 4s isomorphism ¥r > 2, ¥(p,q)
(b) EX? = ELI =0, V(p,q) # (0,0)

Proof. Clearly if f2° is isomorphism for all p and (a) implies f29 is isomorphism ¥(p, ¢),

and hence fP? is = for all » > 2. So we only need to show f; ¥ is isomorphism Vp.

We proceed by induction on p. Assume f5° = Vs < p (so f3? and hence f59is =)
Also note that for 7 > p and r > 2 we have EP¥ = EP0 = (0 = EP0 = EPO,

p—r,r—1 dgimnil p,0 df’o p+r,—r+1
0=FErrr L% ppo &, prinortl — g

[aY)

Hence in this range fP° is =. Now we do downward induction on r, i.e. show that

77 is an isomorphism = fP° is an isomorphism . We have a commuting diagram

0 — im(dr"Y) — EP° — EFX — 0
Lpee Lt =L
0 — im(dp"") — EP — EPI - 0

From this diagram we see that we have a mapping f° : im(d?2=""1) — im(d?~"""1),
which in fact must be an isomorphism by induction. Then by appying 5—Lemma to this
diagram we conclude that fP° is an isomorphism.

]
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6.3 Spectral Sequence of Fibration

Definition 6.18. We say a graded ring R is generated by simple set of generators
{a1,a2,a; ...} if the monomials form {a; a;,...a;, | i1 < iy < --- < i} an additive basis

for R. For example, {7} is a simple set of generators for R = Zo[x1, o, . . .|

Theorem 6.19 (Borel). Given a fibration ' — E — B where E is cyclic. Suppose
H(F;Zsy) as a ring generated by a simple set of transgressive generators {x,}, then

H*(B,Zs) is the polynomial ring generated by {1(z4)}.

Proof. Let E be the given spectral sequence of this fibration, we will algebraically con-

struct a spectral sequence E and a map f : £ — E and then apply comparison theorem.

Let A = A[{z4}] be an exterior algebra with deg(z,) = deg(z,), and P = Zs[{ya}]
be a polynomial algebra with deg(y,) = deg(z,) + 1. Let C' = P ® A, with (degree 1)
differential 0 : C' — C' defined by, 6(y ® z4) = yya ® 1 and §(y ® 1) = 0. C'is filtered by

C? =@, PP QA

1>p

This gives a spectral sequence F wih EY? = PP ® A? and E2? = 0 Y(p, q) # (0,0)
Define f : E — E by defining the following ring homomorphisms:

;0 P — H*(B, Z) Yo = T(T4a)
37*1/\—>H*(F,Z2) V7 P Gl /7 PN 7]

T

and let f24 = 2w 2. Inductively after defining f, define f,,1 by requiring that f, 4
be induced by f,.. This is possible since f.d, = d,f, (check this by using 6.6 and ising the

fact that z, is transgressive). Now apply the Theorem 6.17 and get a ring isomorphism

50 P — H*(B;Zy) O

Definition 6.20. A multi-index I = (iy,49,...4,) € Z'_is called admissable if it satisfies
i > 2y, iy > 2ig,...0.—1 > 2i,. Let d(I) =11 + i3+ -+ + ., and define the excess of I to
be

e(I) = (iy — 2ia) + (i2 — 2i3) + -+ - + (4—1 — 20,) + 4, = 24y — d(I)
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6 Spectral sequences

Corollary 6.21. H (K (Zs,q),Z2) = Z2[Sq'(i,)], where I runs through admissible se-
quences with e(I) < q.

Proof. We prove this by induction on ¢, by using the path space fibration with con-
tractible total space

By induction H*(K(Za,q),Z2) = 7Zs|z;], where z; = Sq’(i,) are classes of dimension
a; = d(I)+q for some admissable I with e(/) < ¢. In the fibration 6.10 the transgression

maps fundamental classes to each other. 7(i;) = i,4+1. then since

()* = Sq“(z)
()7 = S¢*9Sq% (z)
(z))¥ = Sq¢¥ %8¢ "% ... Sq% (z) = Sq’(z)
where J = (2" 'a;,2"%a;, ..., 2a;,a;). So by 6.16 {27} is a simple system of transgras-
sive generators of H*(F'; Zs). So by Theorem 6.19 H*(B;Zs) is a polynomial algebra:
H*(B; Zy) = Lo[{7Sq” 2j}] = La[{Sq’7(+")}] = Za[{Sq”Sq" (ig+1)}]
The following Lemma finishes the proof O

Lemma 6.22. When I runs through admissible sequences with e(I) < q = JI runs
through all admissible sequences with e(I) < q+ 1.

Proof. We construct bijection by first defining ¢(I) = J.I (clearly JI is admissible),

then by constructing its inverse .

7 ‘ I admissible g 7 ‘ J admissible
e(l) <q b e(J)<qg+1

This is left as an exercise. O
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Chapter 7

Postnikov and Whitehead towers

Let us first review some basic facts:
e Let X % X' = X U, e"*!. Then

Lo m(X) — mp(X') for k <n

2. surjective for k =n
e Given X, thereisi: X — Y = X U (n + 1)-cells such that

1. m(X) ', 7,(Y') is isomorphism for k < n

2. m(Y)=0
By using this we can construct spaces

Y, = Xuetu---=K(m,1)

0 i>n+1
Y, = XUe"™ ... suchthat m;(Y,) = -

mot=1,2,...,n
Here, Y, is obtained by killing off homotopy of X in dim > n + 1.
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7 Postnikov and Whitehead towers

Constructing Y,,_; from Y,,: We can obtain Y,,_; by killing the homotopy of Y,, in
dim > n, since Y,,_; = Y, Ue"t U.... we have inclusions, X C Y, CY,_; C--- C Y.
Postnikov tower is a process of converting these inclusions to fibrations. For this we

need to review some basic facts about fibrations:

Remark 7.1. (1) Given a fibration p : F — B and a map f : X — B consider the
pullback fibration (X, E’) and a map g : Y — X. Then g has a lifting h: Y — £’

if fogo~ =
2
h _--FE - 3 E
hEi lp
Y g X 7 B

To see this, write E' = {(x,¢) | f(x) =p(e)} C X x E, then use HLP to lift fog
tohg:Y — E withpohg=fog. Thenlet h=gxhg:Y - FE C X x E.

(2) Let & = (E,p, B, F) be a fibration and F' (n — 1)-connected. Then exists ip €
H"(F;m,F), which transgresses: 7(ip) € H"(B; m,F') ()called characteristic class).

(3) Consider the path space fibration K(m,n) — E — K(m,n+ 1), where E ~ %
7 H'(K(m,n);7) — H"7 (K (m,n + 1); 7)

w W
in 77777777777777 7 In+l
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7.1 Postnikov Tower

Then the induced Serre exact sequences imply f*(in+1) = 74(in) (When defined)

*
Tp

— H"(K(m,n)) —— H""Y(K(m,n + 1)) p_} H"tH(E)
R
— HY(K (7, n)) ———— H"H(X) ——— H" (B

7.1 Postnikov Tower

Let X be (n — 1)-connected (n > 2), call m; = m;(X), we construct a tower, such that

F,— X ———— X, = K(m,,n) ---+> K(Tpi1,n + 2)

Xm+1
m
X K(mtmy1,m +2)
Pm+1
. : homotopy
commutative
Xn+1
Pn+1
k

f

e p,~ on m fori<m
o m;(X,,) =0 for i >m
e X, is induced by some k,, € H™(X,,, 7,;1) (called the haracteristic element)

Ezistance: Start by f: X — K(m,,n) := X,, which is isomorphism on 7; for all i < n.
Then make f a fibration, and let F}, be the homotopy theoretical fiber of f. Then by
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7 Postnikov and Whitehead towers

the homotopy exact sequence of fibration F;, LI QRN X,, with fiber F), satisfying
mi(F,) = m for i > n+ 1 and m;(F,) = 0 for i < n. Then pick the identity element

in € HnH(Fn, 7Tn+1) = Hom(HnH(Fn), 7Tn+1) = Hom(ﬂn+177rn+1)

and define k, = 7(i,) € H"™(X,,, T,11), by the Serre exact sequence (Theorem 6.12)

*

NN Hn+1<Fn, 7Tn+1) L Hn+2(Xn; 7Tn+1) L Hn+2(X, 7Tn+1) — ...

so f*(k,) = 0. By considering the homology class as a map k, : X,, = K(m,11,n+2) we
get a null homotopy k, o f ~ *. By Remark 7.1 (1) this implies that f lifts to the total
space of the fibration X,,;1 — X, induced by the map k,, from the path space (universal)
fibration K (m,11,n+1) = %« — K(m,41,n+2). Call this lifting g : X — X,,41. Usually
this total space X, is denoted by X, 11 = K(m,,n) Xy, K(m,11,n+ 1).

induced fibration

<
K= K(mp,n+1) —— Xyyp ---------- b ok
7 M
//s g//” pl l
Fy ——— X - X, K(Tni1,n+2)
Jn f k,,

We claim that g can be chosen so that gy : mi(F,) — m;(X,41) for i <n + 1. Note

that the claim implies the existence of Postnikov tower (by iterating this process). [

Proof of Claim: e Notice that since g(f~'(z)) C p~'(), the map g maps fibers to
fibers F,, = K(mu41,n + 1). Call this restriction map s : F,, — K(m,41,n + 1),
which can be considered s € H**(F,, m,,1). For brevity call K = K(m,.1,n+1).

e By construction fundamental class i,,; € H"™(K) transgress to k,, by naturality

s € H'WH(F,) transgress k,; and also by definition 7,,, € H"*'(F,) transgress k.
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7.1 Postnikov Tower

e Since 7(in11) = 7(5), 5 = iny1+75 () for some o € H"™ (X, 7,,1) (Serre sequence).

induced fiber space

3
K =K(mp1,n+1) = K(m,41,n+ 1)

e |

F"/ ?Xn—&-l *************** > %
JIn /,/g"’// pl J
X T K(mn,n) = X, S K(ps1,n+2)

The pull-back fibration K — X,,.; — X, is a principal fiber space with the action
0: Xy xK — X, of K = QK (m,41,n42), by loop multiplication, which corresponds

to addition in H"*!(F,,, 7,,,1). Now we can redefine g as g’ by

o7 9 RN
-7 ~A
g/:XHXn+1XKT>Xn+1

a: X — K since « € H""(X,7,,1). Thus pg = pg = f, and recall s = g|g,. So

s=pol(s,—jia)=s—j(a) =iyy1. This implies that the map ¢’ is = on m,.;. O

Remark 7.2. Postnikov decomposition is usually called the atomic decomposition in
homotopy theory, where K (7, n)’s corresponds atoms, which are glued together by k,’s

to make molecules. That is, every (n — 1)-connected space X has the decomposition.

X ~ K(mp,n) X, K(mpi1,n+1) X, K(Tpq1,n+ 1)
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7 Postnikov and Whitehead towers

7.2 Whitehead Tower

Let X be a connected space. The Whitehead tower is the following fibrations, such that
X, «— K(mp,n—1)

(i) me(X,) =0 for k<n

(i) me(Xn) — 7r(X) for k>n+1

Xz —— K(m,1) K(mp,n—1) —— X,

(iii) J is a fibration.

X, +—— K(m,0) X,

X

Constructing X,, from X,,_;:

Proof. First construct K (m,,n) by attaching cells to X,,_;
K(mp,n) = X, Ue" U, ..

Xp={0:1— K(my,n) | 0(0) =%, 0(1) € X,,_1}

The map o — (1) gives a fibration X,, — X,,_; fitting into pullback diagram:

QK (mp,n) — K(mp,n —1)

| |
J |

X1 —— K(m,,n)

Homotopy exact sequence of fibration implies 7, (X,,) = m,_1(X,,) =0
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7.2 Whitehead Tower

0— (X)) — m(Xp1) i Tn_1(QK (m,,n)) — 7 1(X,) — 0
induction — !l 2l
T T

0 —— T (K (7, n)) % T 1 (UK (m,n)) — 0

S

Tn(Xno1) ——— 1 (QK (m,n)) — 0

mi(Xpo1) fi>n+1
0 ifie<n

Therefore m;(X,,) =

Example 7.1. m,(S%) = Zy and 75(S®) = Zy. Consider Whitehead tower.

K(m4,3) —— Xy <---- A-connected
K(Z,2) = K(73,2) — X3 <---- 3-connected
53

By using homotopy exact sequence fibrations and Hurewicz theorem we calculate:

74(S?) & 1y (X3) = Hy(X3) =& Zy
7T5(Sg> = 7T5(X3) = 7T5(X4) = H5(X4) = ZQ

We calculate the last isomorphisms by the spectral sequence of corresponding fibrations.
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do(23) = nalh tdy(zg) = nah tus

K(Z,2)

o
(]

=

~

10

11

H'(X3)

Lo

L

Ly

ZLs

Hence 74(S%) = Zy. To calculate H5(X,) we we can use the homology spectral se-

quence of the fibration K(Zs,3) — X4 — X3. Since Xy is 4-connected.

= ds and dg: ESy =Ty — Ly = ES;

dy Eio =7y — Ly = Ej4

Hence Hs(X,) = Z,, and so 75(S%) =2 Zy. Here we used H®(K(Zs,3)) = Zs.

5 oZ2
3 oZ2

4322 6=Z3 » X3
H'(X4)
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Hy(K(Z,3)) =0

H5 (K (Z2,3))

Ly

}



7.2 Whitehead Tower

From the spectral sequence of fibrations RP® = K(Zy,1) — x — K(Zs,2) and
K(Z2,2) — x — K(Zs,3) we can easily compute Hy(K(Z2,3)) = H3(K(Za,5)) = Zs.

Alternatively, we can also compute 74(S®) = Zy by using the Postnikov tower of S®.
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