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Preface

These notes, which I claim no originality, are compiled from many sources for the purpose
of understanding geometric structures on manifolds. In recent years the differential
geometric and analytic techniques have become topologists’ tool as well. These notes
are heavily influenced by many papers and books I red, and wonderful lectures I attended
in the course of many decades most notably by S.S. Chern, B. Lawson and C.Taubes.
While I have been working on the “4-Manifolds” book project, it has become clear that
supplementing it with the notes of this type would be beneficial for understanding some
of the constructions there (especially the part about the Seiberg-Witten invariants).
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Chapter 1

Differential forms

1.1 Derivations
Let M be a smooth manifold. Let T9(M) = C*(M) and consider the bundles
TP(M) == (&"TM) ® (1T M) — M
A(M) = NT* (M) — M
The sections of TP(M), and AY(M), are called (p, g)-tensors, and g-forms, respectively.

Tp(M) := Ty (M)
We have the projection operator P : I'y(M) — QP(M) C I',(M)

1
POLr@---®6) = > Sen(0)f, @ ® 6,

T oeSy
Define 01 A -+~ A0, = P(; ® --- ® ). P has the properties:
(1) P is linear and onto
(2) Pf = f for f € QM)
(3) P2=P



1 Differential forms

Definition 1.1. A contraction is the map cy; : TP (M) — T;__ll(M) given by

G (X1® - ®X, Qw1 ® - Qw,)
—w (X)X X X, Quwy Dy @ wy)

Definition 1.2. A linear map D : T5(M) — T'5(M) is a deriwvation if
(1) D(IG(M))  TG(M)
(2) DT ®T3) = (DTh) @ T + 11 @ (DT>)

(3) Docij=cyoD foreach contraction c;j

Lemma 1.3. A derivation is determined by its restrictions to T)(M), T (M)

Proof. D is determined on T9(M) =T'(T*M): Let w € T'Y(M), then for Y € T}(M)

D(w(Y)) = Dlen(Y @w)) = cu(DY @w))
= 011<D(Y) R w + Y & D((A)))
= w(D))+ D(w)(Y)

Hence D(w)(Y) = D(w(Y)) —w(D(Y)) is determined, and similarly

DYi® Y, ®6, ®---®0) is determined by (2)
O

Any diffeomorphism f : M — M induces f, : T,(M) — Ty (M). This extends
friTUM) = TY(M) by w — f*(w), and f* : TH(M) — T5(M) by

Hence, any diffeomorphism f : M — M induces f*: I'J(M) — I'L(M).



1.2 Lie derivative

1.2 Lie derivative

Let X € T{(M) and let ¢, : M — M be the local 1-parameter group of diffeomor-
phisms. Then the Lie derivative Lx : I'J(M) — I'J(M) of X is defined by

Lx(a), = Jim lgia) — o

d
Sl

Remark 1.4. 7 € I'(M) is invariant under ¢y, i.e. p;(7) =7 <= Lx(7) = 0.

Proposition 1.5. Lx satisfies the following

(1) Lx is a derivation
(2) Lx(f) = X(f) for f e C>(M)
(3) Lx(Y) = [X,Y]

Remark 1.6. By the Lemma 1.3, properties (1), (2), (3) uniquely determine Lx

Proof. Write f o pi(z) = f(z) + tg:(x)

@ Lx(f) = Zoi(Dleo

In particular go = X (f).

) Lx(Y), = Jim Z[gi(V), ~ V)]

= lim 2V, = (n)s Yo, )]



1 Differential forms

= hlino E[Y;J(f) — Y, ()] — hlino Yo ) (9n)
= lim V() — Vo] - %X ()
— (XY —YX)(f) = [X.Y](f) .

Definition 1.7. Let L = X @ w € T1(M). Then ¥V p € M L, can be considered as a
linear map Ly, : T,(M) — T,(M), and hence it extends uniquely to a derivation

L*: T2(M) — T2(M)

Proposition 1.8. Every derivation D : I',(M) — I'.(M) can be decomposed as the
sum D = Lx + L*, where L € L (M), and X is a vector field.

Proof. On T9(M) = C*(M) we have
D C®(M) —s C®(M)
(1) D(af +bf) = aD(f) +bD(g) a,beR
(2) D(fg)=D(f)g+ fD(9)
Hence D(f) = X (f) for some X € TE(M). Let D' = D — L then for Y € T''(M)
D'(fY)=(D'f)Y + f(DY) = f(D'Y)

So D' is C°°(M)-linear on I''(M). Let D'|pi(py = L, then D' = L* since D’ and L*
agree on I')(M) and T} (M). O

Definition 1.9. A linear D : Q*(M) — Q**"(M) is a derivation of degree r if:
D(w1 N (A)g) = D(wl) N wo 4wy A D(wg)

D is a skew derivation of degree r if for wy € QP(M) it satisfies:

D(wl VAN (.Ug) = D(wl) N wo + (—l)pwl A D(WQ)



1.2 Lie derivative

Example 1.10. (ixw)(Y1,...,Ys) = w(X, Yy, ..., Yp).
Any (skew) derivation is determined by its action on Q°(M) = C>*(M) and Q' (M).
Proposition 1.11. Let D, D’ be derivations of degree d,d' and S, S’ be skew-derivatives
of degree s,s'. Then

(a) [D,D'] = DoD"—D"oD is a derivation of deg d + d’

(b) [D,S] is a skew derivation of deg d + s

(¢) SoS" "+ 5 08 is a derwation of deg s+ &'

Example 1.12. Three natural derivations of (M) are:

(1) Eaxterior derivative d = skew derivation of degree 1
(2) Lie derivative Lx = derivation of degree 0

(8) Interior differentiation iy = X 1 = skew derivation of degree —1

Proposition 1.13. There is a unique skew derivation d : Q*(M) — Q*(M) of degree
1 satisfying

(1) d(f) =df V f € QU(M) = C>(M)
(2) & =0

Proposition 1.14. The derivation Lx : T'y(M) — TI'y(M) descends to a derivation
Lx : QF(M) — QF(M) such that the following commutes:

Te(M) =5 Ty(M)
P P
QF (M) £S5 QF(M)

where P is the usual projection, P> = P. AlsodoLx = Lxod, i.e. it commutes with d.

7



1 Differential forms

Proof. For w € QF(M) we claim:

(ﬁxw)(Xl, ,Xk) = X(W(Xl, cey Xk)) - ZW(Xl, cey Xz'—1> [X, Xi],XH_l, . Xk) (].].)
It suffices to check this on Q°(M) and Q'(M) and show both side is a derivation
On QM) =C=(M), Lx(f)=X(f)

On QY(M), (Lxw)(Y)=X(w(Y))—w[X,Y]
The last line follows from ¢ (Lx(Y @ w)) = Lxc11 (Y @ w)

Hence Lx(w(Y)) = ecnu(lx(Y)@w+Y ® Lx(w))
= w(lx(Y)) + Lx(w)(Y)
It is a derivation so the result follows. Also do Lx = Lx od. since ¢; od = d o ¢; and

Lx(w) = lim ~ [} (w) — w] 0

t—0 t

Proposition 1.15. Lx : Q*(M) — Q*(M) is the unique derivation which commutes
with d.

Proof. If D : Q*(M) — Q*(M) is any such derivation then D : C*(M) — C*(M) is
a derivation . 3 X € I''(M) with Df = X (f) for all f € C*(X). Let D'=D — Lx

D'=0 on Q°(M)

It suffices to show D’ =0 on Q'(M). Let w € w' (M), w= f-dg (locally w = Y a;dX"?)
where f,g € C*(M)

D'(w) = D'(f -dg) = D'(f)dg + fD'(dg) = fD'(dg) = fdD'(g) =0 O

Proposition 1.16. (1) Lx =doix +ixod (Cartan formula)
(2) do(Xo, .., X,) = S (=1)Lx, (a(Xo, ..., X;, .., X,))

A

+ Zi<j(—1)i+j04([Xi, Xj], Xo, ooy XZ', .oy Xj, ey Xp)



1.2 Lie derivative

Example 1.17. da(X,Y) = Xo(a(X;)) — Xi(a(Xo)) — a[Xo, X1]

Proof. Check that both sides are derivations, and evaluate them on Q°(M) and Q'(M),
by recalling ix(f) = 0 and ix(w) = w(X) O

Remark 1.18. We can alternatively define T (M) as the C>(M)-module:

[''(M) = {Linear maps X : C*(M) — C*(M) | X(fg) = X(f)g + fX(9)}
Iy (M) = {C®(M)-linear maps T* (M) —s C*°(M)}
For example w € T1(M) gives the map X — {p € M — w,(X,)}
I"(M) = {C®(M)-multilinear maps
Dy(M) x - x Ty (M) x THM) x - x TH(M) — C*(M)}

J

7 S
QP(M) = {skew symmetric C>°(M)-multilinear maps
(M) x - x TY(M) — C>(M)}

(. ~/

P — times

L((TPM)* @ T;(M)) = {C=(M)-multilinear maps Ut (M) — T;(M)}

Remark 1.19. The map 'Y (M) x TY (M) — TY(M) given by
(X,)Y) — [X,Y]
is not a tensor since [fX,gY| = fg[X, Y]+ f(Xg)Y —g(Y )X # fg|X,Y]

Definition 1.20. A metric on a smooth manifold M is a 2-tensor g € TS(M), which
is positive definite and symmetric i.e. g(X,Y) = g(Y,X), and g(X, X) > 0 whenever
X # 0. FEvaluation of g on vector fields X,Y is denoted by

g(Xa Y) = <X> Y>

Evey smooth M admits a metric g (define it locally piece it together with partition of
unity). A manifold with a metric (M, g) is called a Riemanian manifold.



1 Differential forms

1.3 Covariant differentiation

Definition 1.21. A connection on TM — M is an R-bilinear map
NTM)xT(TM) — T'(TM)
(X,Y) = Vx(Y) satisfying :
(1) Vix(Y) = fVx(Y)
(2) Vx(fY) = (X))Y + f(VxY)
where f € C°°(M). Therefore a connection is a C°°(M)-linear map
(M) — {Derivations of I''(M)}
X Vx
Definition 1.22. A connection is called torsion free if the following tensor is zero

T(X,Y)=VxY — VyX — [X,Y]

Theorem 1.23. (Levi-Civita connection) Every Riemannian manifold (M,g) has a
unique torsion free connection consistent with the metric, i.e.

XY, Z)=(VxY,Z)+ (Y,VxZ)

Proof.
X(Y,Z) = (VxV,Z)+ (Y, VxZ)
Y(Z,X) = (VyZ,X)+(Z,VyX) = (Vs Z,X) + ((Z, VxY) + (Z,[V, X]))
ZIXY) = (VX,Y) + (X, V7¥) = (VxZ,Y) + (2, X),Y)) + (X, Vy Z) + (X, [Z,Y]))
Subtracting the third line from the sum of first two lines gives
X(Y, Z) + Y{Z,X) = Z(X,Y) =2 (VxY, Z) + (Z,[Y, X]) — (X, [Z,Y]) — (¥, 2, X))

So 2(VxY,Z) = X{Y, Z)+ Y{(Z,X) = Z(X,Y) — (X, [V, Z)) + (Y, [Z, X]) + (Z,[X,Y])
0

10



1.3 Covariant differentiation

Proposition 1.24. Let (M, g) be a Riemannian manifold. In local coordinates write:

szgijdfb’i@d:cj, X:Zaj%, Y:Zbk% —

i=1 j=1 J,k=1

where Iy, are defined by D _o_ (i) = ZFZ 0

; 0
25k i If we call Oygij = %(Qij) then

[l = Zg (059k + Orgij — Oigjn) » where (g7) = (g;)~"

Proof. T, =T, since [52, 52] = 0 By the previous proposition

o, 0 o ,0 0 o ,0 0 o ,0 0

20V 25 50 = 509 5 ) T 059\ 5 ) T 9095w 9!

29615, = O9ki + Okgij — Oigjn

I~ 4
T2 > 9" (091 + Ohgi; — Oigi) O
/=1

Let V:T(TM) — T'(TM ® T*M) be a connection on TM, and X € T (M) then
Vy : D(TM) — T(TM)
extends by the rules of derivation to any tensor field: Vy : I'.(M) — I'(M)
(1) Vxoc¢j=cjoVy
(2) Vx(S®T)=Vx(S)@T+ S® Vx(T)

11



1 Differential forms

For example, Vx : I',(M) — I',(M) then

(VxS) (X1, X,) = X(S(X1,.. X,)) — i S(X1s o, Xii, Vi (Xi),n X)) (1.2)

In paticular if § € I'y (M), then (Vx0)(X;) = X0(X,) — 0(Vx(X;)) because
CHVX(Xl ® 9) - Cll(Xl ® VXH + VX(Xl) ® 9) - (Vxe>(X1) + G(VX(Xl))
Vxen (X1 ®0) = Vx(0(X1)) = X0(Xy)

Define V : I'?(M) — I't, (M) by

(VT)(MI, ce ,W?,Xl, ce ,Xq+1> = (VX1T>(UJ1, ce ,wf,X2, ce ,Xq+1>

Proposition 1.25. Let (M, g) be a Riemannian manifold and X, X1, ..., X, € TY(M),
and w € QP(M). Then for S € T')(M) we have:

((Z) (‘CXS)(X1>‘> ) (VXS)(X1>'> p) + Zf:l S(X1>">Xi—lavxi(X)a'-aXp)
(b) dW(X(), Xla cey Xp) = f:()(_]-)lezw(XOa cey Xi—1> Xi) Xi-i-la cey Xp)

Proof. (a) follows from (1.1) and (1.2), and (b) follows from Proposition 1.16, or from a
direct calculation. O

Lemma 1.26. Let V be the connection on T'M* induced by the Levi-Cevita connection,
then the following commutes

L(T*M) —L T(T"M ®T*M)

d ™\ 1 P (projection)
D(A%T*M)
Proof.
Vyen(X ®60) = e Vy(X ®06)
= n(Vy(X)®0+ X @ Vy(9))
Vy(0(X)) = 0(VyX)+ (Vy0)(X)
So (Vy0)(X) = Y(0(X)) = 0(Vy(X))

12



1.4 Curvature of a Riemanninan manifold

do(y, X) = Y(0(X)) - X(0(Y)) - 0[Y, X]
= Y(0(X)) - X(0(Y)) = 0(Vy X = VxY)
= Y(0(X)) = 0(VyX) = (X(0(Y)) = 0(VxY))

= (Vy8)(X) = (VxO)(Y)
— VO(Y,X) - VO(X,Y)
= PVO)(Y.X) O

Definition 1.27. Let (M, g) be a Riemaninan manifold, define the “adjoint”
d* : QPTH(M) — QP(M)

by the equation (da, B) = (o, d* ), for all o € QP(M) and b € QPF1(M)

Remark 1.28. Let (M, g) be a Riemannian manifold and {ey, ..,en} be local orthonor-
mal basis of vector fields in T (M) and {e',..,e™} the dual basis of 1-forms, then

dw = Z e' AV, (1.3)
i=1
dw = — Zei Ve, (1.4)
i=1

1.4 Curvature of a Riemanninan manifold

Definition 1.29. Let (M, g) be a Riemanian manifold, and V be the LeviCevita con-
nection. For vector fields X, Y, Z € TY(M) we define the curvature R by

R(X,Y)Z = VxVyZ—VyVxZ—VixyZ
R(X\Y) = [Vx,Vy] = Vixy

13



1 Differential forms

It follows from the definition that, R is a C°°(M)-multilinear map
(M) x THM) x TH (M) — TY(M)

We can view (X,Y) — R(X,Y) as an endemorphism valued 2-form R € Q*(End(TM))

14



Chapter 2

Principal Bundles

Definition 2.1. Let G be a Lie group. A principal G-bundle P — X, over a smooth
manifold X, is a smooth manifold P along with a map 7 such that, there is an open
covering U = {Uy} of M satisfying:

(a) For each v € X, n=(x) is a lie group which is isomorphic to G.

(b) There is a free action P x G — P, (p,g) — pg (free means pg =p < g =1).
This action commutes with 7, i.e. w(pg) = w(p).

(¢) For each «, there is a diffeomorphism h,, making the following commute:

ha
Ply, = 7 YU,) — UxG
T N\ v m
U

(m1 is the projection to the first factor). Furthermore h, commutes with G-action,
that is if ha(p) = (7(p), ha(p)) then ha(pg) = (7(p), ha(p)g), i-€., ha(pg) = ha(p)g.

In short we can denote the principal bundle by P = {U,, h,}. For example, M x G —
M is a principal G bundle by the obvious left multiplication of the second factor. Also,
if H is a closed subgroup of G, then the quotient map G — G/H gives a principal
H-bundle, by the obvious left action by H. The following are more nontrivial examples.

15



2 Principal Bundles

Example 2.2. The Hopf fibration S® = S? is a principle G = S*-bundle, where

S* = {(u,0) €C* | |u]* + v = 1}
St = {e?ecCl0<h<2r}

St acts by ((u,v),e”) — (ue®,ve®) and

m(u,v) = (2uv, |u|* — [v|*) € C x R = R?

Notice in particular, T takes S* to the unit sphere S* in R?, and w(ue®, ve®®) = m(u,v).

hil:Cx St —s S
1
TENEDLE
]‘ 160
T )

h_T_l(Z,ew) — iG’ iO)

(ze
h:l(w, 62‘0) —

s we'’)

From this we can check that the following commutes (the same holds for h_).

. ht z . 1 .
(2,e?) — e, e? | e s?
VITRE  VIT P
T
! % ! o)
2 21
z — - , 12 € 52
. |22+ 17 |22+ 1
stereographic
projection

The two stereographic projections and their inverses give two charts of S?:

(u,0,) — ( “ L)zz

1l—w 1—w

+
1

W@% 22 = 1)

z=(z,y)

16



Hence we have S? ~ CUC/ ~, with the identification z ~ 1/z on C — {0}.

When hi'(z,e"+) = h='(w, ), we compute from the identities

Z 0y _ 1 o0~
1+ 2|2 1+ |w|?
1 0y _ w i0_
1+ 2|2 1+ |w|?
- 1 w
10 10
= ) = (=, —
(™) = (0 701¢™)
(u,v,w)

Figure 2.1: Stereographic projection

Example 2.3. Hopf fibering ST -+ S*, with G = SU(2) = Sp(1) = S>:
ST = {(u,v) € H? | |ul® + |v]* = 1}
St = {geH]lgl=1}
where H =2 R* denotes the quaternions, and the action of S is given by:
(9, u,v) — (ug, vg)

m(u,v) = (2uv, [ul*—|v|*) e S* cH xR

where v = vy + V11 + Vo) + v3k , and U = vy — V11 — Vo] — v3k.

17



2 Principal Bundles

As in the previous example the following maps give trivializations:

hi' i H x % — §7

—1 o ]' T
h’-i- ($,g) - (1‘|' |l’|2)1/2( 95 g) (2 2)
h='(y,g) = W(Q, yg)

Also h4 and the steorographic projection give the commuting diagrams:

1

(2,9) v (zg, g) € 57

T+ aP)7

1 Lo

2z lz|> — 1 A
— , es
’ <1+ FE |x\2+1)

and as before when hi*(z,gy) = h='(y,g_) we get:

(z,94) = G ‘%g-)

2.1 Cocycle representation of principal bundles

A nice way of describing a G-principal bundle G — P -+ X is by cocyles: Let {Ua}
be a covering of X and 7—'(U,) trivial with trivializations h,(p) = (7(p), ha(p)).

UL L% U, x G
T N\ v m
U

If 2 € U,NUg and = = 7(p) we can consider the G-equivariant composition:

(U NUs) x G2 272U, N Us) 225 (Ua N Us) x G

18



2.2 Principal bundle of a vector bundle

hgohy'(2,90) = (2,0(z,ga))
= (2,0(,1)ga)
= (7, 9pa(7)ga)
The definitions imply that g.g : U, N Ug — G satisfy the “cocycle” conditions:
(1) 9as = 9pa
(2) 9ap9prGva =1€ G on U, NUzNU,

Conversely given {U, | gop : Uy N Uz — G} satisfying (1) and (2), we can construct
a principle G-bundle P by making the followingt identifications:

P=]]0.xG)/~

(7,94) ~ (y,98) <= =y and gg = gsa(T)ga

We denote this bundle by P = {U,, gag}, and its elements by [z, ¢ € P. Cearly the
sections s : M — P of this bundle P are given by the local data:

§ = {80 : Ua = G | s5(2) = gga(2)sa(2)}
For example, for any n € Z we can construct a principal SU(2) bundle
P, — S*=(S%,5%)
where S1 are the complements of the north and south poles of S* (which we identify

with H), with the transition functions g+ (y) = (|—Z‘>n , y e H—-{0}.

2.2 Principal bundle of a vector bundle

Let £ = X be a k™bundle, where k = R or C. A frame on E is a vector space
isomorphism £" — E,. We can associate this vector bundle a principle GL(n, k) bundle
consisting of all frames (n x n nonsingular matrices over k) bundle:

Pg={(z,v) |z € M, v={v,...,v,} is aframe of E|,} - X

19



2 Principal Bundles

with the projection (x,v) — x. If {U, | ho : By — U, x k™} are trivialization of E, by
picking a fixed frame {eq,...,e,} in k™ we can define trivializations of Pg by

{Uy | h : Py —s Uy X GL(n, k) }

~

hoc(xa U) = (ZL’, ('Uij)Zj:I)

where v;; are the components of the vector ho(v;) with respect to frame {e,...,e,}.
Hence if E has transition functions {g.s : U, N Us — GL(n,k)}, then Pg is the
principal GL(n, k)-bundle constructed from the cocycle data {U,, gos}. If E — M has
a Euclidean (or Hermitian) metric g(, ) : £ — [0, 00), then Pg = {(z,v) |z € M, v =
{v1,...,v,} an orthogonal frame of F|,} becomes an O(n) (or U(n)) bundle. To a
vector bundle 7 : B — M given by {U, | gas : Uo NUs — GL(n,R)} we can associate a
line bundle Lg — M by {det gos : UoNUs — R}. We call E orientable if L, is trivial,
and an orientation is a choice its trivialization. If 7 : E' — M is an oriented R" bundle

Pg ={(z,v) | x € M, v an oriented frame in E|,}

defines on GL,(n,R) = {9 € GL(n,R) | det(g) > 0} bundle. An oriented frame
v(x) = {vi(z),...,v,(2)} € E, defines a section of Ly — X by

x> (z, vi(x) A~ Avy(x))

2.3 Associated vector bundles of a principal bundle

Let G be a Lie group, m : P — X a principal G-bundle with representation
p:G— GL(n,k)
Definition 2.4. The vector bundle associated to P is 7 : E(P,p) — X, where

E(P,p) =P x,k" =P xk"/ ~

20



2.3 Associated vector bundles of a principal bundle

Let z € X and p € 7 '(z) & G with p = (x, g), since (z,g,v) ~ (z,1, p(g)v), hence
i a) ={p(g)v |v ek, pe G} = k"
Therefore if {U,, gag} describes P, then {U,, p(gap)} is the cocyce describing E(P, p)
p(gap) : Us NUz — GL(n, k)
Example 2.5. Let w: P, — S* be the SU(2) bundle with transition functions (y/|y|)".

We have seen before that Py is the Hopf bundle ST — S*. Now define P = P, & P_; =
{(p,q) € PLx P_1 | 7(p) = m(q)} be the SU(2) x SU(2) bundle with transition function:

o= (i)

If p: SU(2) x SU(2) — GL(4,R) is p(g, f)v=guvf~', then we claim
Px,H=TS*

Recall that in Example 2.3, the local trivializations of Py are given by hy. Similarly

we can describe the local trivializations of P_; : S — S7 St CRY by

' (u,v) = (200, [ul* — |vf?)

(R H x SU(2) — 57

- 1 1
(h+) 1(%9):\/TW(Q 1%9 1)
7 \—1 _ 1 _ =1 _ r-1
1 _ _
(z,9) — TW(Q N
l U
| 21 |z —1
v (uP+1’uP+1)
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2 Principal Bundles

1 -1 -1
(y7f> \/W(_f ) f y)
1 U

27 1- Iyl2)
— ,
! <1+|y|2 L+ [yl?
As before, (W) (z,g) = (W) (y, f) implies:

v
(xvg)_(y7 |y| )

Then the trivializations Hy : H x SU(2) x SU(2) — P, ® P_; are:
H—T-l(xu g1, 92) = (h—l_—l(xv gl)? (h'/—i-)_l(xv 92))

H—_l(ya fi,fa) = (h:l(y7f1>7 (h,—)_l(ya f2))
and (H.)"'(x, 91,92) = (H-)"'(y, f1, f2) gives

Ly, 9
(@91, 92) = (5, g |y|f2)

So the transition function of P x ,H is given by p(g+)(y)v = —‘—z’| v |—Z‘ We can check

that P x,H = TS* by writing S* = HUH with identification:
H-0—H-0 z~1/x
From Lx(t)x'(t) = 0 we see that:

d
dx(t) _
o x () + x(t) pra 0

de=', = _dx(t)
" 1) = —a(t) 2o

Hence TS*=H x HUH x H is given by the identifications

(z,v) ~ (1/z, —x toz™")
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2.4 Reducing the structure group

Example 2.6. Let Pt = CP" be the complex projective space. The tangent bundle
TCP"™ — CP" can be described as follows: Let L be a complex line in C** corresponding
to a point of CP™, and let L* be the dual hyperplane in C"**. A nearby complex line to Ly
in C" corresponds to a linear map Lo — Ly. Hence as a bundle TCP™ = Hom(L, L"),
where L — CP" is the canonical complex line bundle (fiber over Ly are vectors in Ly),
and L+ — CP" is the dual C"-bundle (fiber over Ly are vectors in Ly ) . By adding the
trivial line bundle e = Hom(L, L) to both sides we get (L is the dual bundle Hom(L,€))

TCP"®e = Hom(L,L*)® Hom(L,L) = Hom(L, L ® L")
= Hom(L,e"™")Y=L&.®L (n+1 copies)

Definition 2.7. For any principal G-bundle P — X, we denote the bundle associated
to the adjoint representation p : G — Aut(g) by ad(P) — X.

2.4 Reducing the structure group

If p: H— G is a monomorphism between Lie groups, then any principal H-bundle
Py — M extends to a principal G-bundle Pg = Py x, G

(p.g) ~ (ph™", p(h)g)

Conversely if P — M is given and p : H — G a closed subgroup. We can ask when
Pg = Py x,G 7 Let {Uq, gap} be cocycle data for P — M, then if such Py exists
there is a cocycle data {U,, hos} describing it. Then if z, € U, N Up

([Ta) hal, 9) ~ (2o, 1],/)(ha)g) = (%o Ga)
([0, 1], p(h

= ([za ], p(ha )( 8)9)
( p(hap)gs) = (Ta; p(hap)gs)

Hence g¢up = p(has) : Uy NU3 h—> H — G
af P

So Py = {U,, hap} and Pg = {U,, p(hap)}, i.e. we must have a lifting
H
ha
4
U.NUs 25 @
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2 Principal Bundles

If P M, P s M are two isomorphic principal G-bundles given by the cocycle
datas {Ua, gap} and {U,, has}, then there are n, : U, — G such that h,z = nagagnﬁ_l.
This is because any bundle isomorphism 6

p %Y p

pY e
M

gives Oy : Uy x G — Uy x G (local trivializations) and a commuting diagram

UaNUs) x G o (U.NUs) x G

(ZL’, eﬁ(x)gﬁa(z)ga)
Therefore P = {U,, gap} = Pu %, G for a homomorphism p : H — G, if there is

0, : U, — G such that Qag(w@ﬁ_l lifts to H

H
S Ly

0agasfy

UaﬂUﬁ — G
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2.5 Classifying Principal Bundles

Example 2.8. The tangent frame bundle of M™ x N™ is a GL(m + n)-bundle which
reduces to a GL(m) x GL(n) bundle.

Example 2.9. If M?" is a complex manifold given by charts
{U,] () : U, —C"}

with transition functions z, = g2 5(z}, .., 28) on Ua NUs, 2, = 2, + i yd, then

0 .
8ai 02! Gas 0 8'
2 B 0z,
o | )
, 9 i
9% ! oz, 0z

det(gaﬁ) = ‘det(dgﬁa”z >0

A manifold M?" is almost complex if its SO(2n) frame bundle reduces to U(n)-bundle.
A manifold is almost quaternionic if SO(4n) frame bundle reduces to Sp(n)-bundle.

2.5 Classifying Principal Bundles

Recall that principal G-bundles P = {U,, gag} and P’ = {U,, g,,3} are isomorphic, then

3 1y : Uy — G such that g,z = nag(;ﬁng_l & {9ap} = 1{90s}, s Cech cohomology clases.
If G is abelian, then the set of isomorphism classes of principal G bundles [sog(M) is
an abelian group group by the multiplication rule [P][P'] := {Uy, gapges}- Since G is

abelian, we still have (gapgns)(9895,)(91a05) = 1, and —[P] = {Ua,ga_ﬁl}. If G=U(1).
Theorem 2.10. [sogi(M) = H*(M;Z).

Proof. Choose P = {U,, gog} with U, N Ug, contractible g,p : Uy N Uz — S*
Write gop = >4 where 0,5 : U, NUs — R
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2 Principal Bundles

From the cocycle condition, 6,4 is defined up to Z, and 0.5 + 03y + 010 := Napy € Z,
where 7,4, is defined on U, N Ug NU,. The coboundary of the cycle n = {nas,} is

(577)(15’75 = 775’}/5 - na’*{(; + naﬁ5 - naﬁfy

on Uy NUg NU, NUs. From the definitions it follows that dn = 0, i.e. 7 is a cocyle.
Hence ©({gas}) = {Nap} defines a map to Cech cohomology group.

Isoyay(M) —2 H*(M : 7Z) = H*(M : 7)
Changing P by an isomorphism, corresponds to changing {f,s} — {fap + 0, — 03} for
some 0, : U, —> R. This does not change this map ¢. Clearly ¢ is a homomorphism.

Recall as Cech cohomology classes {n.s,} = {n.5,} means that for some functions
o+ Ua MU — Z we have 1,5 = Nagy + Gas + apy + Q-

Checking ¢ is onto: Let n = {n.s,} with on = 0, let {¢,} be a partition of unity
subordinate to {U,}, i.e. 1, : Uy, — [0, 1] smooth, 1, = 0 outside of Uy, > 1, = 1.

Define g,p = exp(2mi 2%%55) =
5

9ap9prGva = €xp(2i Z Vstags + Vsnaye + VsThas)
é

= exp(2mi Z V5(Naps + M8ys + Nyas))
= exp(2minag,) =1

It follows ©({gap}) = {Napy}. We can check that if we change {7,3,} by coboundary
the corresponding bundle {g, s} changes by isomorphism as follows: {n.s,} = {13}
= there are ang : Uy, NUs = Z, a := {ayps} with

U&ﬁ«, = Napy + (0@)agy = Napy + ap + apy + aya =

Jos = Gapexp(2mi Z Vs(aas + ags + asa))
= (apexp(2mi Z Ysags) exp(—2mi Z V5las)
= TaGasly
where 1, = exp(—27i ) 5 Vs5as) 50 {905} = {gap}
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2.6 Constructing Unwversal Principal G-bundles

Checking ¢ is injective: If 1,5, = Onp + 03, + 0, = 0, then

27003 273 (0o —03~)

ga5:€ = e

Let 14 : Uy — S* defined by 1, = exp(27i Y 1,04 ), then
nangl = exp(2m Z Uy (fay — 05,))

Y

= exp(2mi Z P 8ap)
gl

= exp(27i bap) = gap = {Gap} =0 O

Let A be the sheaf of C- valued smooth functions, and A* be the sheaf of S'- valued
nonzero smooth functions on X. The exact sequence

057Z—A-5A"=0

with a(f) = €™/ induces the long exact exact sequence in sheaf cohomology:
HY(X;A) — HY(X;A") — H*(X,Z) — H*(M,A)

Since A is a fine sheaf, the first and last groups are zero, and hence the middle map
is an isomorphism. Theorem 2.10 specifically demonstrates this isomorphism. Also note
that when { = {U,} is a covering of X with property that all U, N Up are contractible
then we can identify H*(X,7Z) = H*(X,Z), and Isogi(M) = H'(X; A*) by definition.

2.6 Constructing Universal Principal G-bundles

For a compact Lie group GG, we will construct the universal principal G-bundle Fg — Bg.
This means that every principal bundle over X is obtained by pulling back this bundle
by some some map X — Bg. Our method is basically Milnor’s join construction as
interpreted by Taubes. To motivate the general case treat the simple case of G = S*.

2.6.1 Construction of Bg:

Let X be compact smooth manifold, P > X be a principal S*-bundle, {U,})_, be an
open cover of X, {1} be a partions of unity sobordinate to this cover, h, be trivializa-
tions of P|y,, and p be the obvious projection, and p, be the following composition:
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2 Principal Bundles

ot Pl 22 Uy x ST 25 §1 c C

Then we can define the map ¥ : P — ESL :=CY — {0} ~ S?V~1 by

U(p) = (i(7(p))pr(p), - - Un(7(p))pn(p))

C. acts freely on ES} by diagonal action ((z1,...,2x5)2) — (212, ..., 2x2) with the
quotient PY ", This induces a free action of S* on ES} with quotient BS}, := P ' xR,

St —)ES}V — BS}V, (Zl,...,ZN) — [Zl,...,ZN]
BSY(N) has coordinate charts U; = { [21,...,2n] | 2; € Ry }, for example
hy : ESL |o, — Uy x S

hl_l((ZQ, cey 2N) 2) > (212,202, .00 2N 2)

Since p;(pq) = p1(p)qg = ¥ is S'-equivariant and the following commutes:
Pl sy o~ s
Ny Ny
X % BS, ~p¥!
where we define 1 (z) = 7¥(p) by picking any p € P|,. Also since ¥ is an isomorphism
on each fiber we have an isomorphism:
P y*ESy

Therefore when X compact, then any principal S! bundle P — X is isomorphic to
f*ES) for some f: X — BSk. We have the inclusions:

ESy < ESy, < -+ <= Eg ~ 5%
\ \J 1 1
BSy < BSy, < -+ < Bga ~ P¥

where S = {(21, 2,...) | finitely many z; are nonzero, and Y |2|*> = 1}, with the
topology defined by U C S is open <= UNS* =1 open V n.
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2.6 Constructing Unwversal Principal G-bundles

Similarly we can construct the universal S® bundle Egs — Bgs by viewing S® C H
as the unit quaternions, and writing any principal S*-bundle P — X as a pullback of
the quaternionic Hopf bundle S* — §4~1 — P! In fact this generalizes to G L(n, C).

2.6.2 Construction of Bgr, )

As above given X, {U N, {¢a}N_,, and GL(n,C) C Mc(n) = C* (n x n complex

a=1> a=1’
matrices). Let h, be trivializations of P|y_, and p, be the composition:

pa: Plu, — UsxGL(n,C) — GL(n,C) — Mc(n)
As before we can define ¥ : P — [[ Mc(n) by

U(p) = (i(m(p))pr(p), - - ¥n(7m(p))pn(p))

If = 7w(p), then ¢¥;(x) # 0 for some i = ¢;(x)p;(p) is an invertible matrix, so we can
define a map ¥ : P — Ey(n), where

Ex(n) = {(n-.,yn) € [[ Me(n) |3 j with y; € GL(n,C)}

N
= {.--uv) € [[Me(n) | | dety;* > 0}
N j=1
As above, there is a free action GL(n,C) x Ex(n) — Ex(n)

((y1,--5yn), 9) — (19, - -, Yng)

Let BGLy(n) = Ex(n)/GL(n,C). BGLx(n) is a manifold with local charts given by
U; ={[v1,.-.,yn] | y; € GL(n,C)} given by:

~

I Mc(n) ? Ui, Wi @i un) — [y, 1, yn]
N-1 )

These charts give trivializations, for example for 7 =1

(TT Mc(n)) x GL(n,C) — Ex|y,

((y27"'7yN)7g) — (g7y2977yNg)
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2 Principal Bundles

U is equivariant = it induces v such that the following commutes
P % Ex(n)
Ny Ny
X % BGLy(n)

We have )*Ey(n) = P, and there are inclusions:

Ex(n) =  Enxua(n) = - = Egrm)
\J 4 4
BGLy(n) < BGLyii(n) — -+ = Barw)
If M compact then every P — X is a pull back by a map f: X — BGL(n), i.e.
P = " Eqrm)

To sum up, we have the description of the classifying space Bgr(n) with charts {U;}.

at least one z; € GL(n) }

finitely many z; are nonzero

BGL(n) = {[21, 225 .- ]

Ui ={[~,2,...] |z, € GL(n)}

U, = H Mc(n) maps to Bgpm)via
(21,2, ... —> [21, -, 2j-1, 1, 2540, - -

2.6.3 Construction of B

Let G be a compact connected Lie group, and let p : G — GL(n,C) be a faithful
representation (it always exits). As above for a given a principal G-bundle P — X, and
{Us}, {¥a}, {ha}, we have compositions:

ot Pl 25 U, x G — G 25 GL(n,C)
As before we can define the following maps making the diagram commute:
P I Ex(n) ¢ Mc(n)
} \J
X 25 BGy = Ex(n)/G
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2.6 Constructing Universal Principal G-bundles

EN — EN+1(7L) — e = EG
1 1 1
BGN — BGN+1 — .-+ <= Bg

So we have shown that If X is compact, P; — X a principal G-bundle then
3 f: X — Bg with f*Eg = P. Next we prove the following.

Claim: If fo, f : X — Be with fiEq & fiEg = fo =~ fi.

Proof. Consider fy, f1 : X — BGy — -+ — BGay, with

foEn = {(x,y1,...,yn) € M X EGN | fo(x) = [y1,...,yn]}
fiEy = {(z,y1,...,yn) € M x EGx | fi(®) = [y1, ..., yn]}

fiEn -5 fiEy

T\ | T
X

7 is an isomorphism on each fiber. So we can write:

77(5’5>?/1> s ayN) = (x,m(x,y), s 777N(x>y))

fo(@) = [y, .-, yn]
fi(z) = [m(z,y), ... nn(z,y))
(2, yg) = 1;(x,y) - g
Notice the following maps i, i, i" : BGy < BGsy are homotopic to each other
ilyr, - yn] = W1, 92, Un, 0, 0]
Iy, yn] = [11,0,92,0,. .., yn, 0]
ly1, - yn] = [0,51,0,90, ..., 0,yn]
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2 Principal Bundles

For example [y, ...,yn] — [tyr, (1 — t)y1, ..., tyn, (1 — t)yn] describes i’ ~ ¢

Hence io fy ~io fi <= i o fy ~ " o f;. Now we will show 7' o fy ~i" o f;:

(i" o fo)*Fan = {(2,y1,0,...,yn,0) | fo(x) = [y1,...,yn]} . Define

F

[0,1] x (" o fo)*Fany — Eoy  (equivariant)
4 4
0,1 x X L5 Bg,,

(t,2,91,0, ., yn, 0) == (1= )yr,tm(2,y), ..., (1= yw, tyw (2, 1))
! !
(t, ) L [ =ty tm(,y), -, (1= yw, tyn (2, )]

Then f(t,z) = ¢i(x) gives the desired homotopy

wo(r) = i'o fo(w)
pi(r) = i"o fi(z)

O

Remark 2.11. If P -5 X is a principal G-bundle, {ULN_, an open cover with two
trivializations hy, hl, : Ply, — Uy X G. Then if U, is contractible and G is connected
then the induced maps are homotopic Vvp ~ ¢y : X — BGy. Also we get Eq is
contractible and Bg 1s unique up to homotopy, for example given the classifying maps

fo

E(;—>E/G£>

Eq
{ { 4

Be %% B, % Bg

g
|

(fiofo) Ea
(1d)"Eg

} = f10 fo~id, similarly foo fi ~id
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2.6 Constructing Unwversal Principal G-bundles

Example 2.12. Consider the O(n)-bundle O(n) — V,(R"™) — G,,(R"™), which is
giwen by the quotient:
O(n)
!
O(n+ N)/O(N) = V,(R"™)
{
O(n+ N)/O(n) x O(N) = G,(R"™)

Clearly O(n) acts freely on the total space of this bundle giving the base as the quotient.
Also it is known that, V,,(R"*Y) is N — 1 connected. Hence as N — oo we can idntify
Gn(Rn+N) with Bo().
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2 Principal Bundles
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Chapter 3

Connections

Let G be a Lie group, and T,G = g be its Lie algebra, and exp : g — G be the exponential
map. Then any X € g gives a one parameter subgroup ¢ — exp(tX) of G.

Example 3.1. If G — GL(n) then g C gl(n) = Mg(n) then

1
exp(tX) = e = I+tX+§t2X2+...

Each X € g defines a left invariant vector field on G: X, = (¢,).X, where ¢, is the
left multiplication ¢, : z — g.x

Xg1gz = (ﬁng)*Xe = (€g1)*(€gz)*Xe = (691)*X92

So Xp = (lpg-1)+Xy. There are also similarly defined left invariant differential forms
wy = ({4-1)*w obtained by pulling back w € T(G) via {y-1 : g.o — x

Recall the canonical map, which associates x € X to the identity endemorphism [
r—dreT;T, = Hom(T,,T,)

By varying x € X we can think of x — dx as the canonical tangent valued 1-form 6 on
X defined by 0(z) = dz. Now if g € G we define the Cartan-Maurer form on G:

Wy 1= g 'dg € T;(G) R T.(G) = L(T,(G),9)
g_ldg(Xg) = (gg*1>*d9<Xg) = dg((ggfl)*Xg) = (69*1)*()(9)
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3 Connections

By varying g we can view g~ 'dg as a g-valued invariant 1-form on G
g_ldg = Z Xz & wé = Z Xz X ngl(u)i)
where {X;} is a basis of T,(G) and {w'} be the dual basis of T.(G)*

X gdg X

e

Example 3.2. G = GL(n,R), w= A"1dA.

Let 7 : P — M be a principal G-bundle, with right action (p,g) — r,(p) = pg.
Then every X € g = T.(G) induces a vector field X on P as follows. By denoting a
vector at a point of a manifold by a germ of smooth curves passing through that point,
we denote X = {¢;} where ¢t — ¢, is a smooth curve in G with gy = e. Then define

p X, = {pg:}
Let V, = Span(f(p | X € g), then V = U,V], gives the vertical subbundle:

VclP — P

+ b
TM — M

V' is the vertical bundle since 7. X, = m.{pg:} = {7 (pg)} = {p}

Recall that the adjoint action Ad(g) : G — G induces an action ad(g) on the tangent
space T.(G) = g making the following commute

a —1
g %) g
exp | | exp
—1
G Ad(g™ ") G

Lemma 3.3. (a) ry.(X), = [ ad(g=1)X ],
(b) [X,¥] = [X,Y]
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Proof. To see (a), recall if X = {g,} then X, = {pg;}. Then

ro(Xp) = {pg:ig} = {pg(97"9:9)} = [ ad(g7)X 1,

For (b), first note that the map o, : G — P, defined by 0,(g) = p.g gives
(0p) X = X

and the 1-parameter group of diffeomorphisms which induces the vector field X is
74, (p) = p.gr, where X = {g;} represents X. So in particular r,, is the l-parameter
group of diffeomorphisms for X. Clearly the following commutes:

g
pgt
G

— P
ad(g:) 4 b 1o
Op
G — P
- 1. - Y
[X’ Y]p = llmt_>0 ; [Y;) - (lr’ggl)*y;)gt ]
1. -~
= llmt—>0 ; [1/;? - (ngl)*(o-pgt)*y ]
1
= 11II1t_>0 Z [ (Up)*Y - (Up> ad(gt)*y]
1
= (O'p)* llmt_)() Z [}/e (/rg 1)*Y.'gt:|

O

A principal G-bundle P = M, gives an exact sequence of vector bundles over P

00— kerm, =V —TP —aTM — 0
G-acts each vector space by rg.. This action maps V' to itself.
Definition 3.4. A connection A is a G-equivariant splitting of P

0 — V - TP % oTM — 0
H
A
such that q o A =id, where q is the projection.
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3 Connections

M

Figure 3.1: Vertical and horizontal fibers

Clearly A(m*T'M) C TP is a horizontal bundle H4 — M, i.e. m,| is an isomorphism
A(m*TM) — TM. This gives two definitions of a connection:

(1) It is a subbundle H = H4 C P such that
(a) T,(P) = H,®V,
(b) Hpy = rg.t,
(2) It is a g-valued 1-form A on P with
(a) Ap(Xp) =X
(b) r5Apy = ad(g™") A,

To see (1) = (2). Given H, we define A as follows: For any 7, € T,(P) with Z, =
X, +Y, where X € g, Y, € H,, then we define 4,(Z,) = X, so

(T;Apg>(y;>) = Apg(rg*yzn) =0

Since Y, € H, = r,.Y, € H,,, hence ad(g)A,(Y,) = 0, and also

—_——

(T;Apg)(j(p) = Apg(rg*Xp) = Apg(ad(g=1) Xpg)
= ad(g™")X

= ad(g™")A,(X,)
= 15 Ay = ad(g™")A,
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3.1 Local description of connections

To see (2) = (1), given A define H by
H,=kerA,=T,(P)=H,® V),
Then Y, € Hy = Apg(rg.Y,) = 15(Apg) (V) = ad(g™) Ap(Y,) = 0

g
Hence r,.Y, € Hy,y = Hpy = 14 H,.

Example 3.5. If P = M x G then Ay = g~'dg = > X' @ w}, is a connection, where
{X"} is a basis of g and {w}} are the left invariant 1-forms. Then

A, = ZXi®w;:>
Agy = > X' @0 (w))
Mg = Y X' @il (w))
= Y X'@ad(h™")(w})
= adh™)> X' @w,

= ad(h™)A4,

3.1 Local description of connections

Let A be a connection on a principal G-bundle P — M with local trivializations:
ho : Ply, — Uy x G

Then A, := (h;')*A is a connection on U, x G. On U, x G there is another connection
gatdge defined by Example 3.5. Let us consider the difference a, = A, — g5 'dga:

aa(xaga) = Aa(x,ga)—ggldgaﬁ
aa(r,g90h) = ad(h™")(Aa(z, 9a) — 95 'dga), =

aa(z) == ao(x,1) = ad(ga)(Aa(,ga) — 95 dga) =

Aa(®, 90) = 95 dga + 93 ' a(2)ga (3.1)



3 Connections

On (U,NUp) x G we have (x,94) ~ (x,95) = AalT, 9a) = As(z, 95) =
9o 'dga + 95 aa(2) g0 = g5 dgs + g5 as(x)gs (3.2)
Also, since go = gapgs = dga = dgap9s + Japdgs
By multiplying both sides of this with g ! = gﬁ_1 g;é we get:
9.1 dge = 9, ' dguasgs + gﬁ_ldgg , then by plugging in (3.2) we obtain
ag(2) = go3dgas + 9oz aa(r)gas (3.3)
Hence a connection A € A(P) can be described as a collection of g valued 1-forms

on local charts A = {a, : Uy, — T*U, ® g} satisfying the condition (3.3). Given this we
can define A,(x, g,) by (3.1), then by piecing h’ A, by partions of unity we get A.

Therefore the difference of two connections 6, = A, — A, = a, — G, defines collection
of maps 6, : U, = T7U, @ g, satistying 03 = g;ﬁleag(w on U, NUg. Hence 8 = {6,} is a
section of the bundle T*M ® ad(P), where ad(P) — M is the g- bundle associated to
the principal bundle P — M by the conjugate representation ad : G — Aut(g).

Definition 3.6. Let A(P) to be the set of connections on a principle G-bundle P — M.
From the above discussion we see that, by fixing a connection Ay we can identify:

A(P) = {Ay} + I'(T*M ® ad(P)) := Q(adP)

Hence the conections on principal circle bundles P — X are identified by Q'(X)

3.2 Connections on vector bundles

Let V— E — M be a (real or complex) vector bundle over M. A connection on E is a
first order differential operator:

D :T(E) — I(T*M @ E) (3.4)
(a) D(s1+ s2) = D(s1) + D(s2)
(b) D(fs)=fD(s)+df ®s
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3.2 Connections on vector bundles

Since D(s) is a 1- form valued section of £, by evaluating the 1-form part on a vector
field X, and denoting D(s)(X) = Vx(s) we can view a connection as a derivation:

Vy :T(E) = T(E) (3.5)

Therefore by choosing a local frame {ey, ..e,, } for T(M™) and its dual basis of 1-forms
{e!,..,e™} we can express D as:

D = Z e' ® V.,

Alternatively, by choosing a local frame frame e, = {€/,...,e’} of E on charts
{U,}, consisting of n-linearly independent sections ¢!, € I'(E|y,). Then we can write
Dej, = >70_ el as. Let a, = (af;), then a, : Uy — T*(Us) @ 9, ¢ = gl(n, k) = My(n),
where k = R or C. If eg = {ej,...,ej} is another frame in I'|y, with e, = gages, then
we can write:

De, = e o, =
Deqa = Dlesgpa) = (Des)gpa + €s(dgsa)

Calla = €8037G3a + €3dgsa
€9Yalta = €AYaa + €adgpa
9Bala = Ggpa + dgsa =
Ga = 9pa0pYpa + Ysad9sa

Hence the differential operator D prescribes a connection A € A(P) in the associated
principle bundle GL(n,k) — Pr — M to E, Conversely, by the above discussions, a
connection on a principal G-bundle P — M gives such a differential operator D on the
associated vector bundle £ — M. We denote

PE)=T(A’'T"M ® E)
and by D(oc ® 0) =do N0+ (—1)Po ® D(6) we can extend D to differential operators:
0%(E) 2 QYE) 2 Q*(E) — -+ — QP(E) (3.6)
Furthermore, the set of connection A(F) on the bundle F — M is identified by
A(E) = {A} + T'(T*M ® End(E)) := Q' (End(E))

Because difference of two connection is an element of Q'(End(E)) where End(FE) is the
vector bundle ad(Pg) associated principal bundle to P — M by adjoint representation.
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3 Connections

Now any connection A = {a, : U, — T*U, ® g} on a principal G-bundle Pz — M,
and a homomorphism p : G — H induces the connection A" = {p.(ay) : U = T*U, @b}
on the principal H-bundle Py — M, where p, is the derivative of p. Also A gives a
connection on any associated vector bundle E, = P x,V — M, where p: G — Aut(V)
is a representation. We define the asociated differential operator D4 : Q%(E,) — Q'(E,)
by using {a, := ps(aa) : Uy — gl(n) @ T*(U,)} where p, : g — End(V) is the derivative
of the map p at the identity. So if e, are local sections of E,, we let Dy(e,) = €4 - Qq-

Example 3.7. Let m : P — M be a principal G-bundle and ad P — X be the vector
bundle associated to the adjoint representation p : G — Aut(g). then p, : g — End(g) is
p«(A)(B) = AB — BA=[A,B|. Let Ac A(P) ={an : Uy = T*U, ® g}. Then we get
the differential operators

Q°(ad P) 25 Q'(ad P) 25 02(ad P) 2 ... = 0P(ad P) (3.7)
d%(u) = du + [aq, u]
dY(B)=dB+ BAa,+a, N B
d4(C)=dC+C ANay —ag ANC
For example if B=60® o € (ad P) = Q°(T*M ® ad P)
di@®0o) = dd®o—0ANd(c)
= dd®o—0A(do)+[a,o))
= dl@®o)—0AN(ac —oa)
= dB+aN(@®0)+(0®0)ANa
= dB+aNB+BAa
IfC =000 Q(ad P) = QAT M & ad P)

dO0®o) = dd@o+0ANdy(0)
= dd®o+0A(do)+ |a,o])
= d@®o)+0A (a0 —oa)
= dC+an(0®0)—(0®0)Na
= dC+aNC—-CAa
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3.2 Connections on vector bundles

Example 3.8. Any principal G-bundle w : P — M with a G-invariant metric, i.e.
(v, W)p = (rg.v, T4, W)pg
gives a connection H, C T,(P) =V, & H,, where m, : H, — Ty (M):

H,=V = {weT,(P)| (v,w),=0 Y veV,} =

re. H, = {rg(w)|(w,v), =0V veV,}

Example 3.9. Let St — 83 — S? be the Hopf fibration

S ={(zw) € C*| |2 + |w]* = 1}

ro(z,w) — (zew, wew)

Tiou)(S%) = {(a,b) € C2 | Re(az + bw) = 0}

The vertical bundle is V(i’w) = Span (a%), and 1o, (a,b) 2wy = (a€™,be™) o0 yei0y. Then
((a,b), (c,d)) = Re(ac+ bd) gives an S*-invariant metric on S3.

0 _ d i0 i0
(89)( )f = @f(%’ ,we')|g=o

= ZZfz‘l‘ZCdfw
.0 .0
= (izg, +iva-)f =
- 0 0
Vizw) = Spang(iz,iw) = Span Im(zg + w%) =

Hiwy={(a,b) | Re(az +bw) =0, Rei(az+bw)=0} =
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3 Connections

Hiw = {(ab)|az+bw=0}
= Spa’n]R{ (@7 _2)71((;}7 _2) }
0 _0 0 _0
= Span{ Re(wa - z%), Im(w& — i

Then A = zZ dz + @ dw is a connection

0 0 o
A (%) == TR and A 1s equivariant.

Recall the trivializations hy : C x St — S

i 1 i i
hi (A, e”) W()\e e = (2,w)
) = ) =6

Ri(dz) = dz = 2y d\+ z3 d\+ 29, dby
R (dw) = dw = wy d\+ wy d\ + wp df-

— (1 2y-1/2 _ A(q N-3/2 Y 1 iy _ \—1. _
2 =[ (14 |A]) 5(1+ A7) Ale Az 22(1+‘)\|2)

(3.8) = A 2\—3/2\ if, _ A
2y = —5(L+ M) 772N = 22(1+|)\|2)
20, =12
. . _ A d\+ X\ d)
h+(d2) =1z d9+ + )\ IZ d)\ — ZW
- XA+ A A
h+(dW) = 1w d9+ — WW
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3.2 Connections on vector bundles

= Wo(A) = W(Zdz+ o dw)
(X dX + AdX)
2(1+ A2

(X dA+ A d))
201+ [AP)

= ilz]Pdf, + N7z PdN — |2
+ilwPdy — |w]?

A dX\+ X dA

_ 127y
= idfy + A |z|7dA DR

AdA — AdA

— idp, L 2T A
AR TR PYE)

(from (3.8))

« : A d\
Therefore : hi(A) =i <d6’+ +1mm) = Ay

Similarly (3.9) = h*(A) = i (de_ + Im= i 752) = A

i9+:£ei9, )\:l

Recall also that we have e
| 1

Example 3.10. Consider the universal O(n)-bundle O(n) — EO(n) — BO(n), which
1s given by the limit N — oo of the frame bundle:

O(n+ N)
i
O(n+ N)/O(N) = V,(R")
!
O(n+ N)/O(n) x O(N) = G,(R")
where O(n+ N) = the space of orthonormal frames {e,}"= in RV
EO(n) = the space of orthonormal frames {e;}}_,

BO(n) = the space of planes spanned by {eq,...,e,}
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3 Connections

Let wap be the Cartan-Maruer forms in O(n+ N), where wap = (dea, ep) and (wap) is
an o(n)-valued 1-form on O(n+ N), so wap = —wpa. We can write

dea = Z wap @ ep
Let w = (wi;) 1 <14,7 <n. Consider orthogonal base change

(1) e; = > h_ arick
* N
(2) €= 5—pi1bsacs

w 1s invariant under (2) so w is an o(n)-valued 1-form on EO(n). If we perform the
transformation (1)

*
wy; = (de? e E akzdek,g agjer) g kWi Qo

= (A'wA);; , where A= (a;)

So w* = rjw = A'wA = A7'\wA = ad(A Y )w. Therefore w is a connection on EO(n).
Now recall the construction of BGL(n) as the quotient:

En(n) ={ (mi,....,my) € [[ Mc(n) | 3m; € GL(n,C)}
} GL(n)

Ex(n) has a GL(n)-invariant metric, i.e. on TEN(n)|m,) = [y Mc(n)

((wi), (u;)) = Re tr(z u;u;)

The wertical space is: Viy,y = Span {(m;h) | h € Mc(n)} C TEn|um,. The GL(n)-
inwvariant metric gives a connection Ay with by the horizontal space:

Hy|my = { (u GHMC ) | Re tr( Zu mih) =0

Vhe M(c(n), YV ih € M(c(n)}
= {(w) € [[Mc(n) [ tr(>_uimih) =0, ¥ h € Mc(n)}
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3.8 Holonomy

For g € GL(n) (rg)«(ui)l(mig) = (wig), hence
> tr(gtuimigh) = > tr(uimighg®) =0

Therefore the horizontal spaces are mapped to horizontal spaces, and Ay is the gl(n)-

valued 1-form
Ay = O mpmi) 7 (O midmy)
k J

If h € Mc(n) then h =Y mih 52

i

An(h) = (> m;;mk)—l(z mim;h) = h

3.3 Holonomy

Let P =5 X be a principal G-bundle with a connection A. Then for any p € P and a
smooth path v : I — X with 7(p) = ¢(0), there is a unique parallel lifting 7, : I — P,
i.e. satisfying A(9,(t)") = 0. It suffices to see this locally:

P|Ua = UaXG
Y AT
I X U,

= (v(t),94(1)), p = (7(0),9), Alv, = Aa = 9. dga + g3 @aga. So we want
t), gL (t)) =0, therefore

9o 90 (g4(1) + ga(t) " aa (' (t))ga(t) = 0
I
ga(t) "' gl (t)
{ 9o (t) = —aa (7' (t))ga(t) }
=

9a(0) = ga

S

Q
~—~
\Q\_/
/\\

This is an O.D.E. with initial condition, hence has a unique solution g,(t). Also if
p: G — Aut(V) is any representation, then A determines a lifting to the associated
vector bundle by the folowing:
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3 Connections

Px,V
:V[p,v}/‘ ~l/7T1
I L X

defined by 4 ,..(t) = [9,(),v]. This is well defined since

Vgt = [Tpg1(t), p(g)v]
= [t)g~", p(g)v]
= [5p(t),]

= Tipy]

So we can we parallel translate vectors in P x, V L X
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Chapter 4

Curvature

Let A be a connection on a principal G bundle P — M. The curvature F4 of A is a
g-valued 2-form on P defined by one of the conditions (1)-(3) below:
Lemma 4.1. Let F4 be a g-valued 2-form on P then the following are equivalent.
(1) Fa=dA+ANA=dA+ LA A] ie.
Fu(X,Y) = dA(X,Y) + L[A(X), A(Y)]
(2) Fu(X,Y) =0 for any vertical vector Y, and
Fu(X,Y) = —Svert|X,Y] for horizontal vectors X,Y .

(3) Let verty : TP — V = g be the vertical projection. For X,Y € T,(P), if we extend
X, Y to vector fields in the neighborhood of p then

Fa(X,Y) = =3 vert([X, Y] — [vert X, Y] — [ X, vert Y] + [vert X, vert Y]).

Proof. Clearly (2) defines the 2-form F4, and (3) has the same property as (2), hence
(2) <= (3). Now let us check and (1) <= (2):

Fa(X.Y) = dA(X,Y) 4 L[A(X), A(Y)
= S(X(AY) = Y(AX) + [A(X), AY)] - AIX,Y)

Case 1: If X,Y are horizontal

FA(X,Y) = —%A[X, Y] = —% vert[X, Y]
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4 Curvature

Case 2: If X = X, Y =Y are vertical with X,Y € g, then

FAX. V) = S(X.Y) - ALK, V)
= LX) - A
= (Y- (X))
=0

Case 3: If X is horizontal, and Y = Y vertical, then F4(X,Y) = —1A[X, Y] = 0. This
is because [X, }7] is horizontal, which we can check by taking a 1-parameter subgroup
Texp(ty) generated by Y

~ 1
(X,Y] = Pnol p [ Texp(ev). X — X] = horizontal [
—

Remark 4.2. F, vanishes on vertical vectors, so it is characterized on the horizontal
vectors Ker(A), by using the notation of Section 3.2 we calculate:

Fi(X,Y) = dAX,Y)+AANA(X,Y)
= X(A(Y)) = Y(A(X)) = A[X, Y] + [A(X), A(Y)]
= VxVy = VyVx — Vixy

Proposition 4.3. 'y has the following properties:
(1) Fa(X, fY) = fFa[X,Y] for f € C>=(P)
(2) Fa(rg. X,ry.Y) =r;Fa(X,Y) = ad(g™") Fa(X,Y)

Proof. To prove (2), let ha : Ply, — U, x G be a local trivialization, and let A, =
(h;H)*A, F, = (h;')*F4, then recall that

An(,90) = g, dga + 95 00ge , Where a, € C(T*U,) @ g
with transition rules: ag(z) = go_tﬁlaa(x)gag + g;ﬁldgag. So F, =dA, + A, N A,
JoAa = dgo + 4090 =
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dga N Aa + go dAy = day, go, — aq N dg,

(gaAa - aaga) A Aa + ga dAa = daa ga — Qq A (gaAa - aaQa)

Therefore ¢,(dA, + Ao N Ay) = (dag + an A ay)ga, hence we can write

F, = ga_lgaga Ja = ad (g(;l) Qo (4'1>

O, = day + aq N ay, (4.2)
where Q. = da, + ao A ay € T(A*T*U, ® g). From the transition rules
9opag = GaJas = dgap
dgas N ag + gop dag — dagy gop + 0o N dges =0
(9apap — Gagas) N ap + gasdag
—daoGop + Ao N (gapts — @agap) = 0 =
Gap(dag + apg N ag) = (dag + ao N aa)Gas =
Qs = o5 0Gas
Therefore F is given by g-valued 2-form Q = {Q,} € T(A*T*M ® ad P) = Q*(ad P).

Differentiating both sides of 4.2, and then by plugging the value of da, from 4.2 into
the resulting expression gives the Bianchi identity (4.3), which is just d4(2) =0 (3.7):

dQy = Qo A ay — ag N Qg (4.3)
Remark 4.4. Let E — X be a vector bundle with a connection A
0%(E) 2 QY (E) 2 QX(E)
be the associated sequence of 3.6, then D o D(s) = Fa ® s.
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4 Curvature

4.1 Chern-Weil theory

Let E — M be a C"- vector bundle with a connection A = {a,} and curvture Fy = {A,}.
The the trace map gives the commuting diagram, from which we can define Chern classes:

OP(Bnd(E)) - Qr+l(End(E))

Jtr btr
(M) L et

Following [C] to a curvature Q € Q?(End(E) we associate 2k-forms ¢, (Q) € Q2*(M)

det(I + im =T+ c1(Q) + oo + ca(Q) (4.4)
More generally, to any invariant polynomial f we can associate differential forms

fy ey, oy y) = f(21, ., 2)
F(Q, ..., Q) € (M)

Theorem 4.5. (/C]) The differential forms cx(2) (k = 1,2,..) are closed, hence they
define classes c,(Q) € H?**(M,C), and their definition does not depend on

Proof. From the definition ¢4 (€,) = ¢x(Qp) on U, N Up, hence we get globally defined
2k forms by cx(€2) defined by c(2)|y, = cx(2). Define another set of invariant forms

be(Q) = tr(--0h)

2T

When (2 is diagonal both sets of forms {cx} and {b;} are symmetrical functions on the
diagonal elements, and it is easy to see that in general they satisfy the identity

D b (e (2) =0

{cx} can be written as a linear combination of {b;} (and wice versa). So it suffices to
show dby(Q2) = 0, and b(2) do not depend on €2. By using Bianchi identity (4.3) we get

dtr(QF) = ktr(dQ A Q1) = ktr(a AQ" —QAa A Q) =0
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4.2 Flat Bundles

Let us show by, (2) does not depend on Q: Let A = {a} and A" = {a'} be two connections,
and Q2 = da+aAa and ' = o' +a’ Ad’ be the corresponding connections. Let A; = {a:},
where a; = ta’ + (1 — t)a, and ; = da; + a; A a; be the corresponding curvature. Call
v =da —a,then a; = ty+ a. Let 7 = tr(y A QF 1), using (4.3) we calculate:

Y=a+ahay=Q+tdy+any+yAa)+E2y Ay =Q+tda(y) +t2y Ay

d
() = ktr(BAQT) , where 8 = da(y) + 2ty Ay = da,(7)
dr = trlda, () A =y Ada, ()] = tr(da, (7)) AN = tr(BA Q)

d t
Etr(@f) = kdr = tr(QF) —tr(Qf) = kd/ rdt O
0
Definition 4.6. cx(E) := cx(2) are called Chern classes of the bundle E — M.

4.2 Flat Bundles

Let {U,} be an open cover of M and P = {U,, g3} be a principal G-bundle 7 : P — M.
We say P is flat if all gop : Uy N Ug — G are constant functions.

Theorem 4.7. The following are equivalent
(1) P -"5 M is flat.
(2) P "5 M has a connection with zero curvature.
(3) There is a homomorphism p : m (M) — G with P = M x, G
iie. P2 M x G/~ , where(z,g) ~ (xl™', p(0)g)
Proof. (2) = (3): Every smooth path A : [0,1] — M induces an isomorphism \* :

71(0) = 771(1) which is invariant of C'* homotopies relative to the end points of the
path. The reason for this is:

0 = Fy=dAX,Y)+ %[A(X), A(Y)]

0 = X(AY) - Y(AX) — A[X, Y]+ [A(X), A(Y)]
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4 Curvature

HAL

Figure 4.1:

Therefore If X,Y € ker A = A[X,Y] =0= [X,Y] € ker A, i.e. ker A deterines an
involutive distribution on P = ker A is integrable, and hence it gives a foliation. Given
any homotopy A : [0, 1] x [0, 1] — M of the path A, and its lifting A [0,1] x [0,1] — P;
then /~\| :1x[0,1] = 7~ (z1) Na leaf, being a continuous map from a connected space
to a discrete space, maps 1 x [0, 1] to a single point. Therefore we can define:

M (p) = Ap(1)

where Sxp :[0,1] — P is the lifing of the path A with initial point p € P. Therefore for a
loop « based at zp, we can define a map p: (M) — G by

a,(1) = p.plal

We can check that p is a homomorphism i.e. p([a][5]) = pla] - p[B] by:

(axB),(1) = pplax B = p-pllal - 3]
||
(Baw) (1) = @(1) - pl8] = p- plalold

Recall that M = { Curves originating at xo}/Homotopy, and also m; (M) acts on M,
on the left, by the composition of paths (A, &) — A-a := ax A. Now by fixing ¢ € P we
can define:

n:MxG— P by
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4.2 Flat Bundles

N 9) = Age(1) =
nA-a.g) = nlaxdg)=(ax\)7,(1)
= (5\&qu(1)> (1) = (S\aq(l).g> (1)
= (Mstrs) (1) =001, p(@)g)
Therefore (X, ) = n(A.a™!, p(a)y), and hence n induces an isomorphism.
Mx,G -5 P

pY e
M

To see (3) = (1), let n : M x, G =+ P be a bundle isomorphism corresponding
to p: m(M) = G. So if P is given by {Us, p(gas)}, where M 5 M is the principal
m(M)-bundle {U,, gap : Us N Uz — m(M)}. Hence the bundle P — M reduces to the
71 (M)-bundle M — M via

p(gap) : Us NUz —> m (M) p—) G
Since (M) has discrete topology, these maps are constant.
To prove (1) = (2), let P = {U,, gag} with g,p constant. Let
PlU, 2 U, x G
be the local trivializations. Define a connection A, on U, x G by

Au(z,90) = g, dga

That is, a, = 0 on this chart. Since each g,s are constant, by the transformation rule
this definition is valid on each chart. So for each o we have:

Fo=9."0%0g,=0
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4 Curvature

Remark 4.8. Let P — M be a principal G-bundle with a flat connection A. Then if M

is 1-connected we can find a principal G-bundle isomorphismn : P = M x G, such that
A =n* (product connection). This is because: A being flat, the distribution H = ker A

comes from a foliation. So at each p € P there is a unique maximal integral manifold
M, = My, C P with:

M, — P T,(M,) = H,
TN {7
M

7|n, is a local diffeomorphism in fact w| : M, — M is a covering space. Since H,
is g-equivariant = M,, = (M,)g. Since M is 1-connected and 7| : My, — M is a
diffeomorphism. Therefore at each x € M, M, N7~ *(z) is a unique point of P. Define
Nt MxG— P by

(z,9) — My,N7'(2)

This is a G-equivariant diffeomorphism.

There is also a uniqueness:

Proposition 4.9. Let A, A’ be flat connections on a given principal G-bundle P — M.
Then there is an equivariant map n : P — P, such that n*A = A’ <= the corresponding
representations pa ~ pa (i.e. they are conjugate).

Proof. It A" = n*(A) = n(Map) = Mayp. For some fixed p € P write n(p) = p.g
(here g depends on p), then

(@ p(1)) = Gane)(1) = aapg(l) = dap(l)g = p- palalg.
Also: n(aa (1)) = n(p-palal) = n(p)pale] =p-g-palal
Therefore palalg = gpala] = pala] = g7 palalg.
Conversely, if pq ~ pas, i.e. pa = Lpal~" we can define

0:Mx,, G— Mx, G]by

par

[z, 9] — [z, tg],
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4.2 Flat Bundles

This is well defined by:
[z, 4] [z, £g]
I I

[y pa(Mgl — [ey L lpa()g] = [ev ™ Lpa(y)e g] = [y, par(7)Ly]

Note that MNX o4 G has anatural flat connection A descending from the flat connection
A = g~'dg on M x G by the quotient map:

MxG — M
4 4
Mx, G — M
Ayt pag = (pa()9) " d(pa(v)g)
= 97 (pa(7)) " paly)dy
= g ldg= Ay,

So in particular v € Hy C T(M X,, G) <= v is the image under the projection
M x G — M x,, G of a vector in Hy. Clearly Fy = 0.
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Chapter 5
The gauge group

Definition 5.1. A gauge transformation of a principal bundle P = {U,, gag} — X is a
fibre preserving map s : P — P, which means the following diagram commutes

P = P
™\ m (5.1)
X

and also it is equivariant with respect to the action of G which means s(pg) = s(p)g. The
set of these transformations is called the gauge group and denoted by G(P) or Aut(P).

We can describe s € G(P) by a local data s = {s, : U, — G}. On each chart
Uy x G — U, let s be given by by (z,gs) — (2, Saga). Hence when g, ~ gz we must

have saga ~ 5ggp. S0 when go = gapgs = Safa = Jas(5898) = SaYapds = JapSs9s
— s satisfies s,(z) = gagsﬁ(x)ga_ﬁl (r) = s is a section of the bundle Ad(P) — X

Ad(P):=Px4qG=PxG/. (p.g) ~ (ph,hgh™")

The sections T'(Ad(P)) can also are identified with {f € C=(P,g) | f(pg) = g~ f(p)g}.
This identification can easily be checked by the association s(p) = pf(p). To sum up

G(P)={s:P = P|s(pg) =s(p)gt ={f: P =G| flpg) =g "f(p)g}
If P — X is the frame bundle of a vector bundle £ — X, then we can also identify
G(P)=Aut(F) CT(E*® FE) = End(E) (5.2)

In this case G = Aut(V'), where V' is the fiber of E, and we can think of s = {s,} defined
above, as a section of Aut(E) by the association v — s,(v).
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T\ o (5.3)

The tangent space of the gauge group at the identity gauge transformation [ is
T:G(P) = Q°(adP) = End(adP)
Recall that after fixing a base connection Ay € A(P) we identified
A(P) = Ty A(P) = {Ao} + Q' (adP)

There is an action G(P) x A(P) — A(P) by pull back (4, s) — s*A. More specifically
in our chart notation if A = {a,} and s = {s,} then we can express

s*A = {s'dsq + 5, A0S0} (5.4)
The derivative of the obvious map G(P) — A(P), s+ s*Ag at s =1
da : Q%(adP) — Q'(adP) is given by da($) = déa + [aa, 54] (5.5)
The derivative of the curvature map A(P) — Q*(P), A— F4 at Ay = {aa}
da, : N (adP) — Q*(adP) is given by da,(b) = db+ [aa,b] = dsq + ao AD+bA a,
Example 5.2. When G = S* then G(P) = Maps(X, S")

5.1 Gauge group of SU(2) bundles over X*

Let P — X* be a principal G = SU(2) bundle. Denote G = SU(2)/{+I} = SO(3).
Clearly —I € G(P) and {£I} C G(P) is the center. Define G(P) = G(P)/{£I}. We
define reducible connections

Area(P) 2 {Ag} + Q' (adg1 P)

where adgi P is the bundle associated to adjoint representation p : S' — End(g), and
g = su(2). Considering the subgroup S' C SU(2) the bundle adg: P is given by

[ has O
gaﬁ_( 0 Ba,ﬁ)
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5.1 Gauge group of SU(2) bundles over X*

B iIAN b ~ 3
_{<_b _Z.)\) | eRbeC} =R

~ [ A b A b o A h? 50\ ~ g2
(b,4) = ( b i ) ~ W( b i )gaﬁ = ( w2 in )T (agb )
Therefore we have the bundle identification adg: P = K? @ R, with K is the line

bundle {h,s}. Also note that the standard representation S* — End(C?) associates

Pg1 a pair of complex line bundles K and K. We define irreducible connections by the
complement A*(P) = A(P) — A,cqa(P).

Proposition 5.3. G(P) acts on A*(P) freely, and A*(P) is contractible.
Proof. If s*A = A for s = {34 : Uy, — G} € G(P) and a, = 5. 'dsq + 5, an5.. Hence
da(sq) = dse + [aa, Sa] = dsq + pe(aa)se =0 (5.6)

Let A4, Ao be eigenvalues, and v, be an eigenvector of s,. By differentiating the both
sides of $,(vs) = Aovs We get

Sa(dave) = (dNo)va + Aada(va)
($a(dava), Vo) = dXg + Ao (da(Va), Vo) (5.7)
(sa(dava),va) = (da(va); 55(va)) = (da(Va); Aa(Va)) = Aa(da(vVa), va)
Hence by (4.7) d\, = 0 on U, and A, is constant, also on U, NUs, A, = Az because
AaVa = Sa(Va) = Sa(0a,3V8) = Gapss(Vs) = A3dasts = AgUq
Call Ay, = €. Then s: E — E splits E into line bundles £ = K @ K, where
K={veFE]|s()=c"v}

Since s54(dava) = Aada(vs), da preserve K and K, A = Ay +a is a reducible connection.
From (4.6) we see the reducible connections are identified with im(d,) hence irreducible
ones are identified by ker(d*); we will see this is infinite dimensional space. Hence A(P)
contractible implies A*(P) is contractible. O

G(P) — A*(P) — A*(P)/G(P) = B*(P)

Since A*(P) is contractible, homotopically we can identify the base space as the classi-
fying spaces of the corresponding gauge groups: B*(P) = Bg
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Proposition 5.4. Let P — X* be a principal G-bundle of a compact 4-manifold X . Then
if G = SO(3) there is a weak homotopy equivalence:

B*(P) = Map”(X; Bso))

where the Tight side is the component of the space of (unbased) maps inducing the bundle
P. IfG = SU(2), then B*(P) is the total space of a covering space with fiber HY(X; Z):

HY(X; Zy) — B*(P) — Map" (X; Bso())-
Proof. Let G = SO(3); then consider the principal G-bundle:
{p=A"xXg P — B"x X. (5.8)

The total space is the equivalence classes of points [A, p] in A* x P identified by the
equivalence relation (A,p) ~ (s*A, p.s(p)) where s € G. The SO(3) action on the total
space is given by the right multiplication: i.e., if g € SO(3) and [A,p] € A X5 P, then
[A, plg = [A, pg]. The action is well defined since [A, plg = [A, pg] = [s"A, pg.s*(pg)] =

[s*A,pg.g ' s(p)g] = [s*A,p.s(p)g] = [s*A, p.s(p)]g. Tt is free, since if [A,p] = [A, pg],
then (A, p.g) = (s*A,p.s(p)) for some s, since A irreducible s = I, sopg=p — g =1I.
Now consider the classifying maps to the universal SO(3)-bundle:

A* XgAP i} Eso(s)
B* x X L} Bso(g)

where & is an SO(3)-equivariant map and the diagram commutes. This in turn induces
the following commutative diagram:

A* = Mapgo (P, Eso)

l l (5.9)

B* — Map”(X, Bso)
where Mapgos) (P, Eso(s)) denotes the set of SO(3)-equivariant maps, and
a(A)(p) = alA,p] and a([A])(z) = o([A], ).
Since &(A)(pg) = oA, pg] = d([A,plg) = (6[A,pl)g = (6(A)(p))y, & is well defined.

~

Furthermore, each vertical map of the diagram principal G-bundle map, where the action
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of G on Mapso) (P, Eso)) is defined by (s, f) — s*f with (s*f)(p) = f(p.s~'(p)); and

& is G equivariant since

a(s"A)(p) = ols"A,p]=5[(s7")"s"A,p.s™ (p)]

= A psTI(p)] = a(A)(p-sT' (p) = 5" (@(4))(p).
Since Ego(3) is contractible, so is Mapgos) (P, Esos)) and hence both of these are
universal principal G-bundles. Hence, the base spaces are weakly homotopy equivalent.

In case G = SU(2), we let p : P — P denote the reduction map to the underlying
SO(3)-bundle; then we have the basic exact sequence
Zy — G(P) = G(P) = H'(X; Zy) — 1

where « is defined as follows: for any element h : P — P of G(P) we let a(h) be the
difference of the two spin structures p and h o p on P. Now the proof proceeds just as
before. Since the center {£I} of G(P) acts trivially on A*, we get an SO(3)-bundle
as in (5.8). The only exception is that in the diagram (5.9) the left vertical map is a

principal G (P)-bundle and the right vertical map is a principal G (P)-bundle. Hence to
get a principal G (P)-bundle on the right side we must divide Mapgos) (P, Esos)) only
by the subgroup G(P) of G(P). This gives us B*(P). Since Map” (X, Bso(s)) is obtained
from Mapgsoe) (P, Eso@m)) by dividing G(P), Map” (X, Bso)) is obtained from B*(P)
by dividing G(P)/G(P), which is H'(X; Z,). O

We can now interpret the homotopy groups of B*(P) in a geometric way:
m(B*) = [Sk,so; Map” (X, Bso)), P)
= 7 Map,(S*, Map”(X, Bso)))
= Map(Sk x X, Bso(g))P
= [S® x X, Bsog)”

where s, denotes the base point of S¥ and the exponential P means the set of maps that
restrict to P on sy x X and homotopic to P on each slice s x X (by viewing view P as
a map). Thus we are reduced to studying isomorphism classes of bundles over S* x X,
restricting to bundles isomorphic to P on each slice, and equal to P on a particular slice:

§
T(B*) = l S}SMX =P, S}SXX >~ P foreach s€ S*}. (5.10)
SE x X
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Chapter 6

Characteristic Classes

Let V;*(X) be the isomorphism classes of k™-vector bundles £ — X over X, where
k =R or C, and denote Vi(X) = @V*(X). Let VZ(X) be the isomorphism class of
oriented real vector bundles, and Vg(X) = &V (X), and let H*(X;R) = @H (X;R).

Definition 6.1. The total Chern class is a map:
c:Ve(X) = H (X;7Z)
where ¢(E) =1+ ¢1(E) + co(E) + .. with ¢;(E) € H*(X,Z), i = 0,1, .. satisfying:
(a) Naturality: If f: X — Y is continuous function then c¢(f*E) = f*(cE)
(b) Whitney sum: ¢(E & F) = ¢(E)c(F)
(¢) Finiteness: If E € Ve (X) then ¢;(E) =0 fori>n

(d) Nontriviality: If L — CP' is the tautological line bundle, then c¢,(L) = —a, where
o € H*(CP',Z) is the genertator

These properties uniquely determine Chern classes by the following proposition:
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6 Characteristic Classes

Proposition 6.2 (Splitting principle). For every E € V;"(X), then is some space Y
and a map f:Y — X satisfying:

o f"(E)=1L1®..®D L,, where each L; is a k-line bundle.

o f*: H*(X;R) — H*(Y;R) is an injection, where R = Zy or Z depending upon
k=R or C repectively.

By this proposition any two maps P,Q : V(X) — H*(X), satisfying (a), (b), (c)
above, has to agree if they agree on line bundles. This is because by choosing f as
above, we get f*(PE)= P(f*E) =Q(f*E) = f*(QF), where f* is an injection.

Example 6.3. The classes defined by Theorem 4.5 satisfy these axioms, so they are the
integral classes defined by these axioms. For example to see (d) we cover S* with two
copies of C (complements of north and south pole) {U_,U,}. Let L — S* be the line
bundle given by the transition function z — z". Let A = {a_,ay} be a connection on L,
ay =a_+27"d(z") =a_+nz"'dz, Fa = {da_,da,}, then we compute {c,(L),[S?]) by

. . . . d
L FA:L(/ da+—|—/ da_)zi/(aJr—a_):L/n—Z:—n
27T S2 27T Dy —D_ 27T S1 27T S1 z

6.0.1 Pontryagin classes

Let E € %(X ) be a real vector bundle and £ ® C — X be its complexification.

Definition 6.4. The total Pontryagin class and Pontyagin classes are defined by
p(E) =1+ pi(E) + p2(E) + .. where

pi(E) = (—1)'cy(E®C) € HY(X; Z)
Example 6.5. If E =L, & ... ® L, with each L; is a complex line bundle , then

n

o(B) =[]0+ )

i=1

where ¥; = c1(L;) € H*(X). Hence Chern classes given by the elementary symetric
polynomials ¢, (E) = si(T1,..,%0) = Y5 s o TpiTj-Tj,. If each L is an oriented

2-plane bundle, then L; ® C = L; & L;, and hence

n

p(E) =[]0 +43)

i=1
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Hence p;(E) = s;(22,..,22) are elementary symetric functions in 22, .., 22

6.0.2 Steifel Whitney classes
w(E) =1+ w(E) + we(E)... where

w Ve(X) = H* (X, Z,)

with w;(E) € H(X,Zs). These are the real version of Chern classes, they are defined
by the naturality axioms (a), (b), (¢) and the real version of the fourth axiom (d’): For
the tautological line bundle L — RP?, w; (L) is the generator of H'(RP?, Z,).

6.0.3 Natural classes

Definition 6.6. Let Q[[t]] denote the ring of power series. The additive (or multiplica-
tive) natural class associated to an element q € Q|[t]] is a map:

Q: Ve(X) —» H*(X,Q) satisfying :
(a) If f: X =Y is a continuous function then Q(f*E) = f*(QE)
(b)) QE®F)=Q(E)+Q(F) (or QE®F)=Q(E)Q(F) )
(c) Q) =a(er(7)), if v € Vecg(X)

(@ is uniquely defined and it can be expressed in terms of Chern classes. This is
because by the splitting principle we can assume E = Ly & Ly & ..L,, where each L;
is a complex line bundle. Hence Q(FE) is the sum (or the product) of g(x;)’s, since
this expression is symmetric in x;’s, it can be written in terms of elementery symmetric
functions s;(x1, .., x,) = ¢;(E).

The additive natural class corresponding to the power series ¢q(t) = €' is called the
Chern character denoted by ch, and the multiplicative natural class corresponding to
q(t) =t/(1 — e ") is called the Todd class and denoted by td.

| 1
ch(E) = § el =n+c + 5(0% —2¢9) + .. (6.1)
() = [[ 2 =1+ 2o + (et D) + (6.2)
1—e i ot T '
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Chern character ch : Vece(X) — H*(X,Q) in fact is a ring homomorphism:
ch(E @ F) = ch(E) + ch(F) (6.3)

ch(E® F) = ch(E)ch(F) (6.4)

Let ‘//\e/cR(X ) denote the real oriented vector bundles over X. Similarly to an element
q € Q[[t]] we can define a real natural classes as a map

Q: Veeg(X) » H'(X,Q)
satisfying properties (a), (b) above and the real version of the third axiom

() Q) = 1if 7 € Veey(X), and Q(v) = g(pr(7)) if ¥ € Veen(X)

In this case @) is also uniquely defined and it can be expressed as a combination of
Ponrtyagin classes. This is because: Q(E @ ¢€) = Q(F) where € is the trivial line bundle,
so we can assume F is even dimensional, and by the splitting principle we can assume
E=L,®Ly®..L, is direct sum of 2-dimensional oriented bundles. Then we can compute
the multiplicative real natural class Q(F) by:

QE) = [TQL) = [Taeu(L) = []4@?) = Qr(E). ..., pu(E))

Since next to last expression is symmetric in 2?’s, it is be written in terms of elementery

2

symmetric functions s;(z3,..,22) = p;(F). In literature Q(pi,..,p,) is usually called

g-genus, where ¢ is the defining power series. For example

WVt
tanhy/t

()

gives the L-genus of Hirzebruch. From the expression below we can compute

LE)=]] Y 1+ Ly(E) + Ly(E) + ..

tanh z;
1
Li(E) = 3P
1 2
Lo(E) = (2= 1)
1
Ly(E) = %(62])3 — 13pap1 + 2p7) ... etc.
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Another useful real natural class is A-genus which is associated to

Vi

_ 2
tanhg

a(t)

Zg
2

AE) =]] = L AUE) + A(E) + .

1
Al(E) = —ﬁpl
1
Ay(E) = %(—41924'7]?%)
1
A3(E) = 967680(16p3 — 44popy + 31p3) ... ete.

Any multiplicative real natural class defines a ring homomorphism
Q:2"—=>Q

where Q* = @ is the orinted cobordisim ring: by Q[M] =< Q(T'M), [M] >, where
TM — M is the tangent bundle, and [M] denotes the fundamental homology class.
This is because if i : OW — W is the inclusion, then

< QOW), [OW] >=<i"Q(W), [OW] >=< Q(W), i, [0OW] >= 0.

Theorem 6.7 (Hirzebruch). The signature o(M) of a closed oriented manifold M can
be expressed as:

Proof. Since the signature o, and L : Q2 ® Q — Q are two ring homomorphisims on the
polynomial ring Q ® Q = Q[[CP?], .., [CP*"],..], which is known to be generated by the
even dimensional complex projective spaces, it suffices to show:

L[CP*"] = o[CP*"] = 1
T(CP*")@e! = L@ .. @ L where L — CP*" is the canonical line bundle, hence

LICP*] =< (———

2n+1 (C]P)2n >
tanh z) ’
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where z € H?(CP*") is the generator. Hence L[CP*"] is the coefficient of 2?" in the

power series, which we can compute by the residue
1 z

et 1 1 / dz 1 / du 1
Z = — —_— = — _—_ =
2mi ) “tanh z Z2n+l 2mi ) (tanh 2)2+1 270 ) w? (1 — u?)

where u = tanh z and dz = du/(1 — u?)

U

Let P — X be a principal G-bundle, and R(G) be the complex representation space
of the Lie group G. The association p — £, gives a map:

R(G) — Vecte(X)

Let T C G be the maximal torus; then R(T) = Z[t;, t; ", ...t t; '], where k =
rank (7"), and ¢; is the representation of 1" given by

(U1, . 0k) 0 = (1, ., E0, ey V)
Let W = W(G) = N(T)/T be the Weyl group, where
N(T)={geG|gTg" CT}

W acts on T, hence on R(T'). Since inner automorphisms act as identity on R(G) the
restriction map R(G) — R(T') factors to the subspace fixed by W, by a monomorphisim

R(G) = R(T)™
So we can describe any associated vector bundle p — E,, by a polynomial f(t;, ot t,;l)
in R(T) invariant under the Weyl group.
The inclusion 7' C G induces a map BT — BG which in turn gives: H*(BG; Q) —

H*(BT;Q), and W acts on H*(BT;Q). Borel’s theorem says that this inclusion factors
through the subspace fixed by W, by an isomorphisim

H*(BG;Q) — H*(BT; Q)W
B(T) = E(T))T = E(5")/S" x .. x E(S")/S" = [[i_, CP>, in particular:
H*(BT;Q) = Qlay, zy ', .. g, 3, ']

For example with these identifications the Chern character of the vector bundle E,
corresponding to the invariant polynomial f(t;,¢,", ..., s, t;l) can be written as:

ch(E,) = f(e™, e ™, . ..,e" e ™) e H(X;Q)
where e” = ch(L;), and L; = Ej, is the line bundle associated to the representation t;,

i.e. €; = Cl(Li)
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6.1 Clifford Algebra

Consider R™ with the standard inner product <, >, define Clifford Algebra:

C, = <§: ®F R") /T

where Z = ideal generated by x ® x + ||z]|?. If we choose an orthogonal basis {e1, ..., e, }
of R™, then e = —1 and e;e; = —eje; i # j, and we can identify

Cn = spanp { €y .-Gl | < <..<i, }

In particular as SO(n) vector spaces C,, = A*(R"), so then dim C,, = 2".
C, is an R algebra with the universal property:

For every linear map f : R" — A to an R-algebra A, with the property f(z)* =
—|l=||*1, factors uniquely through an R- algebra homomorphism f

c. 1y oa
+
RTL

Define C,, = C),, ® C. For example C; = C and Cy = H, by maps:

I1—1 1—1
el —1 e —1
ey —>J

6162'-)]{3

Proposition 6.8. There exists a complex vector space A of dimension 2! and a C-algebra
1somorphism:

Cy = EndlA) ZA"® A
Proof. We can see this several different ways: Consider the involutions

Qi Cy — Cy
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given by the right multiplication by i.es;_1es;, they have the properties Q? = id and
Q:Q; = Q;Q;. Then +1 eigenspaces of @); split Cy into 2! subpaces, i.e.

C2l - @e Ae

where € = (eq, ..., ) with ¢ = £1, and A, = {a € Cy | Q;a = €ja }.

By right multiplication of elements of Cy; all A/’s are isomorphic to each other; let
A denote the isomorphisim class of these modules. So A is a complex vector space of
dimension 2! which we can write

Cy =2 2'A = A* ® A~ End(A)

Considering Cy; as a Cy-module by left multiplication, we see that Cy preserves each
A.. Hence A is a Cy module giving the representation

P Cgl — GL(A)
There is also a more concrete proof; it proceeds by first identifying

S

(0 -
‘1 1 0
R 0 —i
= i 0

(o %)
hence ejeq +—— .

0 —
@(61)2 =-1
@(62)2 =-1
\D(el)\D(EQ) = —\11(62)\11(61)

We claim that: Cy = Cy_9 ® Cy . This claim finishes the proof by induction:

l l
C2l = ®C2 = ®g€(2>c) = g€(2l’c)
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We can see the claim by writing the isomorphisim 6 : Cy — Cg_o ® Cy

1 — 1®1
er — 1®ey
ey — 1®ey

€; = €2 ® ’i(€1€2) for ] = 3,4,...,2m

It is easy to check that 6(e;)* = —1 and 6(e;)0(ex) = —0(ex)0(e;) O
There is also a further splitting of the complex vector space

A=A_@A,

as the +1 eigenspaces of of the involution 7 : A — A given by left multiplication with

the volume form 7 = ilejey...eq; .

Definition 6.9. Spin(n) C C, C C, is the subgroup of units in C,, generated by even
number of vectors in R", i.e.,

Spin(n) = {x1---x9 | z; € R, ||ay]| =1, r=0,1,2,...}
For v = 15 - - - 29, € Spin(n), define v* = xy, - - - xo1, notice vv' = 1. Let
ad : Spin(n) — GL(C,)

be adjoint representation ad(v)(a) = vav'. This representation preserves the subspace
R™ C ), as orthogonal transformations. This gives a homomorphisim

7 : Spin(n) — SO(n)

which is a two fold covering map. We can check these statements by choosing a unit
vector x € R™ and completing it to orthogonal basis {z, fa,..., fu}. If v = ax + bafo +
«+«+ b, fn, then we can compute the adjoint map

ad(z)(v) = x(az +baofo+ - +bufn)x
= —ax +bayfo+ -+ by fn

since 22 = —1 , xf; = —fix , we have ad(z)v = reflection through x. Hence for
v € Spin(n), 7(v) is a product of even number of reflections, i.e. 7(v) € SO(n).
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Example 6.10. From the following identity we can identify Spin(2) with S*:
(e1Cos a+ e2Sin a)(e1Cos f+ exSin B) = Cos (5 — ) + ereaSin (5 — «)

Spin(2) = {Cos 0 + e1e25in 0}
and the map 7 : Spin(2) = S' — S' = SO(2) becomes multiplication by two 6 — 20

0) = Cos 20 —Sin 260
)=\ Sin20 Cos26

Left multiplication Spin(2l) x A — A preserves complex subspaces AL, this gives
2!=1 dimensional complex repesentations

p+ : Spin(2l) - GL(Ay)

Also notice that p® p : Cyy — GL(A ® A) and ad : Cy — GL(Cy) being irreducible
representations of the same dimension they have to be isomorphic. This gives yet another
proof of the proposition that as Spin(n) modules

AMCH=ZARA
Similarly by the same dimension counting we can write
Cy = End(A*(Ch))

Now let us specialize to the four dimensional case, i.e., [ = 2. Also for brevity let
us, when convenient, denote direct sum and tensor products of modules as sum and
products. The isomorphism C; = C, x Cy gives the splitting

Spin(4) = Spin(3) x Spin(3)

Each Spin(3) = SU(2) = 5% sits in C, @ H = C? as unit quaternions, and the adjoint
action of Spin(4) on R* via m: Spin(4) — SO(4) is given by:

(,y) € xS and veH  (z,y)v — 20y’

By complexifying H® C = C? ® C* = C* we see C* as a tensor product of two SU(2)
representations; these in fact come by restricting the usal Spin(4) representations py to

the two of the factors
SU(2) — Spin(4) - GL(AL)
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We have A*(C*) = 2(C+C*) + A?(C*) = C*+C* + (A2(C*) + C) + (A2 (C*) + C), which
is isomorphic to (A_ + AL)(A- + AL ) as Spin(4) modules, in fact

C' = ALA
A2(CH+C = A_A
A(CH+C = ALA,

These facts can be verified by identifying the representations in corresponding max-
imal tori. Write S* = R/Z = {e*™ | 0 < § < 1}, consider maps

St x St s Spin(4) < S* x ST € SO(4)
w(01,0) = (Cos 2w, + e1e5Sin 21w, )(Cos 2wy + ezeqSin 2m0sy)

Cos 4mh, —Sin 476,

Sin 4n6; Cos 476,

T o w(ﬁl, 92) = = (291, 292)

Cos 4nly, —Sin 47b,
Sin 476y  Cos 476,

Let t = 2™ € S (0 < 0 < 27), we can identify Ker(mow) = {(&1,£1)}, and hence we
obtain the maximal tori by factoring w, they are images of f and g

(S'x S xC  im(f) = (S x S8Y)/Zs < Spin(4)

Tf

St x St i
g

St x St Zm(g) = SI/ZQ X SI/ZQ — 50(4)

where f(t1,ts) = (12,3, t1t3), and g(t1,t2) = (t3,¢3). Therefore we get the representation
spaces of maximal tori, and the corresponding maps as follows

R(Spin(4)) < R(SO(4))
N N
R(T) R(T)

Z[ti/2’tl—l/2’t;/27t2—l/2] & Z[tlvtl_lvt2vt2_1] ’ H(ti):ti

R(Spin(4)) = Z[1,A_,A] (here 1= C)
R(SO(4)) = Z[1,C* A% A%, with relation (1+A2)(1+A%)=(C*)?
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A=t 7+ 5 Ch=t,+t7 +ty+ 15"

A, = timt;/Z 1 tl_l/2t2_1/2 A2 =1+t + trle5t
Ao =151 P A2 =1+ttt 1

Now we can check all above the above identities. For example we can verify
A€ = 1+8)1+ )1 +h)(1+7) = A?

As SO(3) modules we also have ad(Ax) = A2 (RY), for example ad(A_) = 1+tt;" and
hence ad(A_) @ C =1+ t1t; "+t 'y, A useful fact: the obvious isomorphisim

so(4) 2 A’ T*(X) = A2 + A%
identifies adc, the complexified adjoint representation ad : SO(4) — GL(so(4)).
Remark 6.11. If M* is spin then C* corresponds to T Mg, then by 6.4
ch(TMc) = ch(ALA) =ch(Ap)ch(AZ) = (2= c(A)(2 — a(Ay)) =
30(M) = py(TM)[M] = —c(TMc)[M] = —26,(A ) [M] — 265(A)[M]  (6.5)
where [M] is the fundamental class. Also by Atiyah-Singer index theorem we get
X(M) = =c2(Ap)[M] + co(A_)[M] (6.6)

C2(A)[M] = (=30 (M) — 2x(M))/4

(A )M] = (=30(M) + 2x(M))/4
and co(Ax(M)) = 4ca(Ay). Also if L — X is a complex line bundle, by then using 6.4
we get ch(AyL) = ch(Ay)ch(L) and from these we get the corresponding Chern classes.

Cl(AiL) = QCl(L) = Cl(L2)

~—

c2(ALL)[M] = (c}(L*)[M] = 30(M) — 2x(M)) /4
ea(A-L)[M] = (ci(L*)[M] = 30(M) + 2x(M)) /4
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6.2 Fundamental group of Gauge group
Theorem 6.12. ([AMR]) Let P — X be a principal SO(3)-bundle over a compact
smooth 4-manifold X, with Hi(X) = 0; then
p1(P) =o(X) mod 8
Zy if
7T1(B*(P)) = ’LUQ(P) = wg(TX) mod 2
0  otherwise.

Proof. By the description 5.10, the fundamental group is identified by the isomorphism
class of SO(3)-bundles over S! x X which restrict to P on sy x X and isomorphic to P
on all other slices. To count these bundles we cut S* x X open along sy x X and count
the bundles on I x X which restrict to P on the boundary.

é :

| |
Q=0

Figure 6.2:

Figure 6.1:

But since H4(X x S') ~ H(X) @ Z has no 2-torsion, by [DW] the restriction of
these bundles over the 4-skeleton X x S — B% are determined by their first Pontryagin
and the second Steifel-Whitney classes. But since H;(X) = 0, the only possibility for
these classes are p;(P) x 1 and ws(P) x 1. Therefore the restrictions of these bundles
to X x S' — B% are unique. Furthermore, there are two different ways of extending any
bundle over X x S' — B to the top skeleton since m4,SO(3) = Z,. Hence if n — S° is
the nontrivial bundle given by the generator of m4,SO(3) = Z,, then

0 if P#En=P,
m(B*) =
1(B7) { Z9 otherwise

where P — S' x X also denotes the bundle pulled back from P — X by the projection
map and P+#n is obtained from P by clutching P with 7 in a chart. The following is an
observation of J. Morgan [M]:
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Lemma 6.13. If there is an SO(3)-bundle ¢ — S x S' x X — int(B®), such that the
restriction to the boundary 5‘55 =17 and 5‘0X51Xx = P, then m(B*) = 0 otherwise

7T1(B*) = Zg.

Proof. Given such a bundle & we cut S x S* x X — int(B°%) open to get a bundle of
I x S' x X — int(B®) which restricts to P on the two outside boundary components
and to n over S°. Then by connecting summing S® to one of the outside boundary
components as in Figure 6.2 we get a bundle over [ x X restricting P and P#n over
the two ends; hence, these two bundles are isomorphic. The converse of this also holds.
The result follows from the above description of m (B*). O

Now the proof of Theorem 6.12 follows from the following lemma:

Lemma 6.14. Every bundle ¢ — S* x ST x X —int(B°) with £| g = P extends over
St x S' x X if and only if p1(P) = ¢3(P) mod 8, and c¢i(P) = ¢1(TX) mod 2, where
c1(P) is an integral lift of we(P).

Proof. Call (Z,Zy) = (S'x St x X, S'x X! x X —int(B®)). Since w, has an integral lift,
¢ comes from a U(2)-bundle. So we can assume that £ is a U(2)-bundle. In particular,
c2(P) = (c3(P) — p1(P))/4. The obstruction to extending the bundle & — Z, over the
whole six-skeleton Z is given by kg where kg is the first k-invariant of BU(2). By the
definition, k¢ € H(K(Z,2) x K(Z,4), Z,) such that its pull-back to BU(2) vanishes.
HS(K(Z,2) x K(Z,4),Z,) is generated by ¢, Sq*cq, cico. Tt is easy to check that

ks = Sq*ca(€) + ca(€)ea(€)
is the only choice. We can write
c(§) = 1x1xc(P)+[S"] %[5 % a,
c1(§) = 1x1xce(P)+e([SY x[S"] x1)
where a € H?(X) and € = 0 or 1, and obtain
ke = [S'] x [S'] x (a® + aci(P) + ecy(P)).
Hence kg is zero for all such bundles only if for all « € H*(X)

a® + ac;(P) =0mod 2 and cy(P) =0 mod 2.

78



6.2 Fundamental group of Gauge group

By Wu’s formula the first condition is equivalent to ¢;(P) = ¢;(T'X) mod 2, and the
second condition is obviously equivalent to p;(P) = ¢?(P) mod 8.

It remains to show that vanishing kg is sufficient for extending & to Z. Since if kg = 0,
the obstruction theory says that £ can be extended only after possibly changing it over
the 5-cells, let us show that this is not necessary. That is, if £ does not extend, then it
cannot be extended even after readjusting it over the 5-cells. Otherwise we would have
two bundles over the complement of the four-skeleton:

Zo—T? x XP Uint(B*) x Y = T2 x Y — int(B°)

agreeing over the outside boundary, and one extending the other not extending over 5.
Here X @ is the two-skeleton of X,Y = X — X®_ T2 is the 2-torus, B? is a ball in T2,
and Ty = T —int(B?). By putting these bundles together on the double of this manifold
(two copies of the manifold glued along the common boundary) we obtain a bundle on

W = Double(T? x Y) — int(B°)

which is nontrivial on the boundary. Since H1(X) = 0, Y is a homology 4-ball, and hence
W is a homology S* x S5#S' x 5% minus a point. Hence we get a map f: W — Bgo)
which restricts to the nontrivial element of m5(Bgsos)) = Z» on the boundary S°. By
surgering 71(W) we can turn f into a map from a homology ball f : BS — Bgo),
contradicting with the fact that f is essential on the boundary S° (Figures 6.3 and 6.4).

O
BXY o
TS
T,XY-B’
— BSO@3)
_ TxX @)

Figure 6.3: Figure 6.4:
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