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Preface

These notes, which I claim no originality, are compiled from many sources for the purpose
of understanding geometric structures on manifolds. In recent years the differential
geometric and analytic techniques have become topologists’ tool as well. These notes
are heavily influenced by many papers and books I red, and wonderful lectures I attended
in the course of many decades most notably by S.S. Chern, B. Lawson and C.Taubes.
While I have been working on the “4-Manifolds” book project, it has become clear that
supplementing it with the notes of this type would be beneficial for understanding some
of the constructions there (especially the part about the Seiberg-Witten invariants).
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Chapter 1

Differential forms

1.1 Derivations

Let M be a smooth manifold. Let T 0
0 (M) = C∞(M) and consider the bundles

T pq (M) := (⊗pTM)⊗ (⊗qT ∗M) −→ M

Λq(M) := ΛqT ∗(M) −→M

The sections of T pq (M), and Λq(M), are called (p, q)-tensors, and q-forms, respectively.

Γpq(M) = Γ(T pq (M))

Ωq(M) = Γ(Λq(M))

Γp(M) := Γ0
p(M)

We have the projection operator P : Γp(M) −→ Ωp(M) ⊂ Γp(M)

P (θ1 ⊗ · · · ⊗ θp) =
1

p!

∑

σ∈Sp

Sgn(σ)θs1 ⊗ · · · ⊗ θσp

Define θ1 ∧ · · · ∧ θk = P (θ1 ⊗ · · · ⊗ θk). P has the properties:

(1) P is linear and onto

(2) Pf = f for f ∈ Ωk(M)

(3) P 2 = P
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1 Differential forms

Definition 1.1. A contraction is the map cij : T
p
q (M) −→ T p−1

q−1 (M) given by

cij(X1 ⊗ · · · ⊗Xp ⊗ ω1 ⊗ · · · ⊗ ωq)
= ωj(Xi)(X1 ⊗ · · · X̂i · · · ⊗Xp ⊗ ω1 · · · ω̂j · · · ⊗ ωq)

Definition 1.2. A linear map D : Γ∗
∗(M) −→ Γ∗

∗(M) is a derivation if

(1) D(Γpq(M)) ⊂ Γpq(M)

(2) D(T1 ⊗ T2) = (DT1)⊗ T2 + T1 ⊗ (DT2)

(3) D ◦ cij = cij ◦D for each contraction cij

Lemma 1.3. A derivation is determined by its restrictions to Γ0
0(M), Γ1

0(M)

Proof. D is determined on Γ0
1(M) = Γ(T ∗M): Let ω ∈ Γ0

1(M), then for Y ∈ Γ1
0(M)

D(ω(Y )) = D(c11(Y ⊗ ω)) = c11(D(Y ⊗ ω))

= c11(D(Y )⊗ ω + Y ⊗D(ω))

= ω(D(Y )) +D(ω)(Y )

Hence D(ω)(Y ) = D(ω(Y ))− ω(D(Y )) is determined, and similarly

D(Y1 ⊗ · · · ⊗ Yr ⊗ θ1 ⊗ · · · ⊗ θs) is determined by (2)

2

Any diffeomorphism f : M → M induces f∗ : Tp(M) → Tf(p)(M). This extends
f ∗ : Γ0

s(M)→ Γ0
s(M) by ω → f ∗(ω), and f ∗ : Γ∗

0(M)→ Γ∗
0(M) by

f ∗(Y ) = (f−1)∗(Y )

Hence, any diffeomorphism f :M →M induces f ∗ : Γrs(M) −→ Γrs(M).

4



1.2 Lie derivative

1.2 Lie derivative

Let X ∈ Γ1
0(M) and let ϕt : M −→ M be the local 1-parameter group of diffeomor-

phisms. Then the Lie derivative LX : Γrs(M) −→ Γrs(M) of X is defined by

LX(α)p = lim
t−→0

1

t
[ϕ∗
t (α)− α]

=
d

dt
ϕ∗
t (α)|t=0

Remark 1.4. τ ∈ Γrs(M) is invariant under ϕt, i.e. ϕ
∗
t (τ) = τ ⇐⇒ LX(τ) = 0.

Proposition 1.5. LX satisfies the following

(1) LX is a derivation

(2) LX(f) = X(f) for f ∈ C∞(M)

(3) LX(Y ) = [X, Y ]

Remark 1.6. By the Lemma 1.3, properties (1), (2), (3) uniquely determine LX

Proof. Write f ◦ ϕt(x) = f(x) + tgt(x)

(2) LX(f) =
d

dt
ϕ∗
t (f)|t=0

=
d

dt
ϕt(f)|t=0 = X(f)

def

In particular g0 = X(f).

(3) LX(Y )p = lim
t−→0

1

t
[ϕ∗
t (Y )p − Yp]

= lim
t−→0

1

t
[(ϕ−t)∗Yϕt(p) − Yp]

= lim
t−→0

1

−t [Yp − (ϕ−t)∗Yϕt(p)]

= lim
h−→0

1

h
[Yp − (ϕh)∗Yϕ−h(p)]
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1 Differential forms

LX(Y )p(f) = lim
h−→0

1

h
[Yp(f)− Yϕ−h(p)(ϕh ◦ f)]

= lim
h−→0

1

h
[Yp(f)− Yϕ−h(p)(f)]− lim

h−→0
Yϕ−h(p)(gh)

= lim
k−→0

1

k
[Yϕk(p)(f)− Yp(f)]− YpX(f)

= (XY − Y X)(f) = [X, Y ](f) 2

Definition 1.7. Let L = X ⊗ ω ∈ Γ1
1(M). Then ∀ p ∈ M Lp can be considered as a

linear map Lp : Tp(M) −→ Tp(M), and hence it extends uniquely to a derivation

L∗ : Γpq(M) −→ Γpq(M)

Proposition 1.8. Every derivation D : Γrs(M) −→ Γrs(M) can be decomposed as the
sum D = LX + L∗, where L ∈ L′

1(M), and X is a vector field.

Proof. On Γ0
0(M) = C∞(M) we have

D : C∞(M) −→ C∞(M)

(1) D(af + bf) = aD(f) + bD(g) a, b ∈ R

(2) D(fg) = D(f)g + fD(g)

Hence D(f) = X(f) for some X ∈ Γ1
0(M). Let D′ = D −LX then for Y ∈ Γ1(M)

D′(fY ) = (D′f)Y + f(D′Y ) = f(D′Y )

So D′ is C∞(M)-linear on Γ1(M). Let D′|Γ1(M) = L, then D′ = L∗ since D′ and L∗

agree on Γ0
0(M) and Γ1

0(M). 2

Definition 1.9. A linear D : Ω∗(M) −→ Ω∗+r(M) is a derivation of degree r if:

D(ω1 ∧ ω2) = D(ω1) ∧ ω2 + ω1 ∧D(ω2)

D is a skew derivation of degree r if for ω1 ∈ Ωp(M) it satisfies:

D(ω1 ∧ ω2) = D(ω1) ∧ ω2 + (−1)pω1 ∧D(ω2)

6



1.2 Lie derivative

Example 1.10. (iXω)(Y1, . . . , Y0) = ω(X, Y1, . . . , Y0).

Any (skew) derivation is determined by its action on Ω0(M) = C∞(M) and Ω1(M).

Proposition 1.11. Let D,D′ be derivations of degree d, d′ and S, S ′ be skew-derivatives
of degree s, s′. Then

(a) [D,D′] = D ◦D′ −D′ ◦D is a derivation of deg d+ d′

(b) [D,S] is a skew derivation of deg d+ s

(c) S ◦ S ′ + S ′ ◦ S is a derivation of deg s+ s′

Example 1.12. Three natural derivations of Ω∗(M) are:

(1) Exterior derivative d = skew derivation of degree 1

(2) Lie derivative LX = derivation of degree 0

(3) Interior differentiation iX = Xy = skew derivation of degree −1

Proposition 1.13. There is a unique skew derivation d : Ω∗(M) −→ Ω∗(M) of degree
1 satisfying

(1) d(f) = df ∀ f ∈ Ω0(M) = C∞(M)

(2) d2 = 0

Proposition 1.14. The derivation LX : Γk(M) −→ Γk(M) descends to a derivation
LX : Ωk(M) −→ Ωk(M) such that the following commutes:

Γk(M)
LX−→ Γk(M)

↓ P ↓ P

Ωk(M)
LX−→ Ωk(M)

where P is the usual projection, P 2 = P . Also d ◦LX = LX ◦ d, i.e. it commutes with d.

7



1 Differential forms

Proof. For ω ∈ Ωk(M) we claim:

(LXω)(X1, .., Xk) = X(ω(X1, .., Xk))−
∑

ω(X1, .., Xi−1, [X,Xi], Xi+1, .., Xk) (1.1)

It suffices to check this on Ω0(M) and Ω1(M) and show both side is a derivation

On Ω0(M) = C∞(M), LX(f) = X(f)

On Ω1(M), (LXω)(Y ) = X(ω(Y ))− ω[X, Y ]
The last line follows from c11(LX(Y ⊗ ω)) = LXc11(Y ⊗ ω)

Hence LX(ω(Y )) = c11(LX(Y )⊗ ω + Y ⊗ LX(ω))

= ω(LX(Y )) + LX(ω)(Y )

It is a derivation so the result follows. Also d ◦ LX = LX ◦ d. since ϕ∗
t ◦ d = d ◦ ϕ∗

t and

LX(ω) = lim
t−→0

1

t
[ϕ∗
t (ω)− ω] 2

Proposition 1.15. LX : Ω∗(M) −→ Ω∗(M) is the unique derivation which commutes
with d.

Proof. If D : Ω∗(M) −→ Ω∗(M) is any such derivation then D : C∞(M) −→ C∞(M) is
a derivation ∴ ∃ X ∈ Γ1(M) with Df = X(f) for all f ∈ C∞(X). Let D′ = D − LX

D′ ≡ 0 on Ω0(M)

It suffices to show D′ ≡ 0 on Ω1(M). Let ω ∈ ω1(M), ω = f · dg (locally ω =
∑
aidX

i)
where f, g ∈ C∞(M)

D′(ω) = D′(f · dg) = D′(f)dg + fD′(dg) = fD′(dg) = fdD′(g) = 0

Proposition 1.16. (1) LX = d ◦ iX + iX ◦ d (Cartan formula)

(2) dα(X0, .., Xp) =
∑

(−1)iLXi
(α(X0, . . . , X̂i, .., Xp))

+
∑

i<j(−1)i+jα([Xi, Xj], X0, .., X̂i, .., X̂j, .., X̂p)
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1.2 Lie derivative

Example 1.17. dα(X, Y ) = X0(α(X1))−X1(α(X0))− α[X0, X1]

Proof. Check that both sides are derivations, and evaluate them on Ω0(M) and Ω1(M),
by recalling iX(f) = 0 and iX(ω) = ω(X)

Remark 1.18. We can alternatively define Γ1(M) as the C∞(M)-module:

Γ1(M) = {Linear maps X : C∞(M) −→ C∞(M) | X(fg) = X(f)g + fX(g)}

Γ1(M) = {C∞(M)-linear maps Γ1(M) −→ C∞(M)}
For example ω ∈ Γ1(M) gives the map X 7−→ {p ∈M 7−→ ωp(Xp)}

Γrs(M) = {C∞(M)-multilinear maps

Γ1(M)× · · · × Γ1(M)︸ ︷︷ ︸×Γ1(M)× · · · × Γ1(M)︸ ︷︷ ︸ −→ C∞(M)}
r s

Ωp(M) = {skew symmetric C∞(M)-multilinear maps

Γ1(M)× · · · × Γ1(M)︸ ︷︷ ︸ −→ C∞(M)}
p− times

Γ((T pqM)∗ ⊗ T rs (M)) = {C∞(M)-multilinear maps Γpq(M) −→ Γrs(M)}

Remark 1.19. The map Γ1(M)× Γ1(M) −→ Γ1(M) given by

(X, Y ) 7−→ [X, Y ]

is not a tensor since [fX, gY ] = fg[X, Y ] + f(Xg)Y − g(Y f)X 6= fg[X, Y ]

Definition 1.20. A metric on a smooth manifold M is a 2-tensor g ∈ Γ0
2(M), which

is positive definite and symmetric i.e. g(X, Y ) = g(Y,X), and g(X,X) > 0 whenever
X 6= 0. Evaluation of g on vector fields X, Y is denoted by

g(X, Y ) = 〈X, Y 〉

Evey smooth M admits a metric g (define it locally piece it together with partition of
unity). A manifold with a metric (M, g) is called a Riemanian manifold.
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1 Differential forms

1.3 Covariant differentiation

Definition 1.21. A connection on TM →M is an R-bilinear map

Γ(TM)× Γ(TM) −→ Γ(TM)

(X, Y ) 7→ ∇X(Y ) satisfying :

(1) ∇fX(Y ) = f∇X(Y )

(2) ∇X(fY ) = (Xf)Y + f(∇XY )

where f ∈ C∞(M). Therefore a connection is a C∞(M)-linear map

Γ1(M) −→ {Derivations of Γ1(M)}
X 7−→ ∇X

Definition 1.22. A connection is called torsion free if the following tensor is zero

T (X, Y ) = ∇XY −∇YX − [X, Y ]

Theorem 1.23. (Levi-Civita connection) Every Riemannian manifold (M, g) has a
unique torsion free connection consistent with the metric, i.e.

X〈Y, Z〉 = 〈∇XY, Z〉+ 〈Y,∇XZ〉

Proof.

X〈Y, Z〉 = 〈∇XY, Z〉+ 〈Y,∇XZ〉

Y 〈Z,X〉 = 〈∇YZ,X〉+ 〈Z,∇YX〉 = 〈∇YZ,X〉+ (〈Z,∇XY 〉+ 〈Z, [Y,X ]〉)

Z〈X, Y 〉 = 〈∇ZX, Y 〉+ 〈X,∇ZY 〉 = (〈∇XZ, Y 〉+ 〈[Z,X ], Y 〉) + (〈X,∇Y Z〉+ 〈X, [Z, Y ]〉)

Subtracting the third line from the sum of first two lines gives

X〈Y, Z〉+ Y 〈Z,X〉 − Z〈X, Y 〉 = 2 〈∇XY, Z〉+ 〈Z, [Y,X ]〉 − 〈X, [Z, Y ]〉 − 〈Y, [Z,X ]〉

So 2 〈∇XY, Z〉 = X〈Y, Z〉+ Y 〈Z,X〉−Z〈X, Y 〉 − 〈X, [Y, Z]〉+ 〈Y, [Z,X ]〉+ 〈Z, [X, Y ]〉
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1.3 Covariant differentiation

Proposition 1.24. Let (M, g) be a Riemannian manifold. In local coordinates write:

g =
∑

gij dx
i ⊗ dxj , X =

∑
aj

∂

∂xj
, Y =

∑
bk

∂

∂xk
=⇒

∇X(Y ) =

n∑

i=1

(

n∑

j=1

aj
∂bi

∂xj
+

n∑

j,k=1

Γijka
jbk)

∂

∂xi

where Γijk are defined by D ∂

∂xj
(
∂

∂xk
) =

∑

i

Γijk
∂

∂xi
. If we call ∂kgij =

∂

∂xk
(gij) then

Γijk =
1

2

n∑

ℓ=1

gli(∂jgkl + ∂kglj − ∂lgjk) , where (gjl) = (gjl)
−1

Proof. Γijk = Γikj since [ ∂
∂xj
, ∂
∂xk

] = 0 By the previous proposition

2g〈∇ ∂

∂xj
(
∂

∂xk
),

∂

∂xi
〉 = ∂

∂xj
g〈 ∂
∂xk

,
∂

∂xi
〉+ ∂

∂xk
g〈 ∂
∂xi

,
∂

∂xj
〉 − ∂

∂xi
g〈 ∂
∂xj

,
∂

∂xk
〉

2gℓiΓ
ℓ
jk = ∂jgki + ∂kgij − ∂igjk

Γijk =
1

2

n∑

ℓ=1

gli(∂jgkl + ∂kglj − ∂lgjk)

Let ∇ : Γ(TM) −→ Γ(TM ⊗ T ∗M) be a connection on TM , and X ∈ Γ1(M) then

∇X : Γ(TM) −→ Γ(TM)

extends by the rules of derivation to any tensor field: ∇X : Γrs(M) −→ Γrs(M)

(1) ∇X ◦ cij = cij ◦ ∇X

(2) ∇X(S ⊗ T ) = ∇X(S)⊗ T + S ⊗∇X(T )

11



1 Differential forms

For example, ∇X : Γp(M) −→ Γp(M) then

(∇XS)(X1, .., Xp) = X(S(X1, .., Xp))−
p∑

i=1

S(X1, .., Xi−1,∇X(Xi), .., Xp) (1.2)

In paticular if θ ∈ Γ1(M), then (∇Xθ)(X1) = Xθ(X1)− θ(∇X(X1)) because

c11∇X(X1 ⊗ θ) = c11(X1 ⊗∇Xθ +∇X(X1)⊗ θ) = (∇Xθ)(X1) + θ(∇X(X1))

∇Xc11(X1 ⊗ θ) = ∇X(θ(X1)) = Xθ(X1)

Define ∇ : Γpq(M) −→ Γpq+1(M) by

(∇T )(ω1, . . . , ωp1, X1, . . . , Xq+1) = (∇X1T )(ω
1, . . . , ωp1, X2, . . . , Xq+1)

Proposition 1.25. Let (M, g) be a Riemannian manifold and X,X1, . . . , Xp ∈ Γ1(M),
and ω ∈ Ωp(M). Then for S ∈ Γ0

p(M) we have:

(a) (LXS)(X1, .., Xp) = (∇XS)(X1, .., Xp) +
∑p

i=1 S(X1, .., Xi−1,∇Xi
(X), .., Xp)

(b) dω(X0, X1, .., Xp) =
∑p

i=0(−1)i∇Xi
ω(X0, .., Xi−1, X̂i, Xi+1, .., Xp)

Proof. (a) follows from (1.1) and (1.2), and (b) follows from Proposition 1.16, or from a
direct calculation.

Lemma 1.26. Let ∇ be the connection on TM∗ induced by the Levi-Cevita connection,
then the following commutes

Γ(T ∗M)
∇−→ Γ(T ∗M ⊗ T ∗M)

dց ↓ P (projection)

Γ(Λ2T ∗M)

Proof.

∇Y c11(X ⊗ θ) = c11∇Y (X ⊗ θ)

= c11(∇Y (X)⊗ θ +X ⊗∇Y (θ))

∇Y (θ(X)) = θ(∇YX) + (∇Y θ)(X)

So (∇Y θ)(X) = Y (θ(X))− θ(∇Y (X))
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1.4 Curvature of a Riemanninan manifold

dθ(Y,X) = Y (θ(X))−X(θ(Y ))− θ[Y,X ]

= Y (θ(X))−X(θ(Y ))− θ(∇YX −∇XY )

= Y (θ(X))− θ(∇YX)− (X(θ(Y ))− θ(∇XY ))

= (∇Y θ)(X)− (∇Xθ)(Y )

= ∇θ(Y,X)−∇θ(X, Y )

= P∇(θ)(Y,X)

Definition 1.27. Let (M, g) be a Riemaninan manifold, define the “adjoint”

d∗ : Ωp+1(M)→ Ωp(M)

by the equation 〈dα, β〉 = 〈α, d∗β〉, for all α ∈ Ωp(M) and b ∈ Ωp+1(M)

Remark 1.28. Let (M, g) be a Riemannian manifold and {e0, .., em} be local orthonor-
mal basis of vector fields in Γ1(M) and {e1, .., em} the dual basis of 1-forms, then

dω =

m∑

i=1

ei ∧ ∇ei (1.3)

d∗ω = −
m∑

i=1

ei y∇ei (1.4)

1.4 Curvature of a Riemanninan manifold

Definition 1.29. Let (M, g) be a Riemanian manifold, and ∇ be the LeviCevita con-
nection. For vector fields X, Y, Z ∈ Γ1(M) we define the curvature R by

R(X, Y )Z = ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z

R(X, Y ) = [∇X ,∇Y ]−∇[X,Y ]

13



1 Differential forms

It follows from the definition that, R is a C∞(M)-multilinear map

Γ1(M)× Γ1(M)× Γ1(M) −→ Γ1(M)

We can view (X, Y ) 7→ R(X, Y ) as an endemorphism valued 2-form R ∈ Ω2(End(TM))
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Chapter 2

Principal Bundles

Definition 2.1. Let G be a Lie group. A principal G-bundle P
π−→ X, over a smooth

manifold X, is a smooth manifold P along with a map π such that, there is an open
covering U = {Uα} of M satisfying:

(a) For each x ∈ X, π−1(x) is a lie group which is isomorphic to G.

(b) There is a free action P × G → P , (p, g) 7−→ pg (free means pg = p ⇔ g = 1).
This action commutes with π, i.e. π(pg) = π(p).

(c) For each α, there is a diffeomorphism hα, making the following commute:

P |Uα := π−1(Uα)
hα−→ U ×G
≈

π ց ւ π1

U

(π1 is the projection to the first factor). Furthermore hα commutes with G-action,
that is if hα(p) = (π(p), h̄α(p)) then hα(pg) = (π(p), h̄α(p)g), i.e., h̄α(pg) = h̄α(p)g.

In short we can denote the principal bundle by P = {Uα, hα}. For example,M×G→
M is a principal G bundle by the obvious left multiplication of the second factor. Also,
if H is a closed subgroup of G, then the quotient map G → G/H gives a principal
H-bundle, by the obvious left action by H . The following are more nontrivial examples.
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2 Principal Bundles

Example 2.2. The Hopf fibration S3 π−→ S2 is a principle G = S1-bundle, where

S3 = {(u, v) ∈ C2 | |u|2 + |v|2 = 1}

S1 = {eiθ ∈ C | 0 ≤ θ ≤ 2π}

S1 acts by ((u, v), eiθ) 7−→ (ueiθ, veiθ) and

π(u, v) = (2uv̄, |u|2 − |v|2) ∈ C× R = R3

Notice in particular, π takes S3 to the unit sphere S2 in R3, and π(ueiθ, veiθ) = π(u, v).

h−1
± : C× S1 −→ S3

h−1
+ (z, eiθ) =

1

(1 + |z|2)1/2 (ze
iθ, eiθ)

h−1
− (w, eiθ) =

1

(1 + |w|2)1/2 (e
iθ, weiθ)

From this we can check that the following commutes (the same holds for h−).

(z, eiθ)
h−1
+−→

(
z√

1 + |z|2
eiθ,

1√
1 + |z|2

eiθ

)
∈ S3

↓ ւ ↓ π

z ←−
(

2z

|z|2 + 1
,
|z|2 − 1

|z|2 + 1

)
∈ S2

stereographic
projection

(2.1)

The two stereographic projections and their inverses give two charts of S2:

(u, v, w) 7−→
(

u

1− w,
v

1− w

)
= z

z = (x, y) 7−→ 1

1 + |z|2 (2z, |z|
2 − 1)





+

16



(u, v, w) 7−→
(

u

1 + w
,
−v

1 + w

)
= z

z = (x, y) 7−→ 1

1 + |z|2 (2z̄, 1− |z|
2)




−

Hence we have S2 ≈ C ∪ C/ ∼, with the identification z ∼ 1/z on C− {0}.
When h−1

+ (z, eiθ+) = h−1
− (w, eiθ−), we compute from the identities

z√
1 + |z|2

eiθ+ =
1√

1 + |w|2
eiθ−

1√
1 + |z|2

eiθ+ =
w√

1 + |w|2
eiθ−

⇒ (z, eiθ+) = (
1

w
,
w

|w|e
iθ−)

z

(u,v,w)

Figure 2.1: Stereographic projection

Example 2.3. Hopf fibering S7 π−→ S4, with G = SU(2) = Sp(1) = S3:

S7 = {(u, v) ∈ H2 | |u|2 + |v|2 = 1}

S3 = {g ∈ H | |g| = 1}

where H ∼= R4 denotes the quaternions, and the action of S3 is given by:

(g, u, v) 7−→ (ug, vg)

π(u, v) = (2uv̄, |u|2 − |v|2) ∈ S4 ⊂ H× R

where v = v0 + v1i+ v2j + v3k , and v̄ = v0 − v1i− v2j − v3k.

17



2 Principal Bundles

As in the previous example the following maps give trivializations:

h−1
± : H× S3 −→ S7

h−1
+ (x, g) =

1

(1 + |x|2)1/2 (xg, g)

h−1
− (y, g) =

1

(1 + |y|2)1/2 (g, yg)
(2.2)

Also h± and the steorographic projection give the commuting diagrams:

(x, g)
h−1
+7−→ 1

(1 + |x|2)1/2 (xg, g) ∈ S
7

↓ ↓ π

x ←−
(

2x

1 + |x|2 ,
|x|2 − 1

|x|2 + 1

)
∈ S4

and as before when h−1
+ (x, g+) = h−1

− (y, g−) we get:

(x, g+) =

(
1

y
,
y

|y| g−
)

2.1 Cocycle representation of principal bundles

A nice way of describing a G-principal bundle G → P
π−→ X is by cocyles: Let {Uα}

be a covering of X and π−1(Uα) trivial with trivializations hα(p) = (π(p), h̄α(p)).

π−1(Uα)
hα−→ Uα ×G

π ց ւ π1

Uα

If x ∈ Uα ∩ Uβ and x = π(p) we can consider the G-equivariant composition:

(Uα ∩ Uβ)×G h−1
α−→ π−1(Uα ∩ Uβ)

hβ−→ (Uα ∩ Uβ)×G

18



2.2 Principal bundle of a vector bundle

hβ ◦ h−1
α (x, gα) := (x, θ(x, gα))

= (x, θ(x, 1)gα)

:= (x, gβα(x)gα)

The definitions imply that gαβ : Uα ∩ Uβ → G satisfy the “cocycle” conditions:

(1) gαβ = g−1
βα

(2) gαβgβγgγα = 1 ∈ G on Uα ∩ Uβ ∩ Uγ

Conversely given {Uα | gαβ : Uα ∩ Uβ → G} satisfying (1) and (2), we can construct
a principle G-bundle P by making the followingt identifications:

P =
∐

α

(Uα ×G)/ ∼

(x, gα) ∼ (y, gβ)⇐⇒ x = y and gβ = gβα(x)gα

We denote this bundle by P = {Uα, gαβ}, and its elements by [xα, gα] ∈ P . Cearly the
sections s :M → P of this bundle P are given by the local data:

s = {sα : Uα → G | sβ(x) = gβα(x)sα(x)}

For example, for any n ∈ Z we can construct a principal SU(2) bundle

Pn → S4 = (S4
+, S

4
−)

where S4
± are the complements of the north and south poles of S4 (which we identify

with H), with the transition functions g±(y) =
(
y
|y|

)n
, y ∈ H− {0}.

2.2 Principal bundle of a vector bundle

Let E
π−→ X be a kn-bundle, where k = R or C. A frame on E is a vector space

isomorphism kn → Ex. We can associate this vector bundle a principle GL(n, k) bundle
consisting of all frames (n× n nonsingular matrices over k) bundle:

PE = {(x, v) | x ∈M, v = {v1, . . . , vn} is a frame of E|x} → X
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2 Principal Bundles

with the projection (x, v) 7→ x. If {Uα | hα : Eα 7−→ Uα× kn} are trivialization of E, by
picking a fixed frame {e1, . . . , en} in kn we can define trivializations of PE by

{Uα | ĥα : Pα 7−→ Uα ×GL(n, k) }

ĥα(x, v) = (x, (vij)
n
i,j=1)

where vij are the components of the vector h̄α(vi) with respect to frame {e1, . . . , en}.
Hence if E has transition functions {gαβ : Uα ∩ Uβ −→ GL(n, k)}, then PE is the
principal GL(n, k)-bundle constructed from the cocycle data {Uα, gαβ}. If E −→M has
a Euclidean (or Hermitian) metric g( , ) : E −→ [0,∞), then PE = {(x, v) | x ∈M, v =
{v1, . . . , vn} an orthogonal frame of E|x} becomes an O(n) (or U(n)) bundle. To a
vector bundle π : E →M given by {Uα | gαβ : Uα ∩Uβ → GL(n,R)} we can associate a
line bundle LE →M by {det gαβ : Uα ∩Uβ −→ R}. We call E orientable if LE is trivial,
and an orientation is a choice its trivialization. If π : E −→M is an oriented Rn bundle

PE = {(x, v) | x ∈M, v an oriented frame in E|x}

defines on GL+(n,R) = {g ∈ GL(n,R) | det(g) > 0} bundle. An oriented frame
v(x) = {v1(x), . . . , vn(x)} ∈ Ex defines a section of LE → X by

x 7−→ (x, v1(x) ∧ · · · ∧ vn(x))

2.3 Associated vector bundles of a principal bundle

Let G be a Lie group, π : P −→ X a principal G-bundle with representation

ρ : G −→ GL(n, k)

Definition 2.4. The vector bundle associated to P is π̃ : E(P, ρ)→ X, where

E(P, ρ) := P ×ρ kn = P × kn/ ∼

(p, v) ∼ (pg−1, ρ(g)v)

π̃ ց ւ π̃

π(p)
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2.3 Associated vector bundles of a principal bundle

Let x ∈ X and p ∈ π−1(x) ∼= G with p = (x, g), since (x, g, v) ∼ (x, 1, ρ(g)v), hence

π̃−1(x) = {ρ(g)v | v ∈ kn, ρ ∈ G} ∼= kn

Therefore if {Uα, gαβ} describes P , then {Uα, ρ(gαβ)} is the cocyce describing E(P, ρ)

ρ(gαβ) : Uα ∩ Uβ −→ GL(n, k)

Example 2.5. Let π : Pn → S4 be the SU(2) bundle with transition functions (y/|y|)n.
We have seen before that P1 is the Hopf bundle S7 π−→ S4. Now define P = P1⊕P−1 =
{(p, q) ∈ P1×P−1 | π(p) = π(q)} be the SU(2)× SU(2) bundle with transition function:

g+,−(x) =

(
x

|x| ,−
x̄

|x|

)
.

If ρ : SU(2)× SU(2)→ GL(4,R) is ρ(g, f)v = g vf−1, then we claim

P ×ρ H ∼= TS4

Recall that in Example 2.3, the local trivializations of P1 are given by h±. Similarly

we can describe the local trivializations of P−1 : S3 −→ S7 π′

−→ S4 ⊂ R5 by

π′(u, v) = (2v̄u, |u|2 − |v|2)

(h′±)
−1 : H× SU(2) −→ S7

(h′+)
−1(x, g) =

1√
1 + |x|2

(g−1x, g−1)

(h′−)
−1(y, f) =

1√
1 + |y|2

(−f−1,−f−1y)

(x, g) 7−→ 1√
1 + |x|2

(g−1x, g−1)

↓ ↓ π′

x 7−→
(

2x

|x|2 + 1
,
|x|2 − 1

|x|2 + 1

)
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2 Principal Bundles

(y, f) 7−→ 1√
1 + |y|2

(−f−1,−f−1y)

↓ ↓ π′

y 7−→
(

2ȳ

1 + |y|2 ,
1− |y|2
1 + |y|2

)

As before, (h′+)
−1(x, g) = (h′−)

−1(y, f) implies:

(x, g) = (
1

y
,− ȳ

|y|f)

Then the trivializations H± : H× SU(2)× SU(2)→ P1 ⊕ P−1 are:

H−1
+ (x, g1, g2) = (h−1

+ (x, g1), (h
′
+)

−1(x, g2))

H−1
− (y, f1, f2) = (h−1

− (y, f1), (h
′
−)

−1(y, f2))

and (H+)
−1(x, g1, g2) = (H−)

−1(y, f1, f2) gives

(x, g1, g2) = (
1

y
,
y

|y|f1, −
ȳ

|y|f2)

So the transition function of P ×ρH is given by ρ(g±)(y)v = − y
|y| v

y
|y| . We can check

that P ×ρ H ∼= TS4 by writing S4 = H ∪H with identification:

H− 0 −→ H− 0 x ∼ 1/x

From d
dt
x(t)x−1(t) = 0 we see that:

dx(t)

dt
x−1(t) + x(t)

dx−1(t)

dt
= 0

dx−1

dt
(t) = −x(t)−1dx(t)

dt
x−1(t)

Hence TS4 = H×H ∪H×H is given by the identifications

(x, v) ∼ (1/x,−x−1vx−1)
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2.4 Reducing the structure group

Example 2.6. Let PnC = CP n be the complex projective space. The tangent bundle
TCP n → CP n can be described as follows: Let L be a complex line in Cn+1 corresponding
to a point of CP n, and let L⊥ be the dual hyperplane in Cn+1. A nearby complex line to L0

in Cn+1 corresponds to a linear map L0 → L⊥
0 . Hence as a bundle TCP n = Hom(L, L⊥),

where L → CP n is the canonical complex line bundle (fiber over L0 are vectors in L0),
and L⊥ → CP n is the dual Cn-bundle (fiber over L0 are vectors in L⊥

0 ) . By adding the
trivial line bundle ǫ = Hom(L, L) to both sides we get (L̄ is the dual bundle Hom(L, ǫ))

TCP n ⊕ ǫ = Hom(L, L⊥)⊕Hom(L, L) = Hom(L, L⊕ L⊥)

= Hom(L, ǫn+1) = L̄⊕ ..⊕ L̄ (n+ 1 copies)

Definition 2.7. For any principal G-bundle P → X, we denote the bundle associated
to the adjoint representation ρ : G→ Aut(g) by ad(P )→ X.

2.4 Reducing the structure group

If ρ : H →֒ G is a monomorphism between Lie groups, then any principal H-bundle
PH →M extends to a principal G-bundle PG = PH ×ρ G

(p, g) ∼ (ph−1, ρ(h)g)

Conversely if PG → M is given and ρ : H →֒ G a closed subgroup. We can ask when
PG = PH ×ρ G ? Let {Uα, gαβ} be cocycle data for PG → M , then if such PH exists
there is a cocycle data {Uα, hαβ} describing it. Then if xα ∈ Uα ∩ Uβ

([xα, hα], g) ∼ ([xα, 1], ρ(hα)g) = (xα, ḡα)

∼ ([xα, 1], ρ(hαβhβ)g)

= ([xα, 1], ρ(hαβ)ρ(hβ)g)

= ([xα, 1], ρ(hαβ)ḡβ) = (xα, ρ(hαβ)ḡβ)

Hence gαβ = ρ(hαβ) : Uα ∩ Uβ −→ H −→ G
hαβ ρ

So PH = {Uα, hαβ} and PG = {Uα, ρ(hαβ)}, i.e. we must have a lifting

H
hαβր ↓ ρ

Uα ∩ Uβ
gαβ−→ G
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2 Principal Bundles

If P
π−→ M, P ′ π′

−→ M are two isomorphic principal G-bundles given by the cocycle
datas {Uα, gαβ} and {Uα, hαβ}, then there are ηα : Uα → G such that hαβ = ηαgαβη

−1
β .

This is because any bundle isomorphism θ

P
θ−→ P ′

ց ւ
M

gives θ̄α : Uα ×G
∼=−→ Uα ×G (local trivializations) and a commuting diagram

(Uα ∩ Uβ)×G θ̄α−→ (Uα ∩ Uβ)×G
ր տ

P | Uα ∩ Uβ ↓ ↓ P ′ | Uα ∩ Uβ
ց ւ

(Uα ∩ Uβ)×G
θ̄β−→ (Uα ∩ Uβ)×G

(x, gα) 7−→ (x, θα(x)gα)

↓ ↓
(x, hβα(x)θα(x)gα)

(x, gβα(x)gα)

ց ‖
(x, θβ(x)gβα(x)gα)

Therefore PG = {Uα, gαβ} ∼= PH ×ρ G for a homomorphism ρ : H → G, if there is
θα : Uα −→ G such that θαgαβθ

−1
β lifts to H

H

ր ↓ ρ

Uα ∩ Uβ
θαgαβθ

−1
β−→ G
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2.5 Classifying Principal Bundles

Example 2.8. The tangent frame bundle of Mm × Nn is a GL(m + n)-bundle which
reduces to a GL(m)×GL(n) bundle.

Example 2.9. If M2n is a complex manifold given by charts

{Uα | (ziα) : Uα → Cn}

with transition functions zjα = gjαβ(z
1
β, .., z

n
β ) on Uα ∩ Uβ, zjα = xjα + i yjα, then




∂

∂ziβ

∂

∂z̄iβ




=




∂

∂ziβ
gjαβ 0

0
∂

∂z̄iβ
ḡjαβ







∂

∂zjα

∂

∂z̄jα




det(gαβ) = | det(dgβα)|2 > 0

A manifold M2n is almost complex if its SO(2n) frame bundle reduces to U(n)-bundle.
A manifold is almost quaternionic if SO(4n) frame bundle reduces to Sp(n)-bundle.

2.5 Classifying Principal Bundles

Recall that principal G-bundles P = {Uα, gαβ} and P ′ = {Uα, g′αβ} are isomorphic, then

∃ ηα : Uα → G such that gαβ = ηαg
′
αβη

−1
β ⇔ {gαβ} = {g′αβ}, as Čech cohomology clases.

If G is abelian, then the set of isomorphism classes of principal G bundles IsoG(M) is
an abelian group group by the multiplication rule [P ][P ′] := {Uα, gαβg′αβ}. Since G is

abelian, we still have (gαβg
′
αβ)(gβγg

′
βγ)(gγαg

′
γα) = 1, and −[P ] = {Uα, g−1

αβ}. If G = U(1).

Theorem 2.10. IsoS1(M) ∼= H2(M ;Z).

Proof. Choose P = {Uα, gαβ} with Uα ∩ Uβ , contractible gαβ : Uα ∩ Uβ → S1

Write gαβ = e2πiθαβ , where θαβ : Uα ∩ Uβ → R
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2 Principal Bundles

From the cocycle condition, θαβ is defined up to Z, and θαβ + θβγ + θγα := ηαβγ ∈ Z,
where ηαβγ is defined on Uα ∩ Uβ ∩ Uγ . The coboundary of the cycle η = {ηαβγ} is

(δη)αβγδ = ηβγδ − ηαγδ + ηαβδ − ηαβγ

on Uα ∩ Uβ ∩ Uγ ∩ Uδ. From the definitions it follows that δη = 0, i.e. η is a cocyle.
Hence ϕ({gαβ}) = {ηαβγ} defines a map to Čech cohomology group.

IsoU(1)(M)
ϕ7−→ Ȟ2(M : Z) ∼= H2(M : Z)

Changing P by an isomorphism, corresponds to changing {θαβ} 7−→ {θαβ + θα − θβ} for
some θα : Uα −→ R. This does not change this map ϕ. Clearly ϕ is a homomorphism.
Recall as Čech cohomology classes {ηαβγ} = {η′αβγ} means that for some functions
aαβ : Uα ∩ Uβ −→ Z we have η′αβγ = ηαβγ + aαβ + aβγ + aγα.

Checking ϕ is onto: Let η = {ηαβγ} with δη = 0, let {ψα} be a partition of unity
subordinate to {Uα}, i.e. ψα : Uα → [0, 1] smooth, ψα ≡ 0 outside of Uα,

∑
ψα ≡ 1.

Define gαβ = exp(2πi
∑

δ

ψδηαβδ) ⇒

gαβgβγgγα = exp(2πi
∑

δ

ψδηαβδ + ψδηβγδ + ψδηγαδ)

= exp(2πi
∑

ψδ(ηαβδ + ηβγδ + ηγαδ))

= exp(2πiηαβγ) = 1

It follows ϕ({gαβ}) = {ηαβγ}. We can check that if we change {ηαβγ} by coboundary
the corresponding bundle {gα,β} changes by isomorphism as follows: {ηαβγ} = {η′αβγ}
⇒ there are aαβ : Uα ∩ Uβ → Z, a := {aαβ} with

η′αβγ = ηαβγ + (δa)αβγ = ηαβγ + aαβ + aβγ + aγα ⇒

g′αβ = gαβ exp(2πi
∑

ψδ(aαβ + aβδ + aδα))

= gαβ exp(2πi
∑

ψδaβδ) exp(−2πi
∑

ψδaαδ)

= ηαgαβη
−1
β

where ηα = exp(−2πi∑δ ψδaαδ) so {g′αβ} = {gαβ}
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2.6 Constructing Universal Principal G-bundles

Checking ϕ is injective: If ηαβγ = θαβ + θβγ + θγα = 0, then

gαβ = e2πiθαβ = e2πi(θαγ−θβγ)

Let ηα : Uα → S1 defined by ηα = exp(2πi
∑
ψγθαγ), then

ηαη
−1
β = exp(2πi

∑

γ

ψγ(θαγ − θβγ))

= exp(2πi
∑

γ

ψγθαβ)

= exp(2πi θαβ) = gαβ ⇒ {gα.β} = 0 2

Let A be the sheaf of C- valued smooth functions, and A∗ be the sheaf of S1- valued
nonzero smooth functions on X . The exact sequence

0→ Z→ A
α−→ A∗ → 0

with α(f) = e2πif , induces the long exact exact sequence in sheaf cohomology:

Ȟ1(X ;A) −→ Ȟ1(X ;A∗) −→ Ȟ2(X,Z) −→ Ȟ2(M,A)

Since A is a fine sheaf, the first and last groups are zero, and hence the middle map
is an isomorphism. Theorem 2.10 specifically demonstrates this isomorphism. Also note
that when U = {Uα} is a covering of X with property that all Uα ∩ Uβ are contractible
then we can identify Ȟ2(X,Z) = H2(X,Z), and IsoS1(M) = Ȟ1(X ;A∗) by definition.

2.6 Constructing Universal Principal G-bundles

For a compact Lie groupG, we will construct the universal principal G-bundle EG → BG.
This means that every principal bundle over X is obtained by pulling back this bundle
by some some map X → BG. Our method is basically Milnor’s join construction as
interpreted by Taubes. To motivate the general case treat the simple case of G = S1.

2.6.1 Construction of BS1

Let X be compact smooth manifold, P
π→ X be a principal S1-bundle, {Uα}Nα=1 be an

open cover of X, {ψα} be a partions of unity sobordinate to this cover, hα be trivializa-
tions of P |Uα, and p be the obvious projection, and ρα be the following composition:
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2 Principal Bundles

ρα : P |Uα

hα−→ Uα × S1 p−→ S1 ⊂ C

Then we can define the map Ψ : P −→ ES1
N := CN − {0} ≃ S2N−1 by

Ψ(p) = (ψ1(π(p))ρ1(p), . . . , ψN(π(ρ))ρN (p))

C∗ acts freely on ES1
N by diagonal action ((z1, . . . , zN)z) → (z1z, . . . , zNz) with the

quotient PN−1
C . This induces a free action of S1 on ES1

N with quotient BS1
N := PN−1

C ×R+

S1 −→ ES1
N −→ BS1

N , (z1, . . . , zN) 7−→ [z1, . . . , zN ]

BS1(N) has coordinate charts Uj = { [z1, . . . , zN ] | zj ∈ R+ }, for example

h1 : ES
1
N |U1

∼=7−→ U1 × S1

h−1
1 ((z2, . . . , zN), z) 7−→ (z1z, z2z, . . . , zNz)

Since ρ1(pq) = ρ1(p)q ⇒ Ψ is S1-equivariant and the following commutes:

P
Ψ−→ ES1

N ≃ S2N−1

↓ π ↓ π

X
ψ−→ BS1

N ≃ PN−1
C

where we define ψ(x) = πΨ(p) by picking any p ∈ P |x. Also since Ψ is an isomorphism
on each fiber we have an isomorphism:

P ∼= ψ∗ES1
N

Therefore when X compact, then any principal S1 bundle P → X is isomorphic to
f ∗ES1

N for some f : X → BS1
N . We have the inclusions:

ES1
N →֒ ES1

N+1 →֒ · · · →֒ ES1 ≃ S∞

↓ ↓ ↓ ↓
BS1

N →֒ BS1
N+1 →֒ · · · →֒ BS1 ≃ P∞

C

where S∞ = {(z1, z2, . . .) | finitely many zi are nonzero, and
∑
|zi|2 = 1}, with the

topology defined by U ⊂ S∞ is open ⇐⇒ U ∩ S2N−1 open ∀ n.
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2.6 Constructing Universal Principal G-bundles

Similarly we can construct the universal S3 bundle ES3 → BS3 by viewing S3 ⊂ H
as the unit quaternions, and writing any principal S3-bundle P → X as a pullback of
the quaternionic Hopf bundle S3 → S4n−1 → PN−1

H . In fact this generalizes to GL(n,C).

2.6.2 Construction of BGL(n,C)

As above given X, {Uα}Nα=1, {ψα}Nα=1, and GL(n,C) ⊂ MC(n) ∼= Cn2
(n × n complex

matrices). Let hα be trivializations of P |Uα, and ρα be the composition:

ρα : P |Uα −→ Uα ×GL(n,C) −→ GL(n,C) →֒ MC(n)

As before we can define Ψ : P −→∏
N MC(n) by

Ψ(p) = (ψ1(π(p))ρ1(p), . . . , ψN(π(p))ρN(p))

If x = π(p), then ψi(x) 6= 0 for some i =⇒ ψi(x)ρi(p) is an invertible matrix, so we can
define a map Ψ : P −→ EN (n), where

EN(n) = {(y1, . . . , yN) ∈
∏

N

MC(n) | ∃ j with yj ∈ GL(n,C)}

= {(y1, . . . , yN) ∈
∏

N

MC(n) |
N∑

j=1

| det yi|2 > 0}

As above, there is a free action GL(n,C)× EN (n) −→ EN (n)

((y1, . . . , yN), g) 7−→ (y1g, . . . , yNg)

Let BGLN (n) = EN(n)/GL(n,C). BGLN(n) is a manifold with local charts given by
Uj = {[y1, . . . , yN ] | yj ∈ GL(n,C)} given by:

∼=∏

N−1

MC(n) −→ Uj , (y1, . . . , y̌i, . . . , yN) 7−→ [y1, . . . , 1, . . . , yN ]
θi

These charts give trivializations, for example for j = 1

(
∏

N−1

MC(n))×GL(n,C) −→ EN |U1

((y2, . . . , yN), g) 7−→ (g, y2g, . . . , yNg)
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2 Principal Bundles

Ψ is equivariant =⇒ it induces ψ such that the following commutes

P
Ψ−→ EN(n)

↓ π ↓ π

X
ψ−→ BGLN (n)

We have ψ∗EN (n) ∼= P , and there are inclusions:

EN (n) →֒ EN+1(n) →֒ · · · →֒ EGL(n)

↓ ↓ ↓
BGLN (n) →֒ BGLN+1(n) →֒ · · · →֒ BGL(n)

If M compact then every P → X is a pull back by a map f : X −→ BGL(n), i.e.

P ∼= f ∗EGL(n)

To sum up, we have the description of the classifying space BGL(n) with charts {Uj}.

BGL(n) =

{
[z1, z2, . . .]

∣∣∣∣
at least one zi ∈ GL(n)
finitely many zj are nonzero

}

Uj = {[z1, z2, . . .] | zj ∈ GL(n)}

Uj ≈
∏

∞
MC(n) maps to BGL(n)via

[z1, z2, . . .] 7−→ [z1, . . . , zj−1, 1, zj+1, . . .]

2.6.3 Construction of BG

Let G be a compact connected Lie group, and let ρ : G −→ GL(n,C) be a faithful
representation (it always exits). As above for a given a principal G-bundle P → X , and
{Uα}, {ψα}, {hα}, we have compositions:

ρα : P |Uα

hα−→ Uα ×G −→ G
ρ−→ GL(n,C)

As before we can define the following maps making the diagram commute:

P
ΨP−→ EN (n) ⊂ MC(n)

↓ ↓
X

ψP−→ BGN = EN(n)/G
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2.6 Constructing Universal Principal G-bundles

EN →֒ EN+1(n) →֒ · · · →֒ EG

↓ ↓ ↓
BGN →֒ BGN+1 →֒ · · · →֒ BG

So we have shown that If X is compact, PG −→ X a principal G-bundle then
∃ f : X −→ BG with f ∗EG ∼= P . Next we prove the following.

Claim: If f0, f1 : X −→ BG with f ∗
0EG

∼= f ∗
1EG =⇒ f0 ≃ f1.

Proof. Consider f0, f1 : X −→ BGN →֒ · · · →֒ BG2N , with

f ∗
0EN = {(x, y1, . . . , yN) ∈M × EGN | f0(x) = [y1, . . . , yN ]}

f ∗
1EN = {(x, y1, . . . , yN) ∈M × EGN | f1(x) = [y1, . . . , yN ]}

f ∗
0EN

η−→ f ∗
1EN∼=

π ց ւ π

X

η is an isomorphism on each fiber. So we can write:

η(x, y1, . . . , yN) = (x, η1(x, y), . . . , ηN(x, y))

f0(x) = [y1, ..., yN ]

f1(x) = [η1(x, y), . . . , ηN(x, y)]

ηj(x, yg) = ηj(x, y) · g

Notice the following maps i, i′, i′′ : BGN →֒ BG2N are homotopic to each other

i[y1, . . . , yN ] = [y1, y2, .., yN , 0, . . . , 0]

i′[y1, . . . , yN ] = [y1, 0, y2, 0, . . . , yN , 0]

i′′[y1, . . . , yN ] = [0, y1, 0, y2, . . . , 0, yN ]

31



2 Principal Bundles

For example [y1, . . . , yN ] 7−→ [ty1, (1− t)y1, . . . , tyN , (1− t)yN ] describes i′ ≃ i′′

Hence i ◦ f0 ≃ i ◦ f1 ⇐⇒ i′ ◦ f0 ≃ i′′ ◦ f1. Now we will show i′ ◦ f0 ≃ i′′ ◦ f1:

(i′ ◦ f0)∗E2N = {(x, y1, 0, . . . , yN , 0) | f0(x) = [y1, . . . , yN ]} . Define

[0, 1]× (i′ ◦ f0)∗E2N
F−→ E2N (equivariant)

↓ ↓

[0, 1]×X f−→ BG2N

(t, x, y1, 0, . . . , yN , 0)
F−→ ((1− t)y1, tη1(x, y), . . . , (1− t)yN , tηN(x, y))

↓ ↓

(t, x)
f−→ [(1− t)y1, tη1(x, y), . . . , (1− t)yN , tηN(x, y)]

Then f(t, x) = ϕt(x) gives the desired homotopy

ϕ0(x) = i′ ◦ f0(x)

ϕ1(x) = i′′ ◦ f1(x)

2

Remark 2.11. If P
G−→ X is a principal G-bundle, {Uα}Nα=1 an open cover with two

trivializations hα, h
′
α : P |Uα −→ Uα ×G. Then if Uα is contractible and G is connected

then the induced maps are homotopic ψP ≃ ψ′
P : X −→ BGN . Also we get EG is

contractible and BG is unique up to homotopy, for example given the classifying maps

EG
f̌0−→ E ′

G

f̌1−→ EG

↓ ↓ ↓

BG
f0−→ B′

G

f1−→ BG

EG ∼= (f1 ◦ f0)∗EG
∼= (id)∗EG

}
=⇒ f1 ◦ f0 ≃ id, similarly f0 ◦ f1 ≃ id
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2.6 Constructing Universal Principal G-bundles

Example 2.12. Consider the O(n)-bundle O(n) → Vn(R
n+N) → Gn(R

n+N), which is
given by the quotient:

O(n)

↓
O(n+N)/O(N) = Vn(R

n+N)

↓
O(n+N)/O(n)×O(N) = Gn(R

n+N)

Clearly O(n) acts freely on the total space of this bundle giving the base as the quotient.
Also it is known that, Vn(R

n+N) is N − 1 connected. Hence as N → ∞ we can idntify
Gn(R

n+N) with BO(n).
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Chapter 3

Connections

Let G be a Lie group, and TeG = g be its Lie algebra, and exp : g→ G be the exponential
map. Then any X ∈ g gives a one parameter subgroup t 7−→ exp(tX) of G.

Example 3.1. If G →֒ GL(n) then g ⊆ gℓ(n) ∼=MR(n) then

exp(tX) = etX = I + tX +
1

2
t2X2 + . . .

Each X ∈ g defines a left invariant vector field on G: Xg = (ℓg)∗X , where ℓg is the
left multiplication ℓg : x 7→ g.x

Xg1g2 = (ℓg1g2)∗Xe = (ℓg1)∗(ℓg2)∗Xe = (ℓg1)∗Xg2

So Xh = (ℓhg−1)∗Xg. There are also similarly defined left invariant differential forms
wg = (ℓg−1)∗ω obtained by pulling back ω ∈ T ∗

e (G) via ℓg−1 : g.x 7→ x

Recall the canonical map, which associates x ∈ X to the identity endemorphism I

x 7→ dx ∈ T ∗
x ⊗ Tx ∼= Hom(Tx, Tx)

By varying x ∈ X we can think of x 7→ dx as the canonical tangent valued 1-form θ on
X defined by θ(x) = dx. Now if g ∈ G we define the Cartan-Maurer form on G:

ωg := g−1dg ∈ T ∗
g (G)⊗ Te(G) = L(Tg(G), g)

g−1dg(Xg) := (ℓg−1)∗dg(Xg) = dg((ℓg−1)∗Xg) = (ℓg−1)∗(Xg)
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3 Connections

By varying g we can view g−1dg as a g-valued invariant 1-form on G

g−1dg =
∑

Xi ⊗ ωig =
∑

Xi ⊗ ℓ∗g−1(ωi)

where {Xi} is a basis of Te(G) and {ωi} be the dual basis of Te(G)
∗

g e

Xg Xg d g-1

Example 3.2. G = GL(n,R), ω = A−1dA.

Let π : P → M be a principal G-bundle, with right action (p, g) 7→ rg(p) := pg.
Then every X ∈ g = Te(G) induces a vector field X̃ on P as follows. By denoting a
vector at a point of a manifold by a germ of smooth curves passing through that point,
we denote X = {gt} where t 7→ gt is a smooth curve in G with g0 = e. Then define

p 7→ X̃p = {pgt}

Let Vp = Span〈X̃p | X ∈ g〉, then V = ∪pVp gives the vertical subbundle:

V ⊂ TP −→ P

↓ ↓ π
TM −→ M

V is the vertical bundle since π∗X̃p = π∗{pgt} = {π(pgt)} = {p}

Recall that the adjoint action Ad(g) : G→ G induces an action ad(g) on the tangent
space Te(G) = g making the following commute

g
ad(g−1)−→ g

exp ↓ ↓ exp

G
Ad(g−1)−→ G

Lemma 3.3. (a) rg∗(X̃)p = [ ˜ad(g−1)X ]pg

(b) [X̃, Ỹ ] = [X̃, Y ]
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Proof. To see (a), recall if X = {gt} then X̃p = {pgt}. Then

rg∗(X̃p) = {pgtg} = {pg(g−1gtg)} = [ ˜ad(g−1)X ]pg

For (b), first note that the map σp : G→ P , defined by σp(g) = p.g gives

(σp)∗X = X̃

and the 1-parameter group of diffeomorphisms which induces the vector field X̃ is
rgt(p) = p.gt, where X = {gt} represents X . So in particular rgt is the 1-parameter
group of diffeomorphisms for X . Clearly the following commutes:

G
σpgt−→ P

ad(gt) ↓ ↓ rg−1
t

G
σp−→ P

[X̃, Ỹ ]p = limt→0
1

t
[ Ỹp − (rg−1

t
)∗Ỹpgt ]

= limt→0
1

t
[ Ỹp − (rg−1

t
)∗(σpgt)∗Y ]

= limt→0
1

t
[ (σp)∗Y − (σp)∗ ad(gt)∗Y ]

= (σp)∗ limt→0
1

t
[ Ye − (rg−1

t
)∗Ygt]

= (σp)∗[X, Y ] = [X̃, Y ]p

A principal G-bundle P
π−→M , gives an exact sequence of vector bundles over P

0 −→ kerπ∗ = V −→ TP −→ π∗TM −→ 0

G-acts each vector space by rg∗. This action maps V to itself.

Definition 3.4. A connection A is a G-equivariant splitting of P

0 −→ V
i−→ TP

q−→ π∗TM −→ 0←−
A

such that q ◦ A = id, where q is the projection.
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3 Connections

Hp
V

M

p

p

Figure 3.1: Vertical and horizontal fibers

Clearly A(π∗TM) ⊂ TP is a horizontal bundle HA →M , i.e. π∗| is an isomorphism
A(π∗TM)→ TM . This gives two definitions of a connection:

(1) It is a subbundle H = HA ⊂ P such that

(a) Tp(P ) = Hp ⊕ Vp
(b) Hpg = rg∗Hp

(2) It is a g-valued 1-form A on P with

(a) Ap(X̃p) = X

(b) r∗gApg = ad(g−1)Ap

To see (1) =⇒ (2). Given H , we define A as follows: For any Zp ∈ Tp(P ) with Zp =
X̃p + Yp where X ∈ g, Yp ∈ Hp, then we define Ap(Zp) = X , so

(r∗gApg)(Yp) = Apg(rg∗Yp) = 0

Since Yp ∈ Hp =⇒ rg∗Yp ∈ Hpg, hence ad(g
−1)Ap(Yp) = 0, and also

(r∗gApg)(X̃p) = Apg(rg∗X̃p) = Apg( ˜ad(g−1)Xpg)

= ad(g−1)X

= ad(g−1)Ap(X̃p)

⇒ r∗gApg = ad(g−1)Ap
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3.1 Local description of connections

To see (2) =⇒ (1), given A define H by

Hp = kerAp =⇒ Tp(P ) = Hp ⊕ Vp,

Then Yp ∈ Hp ⇒ Apg(rg∗Yp) = r∗g(Apg)(Yp) = ad(g−1)Ap(Yp) = 0

Hence rg∗Yp ∈ Hpg ⇒ Hpg = rg∗Hp.

Example 3.5. If P = M × G then Ag = g−1dg =
∑
X i ⊗ ωig is a connection, where

{X i} is a basis of g and {ωig} are the left invariant 1-forms. Then

Ag =
∑

X i ⊗ ωig ⇒

Agh =
∑

X i ⊗ ℓ∗h−1(ωig)

r∗hAgh =
∑

X i ⊗ r∗hℓ∗h−1(ωig)

=
∑

X i ⊗ ad(h−1)(ωig)

= ad(h−1)
∑

X i ⊗ ωig

= ad(h−1)Ag

3.1 Local description of connections

Let A be a connection on a principal G-bundle P →M with local trivializations:

hα : P |Uα

∼=−→ Uα ×G

Then Aα := (h−1
α )∗A is a connection on Uα×G. On Uα×G there is another connection

g−1
α dgα defined by Example 3.5. Let us consider the difference aα = Aα − g−1

α dgα:

aα(x, gα) = Aα(x, gα)− g−1
α dgα ⇒

aα(x, gαh) = ad(h−1)(Aα(x, gα)− g−1
α dgα), ⇒

aα(x) := aα(x, 1) = ad(gα)(Aα(x, gα)− g−1
α dgα) ⇒

Aα(x, gα) = g−1
α dgα + g−1

α aα(x)gα (3.1)
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3 Connections

On (Uα ∩ Uβ)×G we have (x, gα) ∼ (x, gβ) ⇒ Aα(x, gα) = Aβ(x, gβ) ⇒

g−1
α dgα + g−1

α aα(x)gα = g−1
β dgβ + g−1

β aβ(x)gβ (3.2)

Also, since gα = gαβgβ ⇒ dgα = dgαβgβ + gαβdgβ

By multiplying both sides of this with g−1
α = g−1

β g−1
αβ we get:

g−1
α dgα = g−1

α dgαβgβ + g−1
β dgβ , then by plugging in (3.2) we obtain

aβ(x) = g−1
αβdgαβ + g−1

αβaα(x)gαβ (3.3)

Hence a connection A ∈ A(P ) can be described as a collection of g valued 1-forms
on local charts A = {aα : Uα → T ∗Uα ⊗ g} satisfying the condition (3.3). Given this we
can define Aα(x, gα) by (3.1), then by piecing h∗αAα by partions of unity we get A.

Therefore the difference of two connections θα = Aα−Āα = aα− āα defines collection
of maps θα : Uα → T ∗Uα ⊗ g, satisfying θβ = g−1

αβθαgαβ on Uα ∩ Uβ . Hence θ = {θa} is a
section of the bundle T ∗M ⊗ ad(P ), where ad(P ) → M is the g- bundle associated to
the principal bundle P → M by the conjugate representation ad : G→ Aut(g).

Definition 3.6. Let A(P ) to be the set of connections on a principle G-bundle P →M .
From the above discussion we see that, by fixing a connection A0 we can identify:

A(P ) = {A0}+ Γ(T ∗M ⊗ ad(P )) := Ω1(adP )

Hence the conections on principal circle bundles P → X are identified by Ω1(X)

3.2 Connections on vector bundles

Let V → E →M be a (real or complex) vector bundle over M . A connection on E is a
first order differential operator:

D : Γ(E) −→ Γ(T ∗M ⊗E) (3.4)

(a) D(s1 + s2) = D(s1) +D(s2)

(b) D(fs) = fD(s) + df ⊗ s
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3.2 Connections on vector bundles

Since D(s) is a 1- form valued section of E, by evaluating the 1-form part on a vector
field X , and denoting D(s)(X) = ∇X(s) we can view a connection as a derivation:

∇X : Γ(E)→ Γ(E) (3.5)

Therefore by choosing a local frame {e1, ..em} for T (Mm) and its dual basis of 1-forms
{e1, .., em} we can express D as:

D =
∑

ei ⊗∇ei

Alternatively, by choosing a local frame frame eα = {e′α, . . . , enα} of E on charts
{Uα}, consisting of n-linearly independent sections eiα ∈ Γ(E|Uα). Then we can write
Deiα =

∑n
j=1 e

j
αα

α
ji. Let aα = (aαij), then aα : Uα → T ∗(Uα)⊗ g, g = gℓ(n, k) = Mk(n),

where k = R or C. If eβ = {e′β, . . . , enβ} is another frame in Γ|Uβ
with eα = gαβeβ , then

we can write:
Deα = eααα ⇒

Deα = D(eβgβα) = (Deβ)gβα + eβ(dgβα)

eαaα = eβaβgβα + eβdgβα

eβgβαaα = eβaβgβα + eβdgβα

gβαaα = aβgβα + dgβα ⇒

aα = g−1
βαaβgβα + g−1

βαdgβα

Hence the differential operator D prescribes a connection A ∈ A(P ) in the associated
principle bundle GL(n, k) → PE → M to E, Conversely, by the above discussions, a
connection on a principal G-bundle P → M gives such a differential operator D on the
associated vector bundle E →M . We denote

Ωp(E) = Γ(ΛpT ∗M ⊗E)

and by D(σ ⊗ θ) = dσ ∧ θ + (−1)pσ ⊗D(θ) we can extend D to differential operators:

Ω0(E)
D−→ Ω1(E)

D−→ Ω2(E) −→ · · · −→ Ωp(E) (3.6)

Furthermore, the set of connection A(E) on the bundle E →M is identified by

A(E) = {A0}+ Γ(T ∗M ⊗End(E)) := Ω1(End(E))

Because difference of two connection is an element of Ω1(End(E)) where End(E) is the
vector bundle ad(PE) associated principal bundle to PE →M by adjoint representation.
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Now any connection A = {aα : Uα → T ∗Uα ⊗ g} on a principal G-bundle PG → M ,
and a homomorphism ρ : G→ H induces the connection A′ = {ρ∗(aα) : U → T ∗Uα⊗ h}
on the principal H-bundle PH → M , where ρ∗ is the derivative of ρ. Also A gives a
connection on any associated vector bundle Eρ = P ×ρ V →M , where ρ : G→ Aut(V )
is a representation. We define the asociated differential operator DA : Ω0(Eρ)→ Ω1(Eρ)
by using {āα := ρ∗(aα) : Uα → gℓ(n)⊗T ∗(Uα)} where ρ∗ : g→ End(V ) is the derivative
of the map ρ at the identity. So if eα are local sections of Eρ, we let DA(eα) = eα · āα.
Example 3.7. Let π : P → M be a principal G-bundle and ad P → X be the vector
bundle associated to the adjoint representation ρ : G→ Aut(g). then ρ∗ : g→ End(g) is
ρ∗(A)(B) = AB − BA = [A,B]. Let A ∈ A(P ) = {aα : Uα → T ∗Uα ⊗ g}. Then we get
the differential operators

Ω0(ad P )
d0A−→ Ω1(ad P )

d1A−→ Ω2(ad P )
d2A−→ · · · → Ωp(ad P ) (3.7)

d0A(u) = du+ [aα, u]

d1A(B) = dB +B ∧ aα + aα ∧B
d2A(C) = dC + C ∧ aα − aα ∧ C

For example if B = θ ⊗ σ ∈ Ω′(ad P ) = Ω0(T ∗M ⊗ ad P )

d1A(θ ⊗ σ) = dθ ⊗ σ − θ ∧ d0A(σ)

= dθ ⊗ σ − θ ∧ (d(σ) + [a, σ])

= d(θ ⊗ σ)− θ ∧ (aσ − σa)

= dB + a ∧ (θ ⊗ σ) + (θ ⊗ σ) ∧ a

= dB + a ∧B +B ∧ a

If C = θ ⊗ σ ∈ Ω2(ad P ) = Ω0(Λ2T ∗M ⊗ ad P )

d2A(θ ⊗ σ) = dθ ⊗ σ + θ ∧ d0A(σ)

= dθ ⊗ σ + θ ∧ (d(σ) + [a, σ])

= d(θ ⊗ σ) + θ ∧ (aσ − σa)

= dC + a ∧ (θ ⊗ σ)− (θ ⊗ σ) ∧ a

= dC + a ∧ C − C ∧ a
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3.2 Connections on vector bundles

Example 3.8. Any principal G-bundle π : P →M with a G-invariant metric, i.e.

〈v, w〉p = 〈rg∗v, rg∗w〉pg

gives a connection Hp ⊂ Tp(P ) ∼= Vp ⊕Hp, where π∗ : Hp

∼=→ Tπ(p)(M):

Hp = V ⊥
p = {w ∈ Tp(P ) | 〈v, w〉p = 0 ∀ v ∈ Vp} ⇒

rg∗Hp = {rg∗(w) | 〈w, v〉p = 0 ∀ v ∈ Vp}

= {w̄ | 〈rg−1
∗

w̄, v〉p = 0, ∀ v ∈ Vp}

= {w̄ | 〈w̄, rg∗v〉pg = 0 ∀ v ∈ Vp}

= {w̄ | 〈w̄, v̄〉pg = 0 ∀ v̄ ∈ Vpg}

= Hpg

Example 3.9. Let S1 → S3 → S2 be the Hopf fibration

S3 = {(z, ω) ∈ C2 | |z|2 + |ω|2 = 1}

rθ(z, ω) 7−→ (zeiθ, ωeiθ)

T(z,ω)(S
3) = {(a, b) ∈ C2 | Re(āz + b̄ω) = 0}

The vertical bundle is V(z,ω) = Span
(
∂̃
∂θ

)
, and rθ∗(a, b)(z,ω) = (aeiθ, beiθ)(zeiθ,ωeiθ). Then

〈(a, b), (c, d)〉 = Re(āc+ b̄d) gives an S1-invariant metric on S3.

(
∂̃

∂θ

)

(z,ω)

f =
d

dθ
f(zeiθ, ωeiθ)|θ=0

= izfz + iωfω

= (iz
∂

∂z
+ iω

∂

∂ω
)f ⇒

V(z,ω) = SpanR(iz, iω) = Span Im(z
∂

∂z
+ ω

∂

∂ω
) ⇒

H(z,ω) = { (a, b) | Re(āz + b̄ω) = 0, Re i(āz + b̄ω) = 0 } ⇒
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3 Connections

H(z,ω) = { (a, b) | āz + b̄ω = 0}

= SpanR{ (ω̄,−z̄), i(ω̄,−z̄) }

= Span{ Re(ω̄ ∂

∂z
− z̄ ∂

∂ω
), Im(ω̄

∂

∂z
− z̄ ∂

∂ω
) }

Then A = z̄ dz + ω̄ dω is a connection

A

(
∂̃

∂θ

)
= i =

∂

∂θ
, and A is equivariant.

Recall the trivializations h± : C× S1 → S3

h+(λ, e
iθ+) =

1

(1 + |λ|2)1/2 (λe
iθ+ , eiθ+) = (z, ω) (3.8)

h−(µ, e
iθ−) =

1

(1 + |µ|2)1/2 (e
iθ−, µeiθ−) = (z, ω) (3.9)

∴ h∗+(dz) = dz = zλ dλ+ zλ̄ dλ̄+ zθ+dθ+

h∗+(dω) = dω = ωλ dλ+ ωλ̄ dλ̄+ ωθ−dθ−

(3.8) ⇒





zλ = [ (1 + |λ|2)−1/2 − λ
2
(1 + |λ|2)−3/2 λ̄ ] eiθ+ = λ−1z − z λ̄

2(1 + |λ|2)
zλ̄ = −λ

2
(1 + |λ|2)−3/2λeiθ+ = −z λ

2(1 + |λ|2)
zθ+ = iz

⇒





h∗+(dz) = iz dθ+ + λ−1z dλ− z λ̄ dλ+ λ dλ̄

2(1 + |λ|2)

h∗+(dω) = iω dθ+ − ω
λ̄ dλ+ λ dλ̄

2(1 + |λ|2)
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3.2 Connections on vector bundles

⇒ h∗+(A) = h∗+(z̄ dz + ω̄ dω)

= i|z|2dθ+ + λ−1|z|2dλ− |z|2 (λ̄ dλ+ λdλ̄)

2(1 + |λ|2)

+i|ω|2dθ+ − |ω|2 (λ̄ dλ+ λ dλ̄)

2(1 + |λ|2) .

= idθ+ + λ−1|z|2dλ− λ̄ dλ+ λ dλ̄

2(1 + |λ|2) .

= i dθ+ +
λ̄dλ− λdλ̄
2(1 + |λ|2) (from (3.8))

Therefore : h∗+(A) = i

(
dθ+ + Im

λ̄ dλ

1 + |λ|2
)

:= A+

Similarly (3.9)⇒ h∗−(A) = i

(
dθ− + Im

µ̄ dµ

1 + |µ|2
)

:= A−

Recall also that we have eiθ+ =
µ

|µ|e
iθ− λ =

1

µ

Example 3.10. Consider the universal O(n)-bundle O(n) → EO(n) → BO(n), which
is given by the limit N →∞ of the frame bundle:

O(n+N)

↓
O(n+N)/O(N) = Vn(R

n+N)

↓
O(n+N)/O(n)×O(N) = Gn(R

n+N)

where O(n+N) = the space of orthonormal frames {eA}n+Na=1 in Rn+N

EO(n) = the space of orthonormal frames {ei}ni=1

BO(n) = the space of planes spanned by {e1, . . . , en}
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3 Connections

Let ωAB be the Cartan-Maruer forms in O(n+N), where ωAB = (deA, eB) and (ωAB) is
an o(n)-valued 1-form on O(n+N), so ωAB = −ωBA. We can write

deA =
∑

ωAB ⊗ eB
Let ω = (ωij) 1 ≤ i, j ≤ n. Consider orthogonal base change

(1) e∗i =
∑n

k=1 akiek

(2) e∗α =
∑N

β=n+1 bβαeβ

ω is invariant under (2) so ω is an o(n)-valued 1-form on EO(n). If we perform the
transformation (1)

ω∗
ij = (de∗i , e

∗
j ) = (

∑

k

akidek,
∑

ℓ

aℓjeℓ) =
∑

akiωkℓaℓj

= (AtωA)ij , where A = (aij)

So ω∗ = r∗Aω = AtωA = A−1ωA = ad(A−1)ω. Therefore ω is a connection on EO(n).
Now recall the construction of BGL(n) as the quotient:

EN (n) = { (m1, . . . , mN ) ∈
∏

N

MC(n) | ∃mj ∈ GL(n,C)}

↓ GL(n)

BGLN (n)

EN (n) has a GL(n)-invariant metric, i.e. on TEN(n)|(mi)
∼=
∏

N MC(n)

〈(ui), (u′i)〉 = Re tr(

N∑

i=1

u∗iu
′
i)

The vertical space is: V(mi) = Span {(mih) | h ∈ MC(n)} ⊂ TEN |(mi). The GL(n)-
invariant metric gives a connection AN with by the horizontal space:

HN |(mi) = { (ui) ∈
∏

N

MC(n) | Re tr(
∑

u∗imih) = 0

∀ h ∈MC(n), ∀ ih ∈MC(n)}

= {(ui) ∈
∏

N

MC(n) | tr(
∑

u∗imih) = 0 , ∀ h ∈MC(n)}

46



3.3 Holonomy

For g ∈ GL(n) (rg)∗(ui)|(mig) = (uig), hence

∑
tr(g∗u∗imigh) =

∑
tr(u∗imighg

∗) = 0

Therefore the horizontal spaces are mapped to horizontal spaces, and AN is the gℓ(n)-
valued 1-form

AN = (
∑

k

m∗
kmk)

−1(
∑

j

m∗
jdmj)

If h ∈MC(n) then h̃ =
∑
mih

∂
∂mi

AN(h̃) = (
∑

k

m∗
kmk)

−1(
∑

j

m∗
jmjh) = h

3.3 Holonomy

Let P
π−→ X be a principal G-bundle with a connection A. Then for any p ∈ P and a

smooth path γ : I −→ X with π(p) = g(0), there is a unique parallel lifting γ̃p : I −→ P ,
i.e. satisfying A(γ̃p(t)

′) = 0. It suffices to see this locally:

P |Uα
∼= Uα ×G

γ̃p ր ↓ π ւ
I

γ−→ Uα

γ̃p(t) = (γ(t), gα(t)), p = (γ(0), g), A|Uα = Aα = g−1
α dgα + g−1

α aαgα. So we want
Aα(γ

′(t), g′α(t)) = 0 , therefore

g−1
α dgα(g

′
α(t)) + gα(t)

−1aα(γ
′(t))gα(t) = 0

‖
gα(t)

−1g′α(t)

⇒
{
g′α(t) = −aα(γ′(t))gα(t)
gα(0) = gα

}

This is an O.D.E. with initial condition, hence has a unique solution gα(t). Also if
ρ : G −→ Aut(V ) is any representation, then A determines a lifting to the associated
vector bundle by the folowing:
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3 Connections

P ×ρ V
γ̃ [p,v] ր ↓ π1
I

γ−→ X

defined by γ̃ [p,v](t) = [γ̃p(t), v]. This is well defined since

γ̃ [pg−1,ρ(g)v] = [γ̃pg−1(t), ρ(g)v]

= [γ̃p(t)g
−1, ρ(g)v]

= [γ̃p(t), v]

= γ̃ [p,v]

So we can we parallel translate vectors in P ×ρ V π1−→ X
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Chapter 4

Curvature

Let A be a connection on a principal G bundle P → M . The curvature FA of A is a
g-valued 2-form on P defined by one of the conditions (1)-(3) below:

Lemma 4.1. Let FA be a g-valued 2-form on P then the following are equivalent.

(1) FA = dA+ A ∧ A = dA+ 1
2
[A,A], i.e.

FA(X, Y ) = dA(X, Y ) + 1
2
[A(X), A(Y )].

(2) FA(X, Ỹ ) = 0 for any vertical vector Ỹ , and

FA(X, Y ) = −1
2
vert[X, Y ] for horizontal vectors X, Y .

(3) Let vertA : TP → V ∼= g be the vertical projection. For X, Y ∈ Tp(P ), if we extend
X, Y to vector fields in the neighborhood of p then

FA(X, Y ) = −1
2
vert([X, Y ]− [vert X, Y ]− [X, vert Y ] + [vert X, vert Y ]).

Proof. Clearly (2) defines the 2-form FA, and (3) has the same property as (2), hence
(2) ⇐⇒ (3). Now let us check and (1) ⇐⇒ (2):

FA(X, Y ) = dA(X, Y ) +
1

2
[A(X), A(Y )]

=
1

2
(X(AY )− Y (AX) + [A(X), A(Y )]− A[X, Y ])

Case 1: If X, Y are horizontal

FA(X, Y ) = −
1

2
A[X, Y ] = −1

2
vert[X, Y ]
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4 Curvature

Case 2: If X = X̃, Y = Ỹ are vertical with X, Y ∈ g, then

FA(X̃, Ỹ ) =
1

2
([X, Y ]−A[X̃, Ỹ ])

=
1

2
([X, Y ]−A[̃X, Y ])

=
1

2
([X, Y ]− [X, Y ])

= 0

Case 3: If X is horizontal, and Y = Ỹ vertical, then FA(X, Ỹ ) = −1
2
A[X, Ỹ ] = 0. This

is because [X, Ỹ ] is horizontal, which we can check by taking a 1-parameter subgroup
rexp(tY ) generated by Ỹ

[X, Ỹ ] = lim
t→0

1

t
[ rexp(tY )∗X −X ] = horizontal �

Remark 4.2. FA vanishes on vertical vectors, so it is characterized on the horizontal
vectors Ker(A), by using the notation of Section 3.2 we calculate:

FA(X, Y ) = dA(X, Y ) + A ∧A (X, Y )

= X(A(Y ))− Y (A(X))−A[X, Y ] + [A(X), A(Y )]

= ∇X∇Y −∇Y∇X −∇[X,Y ]

Proposition 4.3. FA has the following properties:

(1) FA(X, fY ) = fFA[X, Y ] for f ∈ C∞(P )

(2) FA(rg∗X, rg∗Y ) = r∗gFA(X, Y ) = ad(g−1)FA(X, Y )

Proof. To prove (2), let hα : P |Uα

∼=−→ Uα × G be a local trivialization, and let Aα =
(h−1

α )∗A, Fα = (h−1
α )∗FA, then recall that

Aα(x, gα) = g−1
α dgα + g−1

α aαgα , where aα ∈ C∞(T ∗Uα)⊗ g

with transition rules: aβ(x) = g−1
αβaα(x)gαβ + g−1

αβdgαβ. So Fα = dAα + Aα ∧ Aα

gαAα = dgα + aαgα ⇒
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dgα ∧ Aα + gα dAα = daα gα − aα ∧ dgα

(gαAα − aαgα) ∧ Aα + gα dAα = daα gα − aα ∧ (gαAα − aαgα)

Therefore gα(dAα + Aα ∧Aα) = (daα + aα ∧ aα)gα, hence we can write

Fα = g−1
α Ωαgα gα = ad (g−1

α ) Ωα (4.1)

Ωα = daα + aα ∧ aα (4.2)

where Ωα = daα + aα ∧ aα ∈ Γ(Λ2T ∗Uα ⊗ g). From the transition rules

gαβaβ − aαgαβ = dgαβ

dgαβ ∧ aβ + gαβ daβ − daα gαβ + aα ∧ dgαβ = 0

(gαβaβ − aαgαβ) ∧ aβ + gαβdaβ

−daαgαβ + aα ∧ (gαβaβ − aαgαβ) = 0⇒

gαβ(daβ + aβ ∧ aβ) = (daα + aα ∧ aα)gαβ ⇒

Ωβ = g−1
αβΩαgαβ

Therefore F is given by g-valued 2-form Ω = {Ωα} ∈ Γ(Λ2T ∗M ⊗ ad P ) = Ω2(ad P ).
Differentiating both sides of 4.2, and then by plugging the value of daα from 4.2 into
the resulting expression gives the Bianchi identity (4.3), which is just dA(Ω) = 0 (3.7):

dΩα = Ωα ∧ aα − aα ∧ Ωα (4.3)

Remark 4.4. Let E → X be a vector bundle with a connection A

Ω0(E)
D−→ Ω1(E)

D−→ Ω2(E)

be the associated sequence of 3.6, then D ◦D(s) = FA ⊗ s.
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4 Curvature

4.1 Chern-Weil theory

Let E →M be aCn- vector bundle with a connection A = {aα} and curvture FA = {Aa}.
The the trace map gives the commuting diagram, from which we can define Chern classes:

Ωp(End(E))
dA−→ Ωp+1(End(E))

↓ tr ↓ tr
Ωp(M)

d−→ Ωp+1(M)

Following [C] to a curvature Ω ∈ Ω2(End(E) we associate 2k-forms ck(Ω) ∈ Ω2k(M)

det(I +
i

2π
Ω) = I + c1(Ω) + ...+ cn(Ω) (4.4)

More generally, to any invariant polynomial f we can associate differential forms

f(y−1x1y, ..., y
−1xny) = f(x1, ..., xn)

f(Ω, ...,Ω) ∈ Ω∗(M)

Theorem 4.5. ([C]) The differential forms ck(Ω) (k = 1, 2, ..) are closed, hence they
define classes ck(Ω) ∈ H2k(M,C), and their definition does not depend on Ω

Proof. From the definition ck(Ωα) = ck(Ωβ) on Uα ∩ Uβ, hence we get globally defined
2k forms by ck(Ω) defined by ck(Ω)|Uα = ck(Ωα). Define another set of invariant forms

bk(Ω) = tr(
i

2π
Ωk)

When Ω is diagonal both sets of forms {ck} and {bk} are symmetrical functions on the
diagonal elements, and it is easy to see that in general they satisfy the identity

n∑

j=0

bk−j(Ω)cj(Ω) = 0

{ck} can be written as a linear combination of {bk} (and wice versa). So it suffices to
show dbk(Ω) = 0, and bk(Ω) do not depend on Ω. By using Bianchi identity (4.3) we get

dtr(Ωk) = ktr(dΩ ∧ Ωk−1) = ktr(α ∧ Ωk−1 − Ω ∧ a ∧ Ωk−2) = 0
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4.2 Flat Bundles

Let us show bk(Ω) does not depend on Ω: Let A = {a} and A′ = {a′} be two connections,
and Ω = da+a∧a and Ω′ = a′+a′∧a′ be the corresponding connections. Let At = {at},
where at = ta′ + (1 − t)a, and Ωt = dat + at ∧ at be the corresponding curvature. Call
γ = a′ − a, then at = tγ + a. Let τ = tr(γ ∧ Ωk−1), using (4.3) we calculate:

Ωt = at + at ∧ at = Ω+ t(dγ + a ∧ γ + γ ∧ a) + t2γ ∧ γ = Ω + tdA(γ) + t2γ ∧ γ

d

dt
tr(Ωkt ) = k.tr(β ∧ Ωk−1

t ) , where β = dA(γ) + 2tγ ∧ γ = dAt(γ)

dτ = tr[dAt(γ) ∧ Ωkt − γ ∧ dAt(Ω
k−1
t )] = tr(dAt(γ) ∧ Ωk−1

t ) = tr(β ∧ Ωk−1
t )

d

dt
tr(Ωkt ) = k.dτ ⇒ tr(Ωk1)− tr(Ωk0) = kd

∫ t

0

τdt

Definition 4.6. ck(E) := ck(Ω) are called Chern classes of the bundle E →M .

4.2 Flat Bundles

Let {Uα} be an open cover ofM and P = {Uα, gαβ} be a principal G-bundle π : P →M .
We say P is flat if all gαβ : Uα ∩ Uβ → G are constant functions.

Theorem 4.7. The following are equivalent

(1) P
π−→M is flat.

(2) P
π−→M has a connection with zero curvature.

(3) There is a homomorphism ρ : π1(M)→ G with P ∼= M̃ ×ρ G

i.e. P ∼= M̃ ×G/ ∼ , where (x, g) ∼ (xℓ−1, ρ(ℓ)g)

Proof. (2) ⇒ (3): Every smooth path λ : [0, 1] → M induces an isomorphism λ# :

π−1(0)
∼=−→ π−1(1) which is invariant of C∞ homotopies relative to the end points of the

path. The reason for this is:

0 = FA = dA(X, Y ) +
1

2
[A(X), A(Y )]

0 = X(AY )− Y (AX)−A[X, Y ] + [A(X), A(Y )]
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4 Curvature

x
o 1x

Figure 4.1:

Therefore If X, Y ∈ kerA ⇒ A[X, Y ] = 0 ⇒ [X, Y ] ∈ kerA, i.e. kerA deterines an
involutive distribution on P ⇒ kerA is integrable, and hence it gives a foliation. Given
any homotopy Λ : [0, 1]× [0, 1]→M of the path λ, and its lifting Λ̃ : [0, 1]× [0, 1]→ P ;
then Λ̃| : 1× [0, 1]→ π−1(x1) ∩ a leaf, being a continuous map from a connected space
to a discrete space, maps 1× [0, 1] to a single point. Therefore we can define:

λ#(p) = λ̃p(1)

where λ̃p : [0, 1]→ P is the lifing of the path λ with initial point p ∈ P . Therefore for a
loop α based at x0, we can define a map ρ : π1(M)→ G by

α̃p(1) = p.ρ[α]

We can check that ρ is a homomorphism i.e. ρ([α][β]) = ρ[α] · ρ[β] by:

˜(α ∗ β)p(1) = p · ρ[α ∗ β] = p · ρ([α] · [β])
‖(

β̃α̃p(1)

)
(1) = α̃p(1) · ρ[β] = p · ρ[α]ρ[β]

Recall that M̃ = {Curves originating at x0}/Homotopy, and also π1(M) acts on M̃ ,
on the left, by the composition of paths (λ, α) 7→ λ ·α := α ∗ λ. Now by fixing q ∈ P we
can define:

η : M̃ ×G −→ P by
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4.2 Flat Bundles

η(λ, g) = λ̃q·g(1) ⇒

η(λ · α, g) = η(α ∗ λ, g) = (α ∗ λ)#q·g(1)

=
(
λ̃α̃q.g(1)

)
(1) =

(
λ̃α̃q(1).g

)
(1)

=
(
λ̃q.ρ(α).g

)
(1) = η(λ, ρ(α)g)

Therefore η(λ, γ) = η(λ.α−1, ρ(α)γ), and hence η induces an isomorphism.

M̃ ×ρ G
η−→ P

ց ւ
M

To see (3) ⇒ (1), let η : M̃ ×ρ G
∼=−→ P be a bundle isomorphism corresponding

to ρ : π1(M) → G. So if P is given by {Uα, ρ(gαβ)}, where M̃ π−→ M is the principal
π1(M)-bundle {Uα, gαβ : Uα ∩ Uβ → π1(M)}. Hence the bundle P → M reduces to the
π1(M)-bundle M̃ −→M via

ρ(gαβ) : Uα ∩ Uβ −→ π1(M) −→ G
ρ

Since π1(M) has discrete topology, these maps are constant.

To prove (1) ⇒ (2), let P = {Uα, gαβ} with gαβ constant. Let

P |Uα hα−→ Uα ×G

be the local trivializations. Define a connection Aα on Uα ×G by

Aα(x, gα) = g−1
α dgα

That is, aα = 0 on this chart. Since each gαβ are constant, by the transformation rule
this definition is valid on each chart. So for each α we have:

Fα = g−1
α Ωαgα = 0

�
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4 Curvature

Remark 4.8. Let P → M be a principal G-bundle with a flat connection A. Then if M

is 1-connected we can find a principal G-bundle isomorphism η : P
∼=−→M×G, such that

A = η∗ (product connection). This is because: A being flat, the distribution H = kerA
comes from a foliation. So at each p ∈ P there is a unique maximal integral manifold
Mp =MA,p ⊂ P with:

Mp →֒ P Tp(Mp) = Hp

π ց ↓ π
π| : Hp

∼=−→ Tp(M) =⇒
M

π|Mp is a local diffeomorphism in fact π| : Mp → M is a covering space. Since Hp

is g-equivariant ⇒ Mpg = (Mp)g. Since M is 1-connected and π| : MA,p → M is a
diffeomorphism. Therefore at each x ∈ M , Mp ∩ π−1(x) is a unique point of P . Define
η−1 :M ×G −→ P by

(x, g) 7−→Mpg ∩ π−1(x)

This is a G-equivariant diffeomorphism.

There is also a uniqueness:

Proposition 4.9. Let A,A′ be flat connections on a given principal G-bundle P →M .
Then there is an equivariant map η : P → P , such that η∗A = A′ ⇐⇒ the corresponding
representations ρA ∼ ρA′ (i.e. they are conjugate).

Proof. If A′ = η∗(A) ⇒ η(MA′,p) = MA,η(p). For some fixed p ∈ P write η(p) = p.g
(here g depends on p), then

η(α̃A′,p(1)) = α̃A,η(p)(1) = α̃A,pg(1) = α̃A,p(1)g = p · ρA[α]g.

Also: η(α̃A′,p(1)) = η(p.ρA′[α]) = η(p)ρA′ [α] = p · g · ρA′ [α]

Therefore ρA[α]g = gρA′[α] ⇒ ρA′[α] = g−1ρA[α]g.

Conversely, if ρA ∼ ρA′, i.e. ρA′ = ℓρAℓ
−1 we can define

ϕ : M̃ ×ρA G
∼=−→ M̃ ×ρA′

G] by

[x, g] −→ [x, ℓg],
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4.2 Flat Bundles

This is well defined by:

[x, g] [x, ℓg]

|| ||
[xγ−1, ρA(γ)g] −→ [xγ−1, ℓρA(γ)g] = [xγ−1, ℓρA(γ)ℓ

−1ℓg] = [xγ−1, ρA′(γ)ℓg]

Note that M̃×ρAG has a natural flat connection A descending from the flat connection
A = g−1dg on M̃ ×G by the quotient map:

M̃ ×G −→ M̃

↓ ↓
M̃ ×ρA G −→ M

A(yγ−1,ρA(γ)g) = (ρA(γ)g)
−1d(ρA(γ)g)

= g−1(ρA(γ))
−1ρA(γ)dg

= g−1dg = A(y,g)

So in particular v ∈ HA ⊂ T (M̃ ×ρA G) ⇐⇒ v is the image under the projection
M̃ ×G −→ M̃ ×ρA G of a vector in HA. Clearly FA ≡ 0.
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Chapter 5

The gauge group

Definition 5.1. A gauge transformation of a principal bundle P = {Uα, gαβ} → X is a
fibre preserving map s : P → P , which means the following diagram commutes

P
s−→ P

π ց ւ π

X

(5.1)

and also it is equivariant with respect to the action of G which means s(pg) = s(p)g. The
set of these transformations is called the gauge group and denoted by G(P ) or Aut(P ).

We can describe s ∈ G(P ) by a local data s = {sα : Uα → G}. On each chart
Uα × G → Uα let s be given by by (x, gα) 7→ (x, sαgα). Hence when gα ∼ gβ we must
have sαgα ∼ sβgβ. So when gα = gαβgβ =⇒ sαgα = gαβ(sβgβ) =⇒ sαgαβgβ = gαβsβgβ
=⇒ s satisfies sα(x) = gαβsβ(x)g

−1
αβ (x) =⇒ s is a section of the bundle Ad(P )→ X

Ad(P ) := P ×Ad G = P ×G/∼ (p, g) ∼ (ph, hgh−1)

The sections Γ(Ad(P )) can also are identified with {f ∈ C∞(P, g) | f(pg) = g−1f(p)g}.
This identification can easily be checked by the association s(p) = pf(p). To sum up

G(P ) = {s : P → P | s(pg) = s(p)g} = {f : P → G | f(pg) = g−1f(p)g}

If P → X is the frame bundle of a vector bundle E → X , then we can also identify

G(P ) = Aut(E) ⊂ Γ(E∗ ⊗ E) = End(E) (5.2)

In this case G = Aut(V ), where V is the fiber of E, and we can think of s = {sα} defined
above, as a section of Aut(E) by the association v 7→ sα(v).
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E
s−→ E

π ց ւ π

X

(5.3)

The tangent space of the gauge group at the identity gauge transformation I is

TIG(P ) = Ω0(adP ) = End(adP )

Recall that after fixing a base connection A0 ∈ A(P ) we identified

A(P ) ∼= TA0A(P ) = {A0}+ Ω1(adP )

There is an action G(P )×A(P )→ A(P ) by pull back (A, s)→ s∗A. More specifically
in our chart notation if A = {aα} and s = {sα} then we can express

s∗A = {s−1
α dsα + s−1

α aαsα} (5.4)

The derivative of the obvious map G(P )→ A(P ), s 7→ s∗A0 at s = I

dA : Ω0(adP )→ Ω1(adP ) is given by dA(ṡ) = dṡα + [aα, ṡα] (5.5)

The derivative of the curvature map A(P )→ Ω2(P ), A 7→ FA at A0 = {aα}

dA0 : Ω
1(adP )→ Ω2(adP ) is given by dA0(b) = db+ [aα, b] = dsα + aα ∧ b+ b ∧ aα

Example 5.2. When G = S1 then G(P ) =Maps(X,S1)

5.1 Gauge group of SU(2) bundles over X4

Let P → X4 be a principal G = SU(2) bundle. Denote Ĝ = SU(2)/{±I} = SO(3).

Clearly −I ∈ G(P ) and {±I} ⊂ G(P ) is the center. Define Ĝ(P ) = G(P )/{±I}. We
define reducible connections

Ared(P ) ∼= {A0}+ Ω1(adS1P )

where adS1P is the bundle associated to adjoint representation ρ : S1 → End(g), and
g = su(2). Considering the subgroup S1 ⊂ SU(2) the bundle adS1P is given by

gα,β =

(
hα,β 0
0 h̄α,β

)
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5.1 Gauge group of SU(2) bundles over X4

g = {
(

iλ b
−b̄ −iλ

)
| λ ∈ R, b ∈ C} ∼= R3

(b, λ) ∼=
(

iλ b
−b̄ −iλ

)
7→ gα,β

(
iλ b
−b̄ −iλ

)
g−1
α,β =

(
iλ h2α,βb
−h̄2α,β b̄ −iλ

)
∼= (h2α,βb, λ)

Therefore we have the bundle identification adS1P ∼= K2 ⊕ R, with K is the line
bundle {hα,β}. Also note that the standard representation S1 → End(C2) associates
PS1 a pair of complex line bundles K and K̄. We define irreducible connections by the
complement A∗(P ) = A(P )−Ared(P ).
Proposition 5.3. Ĝ(P ) acts on A∗(P ) freely, and A∗(P ) is contractible.

Proof. If s∗A = A for s = {sα : Uα → G} ∈ G(P ) and aα = s−1
α dsα + s−1

α aαsα. Hence

dA(sα) = dsα + [aα, sα] = dsα + ρ∗(aα)sα = 0 (5.6)

Let λa, λ̄α be eigenvalues, and vα be an eigenvector of sα. By differentiating the both
sides of sα(vα) = λαvα we get

sα(dAvα) = (dλα)vα + λαdA(vα)

〈sα(dAvα), vα〉 = dλα + λα〈dA(vα), va〉 (5.7)

〈sα(dAvα), vα〉 = 〈dA(vα), s∗α(vα)〉 = 〈dA(vα), λ̄α(vα)〉 = λα〈dA(vα), vα〉

Hence by (4.7) dλα = 0 on Uα and λα is constant, also on Uα ∩Uβ , λα = λβ because

λαvα = sα(vα) = sα(gα,βvβ) = gαβsβ(vβ) = λβgαβvβ = λβvα

Call λα = eiµ. Then s : E → E splits E into line bundles E = K ⊕ K̄, where

K = {v ∈ E | s(v) = eiµv}

Since sα(dAvα) = λαdA(vα), dA preserve K and K̄, A = A0+a is a reducible connection.
From (4.6) we see the reducible connections are identified with im(dA) hence irreducible
ones are identified by ker(d∗A); we will see this is infinite dimensional space. Hence A(P )
contractible implies A∗(P ) is contractible.

Ĝ(P )→ A∗(P )→ A∗(P )/Ĝ(P ) = B∗(P )

Since A∗(P ) is contractible, homotopically we can identify the base space as the classi-
fying spaces of the corresponding gauge groups: B∗(P ) = BĜ
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5 The gauge group

Proposition 5.4. Let P → X4 be a principal G-bundle of a compact 4-manifold X.Then
if G = SO(3) there is a weak homotopy equivalence:

B∗(P ) ⋍ MapP (X ;BSO(3))

where the right side is the component of the space of (unbased) maps inducing the bundle
P . If G = SU(2), then B∗(P ) is the total space of a covering space with fiber H1(X ;Z2):

H1(X ;Z2)→ B∗(P )→ MapP (X ;BSO(3)).

Proof. Let G = SO(3); then consider the principal G-bundle:

ξP = A∗ ×Ĝ P → B∗ ×X. (5.8)

The total space is the equivalence classes of points [A, p] in A∗ × P identified by the

equivalence relation (A, p) ∼ (s∗A, p.s(p)) where s ∈ Ĝ. The SO(3) action on the total
space is given by the right multiplication: i.e., if g ∈ SO(3) and [A, p] ∈ A∗ ×Ĝ P , then
[A, p]g = [A, pg]. The action is well defined since [A, p]g = [A, pg] = [s∗A, pg.s∗(pg)] =
[s∗A, pg.g−1s(p)g] = [s∗A, p.s(p)g] = [s∗A, p.s(p)]g. It is free, since if [A, p] = [A, pg],
then (A, p.g) = (s∗A, p.s(p)) for some s, since A irreducible s = I, so pg = p =⇒ g = I.

Now consider the classifying maps to the universal SO(3)-bundle:

A∗ ×Ĝ P
σ̃−→ ESO(3)y

y
B∗ ×X σ−→ BSO(3)

where σ̃ is an SO(3)-equivariant map and the diagram commutes. This in turn induces
the following commutative diagram:

A∗ α̃−→ MapSO(3)(P,ESO(3))y
y

B∗ α−→ MapP (X,BSO(3))

(5.9)

where MapSO(3)(P,ESO(3)) denotes the set of SO(3)-equivariant maps, and

α̃(A)(p) = σ̃[A, p] and α([A])(x) = σ([A], x).

Since α̃(A)(pg) = σ̃[A, pg] = σ̃([A, p]g) = (σ̃[A, p])g = (σ̃(A)(p))g, α̃ is well defined.

Furthermore, each vertical map of the diagram principal Ĝ-bundle map, where the action
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of Ĝ on MapSO(3)(P,ESO(3)) is defined by (s, f) 7→ s∗f with (s∗f)(p) = f(p.s−1(p)); and

α̃ is Ĝ equivariant since

α̃(s∗A)(p) = σ̃[s∗A, p] = σ̃[(s−1)∗s∗A, p.s−1(p)]

= σ̃[A, p.s−1(p)] = α̃(A)(p.s−1(p)) = s∗(α̃(A))(p).

Since ESO(3) is contractible, so is MapSO(3)(P,ESO(3)) and hence both of these are

universal principal Ĝ-bundles. Hence, the base spaces are weakly homotopy equivalent.

In case G = SU(2), we let ρ : P → P denote the reduction map to the underlying
SO(3)-bundle; then we have the basic exact sequence

Z2 → G(P )→ G(P ) α−→ H1(X ;Z2)→ 1

where α is defined as follows: for any element h : P → P of G(P ) we let α(h) be the
difference of the two spin structures ρ and h ◦ ρ on P . Now the proof proceeds just as
before. Since the center {±I} of G(P ) acts trivially on A∗, we get an SO(3)-bundle
as in (5.8). The only exception is that in the diagram (5.9) the left vertical map is a

principal Ĝ(P )-bundle and the right vertical map is a principal Ĝ(P )-bundle. Hence to

get a principal Ĝ(P )-bundle on the right side we must divide MapSO(3)(P,ESO(3)) only
by the subgroup G(P ) of G(P ). This gives us B∗(P ). Since MapP (X,BSO(3)) is obtained
from MapSO(3)(P,ESO(3)) by dividing G(P ), MapP (X,BSO(3)) is obtained from B∗(P )
by dividing G(P )/G(P ), which is H1(X ;Z2).

We can now interpret the homotopy groups of B∗(P ) in a geometric way:

πk(B∗) = [Sk, s0 ; MapP (X, BSO(3)), P ]

= π0 Map∗(S
k, MapP (X, BSO(3)))

= π0 Map(Sk ×X, BSO(3))
P

= [SK ×X, BSO(3)]
P

where s0 denotes the base point of S
k and the exponential P means the set of maps that

restrict to P on s0 ×X and homotopic to P on each slice s×X (by viewing view P as
a map). Thus we are reduced to studying isomorphism classes of bundles over Sk ×X ,
restricting to bundles isomorphic to P on each slice, and equal to P on a particular slice:

πk(B∗) =





ξ
y

SK ×X

∣∣∣∣∣∣∣∣
ξ
∣∣
s0×X = P, ξ

∣∣
s×X
∼= P for each s ∈ Sk




. (5.10)
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Chapter 6

Characteristic Classes

Let V n
k (X) be the isomorphism classes of kn-vector bundles E → X over X , where

k = R or C, and denote Vk(X) = ⊕V n
k (X). Let Ṽ n

R (X) be the isomorphism class of

oriented real vector bundles, and ṼR(X) = ⊕Ṽ n
R (X), and let H∗(X ;R) = ⊕H i(X ;R).

Definition 6.1. The total Chern class is a map:

c : VC(X)→ H∗(X ;Z)

where c(E) = 1 + c1(E) + c2(E) + .. with ci(E) ∈ H2i(X,Z), i = 0, 1, .. satisfying:

(a) Naturality: If f : X → Y is continuous function then c(f ∗E) = f ∗(cE)

(b) Whitney sum: c(E ⊕ F ) = c(E)c(F )

(c) Finiteness: If E ∈ V ecnk(X) then ci(E) = 0 for i > n

(d) Nontriviality: If L→ CP1 is the tautological line bundle, then c1(L) = −α, where
α ∈ H2(CP1,Z) is the genertator

These properties uniquely determine Chern classes by the following proposition:
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Proposition 6.2 (Splitting principle). For every E ∈ V n
k (X), then is some space Y

and a map f : Y → X satisfying:

• f ∗(E) = L1 ⊕ ...⊕ Ln, where each Li is a k-line bundle.

• f ∗ : H∗(X ;R) → H∗(Y ;R) is an injection, where R = Z2 or Z depending upon
k = R or C repectively.

By this proposition any two maps P,Q : V (X) → H∗(X), satisfying (a), (b), (c)
above, has to agree if they agree on line bundles. This is because by choosing f as
above, we get f ∗(PE) = P (f ∗E) = Q(f ∗E) = f ∗(QE), where f ∗ is an injection.

Example 6.3. The classes defined by Theorem 4.5 satisfy these axioms, so they are the
integral classes defined by these axioms. For example to see (d) we cover S2 with two
copies of C (complements of north and south pole) {U−, U+}. Let L → S2 be the line
bundle given by the transition function z 7→ zn. Let A = {a−, a+} be a connection on L,
a+ = a− + z−nd(zn) = a− + nz−1dz, FA = {da−, da+}, then we compute 〈c1(L), [S2]〉 by

i

2π

∫

S2

FA =
i

2π
(

∫

D+

da+ +

∫

−D−

da−) =
i

2π

∫

S1

(a+ − a−) =
i

2π

∫

S1

n
dz

z
= −n

6.0.1 Pontryagin classes

Let E ∈ ṼR(X) be a real vector bundle and E ⊗ C→ X be its complexification.

Definition 6.4. The total Pontryagin class and Pontyagin classes are defined by
p(E) = 1 + p1(E) + p2(E) + .. where

pi(E) = (−1)ic2i(E ⊗ C) ∈ H4i(X ;Z)

Example 6.5. If E = L1 ⊕ ...⊕ Ln, with each Li is a complex line bundle , then

c(E) =
n∏

i=1

(1 + xi)

where xi = c1(Li) ∈ H2(X). Hence Chern classes given by the elementary symetric
polynomials cr(E) = si(x1, .., xn) =

∑
j1<j2<..<jr

xj1xj2..xjr . If each Li is an oriented

2-plane bundle, then Li ⊗ C = Li ⊕ L̄i, and hence

p(E) =

n∏

i=1

(1 + x2i )
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Hence pi(E) = si(x
2
1, .., x

2
n) are elementary symetric functions in x21, .., x

2
n

6.0.2 Steifel Whitney classes

w(E) = 1 + w1(E) + w2(E)... where

w : VR(X)→ H∗(X,Z2)

with wi(E) ∈ H i(X,Z2). These are the real version of Chern classes, they are defined
by the naturality axioms (a), (b), (c) and the real version of the fourth axiom (d’): For
the tautological line bundle L→ RP2, w1(L) is the generator of H1(RP2,Z2).

6.0.3 Natural classes

Definition 6.6. Let Q[[t]] denote the ring of power series. The additive (or multiplica-
tive) natural class associated to an element q ∈ Q[[t]] is a map:

Q : VC(X)→ H∗(X,Q) satisfying :

(a) If f : X → Y is a continuous function then Q(f ∗E) = f ∗(QE)

(b) Q(E ⊕ F ) = Q(E) +Q(F ) (or Q(E ⊕ F ) = Q(E)Q(F ) )

(c) Q(γ) = q(c1(γ)), if γ ∈ V ec1C(X)

Q is uniquely defined and it can be expressed in terms of Chern classes. This is
because by the splitting principle we can assume E = L1 ⊕ L2 ⊕ ..Ln, where each Li
is a complex line bundle. Hence Q(E) is the sum (or the product) of q(xi)’s, since
this expression is symmetric in xi’s, it can be written in terms of elementery symmetric
functions si(x1, .., xn) = ci(E).

The additive natural class corresponding to the power series q(t) = et is called the
Chern character denoted by ch, and the multiplicative natural class corresponding to
q(t) = t/(1− e−t) is called the Todd class and denoted by td.

ch(E) =
∑

exi = n+ c1 +
1

2
(c21 − 2c2) + .. (6.1)

td(E) =
∏ xi

1− e−xi = 1 +
1

2
c1 +

1

12
(c2 + c21) + .. (6.2)
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Chern character ch : V ecC(X)→ H∗(X,Q) in fact is a ring homomorphism:

ch(E ⊕ F ) = ch(E) + ch(F ) (6.3)

ch(E ⊗ F ) = ch(E)ch(F ) (6.4)

Let Ṽ ecR(X) denote the real oriented vector bundles over X . Similarly to an element
q ∈ Q[[t]] we can define a real natural classes as a map

Q : Ṽ ecR(X)→ H∗(X,Q)

satisfying properties (a), (b) above and the real version of the third axiom

(c’) Q(γ) = 1 if γ ∈ Ṽ ec1R(X), and Q(γ) = q(p1(γ)) if γ ∈ Ṽ ec
2

R(X)

In this case Q is also uniquely defined and it can be expressed as a combination of
Ponrtyagin classes. This is because: Q(E⊕ ǫ) = Q(E) where ǫ is the trivial line bundle,
so we can assume E is even dimensional, and by the splitting principle we can assume
E = Li⊕L2⊕..Ln is direct sum of 2-dimensional oriented bundles. Then we can compute
the multiplicative real natural class Q(E) by:

Q(E) =
∏

Q(Li) =
∏

q(p1(Li)) =
∏

q(x2i ) = Q(p1(E), ..., pn(E))

Since next to last expression is symmetric in x2i ’s, it is be written in terms of elementery
symmetric functions si(x

2
1, .., x

2
n) = pi(E). In literature Q(p1, .., pn) is usually called

q-genus, where q is the defining power series. For example

l(t) =

√
t

tanh
√
t

gives the L-genus of Hirzebruch. From the expression below we can compute

L(E) =
∏ xi

tanh xi
= 1 + L1(E) + L2(E) + ..

L1(E) =
1

3
p1

L2(E) =
1

45
(7p2 − p21)

L3(E) =
1

945
(62p3 − 13p2p1 + 2p31) ... etc.
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Another useful real natural class is A-genus which is associated to

a(t) =

√
t

2

tanh
√
t

2

A(E) =
∏ xi

2

tanh xi
2

= 1 + A1(E) + A2(E) + ..

A1(E) = − 1

24
p1

A2(E) =
1

5760
(−4p2 + 7p21)

A3(E) =
1

967680
(16p3 − 44p2p1 + 31p31) ... etc.

Any multiplicative real natural class defines a ring homomorphism

Q : Ω∗ → Q

where Ω∗ = ⊕Ωi is the orinted cobordisim ring: by Q[M ] =< Q(TM), [M ] >, where
TM → M is the tangent bundle, and [M ] denotes the fundamental homology class.
This is because if i : ∂W →W is the inclusion, then

< Q(∂W ), [∂W ] >=< i∗Q(W ), [∂W ] >=< Q(W ), i∗[∂W ] >= 0.

Theorem 6.7 (Hirzebruch). The signature σ(M) of a closed oriented manifold M can
be expressed as:

I(M) = L(M)

Proof. Since the signature σ, and L : Ω⊗Q→ Q are two ring homomorphisims on the
polynomial ring Ω ⊗ Q = Q[[CP2], .., [CP2n], ..], which is known to be generated by the
even dimensional complex projective spaces, it suffices to show:

L[CP2n] = σ[CP2n] = 1

T (CP2n)⊕ ε1 = L̄⊕ ..⊕ L̄ where L→ CP2n is the canonical line bundle, hence

L[CP2n] =< (
z

tanh z
)2n+1,CP2n >

69



6 Characteristic Classes

where z ∈ H2(CP2n) is the generator. Hence L[CP2n] is the coefficient of z2n in the
power series, which we can compute by the residue

1

2πi

∫
(

z

tanh z
)2n+1 1

z2n+1
dz =

1

2πi

∫
dz

(tanh z)2n+1
=

1

2πi

∫
du

u2n+1(1− u2) = 1

where u = tanh z and dz = du/(1− u2)
�

Let P → X be a principal G-bundle, and R(G) be the complex representation space
of the Lie group G. The association ρ→ Eρ gives a map:

R(G)→ VectC(X)

Let T ⊂ G be the maximal torus; then R(T ) = Z[t1, t
−1
1 , ..., tk, t

−1
k ], where k =

rank (T ), and ti is the representation of T given by

(v1, ...vk).v → (v1, .., tivi, ..., vk)

Let W = W (G) = N(T )/T be the Weyl group, where

N(T ) = {g ∈ G | gTg−1 ⊂ T }
W acts on T , hence on R(T ). Since inner automorphisms act as identity on R(G) the
restriction map R(G)→ R(T ) factors to the subspace fixed by W , by a monomorphisim

R(G) →֒ R(T )W

So we can describe any associated vector bundle ρ→ Eρ, by a polynomial f(t1, t
−1
1 , ..., tk, t

−1
k )

in R(T ) invariant under the Weyl group.
The inclusion T ⊂ G induces a map BT → BG which in turn gives: H∗(BG;Q)→

H∗(BT ;Q), and W acts on H∗(BT ;Q). Borel’s theorem says that this inclusion factors
through the subspace fixed by W , by an isomorphisim

H∗(BG;Q)
∼=−→ H∗(BT ;Q)W

B(T ) = E(T )/T = E(S1)/S1 × ..× E(S1)/S1 =
∏k

i=1CP
∞, in particular:

H∗(BT ;Q) = Q[x1, x
−1
1 , ..., xk, x

−1
k ]

For example with these identifications the Chern character of the vector bundle Eρ
corresponding to the invariant polynomial f(t1, t

−1
1 , ..., tk, t

−1
k ) can be written as:

ch(Eρ) = f(ex1, e−x1 , ..., exk , e−xk) ∈ H∗(X ;Q)

where exi = ch(Li), and Li = Eti is the line bundle associated to the representation ti,
i.e. ei = c1(Li)
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6.1 Clifford Algebra

6.1 Clifford Algebra

Consider Rn with the standard inner product <,>, define Clifford Algebra:

Cn =

( ∞∑

k=0

⊗k Rn

)
/I

where I = ideal generated by x⊗ x+ ‖x‖2. If we choose an orthogonal basis {e1, ..., en}
of Rn, then e2i = −1 and eiej = −ejei i 6= j, and we can identify

Cn = spanR { ei1 ....eir | i1 < i1 < ... < ir }

In particular as SO(n) vector spaces Cn ∼= Λ∗(Rn), so then dim Cn = 2n.
Cn is an R algebra with the universal property:

For every linear map f : Rn −→ A to an R-algebra A, with the property f(x)2 =
−‖x‖21 , factors uniquely through an R- algebra homomorphism f̃

Cn
f̃−→ A

↑ ր
Rn

Define Cn = Cn ⊗ C. For example C1
∼= C and C2

∼= H, by maps:

1 7−→ 1 1 7−→ 1

e1 7−→ i e1 7−→ i

e2 7−→ j

e1e2 7−→ k

Proposition 6.8. There exists a complex vector space ∆ of dimension 2l and a C-algebra
isomorphism:

C2l
∼= End(∆) ∼= ∆∗ ⊗∆

Proof. We can see this several different ways: Consider the involutions

Qi : C2l → C2l
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given by the right multiplication by i.e2i−1e2i, they have the properties Q2
i = id and

QiQj = QjQi. Then ±1 eigenspaces of Qi split C2l into 2l subpaces, i.e.

C2l = ⊕ǫ∆ǫ

where ǫ = (ǫ1, ..., ǫl) with ǫi = ±1, and ∆ǫ = {a ∈ C2l | Qja = ǫja }.
By right multiplication of elements of C2l all ∆ǫ’s are isomorphic to each other; let

∆ denote the isomorphisim class of these modules. So ∆ is a complex vector space of
dimension 2l which we can write

C2l
∼= 2l∆ ∼= ∆∗ ⊗∆ ∼= End(∆)

Considering C2l as a C2l-module by left multiplication, we see that C2l preserves each
∆ǫ. Hence ∆ is a C2l module giving the representation

ρ : C2l → GL(∆)

There is also a more concrete proof; it proceeds by first identifying

C2

∼=7−→ gℓ(2,C)
Ψ

1 7−→
(

1 0
0 1

)

e1 7−→
(

0 −1
1 0

)

e2 7−→
(

0 −i
i 0

)

hence e1e2 7−→
(
−i 0
0 −i

)

Ψ(e1)
2 = −1

Ψ(e2)
2 = −1

Ψ(e1)Ψ(e2) = −Ψ(e2)Ψ(e1)

We claim that: C2l
∼= C2l−2 ⊗ C2 . This claim finishes the proof by induction:

C2l
∼=

l⊗
C2
∼=

l⊗
gℓ(2,C) ∼= gℓ(2l,C)
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We can see the claim by writing the isomorphisim θ : C2l → C2l−2 ⊗ C2

1 7−→ 1⊗ 1

e1 7−→ 1⊗ e1
e2 7−→ 1⊗ e2
ej 7−→ ej−2 ⊗ i(e1e2) for j = 3, 4, . . . , 2m

It is easy to check that θ(ej)
2 = −1 and θ(ej)θ(ek) = −θ(ek)θ(ej) 2

There is also a further splitting of the complex vector space

∆ = ∆− ⊕∆+

as the ±1 eigenspaces of of the involution τ : ∆ → ∆ given by left multiplication with
the volume form τ = ile1e2...e2l .

Definition 6.9. Spin(n) ⊂ Cn ⊂ Cn is the subgroup of units in Cn generated by even
number of vectors in Rn, i.e.,

Spin(n) = {x1 · · ·x2r | xj ∈ Rn, ||xj || = 1, r = 0, 1, 2, . . .}

For v = x1x2 · · ·x2r ∈ Spin(n), define vt = x2r · · ·x2x1, notice vvt = 1. Let

ad : Spin(n)→ GL(Cn)

be adjoint representation ad(v)(a) = vavt. This representation preserves the subspace
Rn ⊂ Cn as orthogonal transformations. This gives a homomorphisim

π : Spin(n)→ SO(n)

which is a two fold covering map. We can check these statements by choosing a unit
vector x ∈ Rn and completing it to orthogonal basis {x, f2, . . . , fn}. If v = ax + b2f2 +
· · ·+ bnfn, then we can compute the adjoint map

ad(x)(v) = x(ax+ b2f2 + · · ·+ bnfn)x
t

= −ax+ b2f2 + · · ·+ bnfn

since x2 = −1 , xfi = −fix , we have ad(x)v = reflection through x. Hence for
v ∈ Spin(n), π(v) is a product of even number of reflections, i.e. π(v) ∈ SO(n).
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Example 6.10. From the following identity we can identify Spin(2) with S1:

(e1Cos α+ e2Sin α)(e1Cos β + e2Sin β) = Cos (β − α) + e1e2Sin (β − α)

Spin(2) = {Cos θ + e1e2Sin θ}
and the map π : Spin(2) = S1 → S1 = SO(2) becomes multiplication by two θ 7→ 2θ

π(θ) =

(
Cos 2θ −Sin 2θ
Sin 2θ Cos 2θ

)

Left multiplication Spin(2l) × ∆ → ∆ preserves complex subspaces ∆±, this gives
2l−1 dimensional complex repesentations

ρ± : Spin(2l)→ GL(∆±)

Also notice that ρ ⊗ ρ : C2l → GL(∆ ⊗ ∆) and ad : C2l → GL(C2l) being irreducible
representations of the same dimension they have to be isomorphic. This gives yet another
proof of the proposition that as Spin(n) modules

Λ∗(C2l) ∼= ∆⊗∆

Similarly by the same dimension counting we can write

C2l = End(Λ∗(Cl))

Now let us specialize to the four dimensional case, i.e., l = 2. Also for brevity let
us, when convenient, denote direct sum and tensor products of modules as sum and
products. The isomorphism C4

∼= C2 × C2 gives the splitting

Spin(4) = Spin(3)× Spin(3)

Each Spin(3) = SU(2) = S3 sits in C2
∼= H ∼= C2 as unit quaternions, and the adjoint

action of Spin(4) on R4 via π : Spin(4)→ SO(4) is given by:

(x, y) ∈ S3 × S3, and v ∈ H (x, y)v 7−→ xvyt

By complexifying H⊗ C = C2 ⊗ C2 = C4 we see C4 as a tensor product of two SU(2)
representations; these in fact come by restricting the usal Spin(4) representations ρ± to
the two of the factors

SU(2)→ Spin(4)→ GL(∆±)
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We have Λ∗(C4) = 2(C+C4)+Λ2(C4) = C4+C4+(Λ2
−(C

4)+C)+(Λ2
+(C

4)+C), which
is isomorphic to (∆− +∆+)(∆− +∆+) as Spin(4) modules, in fact

C4 ∼= ∆+∆−

Λ2
−(C

4) + C ∼= ∆−∆−

Λ2
+(C

4) + C ∼= ∆+∆+

These facts can be verified by identifying the representations in corresponding max-
imal tori. Write S1 = R/Z = {e2πiθ | 0 ≤ θ ≤ 1}, consider maps

S1 × S1 ω−→ Spin(4)
π−→ S1 × S1 ⊂ SO(4)

ω(θ1, θ2) = (Cos 2πθ1 + e1e2Sin 2πθ1)(Cos 2πθ2 + e3e4Sin 2πθ2)

π ◦ ω(θ1, θ2) =




Cos 4πθ1 −Sin 4πθ1
Sin 4πθ1 Cos 4πθ1

Cos 4πθ2 −Sin 4πθ2
Sin 4πθ2 Cos 4πθ2


 = (2θ1, 2θ2)

Let t = e2πiθ ∈ S1 (0 ≤ θ < 2π), we can identify Ker(π ◦ω) = {(±1,±1)}, and hence we
obtain the maximal tori by factoring ω, they are images of f and g

(S1 × S1)× C im(f) ∼= (S1 × S1)/Z2 →֒ Spin(4)

↑ f

S1 × S1 ↓ π
↓ g

S1 × S1 im(g) ∼= S1/Z2 × S1/Z2 →֒ SO(4)

where f(t1, t2) = (t21, t
2
2, t1t2), and g(t1, t2) = (t21, t

2
2). Therefore we get the representation

spaces of maximal tori, and the corresponding maps as follows

R(Spin(4)) ←− R(SO(4))⋂ ⋂

R(T ) R(T )
‖ ‖

Z[t1/21 , t
−1/2
1 , t

1/2
2 , t

−1/2
2 ]

θ←− Z[t1, t
−1
1 , t2, t

−1
2 ] , θ(ti) = ti

R(Spin(4)) = Z[1,∆−,∆+] ( here 1 = C)

R(SO(4)) = Z[1,C4,Λ2
−,Λ

2
+] , with relation (1 + Λ2

−)(1 + Λ2
+) = (C4)2
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∆ = (t
1/2
1 + t

−1/2
1 )(t

1/2
2 + t

−1/2
2 ) C4 = t1 + t−1

1 + t2 + t−1
2

∆+ = t
1/2
1 t

1/2
2 + t

−1/2
1 t

−1/2
2 Λ2

+ = 1 + t1t2 + t−1
1 t−1

2

∆− = t
1/2
1 t

−1/2
2 + t

−1/2
1 t

1/2
2 Λ2

− = 1 + t1t
−1
2 + t−1

1 t2

Now we can check all above the above identities. For example we can verify

Λ∗(C4) = (1 + t1)(1 + t−1
1 )(1 + t2)(1 + t−1

2 ) = ∆2

As SO(3) modules we also have ad(∆±) ∼= Λ2
±(R

4), for example ad(∆−) = 1+ t1t
−1
2 and

hence ad(∆−)⊗ C = 1 + t1t
−1
2 + t−1

1 t2. A useful fact: the obvious isomorphisim

so(4) ∼= Λ2T ∗(X) = Λ2
− + Λ2

+

identifies adC, the complexified adjoint representation ad : SO(4)→ GL(so(4)).

Remark 6.11. If M4 is spin then C4 corresponds to TMC, then by 6.4

ch(TMC) = ch(∆+∆−) = ch(∆+)ch(∆−) = (2− c2(∆−))(2− c2(∆+)) =⇒

3σ(M) = p1(TM)[M ] = −c2(TMC)[M ] = −2c2(∆+)[M ]− 2c2(∆−)[M ] (6.5)

where [M ] is the fundamental class. Also by Atiyah-Singer index theorem we get

χ(M) = −c2(∆+)[M ] + c2(∆−)[M ] (6.6)

c2(∆+)[M ] = (−3σ(M)− 2χ(M))/4

c2(∆−)[M ] = (−3σ(M) + 2χ(M))/4

and c2(Λ±(M)) = 4c2(∆±). Also if L→ X is a complex line bundle, by then using 6.4
we get ch(∆+L) = ch(∆+)ch(L) and from these we get the corresponding Chern classes.

c1(∆±L) = 2c1(L) = c1(L
2)

c2(∆+L)[M ] = (c21(L
2)[M ]− 3σ(M)− 2χ(M))/4

c2(∆−L)[M ] = (c21(L
2)[M ]− 3σ(M) + 2χ(M))/4
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6.2 Fundamental group of Gauge group

Theorem 6.12. ([AMR]) Let P → X be a principal SO(3)-bundle over a compact
smooth 4-manifold X, with H1(X) = 0; then

π1(B∗(P )) =





Z2 if

{
p1(P ) = σ(X) mod 8

w2(P ) = w2(TX) mod 2

}

0 otherwise.

Proof. By the description 5.10, the fundamental group is identified by the isomorphism
class of SO(3)-bundles over S1 ×X which restrict to P on s0 ×X and isomorphic to P
on all other slices. To count these bundles we cut S1 ×X open along s0 ×X and count
the bundles on I ×X which restrict to P on the boundary.

Figure 6.1:
Figure 6.2:

But since H4(X × S1) ≈ H1(X) ⊕ Z has no 2-torsion, by [DW] the restriction of
these bundles over the 4-skeleton X × S1 −B5 are determined by their first Pontryagin
and the second Steifel-Whitney classes. But since H1(X) = 0, the only possibility for
these classes are p1(P ) × 1 and w2(P ) × 1. Therefore the restrictions of these bundles
to X × S1 −B5 are unique. Furthermore, there are two different ways of extending any
bundle over X × S1 − B5 to the top skeleton since π4SO(3) = Z2. Hence if η → S5 is
the nontrivial bundle given by the generator of π4SO(3) = Z2, then

π1(B∗) =

{
0 if P#η ∼= P,

Z2 otherwise

where P → S1 ×X also denotes the bundle pulled back from P → X by the projection
map and P#η is obtained from P by clutching P with η in a chart. The following is an
observation of J. Morgan [M]:
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Lemma 6.13. If there is an SO(3)-bundle ξ → S1 × S1 ×X − int(B6), such that the
restriction to the boundary ξ

∣∣
S5 = η and ξ

∣∣
0×S1×X = P , then π1(B∗) = 0 otherwise

π1(B∗) = Z2.

Proof. Given such a bundle ξ we cut S1 × S1 × X − int(B6) open to get a bundle of
I × S1 × X − int(B6) which restricts to P on the two outside boundary components
and to η over S5. Then by connecting summing S5 to one of the outside boundary
components as in Figure 6.2 we get a bundle over I × X restricting P and P#η over
the two ends; hence, these two bundles are isomorphic. The converse of this also holds.
The result follows from the above description of π1(B∗). 2

Now the proof of Theorem 6.12 follows from the following lemma:

Lemma 6.14. Every bundle ξ → S1×S1×X− int(B6) with ξ
∣∣
0×S1×X = P extends over

S1 × S1 × X if and only if p1(P ) = c21(P ) mod 8, and c1(P ) = c1(TX) mod 2, where
c1(P ) is an integral lift of w2(P ).

Proof. Call (Z,Z0) = (S1×S1×X, S1×X1×X− int(B6)). Since w2 has an integral lift,
ξ comes from a U(2)-bundle. So we can assume that ξ is a U(2)-bundle. In particular,
c2(P ) = (c21(P ) − p1(P ))/4. The obstruction to extending the bundle ξ → Z0 over the
whole six-skeleton Z is given by k6 where k6 is the first k-invariant of BU(2). By the
definition, k6 ∈ H6(K(Z, 2) × K(Z, 4), Z2) such that its pull-back to BU(2) vanishes.
H6(K(Z, 2)×K(Z, 4), Z2) is generated by c31, Sq

2c2, c1c2. It is easy to check that

k6 = Sq2c2(ξ) + c1(ξ)c2(ξ)

is the only choice. We can write

c2(ξ) = 1× 1× c2(P ) + [S1]× [S1]× α,

c1(ξ) = 1× 1× c1(P ) + ε([S1]× [S1]× 1)

where α ∈ H2(X) and ε = 0 or 1, and obtain

k6 = [S1]× [S1]× (α2 + αc1(P ) + εc2(P )).

Hence k6 is zero for all such bundles only if for all α ∈ H2(X)

α2 + αc1(P ) = 0 mod 2 and c2(P ) = 0 mod 2.
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By Wu’s formula the first condition is equivalent to c1(P ) = c1(TX) mod 2, and the
second condition is obviously equivalent to p1(P ) = c21(P ) mod 8.

It remains to show that vanishing k6 is sufficient for extending ξ to Z. Since if k6 = 0,
the obstruction theory says that ξ can be extended only after possibly changing it over
the 5-cells, let us show that this is not necessary. That is, if ξ does not extend, then it
cannot be extended even after readjusting it over the 5-cells. Otherwise we would have
two bundles over the complement of the four-skeleton:

Z0 − T 2 ×X(2) ∪ int(B2)× Y = T 2
0 × Y − int(B6)

agreeing over the outside boundary, and one extending the other not extending over B6.
Here X(2) is the two-skeleton of X, Y = X −X(2), T 2 is the 2-torus, B2 is a ball in T 2,
and T0 = T − int(B2). By putting these bundles together on the double of this manifold
(two copies of the manifold glued along the common boundary) we obtain a bundle on

W = Double(T 2
0 × Y )− int(B6)

which is nontrivial on the boundary. SinceH1(X) = 0, Y is a homology 4-ball, and hence
W is a homology S1×S5#S1×S5 minus a point. Hence we get a map f : W → BSO(3)

which restricts to the nontrivial element of π5(BSO(3)) = Z2 on the boundary S5. By
surgering π1(W ) we can turn f into a map from a homology ball f : B6 → BSO(3),
contradicting with the fact that f is essential on the boundary S5 (Figures 6.3 and 6.4).
2
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x Y - B

(2)
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x Y

x

Figure 6.3:
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